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NON-TRIVIAL SOLUTIONS FOR TWO-POINT
BOUNDARY-VALUE PROBLEMS OF FOURTH-ORDER
STURM-LIOUVILLE TYPE EQUATIONS

SHAPOUR HEIDARKHANI

ABSTRACT. Using critical point theory due to Bonanno [3], we prove the exis-
tence of at least one non-trivial solution for a class of two-point boundary-value
problems for fourth-order Sturm-Liouville type equations.

1. INTRODUCTION

In this note, we prove the existence of at least one non-trivial solution for the
two-point boundary-value problem of fourth-order Sturm-Liouville type:

(pi(a)u ()" = (as(a)ul(a)) + ri(a)ui(e) = AP (z,ur,e . u) @€ (0.1),
ui(0) = wi(1) = (0) = /(1) = 0 (1)

for 1 < i < n, where n > 1 is an integer, p;, ¢;, r; € L°°([0,1]) with p; :=
essinfepo,11pi(x) > 0 for 1 <4 <n, A is a positive parameter, F': [0,1] x R — R
is a function such that F'(.,¢1,...,t,) is measurable in [0, 1] for all (¢y,...,t,) € R™,
F(xz,.,...,.)is C! in R™ for every x € [0, 1] and for every o > 0,
n
sup Z|Fti(x,t1,...,tn)\ € L*([0,1]),
[(t1,tn) <0 5=
and F,, denotes the partial derivative of F' with respect to u; for 1 <i < n.

Due to importance of fourth-order two-point boundary-value problems in de-
scribing a large class of elastic deflection, many authors have studied the exis-
tence and multiplicity of solutions for such a problem; we refer the reader to
[T 21 [, B 6, [7), 111, [14) 17] and references therein.

In [4], the authors, employing a three critical point theorem due to Bonanno and
Marano [8, Theorem 2.6], determined an exact open interval of the parameter A for
which system in the case n = 1, admits at least three distinct weak solutions.

The aim of this article is to prove the existence of at least one non-trivial weak
solution for for appropriate values of the parameter A belonging to a precise
real interval, which extend the results in [7]. Our motivation comes from the recent
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paper [5]. For basic notation and definitions, and also for a thorough account on
the subject, we refer the reader to [9, 12} [13].

2. PRELIMINARIES AND BASIC NOTATION

First we recall for the reader’s convenience [I6, Theorem 2.5] as given in [3]
Theorem 5.1] (see also [3, Proposition 2.1] for related results) which is our main
tool to transfer the question of existence of at least one weak solution of to the
existence of a critical point of the Euler functional:

For a given non-empty set X, and two functionals ®, ¥ : X — R, we define the
following two functions:

SUPyed—1(]ry,ra) \Ij(u) - \I/(’U)

r1,T2) = inf )
6( ! 2) ve®1(]ry,r2]) 9 — (I)(’U)
U (v) = SuPyeq-1(—oo.rmp Y(1)
p(r1,r2) = sup -
ve®=1(Jr1,m[) ®(v) =1

for all 71,70 € R, 71 < 7o.

Theorem 2.1 ([3| Theorem 5.1]). Let X be a reflexive real Banach space, ® : X —
R be a sequentially weakly lower semicontinuous, coercive and continuously Gateaux
differentiable functional whose Gditeaux derivative admits a continuous inverse on
X* and ¥ : X — R be a continuously Gateauzx differentiable functional whose
Gateaux derivative is compact. Put Iy = ® — AV and assume that there are r1,r9 €
R, 1 < 19, such that

B(ri,r2) < p(ri,r2).
Then, for each A E]W, m[ there is up,x € @~ (Jr1,72[) such that I (uo,») <
I(u) Yu € @~ (Jry, m2]) and I} (up,) = 0.

Let us introduce notation that will be used later. Assume that

% i 4 Ti -
R 2.1
m1n{7T2 P 7r4} b; (2.1)
where
p; = essinfocopi(z) >0, ¢ =essinfoe 1) qi(w), r; = essinf,co1)7mi(2),

for 1 < i <n. Moreover, set

. q._ r. qA_ r. [
g; ::mln{ﬁvﬁaﬁ—‘r#ao}) 51 = D; + o,

for 1 < i < n. LetY := H2([0,1]) N H&([0,1]) be the Sobolev space endowed
with the usual norm. We recall the following Poincaré type inequalities (see, for
instance, [I5, Lemma 2.3]):

1
]2 0,17 < ;HU;/HZLZ’([OJ])v (2.2)

1
sl 72 0,17y < g”uﬁzlﬂiz([o;}) (2.3)
for all u; € Y for 1 < ¢ < n. Therefore, taking into account (2.1))-(2.3), the norm

1/2

sl = ( / (i)l (@) 2 + @i(@)f (@) + 73 (@) s (2)]2) do )
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for 1 <i < n is equivalent to the usual norm and, in particular, one has

1
i 220,17y < = llwll (2.4)
for 1 <7 < n. We need the following proposition in the proof of Theorem
Proposition 2.2 ([4, Proposition 2.1]). Let u; € Y for 1 <i<mn. Then

1
uilloo < mllwll
for1 <i<n.
Put

1 1 1/2
ki = (Ipdllso + 5 lslloe + —glirallac)

for 1 < ¢ < n. It is easy to see that k; > 0 and §; < k; for 1 < i < n. Set
6 :=min{d;; 1 <i < n} and k := max{k;; 1 <i < n}. Here and in the sequel,
X =Y x---xY.

We say that u = (uq, ..., uy) is a weak solution to the (1)) if u = (u1,...,up) € X
and

_Z / (pi(@)u (2)v] () + qi(2)u;(2)v;(x) + ri(w)ui(2)vi(2)) do

—)\Z/ (@, un)vs(@)dz = 0

for every v = (v1,...,v,) € X. For v > 0 we denote the set

n

K() ={(tr,- - ta) €R™: > Jti| <7} (2.5)

i=1
3. RESULTS
For a given non-negative constant v and a positive constant 7 with 2(%”)2 #*
4096 n(kT)?, put
fol SUP(y, yerw) F (@t tn)de — fg,% F(x,7,...,7)dx
2222 — 1058 (lw)

n

where K (v) = {(t1,...,t,) ER" : 21" | |t;] < V} (see (2:)).

We formulate our main result as follows:

a-(v) =

Theorem 3.1. Assume that there exist a non-negative constant vy and two positive

constants vy and T with mvy < n4/ 4100986 nt and n %HET < 07wy such that

(A1) F(z,t1,...,tn) >0 for each (z,t1,...,t,) € ([0,3/8 U[5/8,1]) x [0, 7]™;
(A2) a (12) < (LT(Vl)
Then, for each \ €] (Dl), = (Vz)[ system (1) admits at least one non-trivial weak
solution ug = (uo1,...,Uon) € X such that

57TV 57TV
) Z Juoi* < 4(=2)*.
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Proof. To apply Theorem [2.1] to our problem, arguing as in [7, 0], we introduce
the functionals ®, ¥ : X — R for each u = (uq,...,u,) € X, as follows

Z i

\I/(u):/o F(z,ui(x),...,uy(x))dx.

It is well known that ® and ¥ are well defined and continuously differentiable
functionals whose derivatives at the point « = (uq,...,u,) € X are the functionals
D' (u), U'(u) € X*, given by

V)= / (pi(@)ug ()] (x) + i (z)uj(2)vi (@) + ri(x)ui(z)vi(2)) da,
i=170

:/o > Fuslw wa (@), o un(@)vi(2)de

for every v = (v1,...,v,) € X, respectively. Moreover, ® is sequentially weakly
lower semicontinuous, ®' admits a continuous inverse on X* as well as U is se-
quentially weakly upper semicontinuous. Furthermore, ¥’ : X — X* is a compact
operator. Indeed, it is enough to show that ¥’ is strongly continuous on X. For
this, for fixed (u1,...,u,) € X let (Uimy, .-« Unm) — (U1,...,u,) weakly in X as
m — +o00, then we have (U1, ..., Unm) converges uniformly to (uq,...,u,) on
[0,1] as m — +oo(see [18]). Since F(z,.,...,.) is C! in R™ for every z € [0, 1], the
derivatives of F are continuous in R™ for every = € [0,1], so for 1 < i < n,
Fu, (@, u1m, -« yUnm) — Fu,(z,u1,...,u,) strongly as m — oo which follows
U (Uimy -« s Unm) — U (ug,...,uy,) strongly as m — +oo. Thus we proved that
¥’ is strongly continuous on X, which implies that ¥’ is a compact operator by
Proposition 26.2 of [I8]. Set w(x) = (w1 (z),...,wn(z)) such that for 1 < i <mn,
—457 (2% — o) e 0,3,
wi(z) =471 [%,2}7
—6477@2 -%z+1) = G]g, 1],

”

ry = 2(5“”1)2 and ro = 2(6”2) . It is easy to verify that w = (wy,...,w,) € X,
and in particular, one has
4096 4096
TR s2r2 < 2 ¢ T2,
il < 52
for 1 <i <n. So, from the deﬁnltlon of ®, we have
4096 4096 5 o 4096 _ 2 o 4096 — .o
< < .
—= " Z 822 < d(w Z kit < — (k)

From the conditions 7y < ny/ 4100986717 and n %HET < 07y, we obtain

r1 < ®(w) < ro.
Moreover, from Proposition @ one has

1 n
s 3o < s Sl
- i=1

z€0,1] ;4
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for each u = (uy,...,u,) € X, so from the definition of ®, we observe that

<I>*1(] —o0,ra[) = {(u1,...,up) € X;P(ug,...,u,) <72}

= {(ur,. .., un) € X; ) JJuill* < 2ra}
=1

n 2
. 2 _
C{(ur,...,un) € X,El lu;(z)]° < 2 for all z € [0,1]}

C{(ur,...,uy) € X;Z lui(z)| < ve forall z € [0,1]},
i=1
from which it follows

sup U(u) = sup /0 F(z,ui(x), ... ,up(z))dx

(w1, un) €= (]—00,m2[) (U1,esun) €21 (] —00,m2])

1
< / sup F(z,t1,...,t,)dx.
0 (t1,..-,tn)EK(v2)

Since for 1 < i < n, 0 < w;(z) < 7 for each x € [0,1], the condition (Al) ensures
that
1

/§ F(x,wl(x),...,wn(m))dx—F/ F(x,wi(x),..., w,(x))dx > 0.
0

5
8

So, one has

SUPyed—1(]—oco,ra) \IJ(’U,) B \IJ(UJ)

<
B(ri,m2) < Ty — (w)
Jo 8P yer () F@,ty, .o tn)de — W (w)
- ro — ®(w)
< ar(v2)

On the other hand, by similar reasoning as before, one has

\Il(w) — SUDyed-1(]—o0,r1) \I/(u)

p(ri,rg) >

D(w) —rq

1
- U(w) — fo SUD(¢, ..t )€K (1) F(x,ty,...,t,)dz
- O(w) —ry
Z a’T(Vl)'

Hence, from Assumption (A2), one has 3(r1,r2) < p(r1,r2). Therefore, from The-
orem taking into account that the weak solutions of the system are exactly
the solutions of the equation ®'(u) — AP’ (u) = 0, we have the conclusion. O

Now we point out the following consequence of Theorem
Theorem 3.2. Assume that Assumption (A1) in Theorem holds. Suppose that

there exist two positive constants v and T with ny/ %HET < dmv such that
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(A3)
1 f oo, T)dT
fo SUD(4,, . t,)EK (v) F(x,ty,... ,tn)dm 108 ( ) 3 Ty .
V2 4096713 k T2 '

(A4) F(z,0,...,0) =0 for every x € [0,1]
Then, for each

drv
Ve :| 4(5)26n(k7_)2 2(T)2 |:
) 1 )
f§ F(z,7,...,7)dz  Jo SWy. )exw) F@ty,... ty)dx
8

system admits at least one non-trivial weak solution ug = (ug1,-..,Uon) € X
such that Y, [|willoo < v.

Proof. The conclusion follows from Theorem by taking »1 = 0 and vy = v.
Indeed, owing to our assumptions, one has

40{9(()}; Tk)
(1 — Vi) fO Sllp(tl’ tn)EK (V) F(!E tlv . ,tn)diIJ
2522 — ()2

n

ar(v2) <

4096 (1k 1
(1 — W(”)Q)) fO sup(thm th)EK (v) F(J?, tl, ce. ,tn)dl‘

2(§7TTV)2 4096 (kT)

1
Jo 8Py, iyerow) F(@,t, .. tn)d
()2 '

n

On the other hand, taking Assumption (A4) into account, one has

fQ%F(:E T,...,T)dz

109, ()2

= CLT(I/l).

Moreover, since
| LS ful?
TP NIEIE——
zel0,1] ;5 « (2m4)? i—1 '

for each u = (uy,...,u,) € X, an easy computation ensures that > ||uillec < v
whenever ®(u) < ro. Now, owing to Assumption (A3), it is sufficient to invoke
Theorem [3.1] for concluding the proof. O

Now, we point out a simple version of Theorem in the case n = 1. Let
pL=p, q =¢q, 1 =71, 0, =6 and k; = k. Letf'[Ol}xR—ﬂRbeanL2
Carathéodory function. Let F' be the function defined by F fo x, s)ds for
each (z,t) € [0,1] x R. For a given non-negative constant v and a positive constant

T with 2(6mv)? # 429 (kT)?, put
fol sSupyy <, F(z, t)dr — f§ F(z,7)dx
- 8

br(v) :=
2(6mv)? — %(IW)Q

Then, we have the following result.

Theorem 3.3. Assume that there exist a non-negative constant vy and two positive

constants vy and T with Ty < 41009867' and %kjr < 0wy such that
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(B1) F(x,t) >0 for each (x,t) € ([0,3/8 U[5/8,1]) x [0,7];;
(B2) br(r2) <br(v )

Then, for each A e]b LR (V [ the problem

(p(z)u” (x))" — (q(z)u(z)) + r(x)u(z) = Af(z,u) =z € (0,1),
w(0) = u(1l) =u"(0) =u"(1) =0

admits at least one non-trivial weak solution uy € Y such that 20w < |jug|| <
207vs.

We remark that if p(z) = 1, q(z) = —A4 and r(z) = B for every x € [0, 1], then
Theorem [3.3| gives [7, Theorem 3.1].

The following result gives the existence of at least one non-trivial weak solution
in Y to the problem in the autonomous case. Let f: R — R be a continuous
function. Put F(¢ o f(&)dE for all t € R. We have the following result as a
direct consequence of Theorem B3

(3.1)

Theorem 3.4. Assume that there exist a non-negative constant vy and two positive

constants vy and T with Ty < %T and %Im— < 0mvy such that
(C1) f(t) >0 for each t € [—vq, max{ve,T}];
F(v2)— 5 F(7) F(vi)—3F(7)
(C2) 2(57w2)2—fg%(k7)2 < 2(5wu1)2—fg%(k7)2‘

2(671'1/1)27%(]@7)2 2(671'1/2)27%(]“')2
Fn)—1F(r) F(v2)—$F(7)

(p(x)u”(2))" = (q(x)u’ ()" + r(z)ulz) = Af(u) @€ (0,1),
uw(0) =u(l) =u"(0) =u"(1) =0

Then, for each X €] [, the problem

(3.2)

admits at least one non-trivial weak solution ug € Y such that 1h < % < Uy,

4096 4096
Tos 7 and Tos kT < O,

we obtain 2(6mv1)? < 23%6(57)? and 120(kT)? < 2(67mr2)?, and so 2(6mry)? <
2(dm1g)?, and so vy < vy. Therefore, Assumptions (C1) means f(t) > 0 for each t €
[—v1, 1] and f(t) > 0 for each t € [—va, 1], which follow max; € [—v1, 11]F(t) =
F(v1) and max; € [—va, 1a|F(t) = F(r2). So, from Assumptions (C1) and (C2)
we arrive at assumptions (B1) and (B2), respectively. Hence, we achieve the stated
assertion by applying Theorem [3.3] observing that the problem () reduces to the

O

problem ([3.2]).

As an example, we point out the following special case of our main result.

Proof. Since § < k, from the conditions 7y <

Theorem 3.5. Let g : R — R be a nonnegative continuous function such that

lim;_,o+ £ Q = +00. Then, for each X €]0,2(67)? sup, W[

(p(z)u"(2))" = (a(x)u'(2)) + r(z)u(z) = Ag(u) € (0,1),
u(0) = u(1) = v (0) =u"(1) =0

admits at least one non-trivial weak solution in 'Y .

the problem

Proof. For fixed A as in the conclusion, there exists positive constant v such that

2
)\<2(57T

IGLS
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t
Moreover, lim,_, o+ @ = +oo implies lim;_,+ Lo gt(f)df = +o00. Therefore, a posi-
tive constant 7 satisfying |/2%¢kr < é7v can be chosen such that

1,4 x 4096 T g(&)d

14x k2)<f0 9(&)dg.
A 54 72

Hence, arguing as in the proof of Theorem [3.2] the conclusion follows from Theorem

B4 with 1y =0, v, = v and f(t) = g(t) for every t € R. O

Remark 3.6. For fixed p put A, := 2(07)? SUP,jo, p| f”gyfzg)dg' The result of Theo-
0

rem [3.5( for every A €]0, A,[ holds with |ug(x)| < p for all z € [0, 1] where ug is the
ensured non-trivial weak solution in Y (see [7, Remark 4.3]).

We close this article by presenting the following examples to illustrate our results.

example 3.7. Consider the problem

(3ewu//)// _ (( 2 7_‘_Q)U/)I + (,’EQ _ 7T4)’LL — )\(1 + e—u+

w(0) =u(1) =0, «"(0)=u"(1)=0
where vt = max{u,0}. Let
g(t) =1+ e (1@~ 1)

for all t € R where t* = max{t,0}. It is clear that lim;_q+ @ = +o00. Note that
4 we have 0 = —2, and so § = 1. Hence, taking
2

e by

TFemA = Tre
applying Theorem for every A €]0, 2112:[ the problem (3.3) has at least one
non-trivial classical solution ug € Y such that |Jugllec < 1.

p~=3,¢ =—-nandr = —7
2
Remark into account, since sup,¢o 1| m = SUpP,¢jo,1]
AT :

example 3.8. Put p(z) = 1, q(x) = 72, r(x) = x — 7 for all z € [0,1] and
g(t) = (1 + t)e! for every t € R. Clearly, one has o = (1 — ﬂ—ls)% Hence, since

v? v? 1

sup —p— 7 = Sup —— =
veloal Jo 9(&)de  veoarve’ e

)

21—
from Theorem taking Remark into account, for every A €]0, #[ the
problem
v 2.1 u
uw”’ —7mu” + (z—mu=A1+ue" ze€(0,1),
(@=mpu=A1+we" e (1) ",

w(0) =u(l) =0, «"(0)=u"(1)=0
has at least one non-trivial classical solution ug € Y such that |Jugl|e < 1.
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