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SOLVABILITY OF FRACTIONAL-ORDER MULTI-POINT
BOUNDARY-VALUE PROBLEMS AT RESONANCE
ON THE HALF-LINE

YI CHEN, ZHANMEI LV

ABSTRACT. In this article, we study a fractional differential equation. By
constructing two special Banach spaces and establishing an appropriate com-
pactness criterion, we present some existence results about the boundary-value
problem at resonance via Mawhin’s continuation theorem of coincidence degree
theory.

1. INTRODUCTION

In this article, we are concerned with the existence of solutions to the m-point
boundary value problems involving Caputo fractional derivative

D, (a()' (1)) = f(t,u(t), “ D u(t), v/ (t), t€[0,+00),

oy o (1.1)
u'(0) =0, ; oju(§;) = lim u(t),

where ©Dg, is the Caputo fractional derivative, 0 < a < 1, f : [0, +00) x R® — R
satisfies a-Carathéodory conditions, a(t) € C*[0,+00), a(t) > 0, 0; € R, 0; > 0,
§>0,7=12,....m—1,meN, m>1,and

m—1
> oi=1, (1.2)
j=1

which implies that is at resonance. Problem is at resonance in the sense
that the kernel of the linear operator © D, is not less than one-dimensional under
the boundary value conditions.

Let v > 0 and n = [v] + 1, where [v] denotes the largest integer less than v.
Then then the Riemann-Liouville fractional integral and derivative of order v for a
function h : (0,00) — R is defined by (see [8] [16] [17])

DELh(E) = Ty hlt) = g5 [ (6= 9 h(s)as. (13)
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and
DY, h(t) = ﬁ (jt) /0 (t — 8"~ Lh(s)ds, (1.4)

respectively. Additionally, we have the Caputo fractional derivatives (see [8], [17])
of order v

v _ 1 K n—v—1y3(n
Dy h(t) = o) /0 (t —s) h(™ (s)ds. (1.5)

Sequential fractional derivatives were defined by Podlubny [17] as
D¥A(t) = D"D™ ... D"h(t), peN, p>0, (1.6)

where the symbol D¥ (i = 1,2,...p) is the Riemann-Liouville derivative, or the
Caputo derivative. It is obvious that is a generalized expression presented by
Miller and Ross in [16].

Fractional calculus is a generalization of the ordinary differentiation and inte-
gration. It has played a significant role in science, engineering, economy, and other
fields. For recent publication on on fractional calculus and fractional differential
equations, we refer the reader to see[3] [4, [19] [7, 21) 2], 14}, 18] [5] 10, 12} T3], 20].

In 2], the researchers studied the existence of solutions to boundary-value prob-
lems for fractional-order differential equation of the form

“Dfy(t) = f(t.y(t), tel0,+00),
y(0) = yo, v is bounded in [0, +00),

where 1 < a <2 and f:[0,4+00) x R — R is continuous. And the results are based
on a fixed point theorem of Schauder combined with the diagonalization method.
Then, Mouffak Benchohra and Naima Hamidi are concerned with the differential
inclusions of the form above in [5].

Liu and Jia [14] studied the existence of multiple solutions of nonlocal boundary
value problems of fractional order with integral boundary conditions on the half-line
applying the fixed point theory and the upper and lower solutions method.

Su and Zhang [I§] studied the following fractional differential equations on the
half-line, using Schauder’s fixed point theorem,

Dy u(t) = f(t,u(t), Dy u(t)), te(0,+00), 1 <a<2,

u(0) =0, tlim D§ T u(t) = uee.

In paper [10] and [20], the authors investigated the existence of global solutions
for fractional differential equations on the half-axis. Liang and Shi [I2] obtained
some existence results of multiple positive solutions for m-point fractional boundary
value problems with p-Laplacian operator on infinite interval by means of the prop-
erties of the Green function and some fixed-point theorems. And in [13], by a fixed
point theorem due to Leggett-Williams, Liang and Zhang studied the existence of
three positive solutions for the boundary value problem on the half-line.

However, the papers on the existence of solutions of fractional differential equa-
tions on the half-line are only handling with the problems under nonresonance
conditions. And as far as we know, there is no paper dealing with the differential
equations of sequential fractional order under resonance conditions on the half-line.
Motivated by the papers [2] 14} [I8] [5l 10} 12} 13} 20, 6, 11, O], in this paper, we are
concerned with the existence of the m-point boundary value problems .
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Our methods are based on the Mawhin’s continuation theorem of coincidence
degree theory, unlike any other papers, the function f in the problem satisfies
the a-Carathéodory conditions, the definition of which will be given in Section 2.
And the main difficulties are that we have to construct suitable Banach spaces for
the problem and establish an appropriate compactness criterion.

The rest of the paper is organized as follows. Section 2, we give some re-
sults about fractional differential equations and an abstract existence theorem and
present the special Banach spaces that will be used in the paper. Section 3, we
obtain some existence results of the solutions for the problem by applying the
coincidence degree continuation theorem. Then an example is given in Section 4 to
demonstrate the application of our results.

2. PRELIMINARIES

First of all, we present some fundamental facts on the fractional calculus theory
which we’ll use in the next section. These can be found in [8} [16), [19].

Lemma 2.1 ([19]). Let v > 0; then the differential equation “Dy h(t) = 0 has
solutions h(t) = co + cit +eat?> + -+ cp 1t Y, ¢ € R, i =0,1,2,...,n — 1,
n=[+1.

Lemma 2.2 ([19]). Let v > 0; then If “ Dy h(t) = h(t) + co + c1t + cat> + -+ +

Cn1t" L, for somec; €R, i =0,1, 2,...,n— 1, where n = [v] + 1.
Lemma 2.3 ([8,16]). If v1,v2,v >0, t €[0,1] and h(t) € L[0,1], then we have
TR = L2 h(t),  ©DY, I, h(t) = h(t). (21)

Now let us recall some notation about the coincidence degree continuation the-
orem.

Let X, Z be real Banach spaces. Consider an operation equation Lu = Nu, where
L:domL C X — Z is a linear operator, N : X — Z is a nonlinear operator. If
dimker L = codimIm L < 400 and Im L is closed in Z, then L is called a Fredholm
mapping of index zero. And if L is a Fredholm mapping of index zero, there exist
linear continuous projectors P : X — X and Q : Z — Z such that ker L = Im P,
ImL = ker@ and X = kerL®ker P, Z = ImL & Im@Q. Then it follows that
Lp = L|gom Lrker p : dom L Nker P — Im L is invertible. We denote the inverse of
this map by Kp. If  is an open bounded subset of X, the map N will be called L-
compact on Q if QN (Q2) is bounded and KpoN = Kp(I—Q)N : Q — X is compact.
For Im () is isomorphic to ker L, there exists an isomorphism J,, : Im () — ker L.
Then we will give the the coincidence degree continuation theorem which is proved
in [15].

Theorem 2.4. Let L be a Fredholm operator of index zero and N be L-compact on
Q, where Q is an open bounded subset of X. Suppose that the following conditions
are satisfied:
(1) Lz # ANz for each (x,A) € [(dom L\ ker L) N 0€2] x (0, 1);
(2) Nz ¢ ImL for each x € ker L N 08Y;
(3) deg(JNLQN|kerr, @ Nker L, 0) # 0, where Q : Z — Z is a continuous
projection as above with ImL = ker@ and Jyp : Im@Q — ker L is any
isomorphism.

Then the equation Lx = Nx has at least one solution in dom L N Q.
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Definition 2.5. We say that f : [0, +oc0) x R® — R satisfies the a-Carathéodory
conditions if

(1) for each (x,y,z) € R3, the function t — f(¢,,y, z) is Lebesgue measurable;

(2) for almost every t € [0,400), the function t — f(¢,z,y, z) is continuous in
R3;

(3) for each r > 0, there exists ¢,(t) € L0, +00) N C[0,+00) subject to
limg— oo I§ @ (t) < +o00 such that for a.e. t € [0,+00) and all (z,y,2) €
R? with |[(z,y,2)|| <,

[f(t,2,y, 2)] < @r(t)
where || - || is the norm in R3.

The assumptions on a(t) are as follows:
(A1) a(t) € C0,+00), a(t) > 0, for all t € [0, 4+00), and
+oo 1
L, := / ——dt < 4o0;
o a(t)
(A2)
1
L . l—-a ~ _
fo= ti 57 g =0
If condition (A1) holds, then

1
M, :=sup — < +00.

>0 a(t)
Set
— 1 . s . C Nna . / .
X ={z e C'0,400): tl}+moo:1c(t), t_l}inoo D¢, x(t) and t_l}inoox (t) exist},

equipped with the norm

2]l x = sup |z(t)] 4 sup |“Dg, 2(t)] + sup |2'(£)] .
t>0 t>0 t>0

Since z(t) € C'[0, +00) implies that ¢ D§, z(t) € C[0,+00), the space (X, || - ||x) is
well defined. It is easy to show that (X, | - ||x) is a Banach space.
Define
Z ={z € C[0,400) N L0, +00) : . ligl I§, 2(t) exists},

equipped with the norm
—+o00
Izl z zsup|z(t)|—|—Sup\[8“+z(t)|—|—/ |z(¢)|dt .
>0 >0 0

The space (Z,]| - ||z) is well defined in virtue of the fact that z(t) € C[0,+o0) N
L0, +00) leads to limy— o0 2(t) = 0 and I§, 2(t) € C[0,+00). Also, (Z,| - |z) is
a Banach space.

Let

dom L = {u : CDg (a(Vu (1)) € L0, +00) N C[0, +00), Tim _a(t)u (1) exists,
' (0) = 0, Z_: ou(€;) = lim u(t)} nX.

t——+o0

Jj=1
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Define
L:domL — Z, uw~ “D§, (a(t)u'(t)), (2.2)
N:X—>Z u— f(t,u(t),cD8‘+u(t),u’(t)). (2.3)
Then the multi-point boundary-value problem can be written as
Lu= Nu, wu€domlL.

Definition 2.6. A function u € X is called a solution of (L.1) if u € dom L and u
satisfies (1.1]).

Next, similar to the compactness criterion in [I], we establish the following cri-
terion.

Lemma 2.7. The set U is relatively compact in X if and only if the following
conditions are satisfied:

(a) U is uniformly bounded; that is, there exists a constant R > 0, such that
for eachu e U, |lul|y < R;

(b) functions in U are equicontinuous on any compact subinterval of [0,400);
that is, let J be a compact subinterval of [0, +00), then, Ve > 0, there exists
d = 6(e) > 0 such that for t1,t2 € J, |t1 — t2| <9,

uty) —u(ta)| <e,  [u'(t) —u'(t2)| <e, |“Dfpu(ts) - “Dgyulte)| <e,

forallu e U;
(¢) functions from U are equiconvergent; that is, given € > 0, there exists
T =T(g) > 0, such that for s1,80 > T, for allu e U,

lu(s1) —u(s2)] <e, |u'(s1) —u'(s2)| <k, \CDS‘Jru(sl) — CD8+u(52)| <e.

Proof. We can prove the results by the fact that I/ is a relatively compact set in X
if and only if U is totally bounded. The proof is analogous to the proof of the |21,
Lemma 2.2]. Here we omit it. O

3. MAIN RESULTS

In this section, we establish the existence of solutions for (1.1) on the half-line.
To prove our main results, we need the following lemmas.

Lemma 3.1. Let g € Z. Suppose that the condition (Al) holds. Then u € X is
the solution of the fractional differential equation

“Dg, (a®)v/'(t)) = g(t), te€[0,+00),
(3.1)

t
oo

m—1
u’(O) =0, Z Uju(gj) = tllgl u( )7
j=1
if and only if u satisfies
1 ! 1 ° a—1
u(t) =c+ @/0 @/0 (s—71)* " g(r)drds, ceR, (3.2)

and

/0+0<> ﬁ /Os(s — 1) g(r)drds — 7:21 o /059' % /OS(S —7)* g(r)drds = 0.
(3.3)
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Proof. “Necessity”. Assume that u is a solution of (3.1)). By Lemma[2.2] we have

1 t
atu'tzcl—i——/ t—s)*"tg(s)ds, ¢ €R.
000 =+ s [ €= gt)
Since u/(0) = 0 and a(t) > 0, we have

/ _ ii ’ — s a—1 s)ds
W0 = g =0 s

Then we obtain

1 ! 1 ° a—1
u(t)zc—i—@/o @/O(S—T) g(t)drds, ceR.

Since Z;’;l oju(&;) = limy_ 1 o u(t), we have

due to the fact that Z;nz_ll o;=1.

“Sufficiency”. Conversely, suppose that and hold. In view of Lemma
we can easily certify that u is the solution of the equation (3.1). The proof is
complete. ([l

Lemma 3.2. Assume that the condition (A1) holds. Then L is a Fredholm mapping
of index zero. Moreover,

kerL={u:u=¢ ceR} CX, (3.4)
and

ImL ={g € Z: g satisfies condition (3.3)} C Z. (3.5)

Proof. 1t is obvious that Lemma [3.1] implies (3.4) and (3.5). Now, let us focus our
minds to prove that L is a Fredholm mapping of index zero.
Define an auxiliary mapping @, : Z — R:

Qig = /O+OO % /Os(s—T)o‘_lg(T) des—wZ1 o; /ij % /Os(s—T)a_lg(T) dr ds,

where g € Z. It is obvious that @7 is a continuous linear mapping.
Take an element u(t) € Z satisfying p(t) > 0 on [0, +00), for example, u(t) =

e, a> 0. In view ofzzr:llcrj =land o; >0,j=1,2,...,m — 1, we have
+oo 1 s )
Ql’u:/ —/ s—T1)* u(r)drds
e (s =7)* " nul7)
— o — [ (s=7)*tu(r)drds
o) o
m— “+o00 1 s
= of —/ (s — 1) tu(r)drds > 0.
=1 &; a(s) Jo
Let the mapping @ : Z — Z be defined by
Q19
(Qg)(t) = S—p(t), (3.6)

Qip
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where g € Z. Evidently,
ImQ@Q ={g:9g=cut), ceR},

and @ : Z — Z is a continuous linear projector. In fact, for an arbitrary g € Z, we
have

Q1(Qg) = Ql(glz (1) = %Z \(1) = Qug,
2 _ Q1(Qg) _ @ O
Qg =Q(Qg) = Ol p(t) = Qwu(t) = Qy;

that is to say, Q : Z — Z is idempotent.

Observe that g € Im L leads to Q19 = 0, then we can get that Qg = 6, and
g € ker @), where we denote 0 the zero element in Z. Conversely, if g € ker @, we
can have that @19 = 0, that is to say, g € Im L. So, ker @ = Im L.

Let g=g— Qg+ Qg = (I —Q)g+ Qg, where g € Z is an arbitrary element.
Since Qg € ImQ and (I — Q)g € ker ), we obtain that Z = Im @ + ker Q. Take
zo € ImQ Nker @, then zp can be written as zog = cu(t), ¢ € R, for zp € Im Q.

Since zg € ker @ =Im L, by (3.5)), we get that Q1(20) = Q1(cpu(t)) = cQ1() =0
which implies that ¢ = 0 and zg = 0. Therefore Im@Q Nker @ = {0}, thus Z =
Im@Q@@ker@Q =ImQ & ImL.

Now, dimker L = 1 = dimIm@ = codimker @ = codimImL < 400, and
observing that Im L is closed in Z, so L is a Fredholm mapping of index zero. [

Let P : X — X be defined by
(Pu)(t) =u(0), uwelX. (3.7
It is clear that P : X — X is a linear continuous projector and
Im P = {ulu=c¢, c€ R} =ker L.

Also, proceeding as the proof of Lemma [3.2] we can show that X = Im P@ker P =
ker L @ ker P.
Consider the mapping Kp : Im L — dom L Nker P,

t s
(Kpg)(t) = ﬁ/o %/@ (s—7)*'g(r)drds, g€ImL.
Note that
(KpL)u= Kp(Lu) =u, Yué&domLnNkerP, (3.8)
and
(LKp)g=L(Kpg) =g, VgelmL.
Thus, Kp = (Lp) ", where Lp = L|dom Loker p : dom L Nker P — Tm P,
Lemma 3.3. Assume that (A1) and (A2) hold. Then, the operator Kp : Im L —
dom L Nker L is completely continuous. Further,
1Krglly < (La+2Ma)llg] (3.9)
for each g € Im L.

Proof. We know that Kp is linear, we only need to prove that Kp is compact and
(3-9) holds. For each g € Im L and ¢ € [0, +00), we have

t
1
wrgol =| [ osiois] < [ i)
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< sup 15, 9(0) / L ds< Lo Ygllz.

|(Kpg)'(t)] = |%a)%t) /Ot(t — ) lg(s)ds| = alt )|Io+g( < M, -lgllz
and
05, (o) 0] =05, ([ os1800608s)| = |12 (o5 000
= lsr=ar@ —iz)l“(oz) /0 (t— 8)_(1%/0 (s — T)a—lg(T)des‘
= T — o)) _10[)1_‘(0[)/0 g(T)/T (s—7)* 1t — s)faﬁds dT’
= ru_jnnayégﬁjA ﬂ_%l_sradr+;t—rnﬁdﬂ

t
<M, / lg(r)ldr < M, - [lgll 7 -
0
Hence,
1K pgll = sup [(Kpg) ()] +sup | DE, (K pg)(t)] + sup | (K pg) (1)
>0 >0 t>0

< (La +2M,)||g]|, -

Next, we show that Kp is compact. Let G be a bounded set in Z; i.e., there
exists r > 0 such that ||g||z <, Vg € G. Then we need to validate that Kp(G) is
relatively compact via Lemma

First, Kp(G) is bounded in view of (3.9).

Second, Kp(@) is equicontinuous on any compact subinterval J of [0,400).
There exist two positive constants T7,To(77 < T3) such that J C [Ty, T3]. Slnce
1/a(t) is uniformly continuous on [0, T3], for all € > 0, there exists 51 = 51( ) >
such that for 71,7 € [0, T3], |71 — 72| < &1, we have that | < 5 Let

0.(7'1) a(Tg ‘

1/
5—mm{51, sF(a+1)> / }

2r M ( 4rM,
Then for every pair t1,ts € J and [t; — t2| < 6 (f1 < t2) we have

|(Fpg)(tr) — (Kpg)(ta)] < / 2 %

| D ( KPQ)(tl) ~ “D§, (Kpg)(t2)]
1

e DAY AR e

)deT‘

[I& g(s)|ds < rM(ta —t1) < = <e,

| ™

B (T+s(t2 —7))

to 1
o)y — —  _dsd
)] ’/t / A=) st

c t1
<o [ lolar+ 0 [ lg(olar
T Jo t1
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<%'T+TMa(t2—t1)§

and
|(Kpg) (t1) — (Kpg)'(t2)|
1

~—

3 M, 4 w1 ot ta .
< 2+F(a)(/0 [(t1 =) = (t2 —5) ]|g(s)|ds+/t1 (t — ) |g(s)|d5>
€ rM, o N e
S5t Tla+ D) (tl to® + 2(ty — 1) )
9 TMa e e
S oty — 1)< 4= =
St Faepile-0)isg g =e

Thus, Kp(G) is equicontinuous on the compact subinterval J of [0, +00).

Third, Kp(G) is equiconvergent. Since (Al) and (A2) hold, lim;—, 4+ 1/a(t) = 0.
For all €1 > 0, there exists a constant 7' > 0 such that for all ¢,¢1,to > T (t; < t2),
we have

1 €1 b2 1 €1 1— 1 €1
o< —<—, 0< —ds < —, (I3 %—| < =—.
a(t) ~ 2r /t1 a(s) b 0+ a(t)| 2r

So, for all t1,t9 > T (t1 < t2), we have

21 2 €1

K t1) — (K to)| < — | I ds < —d —
(Upo)(t) - (USpa)e)] < [ s itpo@ds < v [ s <ol <

°Dg, (Kpg)(t:) — D (Kpg)(t2)|<r‘11*a71 |+ | . |

0+ 0+ —= 0+ a(tl) 0+ a(t2)

€1 €1
< —4+—-=¢

2 2
and
(Kpg) (1) — (Kpg) (t2)] < — |18, g(t1)] + — |15, (2|
a(t1) + a(tg) 0+
< Ly tor=¢
2r 2

Hence, by Lemma Kp(G) is relatively compact, and the proof is complete. [

Lemma 3.4. Let f : [0,+00) x R® — R satisfies the a-Carathéodory conditions.
Assume that the condition (Al) and (A2) hold. Then KpgN = Kp(I — Q)N :
X — X is completely continuous.

Proof. In view of the continuity of K, I — @ and the boundedness of N, combining
with the Lemma we can conclude that the claim of the lemma is true. ([

The following assumptions that will be used later.

(H1) There exist four functions Sy, 82, B3, 84 € Z such that 5;(t) > 0,t € [0, 400)
(i=1,2,3,4), and for t € [0, +00) and (x,vy, 2) € R3, we have

|f(t, 2, y,2)] < Bi(t)|z] + Ba(t)y| + Ba(t)|2| + Ba(t); (3.10)
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(H2)
0<m(2Ly, +2M,) < 1, (3.11)

where 7; is defined by 71 = ||31||z + 1821l z + |83 z;
(H3) There exists a constant Ay > 0 such that

Q1(Nu) # 0, (3.12)

for each u € dom L \ ker L satisfying |u(t)| > Ay;
(H4) There exists a constant S > 0 such that for any ¢ € R, if |¢| > S, then
either

cQ1(N(e)) <0, (3.13)
cQ1(N(c)) > 0. (3.14)

Lemma 3.5. Set Q; = {u € dom L \ ker L|Lu = ANu, X € [0, 1]} Suppose that
(H1), (H2), (H3) hold. Then, Q is bounded.

Proof. Take u € 4, then v € domL \ ker L and Lu = ANw, so A # 0 and
Nu eImL =ker@ C Z. Hence, Q(Nu) = 0; that is, Q1(Nu) = 0. From (H3), we
have that there exists t; € [0, +00) such that |u(t;)] < Aj.

If t4 = 0, then |u(0)] < Ay. If t; > 0, by the fact that

W) = %15;%3; (a(t)u (1)) = ﬁI&(Lu)(t), t € [0,4+00),
we obtain

u(0)] = ’u(tl)/otl u/(s)ds] - ’u(tl)f/O %I&(Lu)(s)ds

t1 1
< Ju(t IS, (Lu)(s)|d
<futt)|+ [ I (L) o)l
< Ay + Lol Lullz < Ay + La||Nuf| 2
Again, for u € {21, we obtain

[Pul| = sup[(Pu)(t)] + sup |“ D, (Pu)(t)] + sup |(Pu)'(1)]
t>0 >0 t>0

(3.15)
= [w(0)] < A1+ La[[Nul|z -
In view of (I — P)u € dom L Nker P, by and Lemma we have
7= Pyl = 1,20 =Pl < (o2 = Py,

= (Lo + 2M,)||Lu| , < (La 4 2M,)||Nul| , .
Combining and (3.16]), we obtain
[ull x = [Ju— Pu+ Pu
<[I1Pully + 2 = Pl (3.17)
<Ay + (2La + 2M,)||Nul| , .

From (H1), for each u € €y, we have

+oo
/ (N ()]s
0
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< ( / " Bus)lds + / " Bas)lds + / +°° wg(s)ws) Juls + | " Ba(s)lds.

’f(tv u(t)7 CDOaJrU’(t)J u/(t))|
< (Sup |B1(t)| + sup |Ba2(t)| + sup |ﬁ3(t)|) |ullx +sup [Ba(t)]
>0 >0 >0 >0
and
|18, 5 (1, u(t), © D ult), ' ()|
< (sup |16 B1 ()| + sup | I8, B2(s)| + sup IIS‘+53(S)I> |ullx + sup [ 1§ Ba(s)] -
t>0 t>0 t>0 t>0

Then, we can deduce that
INullz < (1B1llz + 1Ballz + [18s]l2) llullx + [|Ball z

(3.18)
=mllullx + 2,
where we denote 12 = ||B4||z. Thus, by (H2), (3.17) and (3.18)) imply that
Ay + 1220, + 2M,
fulx < it RClo + 20e)
1—m (2L, +2M,)
which clearly states that €5 is bounded. (]

Lemma 3.6. Set )y = {u € ker L|Nu € Im L}. Assume that (H4) holds, then
Qs is bounded.

Proof. Let u € Qo, then u € ker L and u = ¢, ¢ € R. Since Nu € Im L = ker @), we
have Q(Nu) = 6; that is, Q1(N(c)) = 0. Taking account of (H4), |c| < S, which
implies that 25 is bounded. ([

Lemma 3.7. If holds, set
Qs ={uckerL| —Au+(1-X)J,,QNu=0,X\¢€[0,1]};
if holds, set
Q3 = {ueker L|]Au+ (1-A)J, QNu=0, A€ [0,1]},
where Jy, : Im @Q — ker L is a linear isomorphism defined as
Jyolep(®))=c, ceR, te|0,+00). (3.19)
Assume that (H4) holds. Then Q3 is bounded.

Proof. If (3.13)) holds, for u € 3, then we have u = ¢, ¢ € R and Au = (1 —
A)JInrp@Nu. Thus,

N
Ae=(1- )\)Mu(t) _
Q1(u(t))
Therefore, via (H4) and (3.13]), we have |c¢| < S, which shows that €23 is bounded.
If (3.14) holds, the proof is similar. O

Next, let us give the main results of the paper.

Theorem 3.8. Let f : [0, +00) x R® — R satisfies the a-Carathéodory conditions.
Assume that the condition (Al), (A2), (H1), (H2), (H3), (H4) hold. Then problem
has at least one solution in dom L.
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Proof. Let € be an bounded open set such that Q D U?_,Q; and we will prove that
deg(‘]NL QN|kerLa QN ker L, 0) 75 0.

The operator N is L-compact on Q due to the fact that QN (f2) is bounded and
KpoN = Kp(I - Q)N : Q — X is compact by Lemma[3.4]
In view of Lemmas and we have that
(1) Lu # ANu for each (u,\) € [(dom L\ ker L) N 9N x (0,1);
(2) Nu ¢ ImL for each u € ker L N 0N

Without loss of generality, we suppose that (3.14) holds. Define H(u,\) =
Mu + (1 — N)J,, QNu, where I is the identity operator in X. According to the
arguments in Lemma [3.7, we can get

H(u,A\) #0, VYu€kerLNoQ,
and therefore, via the homotopy property of degree, we obtain that
deg (Jy,QN|kerz, 2Nker L,0) = deg (H(-,0), 2 Nker L, 0)
=deg(H(-,1),QNkerL,0)
=deg(I,QNker L,0) =1,

which verifies the condition (3) of T heorem épplying Theorem we conclude
that (1.1) has at least one solution in dom L N Q. The proof is complete. ]

For the next theorem, we use the assumption
(H3’) There exists a constant Ay > 0 such that
flt,z,y,2) >0, te0,4+00), (3.20)
or
flt,z,y,2) <0, te€0,4+00), (3.21)
for each |z| > As.
Theorem 3.9. Let f : [0,+00) x R® — R satisfy the a-Carathéodory conditions.

Assume that the condition (A1), (A2), (H1), (H2), (H4), (H3’) hold. Then (1.1)
has at least one solution in dom L.

Proof. We assume that (3.20) holds. Then, for each u € Q;, we have Q(Nu) =
0, that is, Q1(Nu) = 0. So, there exists t2 € [0,+00) such that |u(t2)| < As.
Analogous to the proof of Lemma we have that
1—m (2L, +2M,)
lul x < ,

2A1 + ﬂQ(La + 2Ma)
Then, €2 is bounded. Hence, similar to the proof of Theorem we can conclude
that the problem (1.1)) has at least one solution in dom L. d

4. EXAMPLES

To illustrate our main results, we present the following example.

CDYE (alt)u' () = f(t,ut), “Dyfu(t), v (t), te[0,+00),

t——+oo

3
w'(0) =0, lim u(t) =Y oul§),
j=1
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where a(t) = ef, and for (x,y,z) € R3,

o | sin z| |y
fltzy,2) = (\/E;[—'10)(ﬂ1(t)1§i;j;§j;215‘+'52(t)ijf;f§§i;j;§
‘467h| .

M ey v |z|))’
et (14t e (24t) e B4t
Bi(t) = 01 +2) Ba(t) = 2018 B3(t) = TR0+ 4

for t € [07+OO), and 51 = 01, 52 S 02, 53 = 05, g1 = 6, g9 = 05, g3 = 0.6.
It is easy to verify that a(t) satisfies conditions (A1) and (A2). Also, 5;(t) € Z
(1 =1,2,3). Note that

f(t’x7y?z) < ﬁl(ﬂ'xl + ﬁ2(t)|y| + 53(t)|z|a

and that for |z| > 1000,

f(t7$7y7 Z) > 07

Hence, (H1) and (H3’) hold.

Meanwhile, by simple computation we see that L, =1, M, = 1, n; < 0.1315,
which leads to the condition (H2’). Also for |¢| > 1000, (H4) holds. Summing up
the points indicated above, by Theorem problem has at least one solution.
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