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OPTIMAL CONTROL APPLIED TO NATIVE-INVASIVE
SPECIES COMPETITION VIA A PDE MODEL

WANDI DING, VOLODYMYR HRYNKIV, XIAOYU MU

ABSTRACT. We consider an optimal control problem of a system of parabolic
partial differential equations modelling the competition between an invasive
and a native species. The motivating example is cottonwood-salt cedar com-
petition, where the effect of disturbance in the system (such as flooding) is
taken to be a control variable. Flooding being detrimental at low and high
levels, and advantageous at medium levels led us to consider the quadratic
growth function of the control. The objective is to maximize the native species
and minimize the invasive species while minimizing the cost of implementing
the control. An existence result for an optimal control is given. Numerical
examples are presented to illustrate the results.

1. INTRODUCTION

The problem of biological invasion as well as the interaction between the inva-
sive and native species has drawn a great deal of attention from both biologists and
mathematicians. The invasion of natural ecosystems by exotic species is an impor-
tant part of global environmental change and poses a major threat to biodiversity
[19]. In this context, understanding the underlying dynamics between all elements
of the ecosystem plays an important role in eradication and control of the invasive
species.

In this paper we consider an optimal control problem for a system of parabolic
partial differential equations (PDEs) modelling the competition between an invasive
and a native species. As a motivating example, we take cottonwood - salt cedar
competition, where the effect of disturbance in the system (such as flooding) is
taken to be a control.

Very few mathematical models have been applied to the cottonwood - salt cedar
competition. We would like to point out the ordinary differential equations (ODEs)
model for the cottonwood - salt cedar competition in [9] and the use of the optimal
control approach there to find the optimal flooding pattern. A new control analysis
result was developed there for the existence of an optimal control in the case of
quadratic functions of the control appearing in both ODEs, under a restriction
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on the coefficients of the quadratics. A more detailed biological background on
cottonwood - salt cedar competition and its management can be found in [9].

To understand the impact of habitat heterogeneity and other spatial features
on the management of invasive-native species, we consider a model which includes
explicit representation of space. The competition model as well as an optimal
control problem considered in this paper are extensions of those in [J] in that
respect that now they include space variable hence leading to a system of PDEs.
PDESs are one of the standard modelling frameworks to account for spatial effects
in ecological systems [4]. Optimal control of PDEs involves deriving an optimal
spatial and temporal strategy, and the corresponding techniques are just beginning
to be applied to natural resource problems with appropriate numerical algorithms
for specific scenarios [3, 5] [8, 18] [IT]. The theoretical foundation of optimal control
of models with underlying dynamics given by PDEs was developed by Lions [17]
whereas to derive optimal control solutions for problems in which the state variable
dynamics is governed by ODEs one needs to use Pontryagin’s Maximum Principle
[23]. Even though there is no full generalization of Pontryagin’s Maximum Principle
to partial differential equations, the control theory and corresponding analysis for
many special cases of PDEs have been developed [, [2] 7, [T0L 12} 13, 14} [16].

In this paper we consider a model with diffusive and convective terms since
many plants rely on animals/insects/humans and wind as their dispersal agents. A
more detailed justification as well as description of models that account for different
dispersal mechanisms for plants can be found in [I5] 20} 2], 22] 25] and references
therein.

The paper is organized as follows: in section we introduce our system of
partial differential equations and set up the optimal control problem. In section
we prove the existence and uniqueness of solution to the state system. In section [4]
we present the existence of an optimal control in the case of quadratic functions of
the control appearing in both PDEs. In sections [5] and [6] we establish the adjoint
system and characterize the optimal control. Section [7] deals with the uniqueness
of the optimal control. Finally, in section |8 we give some numerical examples to
illustrate the results.

2. THE MODEL

The state variables Ny (z,t) and Na(x,t) represent the population densities (ex-
pressed as seedlings per unit of area) of a native and an invasive species, respectively.
Define @ = Q x (0,T), where the domain € R™ is bounded and smooth and T
denotes time. Let the PDE operators Ly, k = 1,2 be

LiNe= > (df’j(x,t)(Nk)xi)m =S @ ) (Nias k=120 (2.1)
ij=1 =
The general model for the population dynamics is given by

(Nl)t = L1N1 + (Gl(t,u(z,t)) — allNl)Nl — a12N1N27

(2.2)

(N2)t = LaNo + (92(75711(93’7?)) - a22N2)N2 — a1 NiN2, in Q.
The diffusion coefficients are dfj(x,t), ,j = 1,...,n, k = 1,2, the convective
coefficients are r¥(z,t),i = 1,...,n, k = 1,2, and the interaction coefficients are

ai; > 0,4, = 1,2, indicating how species j affects species 4.
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The quadratic functions
0, (t, u(x, 1)) = (aﬂﬁ(z,t) T biu(:c,t))xp fo, =12, (2.3)

are the intrinsic growth rates, with constants a;,b;,¢;, (i = 1,2) and the effect
of disturbance in the system (such as flooding) is modelled by a control variable
u(zx,t). Here xr is the characteristic function of the set I', which is given by

I'= Ug;l [Ui, Ti],

with the intervals [0, 7;] being in the i-th year. Thus, on the set (0,7) \ T', the
control does not appear in the state system, which amounts to saying that the
control does not apply during those time intervals. With our motivating example
in mind, this means that only flooding during the spring thaw when cottonwoods
release their seeds is allowed (see [9]). With flooding being detrimental at low and
high levels and being advantageous at medium levels, we consider quadratic growth
functions of the control.
The control set is

U={uel®QxT):0<u(z,t) <M}, (2.4)

where the constant M > 0.

The growth rate parameters a;, b;, and ¢;, are chosen to fit a specific scenario. In
the cottonwood - salt cedar situation, the parameters are chosen so that with little
or no flooding the salt cedar population Ny(z,t) has a higher growth rate than the
cottonwood population Ni(z,t) (see [9]).

The initial and boundary conditions are:

Nl({E,O) = Nlo(l'), N2($70) = NQQ(ZL’), x € Q,
Ni(z,t) = Nao(z,t) =0, (z,t) € 90 x (0,T),

where the initial populations Nig(z), Nog(z) are given.
The goal is to maximize

() = / (AN (2.7) ~ BNo(2.T) ) dar— / (Buuta, 1)+ Bo(a. 1)) de dt, (2.6)
@ QxI

where the constants A, B > 0, the cost coefficients are By, B, > 0. This means

we want to maximize the native population Ni(z,t) and minimize the invasive

population Ny(z,t) at the final time T, while minimizing the cost of applying

the control. The costs can include the actual financial impact to carry out the

management plan but also may consider the negative impact on the environment
or economic development.

3. EXISTENCE OF THE STATE SYSTEM

The following assumptions are used this article:

Al) Qis a smooth bounded domain in R™,
A2 NlO( ) NQQ( ) € LOO( ) and Nlo(l‘) N20( ) >0 on Q
A3) r¥ e C1(Q) and dk GL"O(Q),d%:dﬂ, fori,j=1,...,n;k=1,2,

(
(A2)
(A3)
(A4) Z” 1 dk (z, t)&{j > pl|éf?, for k=1,2, u > 0, for all (;U,t) €Q, &R
(A5) The underlymg state space for system (2.2)) is V := L%(0,T; H}(2)).
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We define the following bilinear form for v,¢ € V and a.e. 0 <t < T,

n

B*[v, ;1] = /Q Z (2, ) e, — Y (rF (2, )00 de, k=1,2. (3.1

3,j=1 =1

Definition 3.1. A pair of functions u,v € L?(0,T; H}(Q)) is a weak solution of

system ([2.2) and (2.5 provided that:
(1) Ug, UV € L2(O, T, H_I(Q))7
(2)

T
/0 {(N1)¢,¢1) + B [N1, ¢1; ]} = /Q ((91(75, u) — a1 N1)Ny — 012N1N2)¢1

T
/0 {((N2)¢, ¢2) + B2[Na, ¢o; t]} = /Q ((92(t, u) — agaN2)No — a21N1N2)¢2

(3.2)
for all ¢1,¢2 € V, and
(3) Nl(l‘,O) = Nlo(l‘), NQ(l‘,O) = Ngo(.’L‘).
Here (,) denotes the duality between HJ(2) and H~'(). Also, note that since
Ny, Ny € C([0,T); L3(9)) it follows that condition (3) makes sense [6].

Theorem 3.2. Given u € U, there exists a unique (N1, N2) € (V x V)N L>®(Q)
which is the solution of he system (2.2) and (2.5)).

Proof. To obtain the existence of the solution to the system ([2.2)-(2.5)), we construct
two sequences by means of iteration. To obtain L> bounds, we need supersolutions
and subsolutions for the N, Ny iterates. Let N1, N5 be the solutions of the problem

(N1)¢ = Li(Ny) + 01 (t,u(z,t)) Ny, inQ,
(No); = Lo(Ny) + 05(t, u(x,t))Na,
Ni(z,0) = Nig(x), Na(x,0) = Nyo(z), x€Q,
Ni(z,t) = Na(z,t) =0, (z,t) € 02 x (0,T).

(3.3)

By standard maximum principle arguments [6], N1, Ny are bounded in L*(Q).
Define NY = Ny, and N3 to be the solution of

(Ng)t = LQ(NS) + (Gg(t,u(a:,t)) - CI,QQNQ)NS - aglN{JNS in Q, (34)
with N§(z,0) = Noo(z), = € Q, and N (z,t) = 0, (z,t) € 92 x (0,T). By the weak
maximum principle 0 < N9 (x,t) < Na(z,t) on . For k = 1,2,3,..., we define

N, N¥ to be the solutions of the following problems, respectively:
(NF); = LiNF + RN = (01(t,u) —an NF"HNF™ — qpoNFINE=Y 4 RNFL
(N3)i = LoNJ + RNy = (05(t,u) — aga N3~ )Ny~ — ags NY "Ny~ ' + RNy ™1,
(3.5)
with Nf(z,0) = Nig(z), N3 (x,0) = Nog(z), for z € Q, and Nf(z,t) = N5 (z,t) =
0, on 99 x (0, Jj), and the constant R is chosen to satisfy R > 2a11 N1 +a12N2 — 0y
and R > 2a99Ns + a1 N1 — 0. Let k = 1 in equation (3.5)), subtracting equation
(3.5) from (3.3)), we have

(NY = Ni)e = Ly (N? = Np) + R(N? = Nj) = aitNYNY + a1 Ny' Ny > 0.
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By comparison results, we have NY > Ni. Similarly, let £ = 1 in (3.5, subtracting
equation (3.4 and (3.5)), we obtain

(N3 = N3)e = La(Ng — N3) + R(Ng — Ny) = —az3(Ny — NJ)N3 <0.
Since Ny > NJ, then N§ < N}. Let k=1 and k = 2 in (3.5). Then we have

(N{ = N7)i = Li(N{ — N{) + R(N{ — NY)

= 01 (t,u(x, 1)) (NY = Ni) — ann (NP NY = N{Ni) — a1o(NY Ny — N{N;)
+ R(NY — Np)

> 01 (t, u(x, 1)) (NY = Ni) — a1 (NY = N{)(N? + NY) — a1aNy (N7 — Ny)
+ R(NY — Np)

> (N? - N})(el(t,u(x,t)) —an(N® + N1 — a;aN2 + R) >0

where we used R > 2a1; N + ajoNo — 61, N} < NY and N§ > NY. By comparison
results, N{ > N?Z. Similarly, we obtain NJ < N3.

By an induction argument coupled with comparison results, we can prove that
there exist N1 , Nk, Ny, NQ, such that the following monotone pointwise convergence
holdN1 \Nl,NQ /Ng 1nQ,and0<N’“<N1 O<N2 < N, for k=1,2,.

From the boundedness of N¥ and N} in V and (3.5 (see similar arguments in
[13]), we obtain that ||(Ny)¥]], [|[(N2)¥|| are bounded in L?(0,T; H~1(Q)). Hence,
using weak compactness, we have

(NF)e = (N1)yy (N5)e = (Na),

Since L2(0,T; HA(Q)) cC L*(Q) [26], we have N} — N;, N} — Nj strongly in
L2(Q). o

Now we outline the proof of uniqueness. Let (N1, N2) be another solution to
the state system (2.2)) with the initial and boundary conditions Ny (x,0) = Nig(z),
Ny (z, 0) = NQO( ) x €Q, Ny(x,t) = No(z,t) =0, (x,t) € 0Q x (0,T).

Let Ny = e My, Ny = eMay, Ny = eMwy, and Ny = e Mws, wherel > 0 is to be
chosen later. After making this change of variables in the corresponding equations,
we obtain

T
/ <(w1)t7¢1>dt+/)\w1¢1da:dt
0

n

/ Zd 2, 1) (W1)z, (01)a, —/ Z(ril(x,t)aﬁl)miw

Qij=1 Q=1
= / ((91 (t7u) — e’\tauwl)wl — e)‘ta12w1w2>¢>17
Q

where ¢1,¢2 € V. Similar equations can be written for ws,w;, and wse. Define
Q1 := Q x (0,T7) for 0 < Ty < T. Subtracting the equation for w,; from the
equation for w;, using w; — w; as test functions, using uniform ellipticity, regularity
of the coefficients, and Cauchy inequality, after standard manipulations we will
obtain

()\ — cle/\Tl — 62) {(w1 — 11)1)2 + (’LU2 — ’LZ)Q)Q} dx dt S 0,
Q1



6 W. DING, V. HRYNKIV, X. MU EJDE-2012/237

where ¢; depends only on the coefficients and L* bounds of w;,w;. Choosing A
large enough and 77 small, we can obtain the uniqueness on Q x (0,73). By stacking
time intervals, we can obtain the uniqueness on Q x (0,7). O

4. EXISTENCE OF AN OPTIMAL CONTROL

To prove the existence of an optimal control we borrow the technique used in
[9] and adopt it for our case. Notice here we also include the space variable so we
have different function spaces to consider. First, we rewrite the state system (2.2))
as follows

(Nl)t = 91(t7u(:r7t))N1 + g1, (Ng)t = 92(t,u(:c,t))N2 + g, (41)
where
g1 = LiN1y — (11N} + a12N1N2), g2 = LoNa — (a2a N3 + a21 N1 No).

Note that (4.1]) is understood in the weak sense (3.2)).
Denote
N1($,t):| [01(t7u(:c,t))N1] |:91:|
|:N2((L‘,t) 9 f( ’ 7u) 92(t7u(337t))N2 ) g( ’ ) go
Observe that for given t € [0,7], we have f : [0,T] x (H}(2))? x U — (H}(Q))?,
[16, (P3) on p.103].
Next we will rewrite the objective functional (2.6). Let f°:[0,7] x U — R be
defined as follows fO(t,u) := [,(Biu+ Bou?)xr dx. Also, define

*(N(T)) := / [ANy(z,T) — BNy(z,T)] dz.
Q

Therefore, we obtain J(u) = g°(N(T)) ffoT fO(t, u) dt. We rewrite the state system

as follows:

%—]sz(t,N,u)—i—g(t,N), (4.2)

which is to be understood in the weak sense (3.2)).

Theorem 4.1. Suppose there exists k > 0 such that

[Zj =K [gj , Bik— By <0. (4.3)
Then there exists an optimal control w in U with the corresponding states N1, No
that mazimizes the objective functional .
Proof. For given (t,N) € [0,T] x (Hg(£))?, define the set
E(tN) = {(2%,2) € R x (HY(@)? : 2°() > f(t, ),
z(t) = f(t, N, u) for some 0 < u(x,t) < M}

We break the proof into two steps: Step 1. If, for a.e. t € [0,7] and each N €
(H}(£2))?, the set £ is convex and closed, then there exists an optimal control. Step
2. The set £ is convex and closed.

Proof of Step 1. Let {u"} be a maximizing sequence and N7*, N3 be the states
corresponding to u™. From the a priori estimates, we have

N = N; and NJ — N, in L%(Q). (4.4)
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Then, it follows that for a.e. ¢t € [0,T]

(0), 2 (0) = (726 N (@), 0" (1), S (1N (1), w" (1)) ) € £t N" (1)),

Since N"(x,t) is bounded in (L?(0,T; H}(2)))?, it follows that {z,(-)} converges
weakly to some 2 in (L2(0,T; H}(Q2)))?. Then by Mazur’s theorem we can find a
convex combination a;; >0, and » 5 a;; = 1, such that ¢;(-) = 3,5 aszi(-) —
2 in L?(0,T; H}(£2)). This implies that ¢;(t) — 2(¢t) in H}(Q) a.e. t € [0,T]. If
we set Y9(-) = 2,5, iz (), then we will get 2°(t) = liminf; o ¢(t) > 0 a.e.
t € [0,7] 16, (P3), p.103)], f(t,u) > 0. Then, since the set (¢, N) is closed
and convex (i.e., has Cesari property), it will follow that (2°(t), 2(t)) € £(¢, N) a.e.
t € [0,T]. After passing to the limit in the state system, we obtain

X =0+ g0,
sup J(u(-)) = lim J(u") < g°(N(T)) —/ 20(t) dt.
uelU n—oo 0

Since (2°(t), 2(t)) € E(t,N) a.e. t € [0,T], it follows that there exits @(-) such that
20() > fO(t,a(t)) and 2(t) = f(t, N(t),a(t)) a.e. t € [0,T]. This implies that N(-)
is the state that corresponds to the control 4(-), and

R T
sup J(u()) < (VD) - [ ()t

uwelU A .
gfwuw—A £t ae) dt = J(a()).

Hence, 4(-) is an optimal control. This completes the proof of Step 1.

Proof of Step 2. Since the map u — (f°(¢,u), f(t, N,u))) is continuous, it
follows that the set £(¢, N) is closed. To obtain the convexity, observe that condition
(4.3)) gives

£t Nyu) = (s + w)xe (1) [Z;%ﬂ + [i;%ﬂ . (4.5)

When t € [0,7]\ T, then the set £(t, N) = [0,00) X { [8} } is trivially convex.

Therefore, we consider t € I'. Denote ¢(u) := ku? + u. As k > 0, it follows that
¢(u) =2k +1 >0, for w € [0,1]. This implies that ¢(-) is convex, monotone
increasing, and

©([0,1]) = [(0), p(1)] = [0, s + 1], (4.6)

which is convex. Hence, f(t,N,[0,1]) is convex. For arbitrary (29, z2),(¢% () €
E(t,N) and X € (0,1), we have some u,v € [0,1] such that

The convexity of ¢(-) together with (4.6) imply that there exists w € [0, 1] such
that

p(Au+ (1= A)v) < Ap(u) + (1 = A)p(v) = p(w) (4.7)
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which leads to
Az+ (1 =X =Mf(t, N, u)+ (1 =N f(t, N,v)
= Diol) + (L= o] [

—otw) ] = 1t 0)
By the monotonicity of u — ¢(u) and the first inequality in , we obtain
A4 (1= X)v < w. (4.9)
Moreover, the equality in implies that
kM + (1= Nv? —w?] + du+ (1 = Nv—w = 0. (4.10)
Hence, when k > 0, taking into account , , and , we get
A%+ (1= )¢ = fOt,w)
> MOt u) + (1= N fO(t0) = £t w)
= By[M? + (1 = M)v? —w?] + Bi[Au+ (1 — \)v — w]
- (B1 - %)[/\u+(lf)\)v—w] > 0.
In the case when x = 0, becomes w = Au + (1 — A)v, which leads to (due to
convexity of the map u +— u?)
AL+ (1= N = £t w) = At u) + (1= N Ot v) = £t w)
= Bo{\u? + (1= Nv? = M+ (1= A]?} > 0.
Hence, it follows that
Mz 2) + (1= M)(C°, ) € £, N),
which proves the convexity of the set £(¢, N). O

We remark that the constraints on the parameters obtained in (4.3]) are identical
to those in [9].

5. SENSITIVITY

To characterize the optimal control, we need to differentiate the objective func-
tional with respect to the control uw. Since N; = N;(u),i = 1,2 is involved in J(u),
we first must prove appropriate differentiability of the mapping u — N;(u),i = 1,2
whose derivative is called the sensitivity.

Theorem 5.1. The mapping u — N(u) = (N1(u), Nao(u)) is differentiable in the
following sense:

€ o |
(5.1)
No(u+eh) — Na(u) o Uy in L2(0,T; Hy (Q)),
13
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ase — 0 for anyu € U and h € L*°(Q) such that u+¢ch € U for small e. Moreover,
the sensitivities, U1 € L2(0,T; Hi(Q)) and Vo € L*(0,T; H}(2))) satisfy

(U1)e = L10q + ((a10® + byu)xr + ¢1) ¥y
+ (2a1u + bl)th — 2a11N1\I/1 — CL12(N1\I/2 + NQ\Ijl),
(U2)r = LoWs + ((a2u® + bou)xr + c2) ¥

5.2
=+ (2a2u =+ bg)hNQ — 2a22N2\I/2 — azl(Nl\Ilg + Ngllll). ( )
\Ill('rao):\PQ(x70):Oa erv
Uy (2,t) = Uy(z,8) =0, (z,t) € I x (0,T).
Proof. Define Ni = Ny(u+¢ch), N5 = Ny(u+¢ch). Let Nf = eMW§, N5 = eMW5,

Ny = MWy, and Ny = MWy, Where A > 0 is to be chosen later. After making
this change of variables in (2.2)), we obtain

/()T<(W1)ta¢1>dt+/ AW 91
/Zd (@, ) (W1)z,(01)2 /Z (7,1)01)s

131

= / ((91 (t,u) — eMap Wh) Wy — 6At(112W1W2)¢1,
Q

where ¢, € V.

Similar equations can be written for Wy, Wi and W3. We derive our estimate
on Q1 :=Q x (0,T1). Then subtracting the equation for W; from the equation for
W7 and dividing by ¢, and taking ¢; = ik ;Wl , using uniform ellipticity, regularity
of the coefficients, and Cauchy inequality where necessary, we obtain the estimate

1 Wi — Wy 2 Wi — Wy |2 W,
N e Y Nl - /\V(iﬁ\
2 Qx {t=T1} € Q1 € €

We — Wy |2 We — W

ve [ wr
1

+cg,e*T1/ W
1

< CG@XTl /
1

A similar estimate can be derived for the quotient w Combining the estimates
for both quotients gives

We— W,
g

We — Wy 2
‘d;z:dt+04e’\T1/ \Wﬂ]%] dz dt
1

W;—WQHWf—W1

’ da dt

g _ 2
u‘ dxdt—i—07/ |2 de dt.

1

1 e _ 2 e _ 2
] B
2 Qx{t=T} € €
Wi — Wy 2 (Wi — Wa 2
+(A—cge*T1—cg)/ %‘ +‘272‘ dz dt

1

i) /\V(fm)’ T3 /\V(f%)\
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< Cho / Ihf? de d.
Q1

where C; only depends on the coefficients and L*>° bounds of W;, WF. Choosing A
large enough and 77 small, we get the estimate

=

£

where C' > 0 denotes a generic constant. By stacking time intervals, we can obtain
the estimate on © x (0,7). This will give us the desired estimate for - E_Ni.

Hence, we conclude that there exist ¥; € V,i = 1,2, such that on a subsequence
% — W, in L2(0,T; H}(Q)). Using the state system (2.2) and the above
estimate it can be shown that

Nf — N;
[(Z=) Masourssr sy < C

which implies that (u)t 20y in L2(0,T; H~1(Q)). Using the compactness

i
€

22010010 <€, 1=1,2,

result by Simon [26], we have w — W, strongly in L?(Q). Now, passing to the
limit in the weak form of the PDEs satisfied by the quotients Nf;Ni, i=1,2, we
obtain ([5.2)). O
To rewrite the sensitivity system in matrix form, let
My, Mis
M = 5.3
<M21 Mo, )’ (5:3)

where M1 = —((a1u?+byu)xr+c1)+2a11 N1 +a12N2, Mis = a12N1, M2y = as1 No,
and May = —((agu? + bou)xT + c2) + 2a22 N2 + az1 Ny. Then

L ()= () +a (3. »

6. THE ADJOINT SYSTEM

Now we are ready to characterize the optimal control, by deriving the optimality
system through differentiating J(u) with respect to w at an optimal control. Define

the adjoint system as
«(pP\ _[ A
. (Q) - <—B>’ (6-1)

DR (GRS B S G
L* (p) _ ;J 23 x; :L ) + MT (p> , (62)
q —qt — Zid:l (dij (xa t)Qm)I‘ - Zi:l T3 (f,t)qm q

where M7 is the transpose of the matrix M. The terminal conditions are
p(x, T)=A, qx,T)=-B, x€. (6.3)

So given an optimal control u* and the corresponding states N7 and N3, the adjoint
variables p and ¢ satisfy

Lip = ((611(U*)2 +byu")xr + ¢ — 2a11 Ny — a12N2*>p —aNyq, inQ,
p=0, on 9N x (0,7), p(z,T)=A, forzeQ,

where
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Liq = ((aQ(u*)2 + bau™)xT + c2 — 2a22 Ny — aglNl*)q —a;2Nyp, inQ,
g=0, on N x (0,T), q(z,T)=—-B, for z € Q.

Theorem 6.1. If there exists k > 0, such that Bik — By < 0, a; = kb;, i = 1,2,
then given an optimal control w* and the corresponding states Ny and N3, there
exist solutions p and q to the adjoint system. Moreover, let S = {(z,t) : By —
a1 Nyp — aaN5q = 0} and m(S) be a Lebesque measure of S, then this optimal
control u* is characterized by the following:

(1) if m(S) >0, then u* =M on S;

(2) if m(S) =0, then for (x,t) € S,
biNip+byN3q— By

* = min { M, max{0
u” = min {M, max{0, o7 = 2a1N7p — 2a2N3q

33 (6.4)
and it holds on Q x T a.e.

Proof. Since the adjoint system is linear, by the standard theory of parabolic
equations there exists a weak solution (p,q) satisfying the adjoint system. Let
Nf = N;j(u* +¢eh),i=1,2, with u* +eh € U and h € L*°(Q). Then
* h o *
0> lim J(u* +¢eh) — J(u*)
e—0*+ £

Ni — N
= [ (AN
Q

e—0+ £

(z,7) —B@(x,:r)) —//QXF(Blh—&—ZBQu*h)

/Q (A‘I’l(x’T) - B‘I’z(ffvT)) dx — //QXF(Bl + 2Bou*)hdax dt

Qx(0,T) 2 axT
(2@1’&* + bl)th* // .
- dx dt — By + 2Byu*)hdx dt
//er(p’ 2 ((Qagu* +by)hNy ) Y M( 1+ 2Byu”)hda

QxT

= // (u*(?alNl*p + 2a2N2*q — 232) + blNl*p + nggq — Bl)hdl' dt.
QxTI

(6.5)
Observe that we used (6.1]) so that

//QX(OyT)(\I}17 L (§> B //QX(QT) . 9)L <$;) (6.6)

in weak sense. Also we used the sensitivity system (5.4)).
Define S = {(x,t) : Bo—a1 Nyp—aa2N5q = 0}. Let m(S) > 0 and h have support
on S. Recalling that a; = kb;, i = 1,2, it follows from (6.5)) that

0> // k(b1 N{p+ baNyq — By)hdz dt
S
://(KsblNl*p—FK:ngg*q—nBl)hdxdt
s

://(a1pr+a2N2*q7K/B1)hdxdt://(BQ*K;Bl)hdIdt,
S S
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if KBy < Bg, then h < 0, which implies u* = M on S.
Otherwise, if m(S) = 0, then for (z,t) € S, on the set 0 < u < M, we choose
variation h with support on this set and h to be of any sign, which gives (2a;u* +
b1)N{p + (2a2u* 4+ ba)N5q — B1 — 2Bou™ = 0. On the set where u = 0, we choose
h > 0, which implies (2a;u*+b1 ) Ny p+ (2a2u*+by) Ny g— By —2Bou* < 0. Similarly
when u = M, we choose h < 0 which implies (2a;u* 4+ b1)N{p+ (2asu* 4+ ba) N5q —
Bi — 2Bsu* > 0. This can be written in the compact form as
biN{p+ baNyg — By 1
2By —2a;Njp — 2asN;q "

u* = min { M, max{0, (6.7)

]

We remark that characterization of the optimal control (6.4) is identical to the
one in [9] except that now it includes space.

7. UNIQUENESS OF THE OPTIMAL CONTROL

The state equations ([2.2))-(2.5)), the adjoint equations (6.1)-(6.3), and the optimal

control characterization (6.4) together are called the optimality system (OS). The
weak solutions of the optimality system exist by Theorems 3.2 and 5.1, at the same
time the existence of an optimal control u and corresponding states Ny, No implies
the existence of p and gq.

Now we will prove the uniqueness of the optimal control.

Theorem 7.1. For T sufficiently small, there is a unique optimal control.

Proof. We show uniqueness by showing strict convexity of the map
ue U — J(u).
This convexity follows from showing for all u,v € U, and 0 < ¢ < 1,
g"(e) <0,
where g(¢) = J(eu + (1 —€)v) = J(v+ e(u — v)). To calculate

J(e) = tim Jw+ (e +6)(u— U();) — T+ e(u—v))

; (7.1)

denote
Ne=Niwte(w—n), N =Ni(w+(E+0)u—v), i=12  (7.2)

Using the same argument like in Theorem we have
~ 406 ~ ~ 46 ~
N1+—N‘fﬂ@ Ny - Ng

5 b 5
as § — 0, and U, satisfies

(U5), = Ly W§ + [(CLl(U +e(u—0)?+bi(v+e(u— v)))Xr + Cl}q’i

B, in L2(0,T; Hi (Q)) (7.3)

+ [Qal(v +e(u —v))xr + by | (u — v)NE — 2a1, NEWS
— a1a(N{ U5 + N5U9),
¥5(x,0) = U5(x,0) =0, z€Q,
T (2, t) = B(a,t) = 0, (2,t) € O x (0,T).
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A similar equation can be written for \112. Estimating like in T heorem we obtain
for0<s<T,
1

5 [ (FiGos))? + (5o 5))? do + BT, U5it] + BLIS, 51

Q
<Cy /OS /Q((\iff)z + (\113)2) dxdt + 02/0 (u— v)2 dt,

where C7 only depends on the coefficients and L> bounds for Nf ,t=1,2. Using
Gronwall’s inequality, we have

T
sup /(\Il*i(m, )2 + (U5(z,8))* da < 03/ (u—v)? dt.
0<s<T JO 0
To calculate ¢g” (), we need a second derivative of N; with respect to the control.
Similar a priori estimates imply that

\1,64-77 _ \ijs w \1,6+n _ @a w
1 LR 2 "2 Rg5s in L2(0,T; Hy (Q)) (7.4)
n 1> n 2 sy Ly L4 )

as n — 0, and & satisfies

(55); = L16¢ + [(al(v Felu—v))? +by(v+elu— u)))xp + cl} &

+2 [2a1(v +e(u—w))+ bl} (u — v) W5 + 2a; (u — v)2NE
= 2011 ((¥9)” + NT) — ar2(295 95 + N5 &5 + N5o7),
51(x,0) =05(z,0) =0, =z€Q,
oi(z,t) =o5(x,t) =0, (x,t) € 02 x (0,T).
A similar equation can be written for &5.

Estimating and using Gronwall’s inequality, after standard manipulations we

obtain
T

sup /Q(ﬁf(x, s))2 + (65(x, s))2 dx < CG(/ (u— U)2 dt)2. (7.5)

0<s<T 0
Continuing from (7.1)), we are ready to calculate derivatives of g. We can show that

g () = /QA‘i/‘i(x,T) — BY(2,T) dx

—/ Bi(u—v) 4+ 2Bs(v+e(u —v))(u — v) dz dt.
QxI
Similarly, for the second derivative, we have
/ o
g"(¢) = lim gletm =g _ / (2BsT — Cy)(u —v)* dw,
n— n Q

which gives ¢”(¢) < 0 for T sufficiently small. O

8. NUMERICAL RESULTS

In this section we will solve the optimality system f numerically by the
following iteration method. 1. Initialization: choose initial guesses for Nig, Nag
and wug. 2. Discretization: use the finite difference method to discretize state and
adjoint equations to nonlinear algebraic system. 3. Iteration: w,, is known,

(a) solve discretized for states N, Na;
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(b) solve discretized for adjoints p, ¢;

(c) update the control by entering new state and adjoint values into the character-
ization of the optimal control .

4. Repeat step 3 if a stopping criterion is not satisfied.

Recall that according to our model we use the control on the time interval I' =
UL, [os, 7], with T denoting the number of years of controls and intervals [o;, 7;]
being in the i-th year.

The spatial domain Q = [0, L] is an interval in R with L > 0. Thus, the original
nonlinear system of parabolic PDE becomes:

(Ni)e = (W) = )+ (k) = an M )Ny =i,
8.1
(Na2)¢ = d*(No) gy — 72 (Na)z + (02(t,u(x,t)) - 022N2)N2 — a21 N1 N,

where
i(t, ule, 1) = (asule,t)? + (e, ) ) + i, i =12,

Here d',r,a;j, i,j = 1,2 are constants. Flooding is allowed during spring thaw
when cottonwood seeds are dispersed from trees. The initial and boundary condi-
tions are:

Nl(m,()) = Nlo(.r), NQ(JJ,O) = Ngo(ﬂi), T € [O,LL

N1(0,t) = Na(0,t) =0, Ni(L,t) = Nao(L,t)=0, te(0,T). (82)
The adjoint equations are
—pt = d'pas + ' ps + (el(t,u(x,t)) —2a11 N1 — a12N2)p — a21N2g, 53)
—qt = B Gea +7°¢2 + (92(t,u(fv,t)) — 2a22Ns — alel)q — a12N1p, .
with the terminal and boundary conditions
p(z,T)=A, ¢z, T)=-B, z¢€l0,L], (8.4

p(0,t) = ¢(0,t) =0, p(L,t)=q(L,t)=0, te(0,T).
The characterization for the optimal control is
biN{p+b2N5q— B
) (55
2By — 2a1N{p — 2a2N5q

Note that in our numerical simulations, we always have m(S) = 0, where S is
defined in Theorem We will solve equations 7.

In the cottonwood - salt cedar scenario, the quadratic growth the functions
0;(t,u(z,t)), i = 1,2, represent reasonable qualitative behavior of the newly de-
veloped seedling communities. To model this interaction, we choose 6; < 65 when
u =0 and

u* = min {M, max{0,

6 =0.1u®> +u+0.2, 60y =—0.1u>—u+04,

where k£ = 0.1 which satisfies the restriction in .

Since the salt cedar currently takes over the cottonwood, our initial conditions
are Ny(z,0) = z(1 — x), Na(x,0) = 32(1 — z). The upper bound for the control
is M = 1, the length of the one dimensional interval is L = 1. We want to see
the effect of the growth functions 6;, so we choose the diffusion and convection
coefficients d* = 1, ¥ = 1, k = 1,2. The interaction coefficients ai; represent how
species j affects species ¢ and we choose a;; = 0.005, a12 = 0.001, as; = 0.12,
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Cottonwood Salt cedar

Ficure 1. Cottonwood and salt cedar without control, L =1, T =3

Cottonwood Salt cedar

Ficure 2. Cottonwood and salt cedar with Bo =5, By =1

Cottonwood Salt cedar

FIGURE 3. Cottonwood and salt cedar with By = 10, By =1

and age = 0.02, since Sher et al. [24] found that cottonwood density affects the
population of both species (in a negative way) more than the salt cedar density.

Without any flooding (control), cottonwood density increases slowly and the salt
cedar density increases rapidly. See Figure
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Consider the case when A = 10,B = 1. First we pick By = 1,B; = 5. To
correspond to the spring thaw, flooding is only allowed during the first 1/4 of
the year in order to illustrate the idea for a period of 3 years. We can see the
cottonwood density increases while the salt cedar decreases and the time when this
happens corresponds to the flooding time every year. See Figure

Note that we need to choose parameters By, By carefully, because of the restric-
tion in . We want to see how the parameter By, the quadratic cost coefficient
in J(u), affects the optimal flooding strategy. We fix By = 1, as we increase the
values of By, flooding levels are decreasing, since it is more expensive to apply
the flooding. See Figures [2| and [3] We can see in Figure [3| cottonwood density is
still increasing and salt cedar is decreasing but not as much as in Figure [2] when
it is much cheaper to apply the control. Figure [4] gives the corresponding optimal
flooding strategies for B; = 1 and By = 5,10, we can examine that as By increases,
optimal control strategy is decreasing.

contro fkeding) u

ontra focding) u

S

Control: By =5 Control: By =10

FiGURE 4. Control - flood: By = 5,10, fixed B; =1

contralfocding) u

Bo

FiGURE 5. Control - flood: B, =5, B; =5

We also want to study the effect of the parameter By - the linear cost coefficient
in J(u). We fix Bs = 5 and compare By = 1 with By = 5 to observe as B; increases,
the flooding is decreasing. See Figures (a) and |5|for the comparison of the optimal
flooding.
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In summary, the control (flooding) is focused near the middle of the region due
to the Dirichlet boundary conditions we imposed on our problem. When increasing
the cost coefficients By or Bs, the flooding level is decreasing. Compared with
Figure 1 without any control, Figures |2 and [3| gave good illustrations that flooding
can indeed control the invasive species N and help the growth of the native species
Nj.

Conclusions. This project shows that the optimal control theory can be an ap-
propriate tool for designing the intervention strategy of the invasive - native species
interaction. We proved existence of the optimal control when the control is qua-
dratic in the growth function in the PDE system under certain conditions on the
coefficients. We gave numerical examples for different parameter values that can
help natural resource managers to apply the most appropriate and cost-effective
control methods to the invasive - native species scenario.
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Activities (FRCAC) at Middle Tennessee State University.
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