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EXISTENCE OF SOLUTIONS TO NONLOCAL ELLIPTIC
EQUATIONS WITH DISCONTINUOUS TERMS

FRANCISCO JULIO S. A. CORREA, RUBIA G. NASCIMENTO

ABSTRACT. In this article, we study the existence of nonnegative solutions for
the elliptic partial differential equation

—[M(|[ullf NP Apu = f(z,u) inQ,
u=0 on 09,

where Q C R¥ is a bounded smooth domain, f : QxR+ — R is a discontinuous
nonlinear function.

1. INTRODUCTION

This article concerns the existence of solution to the elliptic problem
—[M([ullf )] PApu = f(z,u) inQ,

1.1
u=0 on 01, (1.1)

where Q C RY is a bounded smooth domain, f : @ x RT — R is a discontinuous
function, M : RT — R, R* = [0,00), A, is the p-Laplacian

Apu = div(|VulP~2Vu), p>1,

and | - ||1,p is the usual norm

Jullt, = [ [vuP
Q
in the Sobolev space WP (Q).

The interest of the mathematicians on the so called nonlocal problems like (|1.1))
(nonlocal because of the presence of the term M (||ul[} ), has increased because they
represent a variety of relevant physical and engineering situations and requires a
nontrivial apparatus to solve them.

More precisely, we study the existence of nonnegative nontrivial solutions of the
problem

—[M([Jull} p)]p_lApu = AH(u—a)u? + h(z)u® in Q,
' (1.2)
u=0 on 01,
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where M : RT — R is a continuous function, 1 < ¢+ 1<p<s+1<p* = J\fivp,
a > 0 and A > 0 are real parameters, h : Q — (0,00) is a positive measurable

function, h € L*°(2) and H is the Heaviside function

if ¢ <
H(t):{o ift <0,

1 ift>0.

We assume the following conditions:

(H1) There exist my,t; > 0 such that M (t) > mq if 0 <t < ty;

(H2) There exist ma,ty > 0 such that 0 < M (t) < mg if t > to;

(H3) limy_ oo [M (tP)]P~1P=1 =0 = 400 ;

(H4) M is non-increasing and M (¢) > 0 for all ¢ > 0.

Problems involving discontinuous nonlinearity appears in several physical sit-
uations. Among these, we may cite electrical phenomena, plasma physics, free
boundary value problems, etc. The reader may consult Ambrosetti-Calahorrano-
Dobarro [5], Ambrosetti-Turner [6], Arcoya-Calahorrano [7], Arcoya-Diaz-Tello [§],
Badialle [9], [10], and the references therein. Some physical problems are related
to discontinuous surface

Fo(u) ={z € Qu(z) =a}

which causes difficulties in analyzing this kind of problems.

When M =1, becomes a local problem, and has been widely studied. In
particular, Alves-Bertone [I] and Alves-Bertone-Goncalves [2] use variants of the
Mountain Pass Theorem (for locally Lipschitz functionals), the Ekeland Variational
Principle, and the Subdifferential Calculus. On the other hand, after the work
by Alves, Correa and Matofu [3] several papers appeared dealing with nonlocal
problems with variational techniques; see for example [13] T4} [15] 16}, 17, 20, 2T, 24
25].

This article maybe the the first study of a nonlocal problem with variational
techniques for a non-differentiable functional. We consider the non-differentiable
functional

D) = SN(ulf) = 3w = [ b))+

defined on Wy?(Q2), where

o~

W0 = [ s v = [ P,
F(u):/o FOdt, F(t) = H(t—a)(t+)7,  ++ = max{0,1}.

By a solution to we mean a function u € W, (Q) N Wt (Q) satisfying
— Ml )P Apu(z) — h()u(@)® € Af(u(), Fu(@)] ae @, (13)
where f(t) = H(t —a)(tT)4 is nondecreasing,
Ft) =1l t+6 t) = li t—46).
ft) = lim f(t+9), f(t)= lim f(t—3)
Let us consider the level set

Io(u) ={z € Qu(zr) =a}.
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Note that if |T'y(u)] = 0, then u satisfies
— [M(||u\|’17,p)}p_1Apu(3:) = AH(u(z) — a)u(x)? + h(z)u(z)® a.e. in Q. (1.4)

Clearly, a solution in the sense of (1.3)) is also a solution in the sense of ([1.4). The
main result of this work is as follows.

Theorem 1.1. Suppose that M satisfies assumptions (H1)—(H4) and h € L>(Q).
Then there are \* > 0 and a* > 0 such that for A € (0,A\*) and a € (0,a*),
Problem possesses at least two nontrivial and nonnegative solutions ui and
us satisfying
(i) [Pa(ug)| =0,7=1,2;
(11) I)\’a(’LLQ) <0< I,\,a(ul);
(ili) {z € Qyui(x) > a}] >0,i=1,2.

2. ABSTRACT FRAMEWORK

In this section we establish some basic results on critical point theory for locally
Lipschitz functionals, developed by Chang [11] based on Convex Analysis and on
the Subdifferential Calculus by Clarke [12].

Definition 2.1. Let X be a Banach space. We say that the functional I : X — R
is locally Lipschitz (I € Lip;,.(X,R)) if, given u € X, there exist a neighborhood
V=V, CX,u€eV and a constant k = ky > 0 such that

[(v2) = I(v1)| < Efloz —woafl, o109 € V.

Definition 2.2. The directional derivative of the locally Lipschitz functional I :
X — R at u € X in the direction v € X is defined by

I h+Xv)—1 h
I°(u;v) = limsup (uthtv) = I{uth)
h—0,A—01 A

We may prove that 1°(u;v) is subadictive and positively homogeneous; that is,
I0(u; vy 4+ v2) < I%(wsv1) + I1°(u;v9)
and
I%(u; Av) = M°(u;v)
for all u,v1,v2 € X and A > 0.
Using these properties, it follows that

I10(u,v1) — I°(u,v2)| < Klvy — v, K=K, >0.

Consequently, I°(u, -) is continuous and, because it is also convex, we may consider
its subdifferential at z € X which is given by

DI (u;2) = {u € X5 1%us v) > I%us 2) + (v — 2,0 € X},

where X* is the topological dual of X and (-,-) is the duality pairing between X*
and X.

Definition 2.3. The generalized gradient of I € Lip,,.(X,R) at u € X is defined
as being the set

OI(u) = {p € X*; I°(u;v) > (u,v), for all v € X}.
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Since I°(u;0) = 0, it follows that OI(u) = AI°(u;0). Furthermore, for all v € X,

we have
I%(u; v) = max{{u, v);v € I (u)}.
An important property of the generalized gradient is as follows: if u € X, then 01 (u)
is a convex, nonempty and weak™ — compact. In particular, there is w € 9I(u) such
that
m(u) = min{||w||«;w € 0I(u)}.
The reader may find more properties on this subject in [I2] and [I8]. We note that
dI(u) = {I'(u)} when I € C*(X,R).
Definition 2.4. A sequence (u,) C X is a Palais-Smale sequence at the level ¢
((PS)e), if
I(uy) = ¢, m(u,) — 0.

Definition 2.5. We say that the functional I € Lip,,.(X,R) satisfies the Palais-

Smale condition at the level ¢, if any (P.S). sequence possesses a strongly convergent
subsequence.

The proof of our main result rests heavily on the following version of the Moun-
tain Pass Theorem for Lip,,, functionals whose proof may be found in Chang [I1].
Its proof uses an appropriate version of the Deformation Lemma whose proof is
found in [I8].

We say that ug € X is a critical point of I if 0 € 01I(ug). Clearly, every local
minimum (maximum) point is a critical point.

Theorem 2.6. Let I € Lip,,.(X,R) be a functional such that 1(0) = 0 and suppose
that:

(i) There are constants > 0 and p > 0 such that I(u) > n, for ||u|| = p,u € X;
(ii) There is e € X, with |le|| > p, such that I(e) < 0.

If, in addition, I satisfies the Palais-Smale condition at the level

= inf I(~(t
¢ = Inf max (v(®))s

where
I = {y € C(0, 1], X),7(0) = 0 and A(1) = e},
then ¢ > 0 is a critical value of I.

3. PRELIMINARY RESULTS
In this section we establish some results for proving the main result of this article.

Lemma 3.1. There is A* > 0 such that the functional I o satisfies the geometric
conditions (i) and (ii) of Mountain Pass Theorem[2.6], for all a >0

Proof. (i) Let us consider u € Wy*(Q) such that 0 < Jullf , = 7 < t1. Then, by
(H1),

-1
my 1

oty = A [ [ ae— oyt - o [ @y

Noticing that H < 1 and u™ < |u|, we obtain

I)\,a (u) Z

p—1

m A 1

Loa(w) > ——Jul? —7uq+1——/hx ut)stL,
) = Tl - g - 5 [ b))
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From the Sobolev immersions and from the fact that h € L>(Q), we obtain

mf—lrp_ (&P
p qg+1

Choosing r > 0 sufficiently small, there exists
mi~ (g +1)
4pClT(Q+1)—P

such that I o(u) > n > 0 for ||ul|1,, =, for all A € (0, A*), and for some 7 > 0.
(ii) Let ¢ be a function in C§°(Q2), ¢ > 0in Q. Hence, for t > 0 with [[te||] , > t2,
it follows from (H2) and recalling that H > 0, we have

1 s+1 ~
/Qh(ac)(u'F) tHyco

ratt — Corstl

I/\,a(u> Z

AF =

s+1

and because 1 < ¢+ 1 < p < s+ 1, we have I, ,(t¢) — —oo as t — +oo. This
completes the proof. O

1
Dualto) < 2 mh~ tlellf, —

Remark 3.2. Using Lemma3.1|we may infer, from the Mountain Pass Theorem for
Lip,,. functionals, the existence of a sequence (u,,) C Wy (Q) such that Iy q(u,) —
¢ and m(uy,) — 0.

The proof of the following lemma can be found in [I1].
Lemma 3.3. If u € Wy "*(Q) and w € dy(u), then
w(z) € [f(u(z)), fu(z))] ae. inQ.
In what follows, for the functional I o, we will use notation
Ina(u) = ¢(u) = Mp(u) — J(u),

where

1 1

o) = SH(ulf,). o) = [ P, ) = = [ ha)h.

Lemma 3.4. The functional Iy , satisfies the Palais-Smale condition.

Proof. Let (u,) C W, P(Q) be a sequence satisfying Iy q(un) — ¢ and m(u,) — 0.
For the rest of this article, consider (w,) C (Wy?(Q))* be such that m(u,) =
lwn ||« and

wn = ¢ (un) — Apn — J' (uy) (3.1)
with (pn,) C 0Y(uy).

Claim 3.5. The sequence (u,) C Wy P(Q) is bounded.
Indeed, from (3.1),
(o Mot = M a1l = [ o))
and so

Ino(un) — ——(wn + Apn, un)

1
s+1
1 S
= L8 (funl,) — / Fluy) - / h(z) )+

p Q
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1 1
P -1 P +\s
M, el + 5 [ B

Writing u,, = u,; — u,,, we obtain

1 s _ 1 s+1
7 | e = g [ @),

which implies

I a n) . 1 n >\ ny Yn
naltin) = 5 (wn + Ao, )
1~
= —M(|lun|§ 7}\/ unfi/ Fystl
p (lunll ) ;
_ M " P y\p—1 n h +)s+1
M ()P un, +1/Q (@) ),
from which it follows that
1
I/\,a(un) - 7<wn + >\pn>un>
+1
1 - ) 1 ) 3 ) (3.2)
= W (ually) = s Ml )P el = A [ Pl

Since (u,,) is a (PS). sequence, there exists a constant Cy > 0 such that |I 4 (uy)| <
Cs for all n € N. Because

1 1 1
5+1[*<Wmun>]§87|<wm n>|§m”wn|‘*”un| 1.p < Csllunll1p,
by (3.2), we obtain
1 1
Ia niin)‘nangc 1 ny Yn 7>\nan
atn) = o+ Ao ) < o+ )] + 1 [(hps )

A
1pt m|<ﬂmun>|-

Since (pn) C Y(un), (P, v) < O (un,v) for all v € W, P(Q).
Using arguments found in [I1] and [12], we can show that

(prsun) < P2 (Un;un)
= /{un<0} £ (un)ten »/{un>0} S

S/ |y |77 S/ |, |9
{un>0} Q

< Cyllun |15

<Cy+0C3

and
Inali) = = 14on+ Mwstin) < Co & Cillunllip + Colluall {3 (33
From inequalities -—-, it follows that
1~ 1 _
];M(Hunllf,p) ~ s M luallz )" Hunllf,
<C'2+C'3Hun|1,p+C5|Un||q+1+>\/ / (t1)9 dt du.
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Using the Sobolev immersions,

1 pleall?, o 1 N
7/0 (M ()P~ ds — —— [M([luall} )1 lunllf,

D s+1 (3.4)
< Co + Csllunll1p + C7||un||(11;1-

From the continuity of M?~* on [0, ||lu,|[} ,] and in view of Mean Value Theorem
for integrals, there exists £,, 0 < &, < [lu,ll} ,, such that

1 H“nHzlj.p p—1 o p—1 P
,/0 [M ()P~ ds = [M (&) [[unllf -

p
Since M is a nonincreasing function, we obtain
[MENP™ = [M([lunll? )P~ (3.5)
and
1 p yp—1 p 1 P \p—1 p
S hanlE )1l = =7 M (e 1)1 a1
< O + Csllupllp + Crlluy H:;lv
from which
1 1 _ _1)— Cs Cs
i M (||, |[? p1n(p1)q< C-.
G = 5 e )Pl < G er + o+ C

From (H3), we conclude that (u,) is bounded. Showing the claim.

Since {u,} is (P.S) sequence, using standard arguments, we can assume, without
loss of generality, that u,, > 0 for all x € (2.

As (uy) is bounded and using the reflexivity of W, **(2) there are u; € Wy** ()
and ¥ € R such that, up to a subsequence,

lunllf , =07, u, =y in WP ().

Consequently, u; > 0.

Let us now show that u, — wu; in W, ?(€2). From the continuity of M and
[unllf, — ¥7, we obtain M(||u,|},) — M(¥?) and because M (¥?) > 0, there is
K > 0 such that

M(|lunlf} ) > K >0 for n large enough.

Using the well known Simon inequality (see [23]), we obtain

Kpflcp/ Vi, — Vuy |P
Q

< [M(J|Jun ||P)]PH / (|Vun P2V, — |Vuq [P*Vuy, Vi, — Vur)
Q
and so

Kpflcp/ |V, — Vuy|P
Q
< M (lun |7 DIPHlunllf , = [M(Ilunll’i’,p)]p’lfgIVunI”’QVuan

- [M(Hunll’f,p)]”*l/ﬂ\lep*zvmvw+[M(Ilunll’f,p)]”*lIIU1||’1’,,,-



8 F. J. S. A. CORREA, R. G. NASCIMENTO EJDE-2012/26

Noticing that

IM ([l )P~ |17, — (M ([futn

e / Vs[> Vuy Vet = on (1),
Q
we obtain

Kp—lcp/ |V, — Vg [P
Q

< (M (flunllf PP~ lunllf , — M ((lunll? )P~ /Q |Vt [PV, Vuy + on(1).

We point out that

/Qh(m)uzﬂ_)/ﬂh(x)uiﬂ
\/Qh(l’)u‘lg’ul*)/gh(x)ui-'rl

[(pns u1) = (P, un)| = [(Pns un) — (pn, w1
= |(pns un — u1)|
< llpnllslun = wsl, — 0,
From and boundedness of {u,, }, it follows that (p,) is bounded in (W, ())*,

and since u, — u1 in L*(), 1 < a < p* we obtain

A({pnsu1) — (pn, un)) = 0n(1).

We may write

Kp_le/QWun—Vuﬂp

< M (lunllf P~ lunllf, = [M(Jlun If,p)}p_l/QIVunl”_?Vuan

- / h(z)ust! —|—/ h(z)uiur — XMpn, tn) + Mpn, ur) + 0 (1)
Q Q

= (Wn, Un ) —Wp, u1) = op(1).

Hence, u, — w1 in Wol’p(Q) which shows that I , satisfies the (PS), condition. O

4. PROOF OF THE THEOREM [I.1]

Part I: Multiplicity of solutions. Using Lemmas[3.I]and[3:4] from the Mountain
Pass Theorem for Lip,,. functionals, it follows that u; is a critical point of I , at
the level ¢; i.e.,
Ing(u) =c¢>0 (4.1)
which implies that u; # 0.
Since {uy} is (P.S) sequence, there are {w,} C Oy o(un) and {p,} C 0¥ (uy,)
verifying |lwy |« — 0 and

(s @) = [M(Jun2,)]P? /Q Vit P2V, Vi — /Q h(a)us, — A /Q e (42)
where, by Lemma (3.3

P € [f(un(@)), f(un(2))] aein Q. (4.3)
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The boundedness of {u,} combined with (4.3)) implies in particular that {p,} is

bounded in L%(Q) Thus, there is py € L%(Q) such that, up to a subsequence

Pn — po in L (Q), or equivalently

/ pnp — / pow, Ve LITH(Q) (4.4)
Q Q

By [, Lemma 3.3), po(2) € [f(u(2)), F(ur(2))] in ©.

Letting n — 400 in (4.2)), and using (4.4]), we obtain the identity

M ) [ 1Vuap Yo = [ nepie =2 [ o
Showing that u; is a weak solution of the problem
~[M([Jua ]l )P~ Apur — huf = Apy in Q
u; >0 in Q.
By elliptic regularity, once pg € L (Q), it follows that u; € Wp"%(Q) and
—[M(Hul||11’7p)]p_1Apu1(x) — h(z)ui(z) = Apo(z) a.e. in
which implies
—[M([lur[I7 )P Apun () — h(z)ui(z) € A[f(ui (@), fur(@))]  ae. in Q.

This shows that u; is a solution of .

Proof of (i). Let us show that |T's(u1)| = 0, where 'y (u1) = {z € Q;u1(z) = a}.
Let us suppose, by contradiction, that [I'y(u1)| > 0. From the Morrey-Stampacchia
Theorem [22], —Apuq(z) =0 a.e. in I'y(u1), and so

— [M(||u1||’1’7p)]p_1Apu1 () =0 a.e. in Ty(uy). (4.5)
Since u; is a critical point, it follows that
—[M ([l )P~ Apur (2) = h(z)ui (z) € A[f (ur(2)), fur(z))] ae. in Q.
From , we obtain
—h(2)ui(z) € M[f (w1 (), f(ur(x))] a.e. in Q.

As 0 < H(uy —a)(ui)? < (uf)4, it follows from the definition of f(u1(z)), f(u1(z))
and from the fact that u; > 0, that

0 < f(ur(2)) < flur(z)) < (ur)?.
Thus, —h(z)uf(x) € [0, Aa?] which is impossible. Hence |T'y(u1)| = 0.

Second Solution (Ekeland Variational Principle). By Lemma ~we obtain
I o(u) > nfor 0 < ||ull1,, = p and so I ,(u) is bounded from below on B, and so
there is infg Iy q(u).

Claim 4.1. There is a* > 0 such that for a € (0,a*) we have infg () Ix,a(u) < 0.
Indeed, let us define the auxiliary function

Ta lz] < %,
prl@) = { 2ra(l — fal) <ol <1,
0 |z| > 1.
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where 7 > (g + 2)/(@+1). We point out that ¢, € W,"?(Q) and

H<10T||Ilj7p:/ |V<P7|p:/ |V¢T|p: (27‘a)p/
Q {lz|<1}

Vjal)P.
{l=|<1}
Using the change of variables x = w,, with w € SV~1 implies dz = 7V~ 'ds(w)dr
Then we obtain |z| = 7. Hence, % = % which implies |[Vr| = 1. In this way,
||S07' Hl o~ 2Ta)paNa
where « is the volume of the unit ball
vr_
If a < 27(7% =

Theorem, ¢, € B,.

a1, where r is given by the geometry of the Mountain Pass
On the other hand

Pr Pr
// H(t—a)(t+)thd:c2/ H(t—a)(tT)4dtdx
QJo {lz|<1/2}

aqdtl (7"”1 _

1
= )/ dx;
¢+1 {J21<1/2}
that is,
q+1 q+1 _ 1
// 1 —a)tyrdrr > T Do,
q+1
and so
Daaler) = - 1 M(|l¢ ||p // H(t—a)(tT)dtdx — et /h(x)(so-‘r)q-‘rl.
o p ’ s+1 /g T
As U5 [ h(x) ()7 > 0, it follows that

1~ ACpadtt (7t
IA,(L(@T) > EM(HQDTHIl) ) -

—1)

q+1
Because M is a continuous function on [0, [|¢- |7 )]

C:
IA,a(SO'r) <2

<% - ACpadtt(ratl —1)
P q+1
< —221’@?71’@]\, B )\Claq+1(7q+1 _ 1)
P q+1
_ g (Cﬂpapf(qﬂ)TPQN B )\Cl(T‘?“ _ 1))
P q+1
We now point out that
C’22pa”_(q+1)7pa1\z _ )\Cl (Tq+1 — 1) < 0 ol (g+1) < /\Cl(Tq+1 B 1)
D g+1 = C92P(q+ DayT?’

Setting

1 )\Ol(Tq+1 - 1)p
as = —

2 C22P(q + 1)ayTP
and taking a* = a*(\) = min{ay,as} it follows that infg_ I, < 0 for a € (0,a*)
which proves the claim.

By the Ekeland Variational Principle, there exists u. € B, such that
I)\,a(ue) < iélfl)\@ +e€

(4.6)
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Ina(te) < Ina(u) + €llu —ucl1p, for allu € WyP(Q), with u # u,. (4.7)
Let us choose € > 0 in such a way that
inf I, —inf I
0<e< b Dy —iniy,
and so u. € B,..

Let v > 0 be small enough and v € W,?(Q) with ||v||1, < 1 so that u, =
Ue +yv € B,.. From (4.7) we have

I/\,a(ue) < I)\,a(ue + Pyv) + G’YH’UHLP

which implies

I>\7a(u5 + ’}/U) - I/\,a(ue) + E'YH’U‘ 1,p > 0.
Consequently,
I)\,a(ue + VU) - I)\,a(ué)
—€l[vf[1p <
Y
and so

< Igva(ue;v).

Ix.a(ue — Iy q(ue
eflolls.p < lim sup Pealte £70) = Dalue)
v—0 0%
Now, since

I (w;v) = max (u,0), forall u,v e W),
’ Healk,a(us)

it follows that

“ellhy € Baluiv) = _mas (o).

Interchanging v and —v we obtain

Zellw < ma w.,—v) = — min w,v).
6|| | 1p = wEaIA,z((ue)< ’ > wEaIA,a(ue)< 7 >
Therefore,

. 1,
wearlril,il(ue)w’w <e|lv]|1,p, forallve W,P(Q),

concluding that

sup min <LU, ’U> S €.
HUH1,p<1W€aI,\,a,(u€)

By Fan’s Min-max theorem, we obtain

min sup (w,v) <e.
w€0Ixa(ue) Ju|;,,<1

Which along with (4.6]) yields the existence of u,, € B, such that

Daltm) =2 mlua) = _min [l = 0;
A,a n

that is, (u,) is a Palais-Smale sequence at the level ¢.
By lemma there exists us € VVO1 P(Q), where, passing to a subsequence if
necessary, we obtain

U, — uy i Wy P(Q), (4.8)
I)\@(U,Q) =c= in(%) I)\,a < 0.

Thus, vy is a local minimum point and consequently is a critical point of Iy ,.
Hence, following the same arguments made before, we have that us is also solution
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of the problem (1.2 and using the same arguments used in (i) with u; solution, we
obtain also ugy satlsfy (1).

Proof of (ii): By and (L9)), it follows that I 4(u2) < 0 < I o(uy).

Proof of (iii): We will show now that [{z € Q;u;(z) > a}| > 0, i = 1,2. We
begin with the solution u; obtained via the Mountain Pass Theorem. Suppose, by
contradiction, that u;(z) < a a.e, in Q. So

)\/Q/Ou H(t — a)(t*)? = 0.

By the above equality and since u; is critical point of I 4, we obtain

s 5,7 e = [

Note that
/hui“ < |h|oo/u1us+1 P
Q Q
and thus
— 1— —
[M (JJur [ )P~ Hlua |l , < \hloo/ﬂuzfui+ P < Olhlooa™ Pllualf,

which implies

[M(Jlus[[f )]P " < Clhloca™ 7P
Note that, there exists C' > 0 such that ||ui|| > C. Hence, using (H4); that is,
M(t) > 0 for all t > 0, there exists C' > 0 such that

0<C < [M(Jur]lf )P < Clhloca® P,

for all @ > 0, which is impossible.
We now consider the solution U2 obtained via Ekeland Variational Principle.
Suppose, by contradiction, that us(z) < a a.e. in . Thus

)\// H(t—a)(tT)g=0.

By the above equality and since uy is a critical point of I 4, we obtain

(M ([lusl? )17~ / hugt,

We will consider two cases:
Case (1): If 0 < [ug|l} , < t1, from (H;) we have

M([|uzl} ) > m1 > 0. (4.10)

Hence,

(M (JJuz]]? )17~ uz]lf, < |h|c>o/9u2u2+1 P < Clhlooa™ Pz}
that is,
M (g ) < Clhlca®* 17,
So [M(|luz|7 )] — 0 as a — 0 which cannot happen from (4.10).
Case (2): If [lug|l} , > t1, then M(||u2H p) > ]\/J\(tl) > 0, because M is increasing.

Moreover,
0 < [M(Juzl? )P~ fusll?, = / hut < [Blooa®+.
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Thus [M([[uz]} )P~ uz|lf , — 0 as a — 0. Since
1
s+1

Dya(uz) = M(Jluslly ) — /QhUSH > M(t1) — [M(||uz]]} )17~ [zl .

we obtain .
0 < M(t1) < Ina(uz) + [M(Jug|l} )P~ a7,

Because I 4(u2) < 0, we obtain

0 < M(tr) < [M([luzl? )" uzf -

Hence, as a — 0, we have ]\/Z(tl) = 0 for ¢; > 0, which is an absurd. With this, we

conclude the proof of the theorem.
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