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GLOBAL STABILITY FOR DELAY SIR AND SEIR EPIDEMIC
MODELS WITH SATURATED INCIDENCE RATES

ABDELHADI ABTA, ABDELILAH KADDAR, HAMAD TALIBI ALAOUI

ABSTRACT. In this article we propose a comparison of a delayed SIR model
and its corresponding SEIR model in terms of global stability. We consider a
saturated incidence rate and we determine, using Lyapunov functionals, con-
ditions by which the disease-free equilibrium and the endemic equilibrium are
globally asymptotically stable. Also some numerical simulations are given to
compare a global behaviour of a delayed SIR model and its corresponding
SEIR model.

1. INTRODUCTION

In this article, we propose the following delay SIR epidemic model with a satu-
rated incidence rate (see, [19]):

s BS(H)I(t)
o AT = + a1 S(t) + anl(t)’
dIl — Be *S(t—1)I(t—7)

At 14+ aS{t—71)+al(t—7

e+t )I0)
The initial condition for the above system is
S(0) =¢1(0), I(0)=w2(0), 6¢€[-T7,0] (1.2)

with ¢ = (p1,¢2) € CT x CT, such that ¢;(#) > 0 (-7 < 6 <0, i = 1,2).
Here C denotes the Banach space C([—7,0],R) of continuous functions mapping
the interval [—7,0] into R, equipped with the supremum norm. The nonnegative
cone of C is defined as C*+ = C([—,0],RT). where S is the number of susceptible
individuals, I is the number of infectious individuals, A is the recruitment rate of
the population, u is the natural death of the population, « is the death rate due to
disease, (3 is the transmission rate, a; and «as are the parameters that measure the
inhibitory effect, « is the recovery rate of the infectious individuals, and 7 is the
incubation period.
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The corresponding SEIR model of system ((1.1)) is described in [15] as

s _ BS(H)I(t)
T =A-us(t) - T+ 015() + ol (B’
e _ BS(t)1(t)
At 1+ arS(t) + asl(t) — (0 +wE(), (1.3)
U () — (it 0+ NI,

where FE is the number of exposed individuals, and o is the rate at which exposed
individuals become infectious. Thus % is the mean latent period.

In models (1.1) and (1.3]) the formulation of the incidence rate %;
i.e., the infection rate of susceptible individuals through their contacts with infec-
tious (see, for example, [I0 24]), includes the three forms: The first one is the

bilinear incidence rate 351, [9, [27]. The second one is the saturated incidence rate

of the form f_fétl)é((tt)) [1, 26]. The third one is the saturated incidence rate of the

form F2U70 [14, 24 23).

In [I5], we considered a local properties of a delayed SIR model (system )
and its corresponding SEIR model (system )7 and we observed that if ur is
close enough to 0, then the two above models generate identical local asymptotic
behavior.

For, the model with 7 = 0 and p = A, Korobeinikov [16] proved that the
endemic equilibrium is globally asymptotically stable. Huang and al [I3] studied
the global asymptotic stability of the delay SIR model

ds

dt
dI

= p—pS(t) — f(S@), I(t — 7)),

= f(S@), It = 7)) = (o + p)I(?).

(1.4)

The fundamental difference of this model with our model is the presence of the
fraction e™#7 in the incidence rate in the second equation of . The Lyapunov
functional proposed in [13] in not valid for (L.1).

For, the SEIR model, Sun and al |20} [I7] proposed nonlinear incidence of the
form $IPS? and constructed an explicit Lyapunov function and established a global
stability of this model.

In this paper, by constricting the suitable Lyapunov functionals, we determine
the global asymptotic stability of a delayed SIR model and its corresponding
SEIR model . The rest of the paper is organized as follows. In Section 2,
global stability of the delayed SIR epidemiological model is established. In
Section 3, global stability of the SEIR epidemiological model is determined.
In Section 4, numerical simulations and concluding remarks are provided. In the
appendix, some results on the global stability are stated.

2. GLOBAL STABILITY ANALYSIS OF DELAYED SIR MODEL

In this section, we discuss the global stability of a disease-free equilibrium and
an endemic equilibrium of system (1.1)). With the change of variables i(t) = I(t+7)
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and s(t) = S(t), the system (1.1]) becomes

ds(t) _ o Bs(t)i(t —T)
g —A-k 1+ ais(t) + agi(t — 1) o)
dit)y e M Bs(t)i(t — 1) ‘ .
dt — 1+oqs(t) +ogi(t—7) (14 a+7)i(t).

In the rest of this paper, we set 11 = p+a. Since 4 (s(t)+i(t )) < A—pu(s(t)+i(t)),
we have limsup(s(t) 4+ i(t)) < % Hence we discuss system (2.1)) in the closed set
Q= {(gal,gpg) €CT x CT i |lp1 + 2| < A/M}.

It is easy to show that € is positively invariant with respect to system (2.1)). System
(2.1) always has a disease-free equilibrium P, = (A/py,0). Further, if

AfeHT o
(a1 A+ p)(p1 +7)
system ([2.1)) admits a unique endemic equilibrium P;* = (5*, I*), with

Ro1 ==

)

G Al(p +7) + azAe]
(p1 + 7)1 A(Ror — 1) + pRo1] + pag Ae=#7’
. A(Ro1 —1)e™ " (a1 A + p)

(Y[ A(Ror — 1) + pRo] + pag Ae=rT’
Next we consider the global asymptotic stability of the disease-free equilibrium P;
and the endemic equilibrium P;* of (2.1) by Lyapunov functionals, respectively.

Proposition 2.1. If Ry < 1, then the disease-free equilibrium Py is globally
asymptotically stable.

Proof. Define a Lyapunov functional V(t) = Vy(t) +i(t) + Va(t), with

s(®) A(l + aju)
= e M7 1 -
Vi(t)=e /:} ( it alA)u)du’

Vo(t) = (u1 +7) /OT i(t — u)du.

We will show that & t) < 0 for all t > 0. We have

.
= (G
(- Gram) (17 cfs&) )
. DO — (s +liCe) — it~ 7)]
Therefore,
=T ) (A et
e (1= (uitfﬁ(t&)))(1+ai<(gfo;f<)t_7>)
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e M Bs(t)i(t — )
1+ a1s(t) + agi(t — 7

7 (1 +7)i(t) + (pa +7)[i(t) — i(t — 7)]

e (A — ps(t))? Roy(1+ ar5(1) |
- + () : ~1)it -
Grads® N T s +agi—ry) T
Since #ﬂg(t—r) <1 for all £ > 0, it follows that
dv(t) e P (A — pus(t))? )
< — Ry — 1)i(t —71).
dt = (;U I OélA)S(t) + (Ml + IY) ( 01 )7’( T)
Therefore, Ry; < 1 ensures that d‘;—gt) < 0 for all ¢ > 0, where d‘ggt) = 0 holds if
s(t) = % and i(t) = 0 . Hence, it follows from system that {P;} is the largest

invariant set in {(s(t),i(t))\d‘ggt) = 0}. From the Lyapunov-LaSalle asymptotic

stability, we obtain that P, is globally asymptotically stable. This completes the
proof. ([

Proposition 2.2. If Ry > 1, then the endemic equilibrium Py is globally asymp-
totically stable.

Proof. To prove global stability of the endemic equilibrium, we define a Lyapunov
functional V' (t) = Vi (t) 4+ Va(t), with

s®) s*(1+ aqu + asgi™) i(t)
— o—HT 1— . i
Vi(t) = e /S* ( u(l + oy s* +a2i*))du+z(t) it =it i* )

and

- 1+ a18* 4+ aot* )
‘We here note that
ovy s*(1+a1s+ agi*) 0V 7"

Os s(1 4+ aps* + agi*)’  Oi i’

V(1) e HT Bs*i* /OT [z(tl—* u) 1 —1n (z(t —* u))}du

which implies that the point (s*,i*) is a stationary point of the function V;(¢) and
it is the unique stationary point and the global minimum of this function. Using
the relations

58*7;* ef;rrﬁs*
T o Mty E o,
14 a1s* + agt 14+ a18* + asgi
the time derivative of the function V;(t) along the positive solution of system (2.1)
becomes

dVi(t) _ (1 _ s+ ons(t) + azi*)) (A — us(t) Bs(t)i(t — 1) )

A=ps* +

dt S(t)(l + 0418* + Olgi*) o 1+ OZ18(t> + OéQi(t _ 7_)
7 e HTBs(t)i(t — T) )
+ (]- - Z(t)) (1 T 0118(t) n Oégi(t — 7_) - (/141 + 'Y)Z(t))
— (1 _ st (Lt ans(t) + a2i*))
- s(t) (14 aqs* + agi*)
* ps*i* Bs(t)i(t — 1)
X (,u(s —s(t)) + 1+ ogs + agi® 1+a1s(t)+oz2i(t—7-))
I ps(itt-r) B
+e (1 i(t))(1+als(t)+o¢2i(t—7-) 1+ a1s* + agi* (t)>7
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and the time derivative of the function V5(¢) becomes

dVa(t) e M7 (35" it—7) i) i(t—1)
At 14+ais 4ag Ll @ +i*+1(i@ ﬂ‘ (2:3)
From and , we obtain
dv(t)
dt
e Mu(s(t) — $*)2(1 + ani™) 4 THT Bs*g
- (1+ a18* + agi*) 1+a15 + api*
s (1 4+ aqs(t) + agi*) Yi(t — 7)(1 4+ a18* + asi™)
X(l_ s(t)(1 + ags* + agi*) )( 1—|—als()+a22(t—7-))>
e~HT Bs*i* (- i )( s(t)i (t—T)(1+O[18 + i) Z(t))
1+ a18* + agi* i(t) \s*i*(1 + ays(t) + ani(t — 7))  @*

e~HT Bs*i* [_ (Z* )+ ) n( i(t —T))}

1+ a1s* + agi* i(t)
e M u(s(t) — s*)2(1 + agi*) e‘”Tﬂs i* [ s (1 + oas(t) + agi”)
B (14 ags* + agi*) 1+ a1s* + agi* s(E)(1+ ays* + agi*)

it —7)1+ars(t) + ai*)  s(t)i(t — 7)(1 + a1s* + aqi®)
(14 ons(t) +agi(t — 7)) s%(t)(1 + ans(t) + aqi(t — 7))
i(t—r (t—r
—(i*)+hﬂ(“w)ﬂ
e p(s(t) — 5°)2(1 + aai”)
a (1 + a1s* + agi*)
e HT Bs*i* {1 s (1 + oas(t) + aoi”) I (s*(l + as(t) + Oég’i*))i|
14+ ay8* + agi* s(t)(1 + ags* + agi*) s(t)(1 + ays* + aqi*)
e HT Bs*i* [1 s(t)i(t — 7)(1 4+ a1 8™ + agi™)
14 aqs* + agi* “1(t) (1 4+ aas(t) + ani(t — 7))
s(t)i(t — 7)(1 + as* + agi*)
+n (s*i(t)(l T ars(t) + agilt — 1)) )]
e HT Bs*i* 1+ ags(t) + agi(t — 1) 1+ ags(t) + agi(t — 1)
] O i )]
18* + ot 1+ a1s(t) + aoi 14+ ags(t) + asi
eHT Bs*i* [ 1 1+ als(t) + Oégi(t - T)
1+ ays* + agi* 1+ as(t) + agi*

it —71)(1+ aqs(t )Jrozgz*) (th)} n e M Bs*i* [ln(i(tf'r))

*(L+ars(t) +ani(t — 7)) @ 1+ ays* + agi* i(t)
—ln< s*(1+ aqs(t) + agi™) ( @)i(t — 7)(1 + a1s* + aqi™) )
s(t)(1 + ags* + agi*) )1+ aqs(t) + agi(t — 7))

(5 e )

Therefore,

v (t)
dt
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e Mu(s(t) — 5*)2(1 + agi™) n e~HT Bs*i*
- (1+0415* +012i*) 1+0415* +a2i*
s*(1 4 ays(t) + agi™) s()i(t — 7)(1 4+ ars™ + agi*)
. (1 s+ st + ay’*)) (1 s i (14 ays(t) + it — T)))
e~hT Bs*i* (1 i* )(s(t)i(t —7)(1+ a18* + agi*) Z(t)>
s (1 + ays(t) + agi(t — 7)) *

1+ ays* + agi* i(t)
— T Qo ik (4 . e
e HT Bs*i ‘ [_ z(t. T) n z(t) n (z(t' T)):|
1+ a1s* + agi* i* i* i(t)

e M u(s(t) — %)% (1 + agi*) e HT Bs*i* s*(1+ ays(t) + agi*)
T (14 ars* + agi*) + 14+ ars* + agi* { C s(t)(1+ a1s* + agi®)
i(t—7)A+oas(t) +azi)  s(t)i(t —7)(1 + 18" + ai”)
*(L+ ags(t) + agi(t — 7)) s*i(t)(1 4+ ags(t) + agi(t — 7))
(t—r (t—r
i = )Jrln( (l(t) ))}
e a(s(t) — s+ aui®)
T (1 + ags* + agi*)
eHT Bs*i* [ _ s (1+ oas(t) + aoi”) I (s*(l + as(t) + Ckzi*))]
14+ ays* + agi* s(t)(1 + ags* + agi*) s(t)(1+ ags* + agi*)
e HT Bs*i* [ s)i(t — 7)(1 4+ ars™ + agi™)
1+ a18* + agi* s*i(6) (1 + aqs(t) + aqi(t — 1))
s(t)i(t — 7)(1 + a1 8™ + agi*)
o (s*i(t)(l +ars(t) + azi(t — 7)) )]
e~hT Bs*i* [1 1t ais(t) + agit — 1) In (1 + a1s(t) + agi(t — T))]
14+ ays* + agi* 1+ ags(t) + agi* 1+ ays(t) + agi*
eHT Bs*i* 1+ ags(t) +agi(t—7) it —7)(1 + ags(t) + agi*)
1+ a8 + agi* [_ 1+ ags(t) + agi* i*(1 4+ a1s(t) + agi(t — 7))
i(t—r e MTBs " i(t—7 s*(1 + as(t) + agt™
-4 " )} ol ars + anit {m( (i(t) )) —n (s(t()(l n al(s*)‘ —|—o¢21'*;)
s(t)i(t — 7)(1 + a1 8™ + apt™ 1+ aqs(t) +agi(t — 7
—In (5*(1()75)((1 + OZES(t) + agi(t — T)))) —In ( 1+ 051?9(1') + O(ézi* ))} )

Since

it—71)\ s* (1 + ags(t) + agi*) s(®)i(t — 7)(1 + a1s™ + agi™)
In ( i(t) ) =n (s(t)(l +ais* + azi*)> - in (s*z’(t)(l + a15(t) + azi(t — T)))
1+ ags(t) + agi(t — 1)
+n ( 1+ a1s(t) + agi* )’

and

1+ ars(t) +agi(t—7) it —7)1+ as(t) + agi*) i(t—7)
T T s e (0t ansl) fomili—1) @
a1 + ars(8))(i(t — 7) — i*)?

(14 ars(t) + aoi*) (1 + ags(t) + agi(t — 7))’
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we have
dv(t)
Cdt
eu(s(t) = 5P (Lt ani) | e s
- (1 + a1s* + agi*) 1+ ays* + agi*
{ s (1 + oas(t) + agi”) I (s*(l + aqs(t) + agi*))}
s(t)(1 + ays* + agi*) s(t)(1 + ags* + agi*)
e HT Bs*i* [1 st = 1)1+ as” + i)
1+ a18* + agi* s*i(6) (1 + aqs(t) + aqi(t — 1))
s(t)i(t — 7)(1 + a18* + agi*)
+ln( — . )]
s* () (1 + aqs(t) + aqi(t — 7))
e~HT Bs*i* [1 1+ oas(t) + agi(t —7)
1+ ays* + agi* 1+ a1s(t) + agi*
1o (1 + ars(t) + aqi(t - T))}
1+ ags(t) + agi*
e M Bs*i* (1 + ays(t))(i(t — 7) — i*)?
i*(1 + ars* + agi*) (1 + ags(t) + agi*) (1 + ays(t) + azi(t — 7))’
It is easy to see that the first and the last terms in are non-positive and since
the function g(z) = 1—z+In(x) is always non-positive for any = > 0, and g(z) = 0 if
and only if x = 1, then the second term, the third term and the fourth term in

are non-positive. Therefore, d‘(/igt) < 0 for all ¢ > 0, where the equality holds only

at the equilibrium point (s*,7*). Hence, the functional V' satisfies all the conditions
of Theorem This proves that P; is globally asymptotically stable. (I

(2.4)

3. GLOBAL STABILITY ANALYSIS OF SEIR MODEL

In this section, we discuss the global stability of a disease-free equilibrium and
an endemic equilibrium of system (L.3). Since 4(S+ E+1) < A—u(S+ E +1),
we have that limsup(S+ E+1) < /AL' Hence we discuss system (1.3)) in the closed
set:

A
Q={(S,E,]) e R")}|S+E+1<=}.
1
It is easy to show that €2 is positively invariant with respect to system (1.3]), which
always has a disease-free equilibrium P, = (%, 0,0). Further, if
ABo
(0 +p)(p +7) (1A + p)
then (1.3) admits a unique endemic equilibrium Py = (S*, I*, E*), with

Rys = >1,

. Al(o + ) (1 +7) + a204] Pt
S* = , Ef="——1I7
a2opA+ (0 + p) (i +7)[(e1 A+ p)(Roz — 1) + 4 o

. _ 0 A(Ro2 —1)(a1 A+ p)
azopA+ (o + p) (1 +7)[(r A+ p)(Roz — 1) + 4
Now we consider the global asymptotic stability of the disease-free equilibrium P
and the endemic equilibrium P by Lyapunov functionals, respectively.
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Proposition 3.1. If Rys < 1, then the disease-free equilibrium Ps is globally
asymptotically stable.

Proof. Define a Lyapunov functional V(S, E,I) = Vi(S, E,I) + V5(S, E, I) with
Vi(t) = / (1 _ M)du

4 (b+ a1 A)u
and
Va(t) = E + %L

We will show that d‘git) <0 for all t > 0. We have

avi(t) Al + a15(¢)) BS()I(¢)
dt (1 C(u+ alA)S(t)> (A —nSt) =1 +a18(t) + aQI(t))
(= G e (4450
B (1 AL+ aaS(1)) ) ( BS(t)I(t) )
(p+a1A)S(t)/ \14+ a1 S(t) + aI(t)/’

and

dVa(t) _ - ot BS(H)I(t) (0 + p)(pa +7)
d2t =BT o I_1+a15(t)+a21(t)_ 01
Therefore,
dv(t) A1+ a15(t))
(= Grmdsm) A rs®)
PA Lt (ol ),
(t+a1A) 14+ a1 S(t) + azl(t) o
(A +aaS@)) B
= (- Gorasm) A #0)
N CRIDIV +v)[

I(t).

dt

1+a;S(t)

R
P1r oS0 + asl(t)

—1]I(t).

Hence

dt = (p+a1A)S() o
dv (t)

Therefore, Rye < 1 ensures that =5 <0 for all £ > 0, where %}E” = 0 holds if

S(t) = %, E(t) = 0 and I(t) = 0. Hence, it follows from system (1.3 that {P;}

is the largest invariant set in {(S,E7I)|d‘g§t)

asymptotic stability, we obtain that P; is globally asymptotically stable. This
completes the proof. O

dv(t) _  (A-pS®)? | (o+pm)(m +7) [Roo — 1] I(8).

= 0}. From the Lyapunov-LaSalle

Proposition 3.2. If Rys > 1, then the disease free equilibrium P§ is globally
asymptotically stable.

Proof. Define a Lyapunov functional V(t) = V4 (¢) 4+ Va(t) with

S®) S*(14 aju+ asl*)
Vi) = /* (1 w1+ g S* +a21*))du
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and
.. E(t + R 1(;
Vao(t)=E(t) - E*+ E 1n(%) + UJ“[I(t)—I +I 1n(I(—*))}.
Using the relations A = uS* + Ha'fg:faz[*, Ha?g:faz[* = (o0 + pu)E* and cE* =

(u1 + y)I*, the time derivative of the function V;(t) along the positive solution of
system (|1.3]) becomes

dVa(t)
dt
B S*(1+ a1 S(t) + al™) BS(t)I(t)
- (1 C S (1 + a1 S* + aol* )> <A — S =g a1 S(t) + agl(t))
_ S* (14 a1 S(t) + aol™) BS*I*
N (1 S+ on S+ aﬂ*)) (M(S —S®) + 14+ a15* + aol*
B BSHI(t) )
14+ a1 S(t) + azl(t)
B S*(1+ a1 S(t) + al™) .
= (- S s oS o)) S = S®)
N (1 ST A+ eaS@) + agl*)) ( BS*I* B BS(t)I(¢) )
S(t)(1+a15*—|—a21*) 1+a1$*+a21* ].-I—OqS(t)-l-OéQI(t)
- S*(1+0115(t) +OZQI*) %
B (1 S+ ST+ az[*)>(u(s —5®)
. S*(1+ a1 S(t) + agl*) SOI(t)(1+ o S* + aol*)
o+ mEr (1 SO0+ ST aim) (1- ST (1 +arS() + a21(t)))'
The time derivative of the function V5(¢) becomes
dva(t) E* | . o+ p I~ . .
dr ( _E(t))E(t)—i_T(l_m)I(t)

T BSHI(t)
-0 5m) (= S+t O wE®))
+2 Jar 3 (1- Il(t))(ffE(t) — (1 +)I(t)

B . E*  /SOIE)(14+ a1 S*+al*) E(t)
=(o+uE [(1 a E(t))(S*I*(l+a15(115)+a212(t)) - E* )
I Et) I()
g (e )]
Therefore,
dV (t)
dt

(- S s+ e
I(t)(1+a15()+a21*) S*(14+ a1 S(t) + aal*)
I*(T4a1S(t) +aol(t))  St)(1+ a1S* + al*
O ESOINA + ST +anl”) 1) _I*E(t)}
E)S*I*(14+ a1S(t) + aI(t)) I*  I(t)E*

x[3+
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S*(14 a1 S(t) + aol™) .
— (1- S S e (u(s - s)
1 aS(t) +Fad(t)  I(2) I(t)(1 4+ a15(t) + aol™)
+lo+mE [( TS+l I T TF0tase +a2[(t)))
4 14+ a1S() + a2l(t)  S*(1+a1S(t) + azl”)
+ ( 1+a1S) +asl* S+ a1 S* + asl*)
E*S)I)(1+ a1S* +anl”) I*E(t))}
E(t)S*I*(1 4+ a1 S(t) + axI(t)) I(t)E*
S*(1 4+ a1 S(t) + aol™) y
B (1 C S+ anS*+ azI*))(#(S —5)
1 aS(E) + a(t) It)(1+ a1S(t) + axl™)
o mer(( [T aiS() +asl” 1)(1- (L4 S +a2I(t))>
n (4 1+ o S() +al(t) ST+ a1S(t) +axl”)
1+ a1S(t) +axl*  SE)(1+ a1 S* + axl*)
E*SI) (14 a1S* +aol”) I*E(t))}
E@#)S*I*(1 4+ a1 S(t) + agl(t)) I(t)E*
_ (4 onI")(S() — S (4 aaS(t)(I(t) = I*)*(0 + p)E*
SH)(1+ a1S* +aol*)  I*(1+ a1S(t) + a2l (t)(1 + a1 S(t) + aol*)
1+ a15(t) +axl(t)  S*(1+ a1 S(t) + aol™)
1+ S(t) +al*  S(t)(1+ a1S* + axl*)
E*SAIt) 1+ a1S*+aol*) I*E(t)
E(t)S*I*(1+ a1 S(t) + anI(t)) I(t)E*)'

—(14azl*)(S—5%)2 —as(14+a18)(I—1*)?(o+u)E* .
—S(1+;1$*+a21*) < 0 and I*(12+a15'jra21)(1+a15'+a21*) <0 for all £ > 0. Since

the arithmetic mean is greater than or equal to the geometric mean,
1+ a1S4+al S*(14+a1S+axl*) E*SI(1+a15*+axl*) I'E

- - <0
1+a15+a21* S(l+0&15*+0£2[*) ES*I*(1+0115+OLQI) IE* —

for all ¢ > 0. Therefore, d‘ggt) < 0 for all ¢ > 0, where the equality holds only at the
equilibrium point (S, E,I) = (S*, E*,I*). Thus {P5} is the largest invariant set in
{(S,E, I)]| d‘;gt) = 0}. Consequently, we obtain, by the Lyapunov-LaSalle asymp-

+ (o+,u)E*(4—

Here

4

totic stability theorem, that Pj is globally asymptotically stable. This completes
the proof. 0

4. NUMERICAL SIMULATIONS AND CONCLUDING REMARKS

In this section, we give a numerical simulation supporting the theoretical analysis
given in section [2| and [3| We take the parameters of the system as follows:
A=0.04, a3 =0.01, a=0.01, p=0.05
v=0.05, a=0.09, (=25 71=100.
Then Rg; = 0.07. Therefore, by Proposition the free-disease equilibrium P is

globally asymptotically stable; see Figure
Now we take the parameters of the system (|L.3]) as follows:

A=0.04, a3 =001, as=001, p=0.05,
v =005 a=009, B=25 o=0.0L
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FIGURE 1. Solutions (S, I) of the delay SIR model (1.1]) are glob-
ally asymptotically stable and converge to the free-disease equilib-
rium P

Then Rgy = 1.74. Therefore, by Proposition the endemic equilibrium Py is
globally asymptotically stable; see Figure
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FIGURE 2. Solutions (5, E, I) of the SEIR model (1.3)) are globally
asymptotically stable and converge to the endemic equilibrium P3

In epidemiological research literatures, a latent or incubation period can be
medelled by incorporating it as a delay effect (delayed SIR models) [4], or by intro-
ducing an exposed class (SEIR models) [I2]. In this paper we consider the global
stability for a delayed SIR model with saturated incidence rate (system ) and
for its corresponding SEIR model (system )

In the section 2, by modifying Lyapunov functional techniques in Huang and al
[13], we proved that if Ro; < 1, the disease-free equilibrium is globally asymptoti-
cally stable, and this is the only equilibrium. On the contrary, if Ryp; > 1, then an
endemic equilibrium appears which is globally asymptotically stable. In the section
3, by proposing Lyapunov functional, we showed that if Rgy < 1, the disease-free
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equilibrium is globally asymptotically stable, and this is the only equilibrium. On
the contrary, if Ryps > 1, then an endemic equilibrium appears which is globally
asymptotically stable.

Finally, numerical simulations are given to support the theoretical analysis and
to show that the delayed SIR model and its corresponding SEIR model
can generate different global asymptotic behavior, for example if the incubation
period 7 = 100 (thus o = % = 0.01), the system has only a disease free
equilibrium P; which is globally asymptotically stable but the system has a
disease free equilibrium P, which is unstable and an endemic equilibrium P; which
is globally asymptotically stable (see Figure [I| and Figure . In this case we ask
the following question: Which model can be adopted for modeling the incubation
period in the case of human immunodeficiency virus?

5. APPENDIX: THE LYAPUNOV-LASALLE THEOREM

In the following, we present the method of Lyapunov functionals in the context
of a delay differential equations,

dx

i flaxe), (5.1)
where f : C — R" is completely continuous and solutions of are unique and
continuously dependent on the initial data. We denote by x(¢) the solution of
through (0, ¢). For a continuous functional V' : C — R, we define

. ) 1

V = timsup 5 [V(ea(6) - V(o))
h—0t

the derivative of V along a solution of (5.1). To state the Lyapunov-LaSalle type

theorem for (5.1), we need the following definition.

Definition 5.1 ([8, p. 30]). We say V' : C'— R is a Lyapunov functional on a set
G in C for (5.1)) if it is continuous on G (the closure of G) and V < 0 on G. We also
define E = {¢ € G : V(¢) = 0}, and M is the largest set in E which is invariant

with respect to (|5.1)).
The following result is the Lyapunov-LaSalle type theorem for (5.1)).

Theorem 5.2 ([8, p. 30]). If V is a Lyapunov functional on G and x(¢) is a
bounded solution of (5.1) that stays in G, then w-limit set w(¢) C M; that is,
2¢(d) = M ast — +oo.
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