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ASYMPTOTIC BEHAVIOR OF POSITIVE SOLUTIONS FOR THE
RADIAL P-LAPLACIAN EQUATION

SONIA BEN OTHMAN, HABIB MAAGLI

ABSTRACT. We study the existence, uniqueness and asymptotic behavior of
positive solutions to the nonlinear problem

(A2, () + gl =0, i (0,1),
;Ln}) Ad,(u')(x) =0, wu(l)=0,

where o < p — 1, ®p,(t) = t[t|P~2, A is a positive differentiable function and ¢
is a positive measurable function in (0, 1) such that for some ¢ > 0,

1 T z(s

= < q(z)(1 —z)Pexp ( — / st) <ec

c 1—x S
Our arguments combine monotonicity methods with Karamata regular varia-
tion theory.

1. INTRODUCTION

Let p > 1 and a < p — 1. We consider the boundary-value problem

—%(ACDP(U’))' +g(x)u®* =0, in (0,1) )
AD,(u')(0) := ili% A, (u')(x) =0, wu(l)=0.

Here, A is a continuous function in [0, 1), differentiable and positive on (0,1) and
for all t € R, ®,(t) = t[t|P~2. Our goal in this paper is to study problem
under appropriate conditions on g. We obtain the existence of a unique positive
continuous solution to and establish estimates on such solution.

Several articles have been devoted to the study of the differential equation

LAWY+ g@)u =0, in (0,1)

with various boundary conditions, especially for the one-dimensional p-Laplacian
equation (see [Il 2, [3, [} [l 11 13} 04} 05]). For o < 0, problem has been
studied in [4], where the existence and uniqueness of positive solutions and some
estimates for the solutions have been obtained. Thus, it is interesting to know the
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exact asymptotic behavior of such solution as x — 1 and to extend the study of

L) to0<a<p-—1.

Asymptotic behavior of solutions of the semilinear elliptic equation
—Au=q(z)u*, a<l,zeq, (1.2)

for Q bounded or an unbounded in R™ (n > 2), with homogeneous Dirichlet
boundary conditions, has been investigated by several authors; see for example
[6l, 7, [, @, 10, 12} 16l 17, 20] and the references therein. Applying Karamata regu-
lar variation theory, Maagli [16] studied , when € is a bounded C!!-domain.
He showed that has a unique positive classical solution that satisfies homo-
geneous Dirichlet boundary conditions and gave sharp estimates on such solution.
This studied extended the estimates stated in [12, [I7, [20]. In this work, we extend
the result established in [I6] to the radial case associated to problem .

To simplify our statements, we need to fix some notation and make some as-
sumptions. Throughout this paper, we shall use K to denote the set of Karamata
functions L defined on (0, 7] by

L(t) := cexp (/;7 @d&),

for some positive constants 7, ¢, and a function z € C([0,7]) such that z(0) = 0.
Recall that L € K if and only if L is a positive function in C*((0,7)]), for some
n > 0, such that
tL'(t)
20 L(t)
For two nonnegative functions f and g defined on a set S, we write f(x) = g(z),
if there exists a constant ¢ > 0 such that 1g(z) < f(z) < cg(), for each z € S.
Furthermore, we refer to G, f, as the function defined on (0, 1) by

Guf(o):= | 1 (5 / A F(s)ds) T

where f is a nonnegative measurable function in (0,1). We point out that if f is a
nonnegative continuous function such that the mapping « — A(z) f(x) is integrable
in a neighborhood of 0, then G}, f is the solution of the problem

1 "ny/ .
(A, W)) = £, in (0.1)

A®,(1')(0) =0, u(l) =0.

= 0. (1.3)

(1.4)

As it is mentioned above, our main purpose in this paper is to establish existence
and global behavior of a positive solution for problem . Let us introduce our
hypotheses.

The function A is continuous in [0, 1), differentiable and positive in (0,1) such
that

A(z) ~ 21 — x)*
with A >0and u <p—1.
The function ¢ is required to satisfy

(H1) ¢ is a positive measurable function on (0,1) such that

g(z) =~ (1—2)PL(1 - x),
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with 8 < p and L € K defined on (0,7] (n > 1) such that
T 1 1
/tMUﬁDMﬁ<+w.
0
We need to verify the condition

n 1_g
v
0

in hypothesis (H1), only if 8 = p (See Lemma [2.2| below).
As a typical example of function ¢ satisfying (H1), we have

(L(t))7Tdt < +oo

q(z) := (1 —x) P(log . E x)_”, xz €10,1).

Then for § <pand v € R or 8 =p and v > p — 1, the function ¢ satisfies (H1).
Our main result is as follows.

Theorem 1.1. Assume (H1). Then problem (L.1) has a unique positive and con-
tinuous solution u satisfying, for x € (0,1),

u(z) = 0s(z), (1.5)
where 03 is the function deﬁned on [0,1) by
p—1
9/@(,@) — (1—,’]’,‘)131)16&([1(1_1-));771%@’ wal)(pp%)"‘ap<ﬁ<p’ (16)
(1- )p e if B < (e+1)(p _11*04)+04P
(1— e fl . SS) ds)7==, if f= (r+1)( Pp 11 a)tap

The article is organized as follows. In Section 2, we prove some basic estimates
and recall some results on functions belonging to . In Section 3, we prove Theorem
[[I] In the last section, we present some applications.

2. ESTIMATES

In what follows, we give estimates on the functions G,¢ and Gp(q9§), where ¢
is a function satisfying (H1) and 63 is the function given by (L.6). To this end,
we recall some fundamental properties of functions belonging to the class I, taken
from [7, [I8], 19].

Lemma 2.1 ([I8, 19]). Let L1,Ly € K, m € R and ¢ > 0. Then L1Ls € K,
LT € K, and limy g+ t°L1(t) = 0.

Lemma 2.2 ([I8 [19]). Let L € K and § € R. Then we have the following:
(i) If 6 <2, then [ t'*=9L(t)dt converges and

s 2—6L
/ tOL(t)dt ~ 5 L) as s — 0.

(ii) If 6 > 2, then [ t'~°L(t)dt diverges and

n 275L
/ HOL(t)dt ~ 56758) as s — 0.



4 S. BEN OTHMAN, H. MAAGLI EJDE-2012/240

Lemma 2.3 ([7]). Let L € K be defined on (0, 7], then we have
n
t— / @ds ek.
¢

s
If further fon @ds converges, then
t— /t @ds e k.
0o S
Proposition 2.4. Assume q satisfies (H1). Then for x € (0,1), we have
Gpq(z) =~ ¥(1 —x),
where v is the function defined on (0,1] by

_1
Jo = ds, ifB=p,
r=8 1 .
U(t) = t:iiff(t))P—l, Zf/J +1<pB<p, (2.1)
T ifB<p+1

p—1—p 1

(7 Hds) T, i f= 1
Proof. For x € (0,1), we have
1
1

Gralw) = /z t(lt)_(/ot sM1—s)PPL(1 - s)ds) s

1

1-1¢

h(z) == /: t(l)(/ot (1 — )P PL(1l— s)ds) Tt x e (0,1).

We shall estimate h(z). Since h is continuous and positive on [0,1/2], it follows
that h(x) ~ 1, for z € [0,1/2]. Now, assume that « € [1/2,1). Then

h(z) ~ /: (1_;;1(/(: M1 —s)PPL(1 - s)ds)ﬁdt.

Moreover, for ¢ € [z,1), we have
t
/ M1 —s)*PL(1 - s)ds
0

1/2 t
= / M1 — s)PPL(1 — s)ds + / M1 —s)PPL(1 - s)ds
0

1
2

1/2
~1+ / s P L(s)ds.
1

—t
Then we distinguish the following cases:
o If 3 < u—+1, then by Lemma 1/2

o " PL(s)ds < 0. So, since p < p— 1, we
obtain

p—1l—p

h(z)~(1—az) »1 .
o If p> 3> p—+1, then by Lemma 2.2

1/2
/ HPL(s)ds ~ (1 — £y *H1=BL(1—¢).
1

—t
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So,

1/2
(1 —|—/ s”_ﬁL(s)ds)ﬁ ~(1—t)" s 1(1 —t).
1—t
Thus, using the fact that 8 < p and again Lemma [2.2] we obtain that

h(z) ~ (1 —2)5T LT (1 - ).

1—x 1 _1
h(x)m/ ! (/ L(s)ds) .
0 tr—1 1—t 8

So, using Lemma [2.3] and the fact that p < p — 1, by Lemma [2.2] it follows that
1
p—i- L
h(z)~ (1—x) Pilu(/ ﬂds)ﬁ.
-z

S

o If 3 =p+1, then

e If 8 = p, we deduce by Lemma [2.2] that

1/2
/ PP L(s)ds = (1 — t)*T1PL(1 —t),
1—t

hence

This completes the proof. 0
The following proposition plays a crucial role in this article.

Proposition 2.5. Let g satisfy (H1) and let 85 be the function given in (L.6).
Then for z € (0,1), we have

Gp(ad5)(x) = bp(x).
Proof. Let 8 < p and p < p — 1, a straightforward computation shows that for

€ (0,1),
q(z)03(2) ~ q(z),

where
1 a(p—1)
s (e ) i
p—1
N (L(1 (:),)ppl BC;) if (#+1)(P;j;a)+ap < ﬁ <p,
XI) = 1—x
q@)i=q ) if § < HDp-1-a)+ap
= r
L 1—x *(;*a . —+1 —1—a)+ta
= m)(m)(fl e ) if g — (o toa)vap,

So, we deduce that
i) =01 —2)"°L(1 —x)
where 5 < b Then, using Lemmas n and 1we verify that L € K and
(0,

N = 1 (t))7Tdt < +oo. Hence, by Pr0p051t1on 2.4

Gp(903)(z) = Gyi(w) = P(1 - z), 1),

where {l; is the function defined in (2.1)) by replacing L by L and B by 6. This
completes the proof. O
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3. PROOF OF THEOREM [I.1]

3.1. Existence and asymptotic behavior. Let ¢ satisfy (H1) and let 63 be the
function given by (1.6). By Proposition there exists a constant m > 1 such
that for each z € (0, 1),

L 5(x) < Gyla) @) < mBs(x). (31)

Now we look at the existence of positive solution of problem satisfying .
For the case a < 0, we refer to [4]. So prove the existence result only for the case
0 < a < p-—1, and then give the precise asymptotic behavior of such solution for
a < p—1. We will split the proof into two cases.

Case 1: a < 0. Let u be a positive continuous solution of . To obtain
estimates on the function u, we need the following comparison result.

Lemma 3.1. Let a < 0 and uy,us € C1((0,1))NC([0,1]) be two positive functions
such that

1 li / « -
— (A% (1)) < g(@)ui,  in (0,1), (3.2)
APy (u1)(0) =0, wui(1)=0
and
1 li / « .
— 5 (A%p(u2))" 2 q(z)uz, in (0,1), (3.3)

Ay (u5)(0) =0, ua(l) = 0.

Then u; < ug.

Proof. Suppose that wi(xg) > ug(xg) for some zg € (0,1). Then there exists
x1,x9 € [0,1], such that 0 < 1 < xg < 23 <1 and for 21 < & < za, ur(z) > uz(x)
with uq (z2) = ua(x2), u1(x1) = uz(x1) or 1 = 0.
We deduce that
APy (uy) (1) < APy (u))(21). (3.4)

On the other hand, since o < 0, we have u$*(z) < ug(z), for each x € (21, x2). This
yields

1 1

Z(A<I>p(u’1))’ - Z(A<I>p(u’2))’ > q(ug —uf') >0 on (z1,72).
Using further (3.4), we deduce that the function w(z) := (A®,(u)) — AP, (ub))(x)
is nondecreasing on (21, x2) with w(zq1) > 0. Hence, from the monotonicity of ®,,
we obtain that the function z — (u; — ug)(x) is nondecreasing on (z1,zs) with
(u1 —u2)(z1) > 0 and (uy — ug)(z2) = 0. This yields to a contradiction. The proof
is complete. O

Now, we are ready to prove . Put ¢ = m 7=i-= and v := Gp(q03). 1t
follows from that the function v satisfies
1
A
According to (3.1), we obtain by simple calculation that %v and cv satisfy respec-
tively and (3.3]). Thus, we deduce by Lemma that
1

Ev(w) <wu(z) <cv(z), € (0,1).

(A®,(v")" = ¢b5, in (0,1).

This proves the result.
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Case 2: O§a<p—1. Put COZmP*p%*lﬂ and let
1
A= {u € C([Ov 1}), :05 S u S 0005}.
0

Obviously, the function 63 belongs to C([0,1]) and so A is not empty. We consider
the integral operator T on A defined by
Tu(z) := Gp(qu®)(x), =z €][0,1].

We prove that T has a fixed point in A, in order to construct a solution of problem
(1.1)). For this aim, first we observe that TA C A. Let u € A, then for each z € [0, 1)

L (@93)(@) < g(0)u(z) < c§(463) (x).

S
This together with (3.1]) implies that
1 _a
——05 < Tu < mey™ " 0p.
med ™!
Since mcf ' = co and TA C C([0,1]), then T leaves invariant the convex A.

Moreover, since e > 0, then the operator T' is nondecreasing on A. Now, let {ug}
be a sequence of functions in C([0,1]) defined by

1
ug = 6—95, Ugr1 = Tug, for ke N.
0

Since TA C A, we deduce from the monotonicity of 1" that for k£ € N, we have
up S up <o Sug S uggr < coblg.

Applying the monotone convergence theorem, we deduce that the sequence {ug}
converges to a function v € A which satisfies

u(z) = Gp(qu®)(z), z € [0,1].
We conclude that u is a positive continuous solution of problem (|1.1)) which satisfies

3.

3.2. Uniqueness. Assume that ¢ satisfies (H1). For a < 0, the uniqueness of
solution to problem follows from Lemma Thus, we look at the case
0<a<p-—1. Let

I = {ue C([0,1]) : ulw) ~ Os(a)}.
Let v and v be two positives solutions of problem in I'. Then there exists a
constant k£ > 1 such that

<-<k

SRS

T =

This implies that the set
1
J:{te(l,—i—oo):gugvgtu}

is not empty. Now, put ¢ := inf J, then we aim to show that ¢ = 1. Suppose that
c > 1, then

1 ANY 1 ;al AN YA «@ -, « :
(A8, (1)) + (AR (7)) = q(a)(v" — ~u®), in (0,1),

lim (A®,(v') — Ad,(c7—1u'))(z) = 0,

z—0t
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(v—cr1u)(1) = 0.

So, we have
1
A
which implies that the function 6(x) := (Aq)p(c%u’) — A®,(v"))(x) is nonde-
creasing on (0,1) with lim, .o+ §(x) = 0. Hence from the monotonicity of ®,,

(AD,()) + % (A, (75 u)) >0 in (0,1)

we obtain that the function z — (¢7Tu — v)(z) is nondecreasing on [0,1) with
(¢"7 1w —v)(1) = 0. This implies that ¢c7Tu < v. On the other hand, we deduce
by symmetry that v < c7Tu. Hence ¢71 € J. Now, since o < p—1landc>1, we

have ¢7-1 < ¢. This yields to a contradiction with the fact that ¢ := inf J. Hence,
c =1 and then u = v.

4. APPLICATIONS

First application. Let ¢ be a positive measurable function in [0, 1) satisfying for
x €[0,1)

() = (- 2) P (1og 2,

1—x
where the real numbers § and o satisfy one of the following two conditions:
e J<pando€R,
e J=pando >p—1.
Using Theorem we deduce that problem (1.1)) has a positive continuous solution
w in [0, 1] satisfying
(i) If B < (”H)(’:%Hap, then for z € (0,1),

p—l—p

)~ (1—z) 771 .

(i) If g = tbe=1=0)Fep 44 5 = 1, then for z € (0,1),

p—1
3 )pfta
1—x '

(iii) If B = (“H)(”;%Hap and o < 1, then for z € (0,1),

p—1—p
1

u(z) = (1—z) 71 (loglog

p—1l—p
T

u(x) ~ (1 —x) 71 (log

3 )pﬁ%a

1—x ’

(iv) If = LHPLZR0P and o > 1, then for o € (0, 1),
p—l—p

u(x) = (1—x) 771 .

(v) If (“H)(p;%)ﬂ“p < B < p, then for z € (0,1),

p—0B
1—a

u(z) = (1 —:E)Pfi(log 1336)[):1707&

(vi) If 3=pand ¢ > p— 1, then for z € (0,1),

u(z) ~ <log . Ex) re



EJDE-2012/240 ASYMPTOTIC BEHAVIOR OF POSITIVE SOLUTIONS 9

Second application. Let ¢ be a function satisfying (H1) and let a,y < p—1. We
are interested in the nonlinear problem

1 "y Y AN a .
_Z(Aép(u)) +E<I>p(u Yu' = g(x)u®, in (0,1), (4.1)

A®,(u')(0) =0, wu(l)=0.

Put v = ul_ﬁ; then v satisfies

1 Ny _ (Pl LR
*Z(Aq’p(v ) = (pT) Yq(z)v ; (0,1),
A2, (v')(0) =0, w(1)=0.

Using Theorem [I.1] we deduce that (4.2) has a unique solution v such that v(z) ~
05(z), where

(4.2)

1 p—1—v
1—z (L(s))P—T pi—a .
(Jo L as) if = p,
- (1 - 2) 6=0G=1= (L(1 — 2))T=Ho=1=2, if )=o)t o=
9[3(517) = <B<p,
1- )5 if 8 < (u+1)(p;1_1a)7+(a e
(1 — 13) p_pi:*‘ (fln,z @ds) (p—i))i(zla:’ffa) if /6 (p+1)( ;)1_1 )’y+(o¢ ’y)p
Consequently, (4.1) has a unique solution u satisfying
1 p—1
( Olfw (L(s))ﬁ dS) p—l—a, if ﬂ —p
u(z) ~ (1— 1‘)?7;701 (L(1 — z))7 1=, if (et (p— 1_10¢)+(a7'y)p <B<p,
(1 - z)F=1=5, if B < (ut)(p-1 —o)tH(ay)p
p—1—v
(1—a)smis (1 Eogg)yit=s | if g = () (p-la)+(a—y)p
REFERENCES

[1] R. P. Agarwal, H. Lii, D. O’'Regan; Ezistence theorems for the one-dimensional singular
p-Laplacian equation with sign changing nonlinearities, Appl. Math. Comput. 143 (2003)
15-38.

[2] R. P. Agarwal, H. Li, D. O’'Regan; An upper and lower solution method for the one-
dimensional singular p-Laplacian, Mem. Differential Equations Math. Phys. 28 (2003) 13-31.

[3] R. P. Agarwal, H. Lii, D. O’Regan; Figenvalues and one-dimensional p-Laplacian, J. Math.
Anal. Appl. 226 (2002) 383-400.

[4] 1. Bachar, S. Ben Othman, H. Maagli; Existence results of positive solutions for the radial
p-Laplacian, Nonlinear Studies 15, No. 2 p. 177-189, 2008.

[5] I. Bachar, S. Ben Othman, H. Maagli; Radial solutions for the p-Laplacian equation, Nonlin.
Anal. 70 (2009) 2198-2205.

[6] S. Ben Othman, H. Maagli, S. Masmoudi, M. Zribi; Ezact asymptotic behavior near the
boundary to the solution for singular nonlinear Dirichlet problems, Nonlin. Anal. 71 (2009)
4137-4150.

[7] R. Chemmam, H. Maagli, S. Masmoudi, M. Zribi; Combined effects in nonlinear singular
elliptic problems in a bounded domain, Advances in Nonlinear Analysis, vol. 1 (4) 2012,
301-318.

[8] F. C. Cirstea, V. D. Ridulescu; Eztremal singular solutions for degenerate logistic-type equa-
tions in anistropic media, C. R. Acad. Sci. Paris Sér. I 339 (2004) 119-124.

[9] M. Ghergu, V. D. Radulescu; Singular Elliptic Problems. Bifurcation and Asymptotic Analy-
sis, Oxford Lecture Series in Mathematics and Applications, Vol.37, Oxford University Press,
320 pp. (2008).



10

S. BEN OTHMAN, H. MAAGLI EJDE-2012/240

[10] M. Ghergu, V.D. R&dulescu; Nonlinear PDEs Mathematical Models in Biology, Chemistry

and Population Genetics, Springer Monographs in Mathematics, Springer Verlag (2012).

[11] J. V. Goncalves, C. A. P. Santos; Positive solutions for a class of quasilinear singular equa-

tions, Electron. J. Diff. Equ. vol. 2004 (2004), no. 56, 1-15.

[12] S. Gontara, H. Maagli, S. Masmoudi, S. Turki; Asymptotic behavior of positive solutions of

a singular non-linear Dirichlet problems, J. Math. Anal. Appl. 369 (2010) 719-729.

[13] D. D. Hai, R. Shivaji; Existence and uniqueness for a class of quasilinear elliptic boundary

value problem, J. Diff. Equat. 193 (2003), 500-510.

[14] X. He, W. Ge; Twin positive solutions for the one-dimensional singular p— Laplacian bound-

ary value problems, Nonlin. Anal. 56 (2004) 975-984.

[15] M. Karls, A. Mohamed; Integrability of blow-up solutions to some non-linear differential

equations, Electronic. J. Diff. Equat. vol. 2004 (2004), no. 33, 1-8.

[16] H. Maagli; Asymptotic behavior of positive solutions of a semilinear Dirichlet problems,

Nonlin. Anal. 74 (2011), 2941-2947.

[17] H. Maagli, M. Zribi; Ewistence and estimates of solutions for singular nonlinear elliptic

problems, J. Math. Anal. Appl. 263 (2001) 522-542.

[18] V. Maric; Regular Variation and Differential Equations, Lecture Notes in Math., Vol. 1726,

Springer-Verlag, Berlin, 2000.

[19] R. Seneta; Regular Varying Functions, Lectures in Math., Vol. 508, Springer-Verlag, Berlin,

1976.

[20] Z. Zhang; The asymptotic behavior of the unique solution for the singular Lane-Emdem-

Fowler equation, J. Math. Anal. Appl. 312 (2005), 33-43.

SONIA BEN OTHMAN

DEPARTEMENT DE MATHEMATIQUES, FACULTE DES SCIENCES DE TUNIS, CAMPUS UNIVERSITAIRE,
2092 Tunis, TUNISIA

E-mail address: Sonia.benothman@fsb.rnu.tn

HABIB MAAGLI

KNG ABDULAZIZ UNIVERSITY, COLLEGE OF SCIENCES AND ARTS, RABIGH CAMPUS, DEPARTMENT
OF MATHEMATICS, P.O. Box 344, RABIGH 21911, SAUDI ARABIA

E-mail address: habib.maagli@fst.rnu.tn



	1. Introduction
	2. Estimates
	3. Proof of Theorem 1.1
	3.1. Existence and asymptotic behavior
	3.2. Uniqueness

	4. Applications
	First application
	Second application

	References

