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MULTIPLICITY OF POSITIVE SOLUTIONS FOR A GRADIENT
SYSTEM WITH AN EXPONENTIAL NONLINEARITY

NASREDDINE MEGREZ, K. SREENADH, BRAHIM KHALDI

ABSTRACT. In this article, we consider the problem
—Au = A + fi(u,v) inQ
—Av =X+ fa(u,v) in Q
u,v >0 in
u=v=0 on 0,

where  is a bounded domain in R?, 0 < ¢ < 1, and A > 0. We show that
there exists a real number A such that the above problem admits at least two
solutions for A € (0, A), and no solution for A > A.

1. INTRODUCTION

In this article, we study the existence of multiple solutions of the system of
partial differential equations

—Au = !+ f1(u,v) inQ
—Av =+ fz(.u,v) in (1)
u,v >0 in
u=v=0 on J,

where (2 is a bounded domain in R?, 0 < ¢ < 1, A > 0, and f;, i = 1,2 satisfy the
following conditions:

(H1) f; € CYR?), fi(t,s) >0fort>0and s> 0; fi(t,s) =0if t <0 or s <0.

(H2) The mapst— f;(¢,.) and s — f;(., s) are nondecreasing for all ¢ > 0, s > 0.
(H3) For all € > 0,

lim fi(t,s)e*(lfé)(ﬁ*ﬁ) = 00, lim fi(t,s)e*(1+e)(t2+s2) —0.
t2452—00 t24s2—00

(H4) There exists A such that
AT+ fi(t,s) > Mt and  As?+ fo(t,s) > Ais
for all A > X and s,t > 0, where \; is the first eigenvalue of —A on H} ().

2000 Mathematics Subject Classification. 35J50, 35J57, 35J60.

Key words and phrases. Gradient system; exponential nonlinearity; multiplicity.
(©2012 Texas State University - San Marcos.
Submitted June 16, 2011. Published December 26, 2012.

1



2 N. MEGREZ, K. SREENADH, B. KHALDI EJDE-2012/236

(H5) Let F(t,s) be a C? function such that

oF oF
at —fl(t,8)7 88 _f2(t78)7
im Pt s) =0 for some k > 1,
(t,5)—(0,0) tF + sk

F(t,s)
Bt o edra) (a7
(H6) There exists a constant x > 0 such that
lim Fits)
lthlsl—+oo f1(E,8) + fa(t, 5)

=0, Ve>0.

(H7) For every € > 0,
8fi(tvs>e—<1—e)(t2+s2) — 0, lim afi(t’s)e—(1+e)(t2+s2) —0.

t24+s2—oc0 Ot 1245200 s

As examples of a function satisfying the above assumptions, we have

F(t,s) (12 + s2)et”+s” ift >0, 5>0
) 8 = .
0 otherwise.

So

filts) {2t(t2 824 1)et™" ift>0, s> 0
1\by =

0 otherwise,

2s(t2 + s2 + 1)t ift >0, s>0
fQ(tas) = ( ) .
0 otherwise.

Starting from the work of Adimurthi [I], there are many results in the scalar case
for problems involving exponential growth, for example [8], [I2]. Systems involving
exponential nonlinearities in two dimension have also been studied in [9]. Recently,
lot of interest has been shown for studying the multiplicity of positive solutions with
nonlinearities of sublinear growth at origin. In this direction we mention the works
of Ambrosetti-Brezis-Cerami [3] for higher dimensions, and Prashanth-Sreenadh
[21] in the case of R

Our aim in this article is to generalize the result in [21] to the case of systems.
One of the motivations of this work is that parameter dependent systems with ex-
ponential nonlinearities have been recently shown to be very involved in relativistic
Abelian Chern-Simons model with two Higgs particles and two gauge fields, see
[, 16, 17, [18]. Chern-Simons theories are applied in condensed matter physics,
anyon physics, superconductivity, quantum mechanics, and electro magnetic spin
density, to mention a few. This system may also be applied to heat transfer mod-
eling in a nuclear fuel rod where the nonlinearities f; and fs represent the energy
production.

We shall find the weak solutions of the system (P,) in the space

H:= H(%(Q) X H(:)L(Q)

endowed with the norm

0l = | / (1Vuf? + Vo) dz]



EJDE-2012/236 MULTIPLICITY OF POSITIVE SOLUTIONS 3

Throughout this paper, we denote by || - ||1,2 the norm of Sobolev space H{ ().
To handle exponential nonlinearity for dimension N = 2, the Moser-Trudinger
inequality [19] 22] plays the same role as the Sobolev imbedding Theorem for the
case of polynomial nonlinearity in dimension N > 3. In this paper, we will use the
following adapted version of Moser-Trudinger inequality for the pair (u,v) [15]:

Lemma 1.1. Let (u,v) € H, then [, W) 4y < 400 for any v > 0. Moreover,
there ezists a constant C' = C(Q) such that

sup / (W ) g < C, provided v < 4m. (1.2)
| (w,0)[l#=1%
Proof. Let r1 = ||ull] , and ro = [Jv||7 5, be such that 71 4 ry = 1. Then, we have

11/2 7)2
/ e’ dx < C, / e’z dr < C, for all v < 4.
Q Q
Hence, using Holder inequality, (1.2) can be obtained as follows

u2 U2
/ (W) gy < (/ e’ dx)“(/ e’ dx)™ < Ot = (.
Q Q )

It follows from the above inequality that the imbedding
(u,v) € H — U™+ e L1(Q)

is compact for a < 2. Also, it can be shown using a class of functions called the
Moser functions, that the above imbedding is not compact for oo = 2.
Weak solutions of (1.1)) are the functions u,v € HJ(Q2) such that

/QVu.qudx:A[)uq¢dx+/5)f1(u,v)¢dx,

/QVv.dex:)\/quwdx—i-/ﬂfg(u,v)wdx,

for all ¢, € HL(Q).
The main results of this article are given in the following theorem.

Theorem 1.2. There exists A > 0 such that (1.1) admits at least two solutions for
all X € (0,A), and no solution for A > A.

Let us write H(u,v) as

A
H(u,v :—(u‘ﬁ'l—!— vq+1)+Fu,v,
(u,v) q+1|\ |v] (u,v)

and let
hy(u,v) = %—IZ =Mt + fi(u,v), ha(u,v) = a—IZ = M+ fo(u,v).
Using (H6), for R sufficiently large
H(u,v) < C(h1(u,v) + ha(u,v)), for |u| > R, and |v| > R. (1.3)
The functional associated with is given by

E(um)z%/ﬂ(\Vu\Q—l-|Vv|2)dw—/QH(u,v)dx.
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It is well defined on H and C'(H,R). Also, for all (¢,1) € H, we have

E'(u,v)(¢, ) :/QVu.Vqux—&—/QVv.dex—/th(u,v)(bdx—/ghg(u,v)wdx,

Our approach is to construct an H! local minimum (uy, vy) for E for A in the largest
interval of existence (0,A), and then use the generalized mountain-pass Theorem
of Ghoussoub-Priess [10] about (uy,vy) to obtain a second solution.

2. EXISTENCE OF A MINIMAL SOLUTION AND A LOCAL MINIMUM FOR F

In this section, we prove the existence of a minimal solution (uy,vy) of ,
and then we show that this minimal solution is a local minimum for E. A solution
(ux,vy) is said to be minimal if any other solution (u,v) of satisfies u > uy
and v > vy in .

Lemma 2.1. There exists \g > 0 such that (1.1) admits a solution for all A €
(Oa)‘O)'

Proof. From assumption (H5), for any € > 0, we obtain C' > 0, such that
|F(u,v)| < C(|u|k+1 + |’U|k+1)e(1+€)(u2+vz)

For [|(u,v)|| = p such that p? < 1+ , and by Holder’s inequality and the Moser-

Trudinger inequality (1.2] ., we obtain

|/QF(u,v)dx\

<cf / (Jul+) 4 o)+ +47) g
Q

SC</ (|u‘(k+1)+|v|(k+1))
Q
2 2

u (%
X ex 1+e€ + ul]? 5 + ||v]|? )dz)
p (( )( || ||2 + ||U||2 HUHQ + || ||2 )(” H1,2 || 1,2)

<C /|u\2(k+1)daz /\v|2(k+1)daz )
< c(Jlullfg" + IoIsE"),

where C' is a generic constant. Therefore, for ||(u,v)||# = p, we have

A +1 +1
1) = o (g + o)

1
Bu.v) > 3 (uw,0) [ = € (lullf s’

+1
1 k+1 k+1 q+1 q+1
> Sl 0B~ C(IullS3 + 10153") - 5 (Culult! + Callol3')
1
> 21, 0) I = C (G, o)l + 1, 0) 1)
A

— L (Ol 5+ ol 5

> %P 720 k+1 C/\qurl

Now, we may fix p, A\o > 0 small enough such that F(u,v) > 0 for all A € (0, Ag).
We note that E(tu,tv) < 0 for t > 0 small enough. So, infy)|,.<, E(u,v) <0
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and if this infimum is achieved at some (uy,vy), then (uy,vy) becomes a solution
of (L.1). Let {(un,vn)} C {||(tn,vn)|ln < p} be a minimizing sequence and let
(Un,vn) — (ux,vy) in H. Clearly,

[[Cxs va) [l < Timinf {| (un, ) |19
n—oo

Now, we can choose p < 7 so that {F (uy,v,)} is bounded in L"(2) for some r > 1.
Using this fact and Holders inequality, it is not difficult to show that {F(u,,v,)}
is equi-integrable family in L*(£2) and lim| 4|0 [ |[F(tn,vn)|dz = 0. Therefore, by
Vitali’s convergence Theorem, we obtain

/F(un,vn)dxﬂ/F(u,\,v,\)dx.
Q Q

Hence, (uy,vy) is a minimizer of F(u,v). By the maximum principle, we obtain
ux, vy > 0in Q. [l

Lemma 2.2. Let A :=sup{A: (L.1)) admits a solution}. Then 0 < A < oo.

Proof. By Lemma [2.1] it is clear that A > 0. Suppose A = co. Then there exists a
sequence A, — oo such that (1.1)) with A = X\, has a solution (uy,,, vy, ). Hence

Al/u,\nqbl dx:/VuAnvm d;v:/ ()\nug\n—kfl(u)\n,v,\n))qﬁl de.  (2.1)
Q Q Q

where ¢; is the eigenfunction associated with the first eigenvalue A\; of —A on

Hj ().
Now, we choose A, > . By (H4) we have
Apt? + f1 (t, S) > A\it, Aps? + fg(t, 8) > \is. (2.2)
From ([2.1)) and (2.2), we obtain
)\1/ U,\n¢1d$ > )\1/ U)\n(]51d$ (23)
Q Q
which is absurd. Hence, A is finite. ([l

Lemma 2.3. For all XA € (0,A), (1.1) admits a solution.

Proof. Suppose ' < A < A < A and with A\ = ), and with A = )\’ admit
solutions (ux,va), (ux~, var) respectively. Then (uy/,vy) is a subsolution of (L)),
and (uy~,vyr) is a supersolution of (L.1)), and hence, by the monotone iterative
procedure, there exists a solution of (|1.1)). (Il

We recall the following well known comparison Theorem, whose proof can be
found in [20].

Lemma 2.4. Let f : [0,00) — [0,00) be such that f(t)/t is non-increasing for
t>0. Let v,w € Wy (Q) be weak sub and super solutions (respectively) of

—Au=f(u), u>0 inQ
u=0 on 0.

Then w > v a.e. in €.

Lemma 2.5. For all X\ € (0,A), (1.1) admits a minimal solution (ux,vy).
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Proof. Let vy be the unique solution of the problem
—Au=Xu! u>0 inQ
u=0 on 0
Then, (vg,vg) is a subsolution of (1.1]). Now, let (u,v) be a solution of (|1.1)). Then,

u and v are supersolutions of (2.4]), and by the above weak comparison Theorem,
u > v, and v > vg. By the monotone iteration procedure with U = (vg,vg), and
U = (u,v) as sub and super-solutions of (I.I)), we obtain a solution (ux,vy). It is
easy to see that (uy,v)) is the minimal solution. O

(2.4)

Lemma 2.6. (uy,vy) is a local minimum of E in H.

Proof. We use Perron’s method as in [I1] and [I3]. Arguing by contradiction, let us
suppose that there exists A € (0, A) and a sequence (uy,v,) such that (un,v,) —
(ux,vy) strongly in H and E(un, v,) < E(ux,vy).

Let A < Ag < A and let (uy,,vy,) be the minimal solution of with A = Ag.
Let U = (u,v) = (ux,,vz,), and let U = (u,v) = (vg,v0), where vy is the unique
solution of . Consider the following cut-off functions:

Y1n(x) = S uy(z)  if u(z) <up

)
()

Yo (@) = {vn(x) if v(x) < va(z) <O(2)
(z)

Also define
W, = (wl,n; w2,n) = ((Un - E)Jr; (vn - @)+)7
Zn = (21,0, 22,n) = ((un — 1), (v, — ) 7).

We also define the following subsets:

Som ={z € Q:u,(z) <u(x)
Ssn={r€Q:uy(z)<u

San={z € Q:ulz) <uy(x)

S5 ={x € Q:ulx) <uy(z)

Sen ={r€Q:up(x) >u

St ={z € Q:uy(z) > u(x)
Ssn={r€Q:uy(z) >u

Then,
(un,vn) = (yl,nvyln) - (Zl,na ZQJL) + (wl,nywln)v

(Y1nsY2,n) €M :={(u,v) e H:u<u<uand v<v <70},
2.5)
8 (

E(unvvn) = E(yl,nay2,n) + ZAi,rm

i=1
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where

Ay = %/ (1Vual? — (V) + %/ (1V0l? — Vo) da
— /SM (H(un,vn) — H(g,g))dm,
Agp = 1/S (|Vun|2 — |Vg|2>dm —/S (H(un,vn) — H(u, vn))da:,
Az n = ;/SM (IVun\2 - |VE|2)d$+ ;/SM (|an|2 — |V6\2)dx

- / (H(un,vn) — H(u, E))dx,
S3,n
Ay = 1/S (|an|2 — \VQ|2>dx —/S (H(un,vn) — H(un,g)>dx,

2 n
Asp = ;/Ss (|an|2 — \V@|2>dx — /55 (H(un,vn) — H(un,v))dx,
A= [ (1 19z g [ (190 - 90

_ /SM (H(Un,’l}n) _ H(ﬂ,y))dx,

Anp = ;/S (1Vual? ~ () d —/S (Hnv0) — H(@ ) ),

7.n

Agn = ;/Ssm <|Vun‘2 _ |Vﬂ|2>dx—|— ;/ssm, (IanF _ IVE\Q)da;

_ /SM (H(umvn) - H(U,E))dm.

Following Perron’s method as in the proof of [2| Proposition 2.2], one can states
that E(uy,vy) = iJr\14f E(u,v), and then concludes that

8
E(unavn) Z E(’U,)\,’UA) + ZA7,7L

i=1

Now, since (un,v,) — (ux,vy) strongly in H, u < uy <% and v < vy < T in Q, we
have meas(S; ,)i=1—s — 0 as n — oo. Therefore,

||W’ﬂ||’Ha ||Zn||’)‘-£ — 0 asn — oo.

Using (2.5)), mean value Theorem, and (H2), we obtain for some 0 < 6 < 1:
° 1
> Az 5 (Wl + 1Z013) = | VaVaudo
i=1 Q
+ / hi(u = 021 0,0 — 022.5) 21, ndx — / VuVzy pdx
S1,nUS2, nUS3 n Q

+ / h2<@ — 0215, — 922,n)z27ndx + / VuVuw, ,de
S1,nUS4,nUS6,n 2
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— / hi (@ + 0wy, T+ Ows ) wy pdz + / VoVuws ndz
S6,nUS7,nUS8 n Q

_ / ho (T + 0wy, T + Ows ) wa pde.
S3,nUS5 nUSs n

Since (@, v)(resp. (u,v)) is a supersolution (resp. subsolution ) of (1.1)),

ij > 2 (IWalB,+ 1203,

/ (hl (u—0z1 v —022,) — h1(u, y))Z1,nda:
S1.nUS2 nUS3 n

+

+

/ (hz(u —0z10,0 — 022.,) — ha(u, y))zgmdx

S1,nUS4,nUS6,n

_ / (hl (T + Qw1 ., T+ Ows ) — b1 (T, 6))w1,ndx
S() nUS'Y nUSS n

_ / (hg(ﬂ + Gwl’n,ﬂ =+ 9’(1}2,”) — hg(ﬂ, ﬁ))wg,ndaz
SS nUSS nUSS n

1 | | | Ohy
> 2 2 _ /
= 2(”Wn”H+ ”ZnHH) /S ( ( 921 ns U 022 n)

ot

1,nUS2 nUS3 n

%111 (u—0"21n,v— 02 n))zindx
- /51 USs nUSon (83};2 (u—0"z1,,v—0"2,)
35};2 (w—0"z10,0—0'2 n)) 22 du
- /Se WUS7.nUSs.n (88}? @+ 0'wi 4,0+ O'wo )
+ %( + 0'wy 5, v+ 9/“’2,n))w%ndm
B /53 US5nUSsn (83};2 (@+ 0'w1 0,0+ 0wy )
+ %(u + 0'w 1, T+ 0w n))windx.

It follows from (HT7), (1.2]), Holder’s and Sobolev’s inequalities that for n sufficiently
large,

8
1
> Ain = 5 (IWall3e + 1203
i=1

2 2
— 01/ e(1+e)(w’+u )Z%,ndx
S1,nUS2,nUS3 n

2,2
_ 02/ (o) (u v )z;ndx
SlﬁnUSLnUSG,n

_ 03/ A )+ Huaa)) 2 gy
Se,nUS7, nUSs n
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— 2 — 2
o / N0 ) @022 g
S3,nUS5,nUSs n

1
> = 2 2\ 2 2
> 5 (Wl + 1Zali3) = o) (Wl + 120l )

Hence E(up,v,) > E(ux,vy) which is a contradiction. O

3. EXISTENCE OF A SECOND SOLUTION

Throughout this section, we fix A € (0, A) and we denote by (uy,v)) the local
minimum of E obtained in the previous section as the minimal solution of .
Using min-max methods and Mountain pass lemma around a closed set, we prove
the existence of a second solution (wy,Ty) of such that w) > u) and vy > vy
in Q. Let T = {(u,v) : u > ux,v > vy a.e. in Q}.

We note that lim, 4 oo E(uy+tu, vy +1tv) = —oo for any (u,v) € H\{0}. Hence,
we may fix (@, 0) € H\{0} such that E(ux+u,vy+0) < 0. We define the mountain
pass level

po = inf sup E(y(t)), (3.1)
7€l tel0,1]

where I' = {7 : [0,1] = H : v € C, v(0) = (ux,vy), and y(1) = (ux + @, v\ +0)}.
It follows that pg > E(ux,vy). If po = E(uy,vy), we obtain that inf{F(u,v) :
[(w,v) = (ux,vx)|lx = R} = E(ux,vy) for all R € (0, Ry) for some Ry small.

We now let F =T if pg > E(uy,vy), and F =T N {[|(u — ur,v — v) [ = 2}
if po = E(ux,vx). We have the following upper bound on py.

Lemma 3.1. With po defined as in (3.1]), we have pg < E(ux,vy) + 27.
Proof. Without loss of generality, we assume that 0 € 2. Define the sequence
ﬁ(logn)l/2 ifo< |zl <
U (z) = _1_log(l/]z])  sp 1 lz| <1

2y/7 (logn)1l/2
0 iflz] > 1

Now, consider (1;”,1;”) € ‘H. Then ||(7Ln77;n)||7'{ = 1. We now choose § > 0 such
that Bs(0) € Q and let ¢, (z) = @n%) Then, 1, has support in Bs(0) and
(¥, n) is such that ||(¢n, )|l = 1 for all n. Now, suppose pg > E(ux,vy) + 27
and we derive a contradiction. This means that for some t,, s, > 0:

E(UA + tnwna vy + Snwn) = Ssup E(UA+t7/}na UA+5¢7L) > E(U)\, ’U)\) + 27T, vn.
t,s>0

Since E(uy + tu, vy + sv) — —oo as t,s — 400, we obtain that (¢,,s,) is bounded
in R2. Then, using ||(¢n, ¥y )|l = 1, we obtain

2 + 52

+ / (tnvmwn +anv,\Vz/;n)dz
Q

2 / (H<u)\ + tnwnvv)\ + sn¢n) - H(’U,A,’U)\)>d$ + 27
Q

Now, using the fact that (uy,v)) is a solution, we obtain

12 + 52
% > / |:H(u/\ + tnwna v + Sn'(/)n)
Q (3.2)

— H(uyx,vy) — ¥y (tnhl(uA,U)\) + thz(’u,)\,v,\))}dw + 2.
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Using (H2) we have that hy, he are non-decreasing, then there exist 6,, € (0,1)
such that

/ {H(U)\ + tnWn, vx + Spthn) — H(ux,vx) — ¥p (tnhl(u)\, un) + snhg(uA,v)\))}dx

/ V2|12 —(ux + Ontrnn, Ox + Opspihy) + naa}f (ux + Ontnton, va + 0,8,105)
+ tnSn ; (ux + Ontnton, va + 0nSnthy) + ty, snaah (ux + Ontnton, va + 0, sn"/}n):|
>0.
Now, by (3.2), we see that
t2 + 52 >8n, foralln (3.3)

Since (t,, sn) is a critical point of E(uy + t¢, vy + s1), we obtain
E'(uy + tin, vx + SUVn)| ooy enomy = 0

Then
st = [ [(malun o+ b, on + su) = baun, o))

Q
+ (hz(U,\ + tnUn, Ux + sp¥n) — ha(uy, UA))Sn] Yndz.

Since tp 1, — 00, Sp1h, — 0o on {|z| < d/n}, we obtain
2 2 2
t2 452 > / etn sV (b, + s, ) pda
Qn{|z|<é/n}

52 2 ogn
:% e (1, + 5,) (log m) /2 (3.4)

P et
\/> + ,2)1ogn(tn+sn)(logn)l/2

This and (3.3) imply that
t2 + 52 — 8m, (3.5)
and by (3.4) we obtain
t2 4 52 > (t, + 5,)(logn) /2.
This in turn implies that t2 + s2 — oo as n — 0o, which contradicts (3.5)). O

Definition 3.2. Let 7 C H be a closed set. We say that a sequence (u,,v,) C H
is a Palais-Smale sequence for E at level p around F, and we denote (PS)r ,, if
lirf dist((un,vn),}"> =0, liIJIrl E(up,vpn) = p,
lim ||E (tupn,vn)||3-1 = 0.
n—-+o0o
Lemma 3.3. Let F C H be a closed set and p € R. Let {(un,v,)} C H be

a (PS)r,, sequence. Then there exists (ug,vo) such that, up to a subsequence,
Up — ug and v, — vy in HE(Q), and

lim hi(tp,vy)de = / hi(ug,vo)d

n—oo 9]

lim [ ho(up,v,)de = /hQ(UO,’Uo)dI
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Proof. We have the following relations as n — +o0o

1 1

7/ |Vun|2dx+f/ |an|2dx—/H(un,vn)dm‘:p—i—on(l) (3.6)

2 Jo 2 Ja Q

’/Vun.Vgodx—/hl(un,vn)apdaﬁ‘ < on (D)ol V@EH&(Q) (3.7)
Q Q

’/an.Vgodx—/ hg(un,vn)godx‘ <o.(D|ell, Vo€ HF (D) (3.8)
Q Q
Step 1: We claim that

sup ([l sy + oallizycen ) < +o0,
n
sup/ R (U, O )upde < 400,
n Q

sup [ he(un,vy)vpde < +oo.
n JQ

We note that for all € > 0, there exists s. such that
h(t,s) < 6(h1(t,s)t + hg(t,s)s>, for |s|, [t| > s..

From (3.6, we obtain

1
,/ (\Vun|2 + |an|2)da: <C.+ g/ (hl(un,vn)un + hg(un,vn)vn)da: (3.9)
2 Q Q

From (3.7) with ¢ = u,,, and (3.8 with ¢ = v,,, we obtain

/hl(un,vn)undacg/|Vun|2dac—&—0(1)HunHHé(Q),
Q Q

/hg(un,un)vndx S/ |an\2dx+0(1)an||Hé(Q).
Q Q
From (3.9) we obtain

/ (hl(un,vn)un + hg(un,vn)vn>dx
Q

§2Cg+2s/
Q

< 7o + o) (llunll + [[enl])-
Substituting this in (3.9)), we obtain

(hl(un, Up )y, + ho (U, vn)vn>dx +0o(1)

sup (”un”Hé(Q) + IIUnHHg(m> < +0o,
n
which implies
sup/ hl(unyvn)undz < 00, SUP/ h2(unvvﬂ)vndx < 0.
n JQ n JQ

Step 2: We claim that

lim hl(un,vn)dac:/hl(uo,vo)dx, (3.10)
n—+o0o /o Q
lim hg(un,vn)dac:/hg(uo,vo)dx, (3.11)
n—+oo [ Q



12 N. MEGREZ, K. SREENADH, B. KHALDI EJDE-2012/236

n—-+4oo

lim H(uy,vy)dx = / H (ug,vg)d (3.12)
Q

Let |A| denote the Lebesgue measure of A C R?. We show that {hq(u,,v,)} and

{ha(tn,v,)} are equi-integrable in L!, and then, (3.10) and (3.11]) follow from Vi-
1.3

tali’s convergence Theorem. ([3.12)) follows from (|1.3)) and the Lebesgue dominated
convergence Theorem. We claim that for all € > 0, there exists § > 0 such that for
any A C Q with |A| < d, we have

sup/ |ho (U, vp)|dz < e.
n Ja

Let Cy = sup,, [, |h2(tn, vn)vy|dz. By step 1, C1 < +oc. Since {u,} and {v,} are
bounded in Hg, by (3.7) and (3.8)) we have

/ | (U, V) up |dz < 00, / |1 (U, U )Op|dz < c0.
Q Q
Let Cy = sup,, fA |ha (tp, v ) Uy |de, and let C' = max {Cl, Cg}. Define

ge=  max {|h2(t,s)|}.

[t]<3E,]s|<2E

Then, for any A C 2 with A < 3=, we obtain

/|h2(un,vn)|dx
A
h > n n
g/ \hz(umvn)\dw—i-/ Mdm
AN{lunl, [vn]<3€} AN{Jon|> 29} Un

+/ ‘hZ(Umvn)un| d
Aﬁ{|“n\ 30} Un

< |Alpe <
< |Alp +3+3_

which shows the equi-integrability of {ha(u,,v,)}. In a similar way, we can show

the equi-integrability of {hj(un,v,)}. This completes step 2 and the proof of
Lemma, [3.3 O

We will also use the following version of Lion’s Lemma [T4].

Lemma 3.4. Let {(un,v,)} be a sequence in H such that ||(un,vn)|ln = 1, for
all n and w, — u, v, — v in H} for some (u,v) # (0,0). Then, for 4w < p <
Ar (1= Jlull o = [[vllF2) 71,

2 2
sup/ Pt ton) dp < oo
n>1JQ

Proof. 1t is easy to see that
Tim | (un — w00 —0)[[F = M lup —ullf 5 + [lon —vlf 2 =1 = Jlullf , = [Iv]3 ,
u? < (uy —u)® 4 2eu? + Ceu?  for e small.

Then
P(u2+02) g < / P (=) + (0 —0)?) e +02) (W7 +07)Ce g

Q Q
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Now, using Hélder’s inequality with r1, 72, r3 such that + + = =1, we obtain

/ P2 g < ( / em((un—u>2+<vn—v>2)dx>1/ ( / eeprz(uiwi)dx)” 2
Q Q
« (/eprs(u2+v2)cedx) 1/r3.

The second and third integrals are finite for € small and using inequality (1.2)). For
the first integral we have

/ 71 (i =)+ (0n—0)?) 1
Q

_ / P (=) (=g ) = om0 g
Q

We can choose 71 > 1 and close to 1 such that pri(1 — |lullf, — ||[v][f5) < 47 by
the hypothesis and the first equation of this proof. Hence, this is bounded again
thanks to inequality ((1.2)). O

Now, we prove our main result.

Theorem 3.5. For A € (0,A), problem (L.1)) has a second nontrivial solution
(Wx,Tyx) such that Ty > uy >0 and Ty > vy > 0 in Q.

Proof. Let {(un,v,)} be a Palais-Smale sequence for E at the level py around F.
Existence of a such sequence can be obtained using Ekeland Variational principle
on F ([2,[10]). Then, by Lemma3.3] there exist (@x,vx) and a subsequence denoted
again by (un,v,), such that u, — Uy and v, — vy in H}(Q). It is easy to verify
that (ux,Dy) is a solution of (L.1).

It remains to show that (ux,Ty) # (ux,vy). We suppose that wy = uy and
Ty = vy and we derive a contradiction:
Case 1: pg = E(uy,vy). In this case, we recall that

oy

E(uy,vy) + o(1) = E(up,v,) = /|Vun\ dox + = /|an| dx—/Hun,vn

From Lemma (equation (3 ) we have [ H(un,vn)dz — [, H(ux,vy). Thus,
[I(wr, — wx, v — vA) |l = o(1), which contradicts the fact that (un,v,) € F.

Case 2: pg # E(uyx,vy). In this case pg — E(ux,vy) € (0,27) and E(uyn,v,) — po-
Let B9 = [, H(ux,vz)dz. Then from Lemma

F={(u,v) € T: |[(u—wux,v—0))|n=

1 1
2/ |V, |2 dz + = / |V |*dx — (po + fo) asn — oo (3.13)

Also, by Fatou’s lemma we have that E(uy,vy) < liminf, 4o E(un,v,). If
{(tn,vn)} does not converge strongly in H, then E(uy,vx) < po. By Lemma
for € small, we have

(1+¢€)(po — E(ux,vy)) < 2.

Hence, from (3.13)) we have

(14 €)1t v B < dmr—POt Do

po — E(ux,vy)
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po + Bo
po + Bo — 51 (ux, v)[|%

< A4r

L[ Cux, va) 13\ 7!
< 47r(1 - i(TﬁoH )
VY IR N D TR S T
- W< | 2(P0+50)”172 | 2(po + Bo) 1’2)

Now, choose p > 47 such that

UN UX

(L + &)l (un, vn)l3 < p < dm(1 - || 2 — |l l2)

2(po + Bo) 2(po + fo)

and weakly in Hg(Q2), by

Since —%r— — L
[ (wnvn) 17 \/2(p0+ﬁ0)
Lemma [3:4] we have

slip/gexp (p[(”( i )2+(”( o )||H)2Ddaz<oo (3.14)

un;vn)HH Up, Un

From the definition of hy, for any § > 0, there exists a constant C' > 0 such that

Un N\ U\
M (n,vn) I V/2(po+B0)

sup i (tn, vp) < Ce(1+0)(up+vr)
n

Now, it is not difficult to show that hj(uy,v,) € LI(Q2) for some ¢ > 1. Indeed,
taking d close to zero and ¢ close to 1 such that ¢(1+ ) < 1+,

q 2 2
/’hl(umvn) da:SC’/ eI+ (uwntvn) gy
Q Q
" 2 v 2
< C’/ eq(1+5){(”<unﬁn>\m) +(||<un,5n>\m) }H(unmn)l\%dx
Q

2 2
u U
< C/ ep[(nmn,ﬁl)uﬁ) +(H(uanLn)HH) ]dx
Q

Now, using (3.14]), we obtain that hy; € L4(Q). So, by Holder inequality we have
and the assumption that wy = uy, vy = vy, we have

/ hi(Up, vp)upde — / hi(uyx,vy) as n — oo.
Q Q

Hence,

1
o(1) = E'(tun,vn) (U, 0) = 5 /Q |V, |?dz — /Q hi (U, vy ) upde

1
5/ |Vun|2dx—/ |Vux|? 4+ o(1).
Q Q

Similarly, we obtain [, |[Vv,|?dz = [, [Va|? +o(1). This is a contradiction to the
assumption that pg # E(uy, vy). O
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