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EXISTENCE OF SOLUTIONS FOR SECOND-ORDER
IMPULSIVE BOUNDARY-VALUE PROBLEMS

ABDELKADER BOUCHERIF, ALI S. AL-QAHTANI, BILAL CHANANE

ABSTRACT. In this article we discuss the existence of solutions of second-order
boundary-value problems subjected to impulsive effects. Our approach is based
on fixed point theorems.

1. INTRODUCTION

Differential equations involving impulse effects arise naturally in the description
of phenomena that are subjected to sudden changes in their states, such as popula-
tion dynamics, biological systems, optimal control, chemotherapeutic treatment in
medicine, mechanical systems with impact, financial systems. For typical examples
see |9, [T1]. For a general theory on impulsive differential equations the interested
reader can consult the monographs [2,[7, [14], and the papers [, (5] [6], 8], 10 12} 13} 15]
and the references therein. Our objective is to provide sufficient conditions on the
data in order to ensure the existence of at least one solution of the problem

(p(O)' (1)) + q(t)a(t) = F(t, x(t),2'(t), t#tr, t €[0,1],
Ax(tp) = Ur(a(te), 2’ (tr)),
Az (tg) = Vi(z(te), 2 (tr)), k=1,2,...,m,
z(0) =z(1) =0,

(1.1)

where € R is the state variable; F' : R, x R?> — R is a piecewise continuous
function; U and V}, represent the jump discontinuities of z and x’, respectively, at
t =t € (0,1), called impulse moments, with 0 < t] <ty < -+ < t,, < 1.

2. PRELIMINARIES

In this section we introduce some definitions and notations that will be used in
the remainder of the paper.

Let J denote the real interval [0, 1]. Let J' = J\{t1, t2,...,t;m . PC(J) denotes
the space of all functions = : J — R continuous on J’, and for i = 1,2,...,m,
z(t]) = lime_ot z(t; + €) and z(t;) = limeoxz(t; — €) exist. We shall write
x(t;) = x(t;). This is a Banach space when equipped with the sup-norm; i.e.,
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llzllo = supse s |z(t)]. Similarly, PC(J) is the space of all functions z € PC(J),
xis continuously differentiable on J’, and for i = 1,2,...,m, /(t}) and 2/ (¢; ) exist
and 2'(t;) = 2/(t;). For z € PC1(J) we define its norm by ||z|1 = ||z|lo + [|2'[ o
Then (PC(I),|| - ||1) is a Banach space.

The following linear problem plays an important role in our study.

(p(t)x' (1)) + q(t)a(t) = f(t), t#tp,te[0,1],
Ax(ty) = Up(z(te), =’ (1)),

, , (2.1)
Az (ty) ZVk(m(tk),l‘ (tk)), k=1,2,...,m,
z(0) = z(1) =0,
To study we first consider the problem without impulses
(p(t)2'(1))" +a(t)z(t) = f(t), te€[0,1] (2.2)

z(0) =z(1) =0.
We shall assume, throughout the paper, that the following condition holds.

(HO) (i) pe CH(J:R),p(t) > po >0, for all t € J.
(ii) ¢ € C(J : R),q(t) < pom?, for all t € J, and q(t) < pom? on a subset of
J of positive measure.

Lemma 2.1. If (HO) is satisfied, then for any nonzero x € C*(J : R) with z(0) =
z(1) =0,

1
/0 (@ (1) — g2 (@)}t > 0.

Proof. The proof of this lemma is presented in [3]. We shall reproduce it here for
the sake of completeness. Since q(t) < pom? on a subset of J of positive measure,
we have

PO (£)? — a(Ha2(t) > pol(x' (1)) — 7222 (1)),
This inequality yields
[ 0E O - awa @i [ {@0OF - 220}
0 0
We show that
1
@) = [ {0 - we®)de = 0
0

for all functions x € C?(J : R) with 2(0) = z(1) = 0. The function u that minimizes
J (x) satisfies the Euler-Lagrange equation (see [4])

v’ + 7u =0,

and the boundary conditions «(0) = (1) = 0. Then u(¢) = sinnt or u(t) = 0, and
J(u) =0. Since J(z) > J(u) it follows that J(z) > 0, and so

/0 {p(t) (2’ (t))* — q(t)2*(t)}dt > 0.

This completes the proof of the lemma. O
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Lemma 2.2. If (HO) is satisfied, then the linear problem

(p(t)2' () + q(t)z(t) =0

z(0) = z(1) = 0. (2:3)

has only the trivial solution.

Proof. Assume on the contrary that (2.3)) has a nontrivial solution xg. Then (2.3
implies [(p(t)x((t)) + q(t)zo(t)]zo(t) = 0 which yields

1
0= / (p(B)z (1)) + a(B)zo(B)]zolt) dt
0
~ [ oot dt+ [ attade)de
0 0
1
. / [p()22(t) — g(t)z3(8)] dt < 0.

This is a contradiction. See Lemma Therefore xg = 0 is the only solution of

(2.3)- O

It is well known that the unique solution of (2.2)) is given by

1
ot) = [ Gt.s)fs)ds,
0
where G(-,-) : J x J — R is the Green’s function corresponding to (2.3).

Lemma 2.3. The solution to (2.1)) is

1 m
x(t) = / Glt,5) f(s)ds — 3 29I 0, (et o (1)
0 = (2.4)

+ ) Gt tr)p(te) Vi (@ (te), @' (1)

k=1

Proof. We shall use of superposition principle and write z(t) = y(¢) + z(t) + w(t),
where y(t) solves the problem

B0, =1 &
y(0) = y(1) =0,
while z(t) solves the problem
(p(H)2'(1)) +q(t)z(t) =0, t#tp,teJ,
Az(ty) = Uk(x(tki, "(tr)), 26)
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and w(t) solves the problem

(p(Ow' () + q(t)w(t) =0, t#ty,t e,

Aw(ty) =0, o7
Aw’(tk) = Vk(x(tk),x'(tk)), k=1,2,...,m, 2.7)
w(0) = w(1) =0.

It is clear that
1
y(t) :/ G(t,s)f(s)ds, tel.
0
For k=1,2,...,m, set
OG(t, ty
() = =28 0 etr), o' 1)), e
wi(t) = G(t, ty)p(ty) Vi ((t), 2’ (tr)), teJ.
Using the properties of Green’s function and its derivatives we can prove that the
functions z and wg, k = 1,2,...,m, are the solutions of problems (2.6 and (2.7]),
respectively. Consequently, z =y + Y 1, 2k + > e, Wk is a solution of problem

21). O

3. NONLINEAR PROBLEM

In this section we present our main results on the existence of solutions for
nonlinear boundary-value problems for the second-order impulsive control system.
Consider the problem

(p(t)2'(1))" + q(t)x(t) = F(t, x(t),2'(t), t#tr,t €,

>

8
—~
&

I
=
—

8

~
Eo
~

&g\
=
&

(3.1)

where = € R is the state variable; F : R, x R? — R is a piecewise continuous
function; Uy and Vj, are impulsive functions representing the jump discontinuities
of x and o’ at t € {t1,t2,...,tm}.

The nonlinear system

,

(P(OE()) + q(O)x(t) = F(t, 2(t), ' (t))

(3.2)
z(0) =z(1) =0,
is equivalent to the nonlinear integral equation
1
x(t) = / G(t,s)F(s,x(s),2'(s))ds, forallte J
0
It follows from Lemma that any solution of (3.1]) satisfies
1 m
o(t) = [ Gt 9F(s.a(s). ' (9)ds = 30 Wt 8otV alte). ' (1)
’ . =t (3.3)

+ 3 Gt tr)p(te) Vi@ (te), ' (1)

k=1
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where W (¢, ;) = M Let
K = max{|G(t,s)|: (t,s) € J x J}, L=max{|W(t,s)|:(t,s) €J x J},
0G(t,s) oW (t,s)

M = suwp{|—5; ot

|:(t,s) € Jx J},

|: (t,8) € I x J}, N =sup{|
P =max{K,L,M,N}.
For the next theorem we use the following assumptions:

(H1) F(-,-,-) is continuous on J' and satisfies the Lipschitz condition
|[F(t,z1,y1) — F(t,22,92)] < B(ler — yil + |22 — y2).
(H2) Uy and Vj, are continuous and satisfy the Lipschitz conditions

|Uk(z1,91) — Ur(22,y2)| < cl|z1 — 1| + |22 — 32]),
[Vi(z1, 1) — Vi(z2,y2)| < di(lz1 — yi| + |22 — y2l),

(H3) 2P(ﬂ + Rzznzl Cck + Rzznzl dk) <1.
Theorem 3.1. Under assumptions (HO)—(H3), problem (3.1]) has a unique solution.
Proof. Define an operator w : PC*(J) — PC*(J) b

t) = /0 G(t,8)F(s,2(s), 2/ (s))ds = 3 W (¢, te)p(te)Uk(w(te), 2/ (1))
k=1
T zm: G(t,tr)p(tr) Vi (2 (te), o' (tr)).

k=1

It is clear that any solution of (3.1]) is a fixed point of w and conversely any fixed
point of w is a solution of (3.1)).
We shall show that w is a contraction. Let z,y € PC(J), then

1
lw(@) —w(y)llo < ilelg{ ; G(t, $)|[F (s, 2(s),2'(s)) = F(s,y(s),y'(s))lds

+ ) Wt ) |p(tR) | Uk ((t), 2 (t)) — Uk (y(te), o' (t5))]

k=1

+ ) Gt ) Ip(te) Vi (z(tr), & (t) — Vi (y(tn), o (t)] }
b1
sup / 1G(t,5)| (Bl — yllo + 12’ — o/ llo))ds

Z (Wt t)ler ([l = yllo + 12" = y'llo)

k=1

+ R G )il = yllo + 2" = o/llo) }.
k=1

Now, by using (H1) and (H2), we have

lw(@) = w(y)llo < BK ||z —yll + RLY exllz =yl + REK Y dillz =yl (3.4)
k=1 k=1
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‘We have

k=1

+§2%%?me@»wm»

k=1
Let z,y € PC(J), then

| g5eta) = Gl < sup / ) 1P (s,0(s),0'(5)) = Fls, (s). 3/ 6)) s

ttk

——— Uk(2(tr), @' (t)) — Uk (y(te), v’ ()|

DI
Z ) a( B (86)) = Viy(te) o ()]}
k=

Conditions (H1) and (H2) imply

w(y)llo < M ||lz— y|\1+RNZCk||$ y||1+RMdeHw yllh- (3.5)
k=1 k=1

d
I w(@) ==
From (3.4) and (3.5) we obtain

o) ~ @l = (@) ~ w@)llo + | Fola) —

Zw@llo

< (5K+RLch + RKde)ch —ylh
k=1 k=1

+(BM +RNY i+ RM Y di)l|lz -yl
k=1 k=1
m

< 2P(5+RZCk +dek)llx—yll1

k=1 k=1

Condition (H3) implies that w is a contraction. By the Banach fixed point theorem
w has a unique fixed point x, which is the unique solution of (3.1)). O

For the next Theorem, we use the following assumptions:

(H4) F :[0,1] x R? — R is continuous on J’ and there exists h: J xR,y — R a
Caratheodory function, nondecreasing with respect to its second argument
such that

|F(t,z,y)| < h(t,|z| + |y|), ae. te]0,1].
(H5) Uy and Vi are continuous and there exist ap > 0 and by > 0 such that
Uk (x(tr), y(te))] < ag, |Vi(z(te),y(te))] <bgp, k=1,2,...,m
(H6) lim,_, 4o sup (fo (t,0)dt + > 1" | R(ak + by)) < 1/(2P).

Theorem 3.2. Under assumptions (HO), (H4)—(H6), problem (3.1) has at least
one solution.
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Proof. The proof is given in two steps.
Step 1. A priori bound on solutions. Let z € PC1(.J) be a solution of (3.1)).

1 m
z(t) = /0 G(t,s)F(s,2(s),2'(s))ds — Z W (t, tr)p(te) Uk ((tr), =’ (tx))
k=1

+ Z G(t, tr)p(te) Vie(z(tr), ' (tr)),

k=1
and

o0 = [ 2 Pl (s = 30 P e Uia(e). ' (00)

+ Z %P(M)Vk(x(tk% ' (tk))-

k=1
It is easy to see that

\<K/ |F(s, 2( ))|ds+RLZ\Uk (tr), ' ()|

k=1

+RKZ|VI€ k)v (tk))|a

k=1
and

|2'(1)] < M/O |[F(s,2(s),2'(s)lds + RN Y _ [Un(a(te), 2’ (tr))]

k=1

+ RM Y [Vl (tr), 2 (t))]-

k=1
Conditions (H4), (H5) and (H6) lead to

1 m
zlo + ll2'llo < (K+M)/ h(s, |zllo + 12'llo)ds + > R((L+ N)lx + (K + M)pz).
0 k=1

Since [|z[[1 = |[z[jo + [|2'|lo and & is nondecreasing, then

Iz < 2P/ h(s, 1z ds+ZR 2Pay + 2Pby),
k=1
or

el < 2P( / B, all)ds + 3 Rlax + by)).

k=1
Let By = ||«||1- Then the above inequality gives

2; < 610( h(s, Bo)ds + ZR ai +bk)) (3.6)

Condition (H6) implies that there exists r > 0 such that for all § > r, we have

1(/01 h(s,B)ds + iR(ak + bk)) < % (3.7)
k=1



8 A. BOUCHERIF, A. S. AL-QAHTANI, B. CHANANE EJDE-2012/24

Comparing (3.6)) and (3.7) we see that Gy < r . Hence we have ||z||; <.
Step 2. Existence of solutions. Let Q = {z € PC*(J) : ||z|1 < r+ 1}. Then
is an open convex subset of PC'(.J). Define an operator H by

H(\z)(t) = /\/0 G(t,s)F(s,x(s),2'(s))ds + Z W (t, tg)Ug(z(tg), ' (tx))

k=1
FAD Gt ti)Vi(z(te), 2/ (t), 0< A<
k=1

Then H(\,-) : Q@ — PCY(J) is compact and has no fixed point on 99 (see [6]). It
is an admissible homotopy between the constant map H(0,-) =0 and H(1,-) = w.
Since H(0, -) is essential then H(1,-) is essential which implies that w = H(1,-) has
a fixed point in Q. This fixed point is a solution of our problem. O

The following assumptions are used in the next theorem.
(H7) there exists g € L*(J) such that

|F(t,z,y)| < g(t) for almost t € J, xz,y€R.
(H8) Uy : R? — R is continuous and there exists oy, > 0 such that
U (2(tr), y(tk))] < an(llzllo + [[yllo), k=1,2,...,m.
(H9) Vi : R? — R is continuous and there exists 3; > 0 such that
Vie(2(tr), y ()] < Br(llllo + [1yllo), k=1,2,...,m.
(H10) 2PRYT (o + Bi) < 1.

Theorem 3.3. Under assumptions (HO), (H7)—(H10), equation (2.4) has at least
one solution.

Proof. The proof is given in two steps.
Stepl. A priori bound on solutions. We have

1 m
£(t) = / G(t,)F (s, 2(s), 2'(5))ds — S Wt t)p(ta) Ui (ki) 2 (1))

k=1
+ )Gt te)p(te) Vi (), 2 ().
k=1
and
2 (0= [ F sl o), (Sa)(sds + Y P p(t) e, ()

k=1

+ Z %p(tk)%(z(tk)a ' (tr)).
k=1

It is easy to see that

2(t)] < K / (F(s,(5), 2/ (5))|ds + RL'S [U((t), o/ (1)

k=1

+ RKZ IVk(x(tk)vx,(tk)”a

k=1
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and

k=1

1 m
|2'(t)] < M/O |F(s,2(s), 2’ (s))|ds + RN Y [Ux((tr), @' (t)))]

+ RMZ Vi (z(tr), 2" (tr))]-
k=1

From (H7), (H8) and (H9), we obtain

lzllo + [l2'lo < (K + M)|lgllzr + Y R(L + N)ow(||zllo + [’ [l0)
k=1

£ 30 ROE + M) Bl + 2]o)
k=1
Setting p = 2PRY ;- (i + Bi), we obtain
lzlls < 2Pllgllzr + pllz]ls-

Then (1 — p)||z||1 < 2P||g||:. Using condition (H10) we obtain
L—p
Step 2. Existence of solutions. Let Q; = {x € PCY(J) : ||z||; < r1 +1}. The
rest of the proof is similar to that of Theorem [3.2} and it is omitted. O

el < ( Mgllzy := r1.
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