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SOLVABILITY OF NONLOCAL PROBLEMS FOR SEMILINEAR
ONE-DIMENSIONAL WAVE EQUATIONS

SERGO KHARIBEGASHVILI, BIDZINA MIDODASHVILI

ABSTRACT. In this article, we prove theorems on existence, uniqueness, and
nonexistence of solutions for nonlocal problems of a semilinear wave equations
in one space variable.

1. INTRODUCTION

In a domain © : 0 < xz < [,0 < t < I, we consider the question of finding a
solution u(z,t) to the nonlocal problem

Lyu := Uy — gy + Mf(x,t,u) = F(z,t), (x,t) €Q, (1.1)
satisfying the homogeneous boundary conditions
u(0,t) =0, wu(l,t)=0, 0<t<lI, (1.2)

the initial condition
u(z,0) = ¢(z),0 <z <1, (1.3)
and the nonlocal condition
Ky up = w(2,0) — pug(x,l) = ¢(x),0 <z <, (1.4)

where f, F, ¢, 1 are given continuous functions; A and p are given nonzero constants.
The agreement conditions: ¢(0) = ¢(I) = ¥ (0) = (1) = 0, —¢”(0) + Af(0,0,0) =
F(0,0), —¢"(1) + Af(1,0,0) = F(l,0) represent necessary conditions for the solv-
ability of —.

There are many articles devoted to the study nonlocal problems for partial differ-
ential equations. In the case of abstract evolution equations and hyperbolic differ-
ential equations we refer the reader to |11, 2 [3] 51 6 [7), 8 [10L [12} (13| (14}, 15 16}, 17, 20].

Definition 1.1. Let f € C(Q x R), F € C(Q) and functions ¢ € C*([0,1]),7 €
C(]0,1]) satisfy the agreement conditions ¢(0) = ¢(I) = ¥(0) = ¥(I) = 0. Let
I'=T7UTl, whereI'y : 2 =0,0<t <[, Ty:2=10<t<I We call function
u a strong generalized solution of - of the class C in the domain €, if
u € COT) := {u € C(Q),ulr = 0} and there exists a sequence of functions
u, € C?(Q) N C°Q,T), such that u, — u and Lyu, — F in the space C(Q),
Up|t—0 — ¢ in the space C([0,1]), and K, u,; — 9 in the space C([0,1]).
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Remark 1.2. Note that a classical solution of (L.I)-(L.4) in the space C?(Q) rep-
resents a strong generalized solution of this problem of class C' in the domain 2 in
the sense of Definition In turn, if the generalized solution of — of the
class C in the domain €2 belongs to the space C%(Q), then it will be also a classical
solution of this problem. Note that a strong generalized solution of — of
the class C' in the domain () satisfies the conditions , in the ordinary

classical sense.

Remark 1.3. Even in the linear case; i.e., for A = 0, problem — is not
always well-posed. For example, when A = 0 and |u| = 1, the corresponding to
— homogeneous problem has infinite set of linearly independent solutions
(see the Lemma [3.3]).

This work is organized as follows. In the Section 2 we study semilinear equation
(1.1)), when for || < 1 a priori estimate is valid for the strong generalized solution
of l} of the class C in the domain €2 in the sense of Definition In
the Section 3 we reduce problem — to an equivalent nonlinear integral
equation. In the Section 4, base on the results obtained in previous sections, we
prove theorems on existence and uniqueness of a solution of —. Finally,
in the Section 5, using the method of test-functions [I8], we show that when the
conditions of nonlinear term of , introduced in the Section 2, are violated then

problem ([1.1))-(1.4) may not have solution.
2. A PRIORI ESTIMATE FOR THE SOLUTION OF (|1.1])-(1.4])

Let u
gz, t,u) = / f(z,t,s)ds, (z,t,u) € QxR. (2.1)
Consider the following COHditiO(ilS imposed on function g = g(x,t,u):
gz, t,u) > —My, (x,t,u) € Q xR, (2.2)
g € C(QAxR), gz, t,u) <My, (z,t,u)€QxR, (2.3)

where M; is a non-negative constant for i = 1, 2.

Lemma 2.1. Let A > 0, |u| < 1, f € C(Q xR), F € C(Q), ¢ € CL([0,1]),
¥ e C([0,1)), 9(0) = (i) = $(0) = P(I) = 0, and the conditions 22, @.3) be
fulfilled. Then for the strong generalized solution v = u(x,t) of (1.1)-(1.4) in class
C in the domain Q in the sense of Definition [1.1], following a priori estimate is
valid:
1/2
lullo < el Fllo + ealla(@,0, 0@ + eslelleron
+ call¥lleqon) + s

with nonnegative constants ¢; = c;(A, p,l, My, Ms) independent of u, F,¢,v, and
c; >0 fori <5.

Proof. Let u be a strong generalized solution of (1.1)-(1.4) of class C'in the domain
Q. In view of Definition there exists a sequence of the functions u,, € C*(Q) N
C%(Q,T) such that

nlggo l[un — U”c(ﬁ) =0, nhHH;o [ Laun — F”c(ﬁ) =0, (2.5)

(2.4)

Jim fugli=o = @llerqoy =0, Im (| Ky un — Fllogo. = 0, (2.6)
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and therefore
nh_}H;o Hf(v '7un('7 )) - f( )’ ( ))”C(Q) =0.
Consider function u,, € C?(2) N C°(Q,T) as a solution of the problem

Lyuy, = Fy, (2.7)
un (0,t) = 0,u,(l,t) = 0,0 <t <, (2.8)
un(x,0) = pn(x),0 <z <1, (2.9)
Kytne = ¢n(2),0 <z < L. (2.10)
Here
Fp i= Ly, on = Un|i=0, ¥n(x) := K un;. (2.11)

Multiplying both sides of the equation (2.7)) by w,; and integrating in the domain
Qr ={(z,t) e Q:t <7}, 0 <7<, due to the (2.1f), we have

1 0 /0u,\2 0%u,, Ouy,
Z/ng&(ét) dedt= | e o
+)\/ %(g(z,t,un(a:,t)) d:z:dt—/\/ ge(x, t,up (2, t) doe dt (2.12)
Q- -
ouy,
= F,— .
/Q, " 5y dx dt

Let w, : 0 <z <l,t=7;0 <7 <! and denote by v := (v, 1) the unit vector of
the outer normal to 0€),. Since

= 0’ = —]_’

Vg =1, ut\rzo, I/t|w =1, Vt’woz_l’

wrUwg V1|F1 Vm‘FQ -

taking into account the equalities (2.8)) and integrating by parts, we obtain

1 0 /0u 2 1 ou 2 1 1
- | =(=2) dedt== _n ds — = 2 g = 2 g
Q/QTﬁt(at) t 2/(99T(8t)yt8 Q/WTUmCE Q/w(,untx’

(2.13)
2
—/ %%d dt = / F(uim)tf(umum)m] dx dt
q. O0x% Ot Q L2
- i ' (2.14)
= f/ ufmdxff/ uixdm,
2 wr 2 wo
A d((xtu(x t)) d dt
Q, dt "
=A g(x, t,up(z, t)ve ds (2.15)

o0,

:)\/ g(x,t,un(x,t))dx—)\/ g(x, t,up(z,t))d.

T 0

In view of (2.13), (2.14), (2.15) from (2.12)) we obtain

[ 2o
:/ [uflt—i—ufm]dm—w\/ g(x,t,un(x,t))dx—l—Q)\/ g(x,t,up(x,t))dx (2.16)
wo w w

0

-

+2)\/ ge(x, t, up (z, ))dmdt+2/ Foupn dex dt.
Q

-



4 S. KHARIBEGASHVILI, B. MIDODASHVILI EJDE-2012/28

Since g € C(Q x R), then due to (2.6), for any ¢ > 0 there exists the number
N = N(e¢) > 0 such that

(2, 0, un(z, 0)llcon < llg(z,0,0(z))llcqor) +€ n> N. (2.17)
Below we assume that n > N. Let
wp(7) == / [u2, +u2,]dz. (2.18)

Since 2F ;< € 'F2 + elunt for any €; = const > 0, then due to (2.2), (2.3),
and - from it follows that

wy (1) < wn( ) + 2XM; 42X (|lg(z, 0, o(x)) I (o) + €)

+ 2N Mo + €1 /
Q-

2.19
uitdasdt—i-el_l/ F2dzdt. (2.19)
QT

Taking into account that

/ uitdasdt:/ {/ uitda:}dsg/ {/ [uit—kufm]dz}ds:/ wy (s)ds,
Q. o tu, o tu, 0

from (2.19) we obtain
Wn (T)

< 61/ W (s)ds + wn (0) + 2\ [ My + M + ||lg(x,0, o(2))l (o) + €] (2.20)
o .

+e;1/ F2dzdt, 0<71<I.

-

Because 2, C Q, by the Gronwall’s Lemma [I1, p. 13], from (2.20) it follows that
for 0 < 7 <1,

wn(7) < [wa(0) + 22 (M + M; + g (2, 0, (@) oo +€)
+ T BBl | e
Using the inequality
la+b|? = a? + 0> +2ab < a® + % + e2a® + €5 0% = (1 + e2)a® + (1 + e5 )b? Ve > 0,
from , we have
[t (22, 0)|* = [ (2, 1) +b ()[* < |pl? (L €2)up, (2, 1) + (16 pn(2)?. (2.22)

From which we obtain

/u dxf/|umx0\dx

< |l (1+62)/ 2 (x,D)de + (14 €3t /z/)Q dx (2.23)

0

PO+ [ udde (14 G o
wi
In view of - ) from , we have
/ u?, dr < wy(l) < [/ gpfwdx—k/ uitdx—kM?,} el (2.24)
wy wo wo

(2.21)
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where

Ms = 2X(My + M + [|g(z, 0, 0(2)) || co.0) +€) + 6;112||Fn||2c(§). (2.25)
From ([2.23) and (2.24) it follows that
/ ul de < |p)?(1 + ) [/ @2 dx +/ u?,dx + Ms|e !
wo wo wo

+ (1 + & ) UYnllZ qo.)-

Because |u| < 1, then positive constants €; and e can be chosen so small that

(2.26)

p = |21+ e)ett < 1. (2.27)
Due to (2.27)), from (2.26)) we obtain
/ u? de < (1—pp)~ ! [|M|2(1 + 62)(/ @2 dr + M3>eelz
wo wo (228)
+ (U Gl oy |
From (2.9) and (2.28) it follows that
wn(©) = [ (i, +ulJds
wo

< [ ot (- [P+ e ([ ehadoor M )e
wo w

0

+(1+ 651)l||¢n||§;([o,z])] (2.29)
< UlpnlZaqoay + (1 = )~ (101 + €2) (Uipn B go.g) + Ms ) e
(L & U o]
In view of and , from we obtain
wn (1) < [”Wn“%l([o,z]) + (L= ) [P+ e2) (Ulenll B o) + Ms)e™! (2:30)

+ (1 + 6271)”‘1#71”%'([0)”)} + M3} el 0<T<I.

In view of (2.8)), (2.18)), using the Schwartz inequality, for any (x,7) € Q we have
x 2 xr x
unle, ) = ([ wnatee)” < [ 12de [ cenag
0 0 0

l
<1 / (€, T)dE = 1 / w2, di < lwn (7).
0 [

from which it follows that
tn (2, 7)] < [lwn (1)]Y2 V(z,7) € Q. (2.31)

Using the inequality
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and taking into account (2.25]), from (2.30]) and (2.31)), we obtain

1/2
fn (2, )] < 1| Fullogy + c2llgl@, 0, 0@) 14200, + esllenllor o

~ (2.32)
+ callvnlleqoy) +Es(e) V(z,7) € Q.
Here
¢ = 6;%13/%&/27 ca = (202l ap = (1 — p1) TP (1 4 eg)e® ! 4 el
(2.33)
es = 21+ (1= ) U1+ e)ecr!] Zedal, (2.34)

ey =(1- ul)_%(l + 651)1/2l6%61l, és(€) = 1(2xay) Y2 (M + My + €)Y/2, (2.35)

where positive constants eq, o, uq satisfy (2.27)), and M;, Ms are from (2.2) and

(2.3).
Since ([2.32)) is valid for any € = const > 0 and natural number n > N (e), then,

passing in the (2.32)) to the limit for n — oo, in view of (2.5) and ([2.6), we obtain
a priori estimate (2.4]) with constants c1, ¢z, c3 and ¢4 from (2.33))-(2.35)), and for c5

we have

5 1= lim G (e) = U(2Aa1)/*(My + Mz)"/2, (2.36)

This completes the proof. (I

3. REDUCTION OF (1.1)-(1.4) TO A NONLINEAR INTEGRAL EQUATION

First let us consider in the domain 2 : 0 < z,¢ < [ the linear mixed problem

Ut — Uz = F(2,8), (2,t) €Q, (3.1)
u(z,0) = uo(x), w(x,0)=wui(x), 0<z<I, (3.2)
u(0,t) =0, wu(l,t)=0, 0<t¢<l, (3.3)

where F' € C1(Q),uo € C%([0,1]),u1 € C([0,1]) are given functions, satisfying the
agreement conditions

uo(0) = uo(l) = u1(0) = us (1) = 0, —ug(O) = F(0,0), _ug(l> = F(l,0).

For obtaining the solution u € C?(Q) of (3.1)-(3.3) in convenient form we divide
the domain 2, being a quadrate with vertices in points O(0,0), A(0,1), B(l,1) and
C(1,0), into four right triangles Ay = AOO1C, Ny = AOO1 A, A3 = ACO1B and
Ay = AO1AB, where point O;(1/2,1/2) is the center of quadrate Q. In the triangle
A1 = AOO;,C the solution of —, as it is known, is given by the formula

M4, p. 67]

x+t
u(z,t) = %[uo(m+t)+uo(x—t)]+%/ uy (7)dr
o (3.4)

1
+§/Q1 F(& r)dédr, (z,t) € A\,

x,t

where Qi,t is a triangle with vertices in points (z,t), (¢ — ,0) and (¢ + z,0).
For obtaining the solution of (3.1)-(3.3)) in the other triangles Ay, Az and Ay,
we use the equality [4, p. 66]

u(P) = u(Py) + u(Ps) — u(Ps) + % /PP . F(¢,7)d€ dr, (3.5)
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which is valid for any rectangle PPy P,P; C Q characteristic for (3.1), where P, Ps
and P;, P, are opposite vertices of this rectangle, besides, the ordinate of point P
is greater than the ordinates of other points. Indeed, if point (z,t) € Aa, then,
using the equality for characteristic rectangle with vertices in points P(z,t),
Pi(0,t—x), Py(t, z), Ps(t —x,0) and the formula for point Pa(t,z) € Ay, and
taking into account (3.3)), we obtain

) = u(P) (P —u(P) 5 [ P g

t+x
:—uo(t—x)—l—%[uo(t—x)—i—uo(t—i—m)]—i—%/t uy (T)dr

—x

1 1
vy ), Fensirg [ s (36)

t+x
= %[uo(t +x)—uo(t—z)| + %/tiz uy(7)dT

1
+ = F(¢,m)dédr, (z,t) € Ns.
2 Joz,

Here Qi’t is a quadrangle PP1152P37 where Py = P, (t + x,0). Analogously,

1 2l—t—x
u(z,t) = —[up(x —t) —ug(2l —t — )] + = uy(7)dr
2 2 /H (3.7)

3 [, Pl @€,

x,t

1 2l—t—x
u(z,t) = —=[up(t — ) +uo(2l =t — )] + = up(7)dr
2 2 /t_x (3.8)

+;/QitF(§,T)d§dT, (z,t) € Ay

Here O3 , is a quadrangle with vertices P?(x,t), P}(l,t + « — ), P§(x — ¢,0) and
P3$(21—t—2,0), while Q} , is a pentagon with vertices P*(z,t), P{(0,t—x), Py (t—
z,0), Py(2l —t — 2,0) and P{(l,t +x — 1).

Remark 3.1. Note that for F' € C(Q), up € C*([0,1]),u1 € C([0,1]), satisfying the
agreement conditions ug(0) = ug(l) = u1(0) = u1(I) = 0, the function u € C*(Q)
represented in €2 by formulas , — is a generalized solution of f
of the class C.

Further, usmg formulas , . 3.8) let us solve a linear problem corre-
sponding to ., ie., When in 1.' the parameter A\ = 0 and the problem
has the form

Lou == uy — = F(m t), (z,t)eq (3.9
u(0,t) = O,u(l,t) = 0<t<l, (3.10)
u(z,0) = p(x), O <z <l (3.11)

Kuup = w(x,0) — puy(z,l) =(z), 0<a<L (3.12)
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Indeed, differentiating the equality (3.8) on ¢, we have

i, 1) = — 3 [uh(t — ) — (21—t — )]

. (3.13)
- §[u1(2l —t—z)+ui(t — )]+ Fi(z,t),
where
i o~—9[1/m F(&,7)dgdr] (3.14)
1\Z, = ot L2 Qit , T T|- .
From ([3.13)) for ¢ = [ we obtain
u(z,l) = —ur(l —z) + Fi(z,l), 0<azx <l (3.15)

Substituting (3.15) in (3.12)), with respect to unknown function wu;(x) = u(z,0),
we obtain the functional equation

up(x) + pur(l —2) =¢1(z), 0 <z < L. (3.16)
Here
1(z) = (x) + pFi(z, 1), 0 <z <. (3.17)
Putting in the value [ — = instead of x we obtain
pur(z) +u(l—z) =p1(l—x), 0 <z <L (3.18)
For |p| # 1, eliminating u; (I — z) from the system , , we have
ui(z) = (1= p?) (i (@) — i (1 = ), (3.19)

Substituting in (3.4)), (3.6)-(3.8)) the function p(z) from (3.11)) instead the function
uo(x), and the right side part of (3.19)) instead of the function wu;(x), fulfilling the
certain conditions of smoothness and agreement imposed on the functions F, ¢ and

1, we obtain a unique solution v = u(x,t) of (3.9)-(3.12).

Remark 3.2. It is easy to see that for || = 1 the homogeneous equation, cor-
responding to , has an infinite set of linearly independent solutions, which
for 4 = 1 are arbitrary odd functions u{ with respect to point z = [/2; i.e.,
ud(1/2 +€) = —uf(1/2 — &), |€] < 1/2, while for u = —1 they are arbitrary even
functions u{ with respect to point x = 1/2; i.e., ul(I/2+ &) = uf(1/2-€), |¢| < 1/2.

Due to (3.4), (3-6)-(3-8), (3-19) and Remark [3.2] the following lemma is valid.

Lemma 3.3. Let F € CY(Q), ¢ € C?([0,1]), ¥ € C*([0,1]) and the agreement
conditions (0) = (1) = ¥(0) = ¥(l) =0, —¢"(0) = F(0,0),—¢" (1) = F(1,0) be
fulfilled. Then for |u| # 1, problem (3.9)-(3.12)) has an unique solution u € C%(Q),
which is given by formulas , —@wher@ instead of ug(x) must be put
o(z) from and instead of the function ui(x) must be put the function from
(3.19). These formulas, when |u| # 1 and F € C(Q), ¢ € C1([0,1]),v € C([0,1])
with the agreement conditions p(0) = ¢(1) = ¥(0) = () = 0, give the function
u € C1(Q), being a generalized solution of — 3.12) of the class C'. Finally, for
|| = 1 the homogeneous problem, corresponding to (3.9 —, has an infinite set
of linearly independent solutions of the class C%(Q), which are given by formulas
(B-4), B-6)-(B-8), where F = 0,up = 0, and uy € C([0,1]),u1(0) = ua(l) = 0 is

an arbitrary odd (even) function with respect to point x = /2 in the case p = 1
(n=-1).
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Remark 3.4. In view of Lemma and formulas . . -

and -7 it is easy to see that for || # 1 a unique solutlon u € C?*(Q) of .
can be represented in the form

u(z,t) = (lo_l(go, 1/1))(1,15) + (LalF) (z,t), (x,t) €, (3.20)

where lo_l(ga, 1) represents a solution of — for F =0, and Lo_lF is also a
solution to this problem for ¢ = 0,1 = 0. Note that for ¢ € C1([0,1]),% € C([0,1])
and ¢(0) = (1) = 9(0) = (1) = 0 the function I;* (¢, 1) is a generalized solution
of (3.9)-(312) of the class C'(Q) for F = 0, and when F € C(2) the function
Ly 'F is a generalized solution of this problem of the class C''(Q) for ¢ = 0,1 = 0.
In this case the linear operator I;* : C°1([0,1]) x C°([0,1]) — C(Q) is continuous,
where CO%([0,1]) := {x € C¥([0,1]) : x(0) = x(I) = 0}; i.e.,

155 (e D) oy < @ll(@, ¥)llcor o,y x oo, (3.21)

for all (p,9) € C°1([0,1]) x C°([0,1]) with positive constant & not depending on
(0, %)

Remark 3.5. Using standard reasoning one may show that the operator L ! from
(3.20)), being a linear integral operator, acts continuously from the space C(£2) into
the space C1(Q); i.e.,

1L5 Fllor i < coll Fllogy VF € C@) (3.22)
with positive constant ¢y, not depending on F.

Remark 3.6. Since the space C1(2) is compactly embedded into the space C(9)

[ p. 135], in view of the operator Ly' : C(Q) — C(Q) from is
a linear compact operator. One may come to the same conclusion noting that
the continuous operator Ly' : C(Q) — C(Q) maps bounded in C(Q) sets into
equicontinuous sets, and further using the criterium of precompactness of a set in
the space C(Q) [19, p. 414].

Remark 3.7. If u € C%(Q) is a classical solution of (I.1))-(1.4), then due to the
representation (3.20) it will satisfy the nonlinear integral equation

u(x,t) + )‘(Lalf’u:u(m)) (z,t)
= (I (@) (@,1) + (Lo ' F) (1), (w,1) € Q.
Lemma 3.8. Let f € C1(Q x R). A function u € C(Q) is a strong generalized

solution of (L.1)-(1.4) of the class C in the domain Q) in the sense of Definition

if and only if it is a continuous solution of the nonlinear integral equation (3.23).

Proof. Let u € C(Q) be a solution of (3.23). Since F € C(Q) (¢ € C([0,1]),
¥ € C([0,1]), ¢(0) = ¢(l) = 1(0) = 1(I) = 0), and the space C*(Q) (C*([0,1]))
is dense in C(Q) (C*1([0,1]), k1 < k) 21 p 37], then there exist the sequences of
functions F,, € C%(Q ) gan € C2([o, l]) and E Cl([O l]) such that ¢, (0) = ¢, (I) =

and

(3.23)

Jim [|Fy = Fllog) =0, lim lon —@ller o =0

_ 3.24)
lim ||, — ¥[lco,g) =0 |
n—oo
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Since u € C(f) represents a solution of the integral equation (3.23)), as it is easy
to verify u|r = 0; ie, u EiCO(Q,F), and therefore there exists the sequence of
functions w,, € C%(Q) N C°(Q,T) such that

nh_)rrgo [wn — ullo@) = 0. (3.25)
Let
Uy, = —ALglf]u:wn + 15 (s tn) + Ly F. (3.26)

Since wn‘p =0, 790%(0) + )‘f(oa 0’0) = Fn(ov 0); —(pﬁ(l) + )\f(l,0,0) = Fn(l,O),
it is obvious that —¢!(0) = (=Aflu=w, + Fn)(0,0) and = (1) = (=Af|u=w, +
F,)(1,0). Therefore, since f € C*(Q x R), w, € C*(Q),F, € C*(Q) and ( —
Mluzw, + Fn) € C1(Q), then in view of Remark the function u,, from
belongs to the space C2(2) N C°(,T), and
un|t=0 = ©n, K,uun - 'l/}n (327)
From (3.21)), (3.22), (3.24)-(3.27) it follows immediately that

wn(@,8) = | = ALG flumuten) (@:8) + (50, 9)) (@,8) + (L5 F) (1)
in the space C(Q). Also, from it follows that
7)‘(L0_1f|u=u(w,t))(xa t) + (l()_l((pa 1/1)) (I‘, t) + (L(TlF) (.I, t) = U(JZ, t)'

Therefore,

nh_}rrgo [un — ullo@) = 0. (3.28)
Due to Remark from (3.26) it follows that Lou, = —Af|y=w, + F and, there-
fore,
Lyuy, = Lou, + )‘f|u=un = _/\f|u=wn + I, + )\f|u=un

3.29
= A )~ F) F A )~ fCa) B O
Since f € C(Q x R), in view of (3.25)), (3.28) from (3.29), we have
i Lyt — Pyl =O. (3.30)
Due to (3.24) and (3.27)), we have
Jim [Jupli=o = ¢llorouy =0, Im [[Kyun = dlloqon) = 0. (3.31)

Therefore, from (3.28)), (3.30) and (3.21) we conclude that a continuous solution
u € C(Q) of the nonlinear integral equation is also a strong generalized
solution of — of the class C' in the domain €2 in the sense of Definition
The inverse is obvious. O

4. EXISTENCE AND UNIQUENESS OF THE SOLUTION TO (1.1 - (1.4)
Rewrite the equation (3.23) in the form

w=Tu:= —A(Lglﬂu:u(x,t)) (z,8) + 15 (0, ¥) + Ly ' F, (4.1)

where operator T : C(Q2) — C(Q) is continuous and compact, since the operator
N :C(Q) — C(Q), acting according to the formula Nu := —\f(x,t,u) is bounded
and continuous, and the linear operator Ly ' : C(Q) — C(Q) due to Remark it
is compact. Here we take into account that the component Tiu := lo_l(go, 1/1)+L31F
of the operator T from is constant, and therefore, continuous and compact
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operator, acting in the space C ( . At the same time, according to Lemmas
and [3.8] and also (2.2), [2.3), [2:33)-(2:36) for any parameter 7 € [0,1] and every
solution u € C(Q) of the equatlon u = 7Tu it is valid a priori estimate with
the same constants ¢;, ¢ = 1,...,5, not depending on u, F, ¢, and 7. Therefore
according to the Leray—Schauder theorem [22, p. 375], the equation (4.1) for the
conditions of the Lemmas and [3.§ . 8 has at least one solution v € C ( ) In this
way, due to the Lemmas [2.1] - [3-8land also Remark [3.6] we have proved the following
theorem.

Theorem 4.1. Let A > 0, |u| < 1, f € CL(Q xR), F € C(Q), ¢ € C*([0,1]),
v e C([0,1]), v(0) = ¢(I) = 1(0) = (1) = 0 and the conditions (2.2)), be
fulfilled. Then - has at least one strong gemeralized solution of the class
C in the domain Q) in the sense of Definition |1.1]

Remark 4.2. Since (3.23) can be rewritten in the form of (3.20):

U(:L’,t) = (151(@7¢))($7t) + (Lal( - Aflu:u(x,t) + F) (.’E,t), (ZL’,t) € Qa
in view of Lemma [3.3] and Remark [3.4] the generalized solution u of the class
C, the existence of which is asserted in the Theorem belongs to the class
C1(Q). Moreover, if we require in addition that F' € C*(Q), ¢ € C*([0,1]), ¢ €
C'([0,1]) and ¢(0) = ¢(I) = ¥(0) = ¥(I) = 0, —¢"(0) + Af(0,0,0) = F(0,0),
©"(1) +Af(1,0,0) = F(l,0), then this solution will belong to the class C?(Q); i.e.,
it will be a classical solution of m—m

Remark 4.3. Let us consider some classes of functions f = f(x ,t,u) frequently
encountered in applications and which satlsfy the conditions (| . 2.3):

1. f(z,t,u) = fo(x, t)d)( ), where fo, 2 fo € C( ) and ¢ € C(R). In this case
gz, t,u) = folz,t) [} v dsandwhenf0>0 2 £, <0, Jo w(s)ds > —M, M is
a non-negative constant the conditions , (2.3) will be fulﬁlled

2. f(z,t,u) = fo(z,t)|u|*sgnu, where fo, %fo € C(Q) and a > 1. In this case
g(z,t,u) = fo(z,t) lzlﬁl and when fy > 0, gt fo <0, the conditions , will
be fulfilled.

3. f(z,t,u) = fo(z,t)e", where fo, 2 fo € C(Q). In this case g(z,t,u) =
f(z,t,u) and when fo > 0, %fo < 0, the conditions (2.2)), will be also fulfilled.

Therefore, if function f € C*(2 x R) belongs to the one of the classes considered
above, then according to the Theorem problem - is solvable in the
class C in the sense of Definition [[1]

Remark 4.4. Let us consider the example of the function f, Which is also often
encountered in applications, when at least one of the conditions and . is
violated. Such function is
flz,t,u) = folz, t)|u]®, a>1, (4.2)
where fo, %fo € C(Q) and fy # 0. In this case due to (2.1) we have g(x,t,u) =
folz,t)2 and since @ > 1 and fo # 0, then the condition (2.2) will be violated.
It % fo # 0, then the condition (2.3)) will be also violated. Below we show that
when ([2.2]) and (2.3]) are violated then the problem (|1.1)-(1.4) may be insoluble.
Let us consider the uniqueness of the solution of (I.1)-(1.4). Let the function f
satisfy the Lipshitz local condition on the set 2 x R with respect to variable u; i.e.,

|f($,t,’U,2)*f(1',t,U1)| SM(R”’UQ*UH, (.’ﬂ,t) Eﬁ, |u74| SR? i:172a (43)
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where M = M(R) is a non-negative constant, it is nondecreasing function of vari-
able R.

Theorem 4.5. Let [u| <1, F € C(Q);¢ € C'([0,1]),v € C([0,1]), ©(0) = ¢(I) =
¥(0) = (1) = 0, function f € C(QxR) and satisfy the condition [d.3). Then there
exists a positive number \g = No(F, f, ¢, 11,1) such that for 0 < A < Ao, problem
— can not have more than one strong generalized solution of the class C
in the domain Q in the sense of Definition[1.1]

Proof. Suppose that (1.1])-(1.4) has two strong generalized solutions u; and ug of
the class C' in the domain 2. According to Definition [I-1] there exists a sequence of
functions u;, € C%(Q) N C°(Q,T) such that

Jim Jujn = ujllog =0, lim [|Laujn — Fllog) =0, (4.4)
Jim lujnli=o = @lloroay =0, lm [[Kyuujne = Plloqo =0, (4.5)
for j = 1,2. Let v, = ugn — u1,. It is easy to see that the function v, €
C?(Q) N C°(Q,T) represents a classical solution of the problem
0? 0?
(@ — @)vn = (Fu+gn)(z,t), (z,t)€Q, (4.6)
v (0,8) = 0,v,(1,t) = 0,0 <t <, (4.7)
n(2,0) = pp(2),0 <z <, (4.8)
K vpt = vnt(2,0) — pope(x,1) = ¢ (2),0 <2z < L (4.9)
Here
In = A f(z, t,urn) — [z, t,usy)), (4.10)
F,, := Lyus, — Lyuin, (4.11)
Pn = Unli=0, (4.12)
Yy 1= KU (4.13)

From the proof of Lemma it follows easily that a priori estimate is valid
in the linear case too; i.e., when in the parameter A = 0. In this case due to
2.33 —, determining the constants c;, we have ca = ¢5 = 0 and the estimate
2.4]) takes the form

lulle@) < allFlem) + esliellcrqon + callélleqon, (4.14)

where the constants ¢y, c3 and ¢4 do not depend on the parameter A and the func-
tions u, F, ¢, 9.

In view of (#.14) for the solution v, € C%(Q) N C%(Q,T) of (4.6)-(.9), the

following estimate is valid

lvnllo@) < ellFn + gnllo@) + esllenllor o + callvnlleon)- (4.15)
From , and — it follows that
Jim [|Fallo@ =0, lim lenllcrqon) =0, lim [[¢nllcqon =0 (4.16)
Due to a priori estimate for the solutions u; and uy of —, we have
lujllo@ < ms+APmy, §=1,2, (4.17)

where according to (2.33))-(2.36) positive constants m; = m;(u,l, My, Ma, F, @, 1)),
1 = 3,4, do not depend on .
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Let us fix arbitrarily the number A; > 0 and put My = M(ms3 + A}/2m4 +1),
where M = M(R) is nondecreasing function from (£.3). In view of for any
€ > 0 there exists number N > 0 such that |[ujnllc@) < luillo@) + € J=1,2, for
n > N, and, therefore, for 0 < A < A1, taking into account , we have

lujnllo < ms+A2ma+e<ms+ A *ma+e, j=1,2n>N.  (4.18)
From , and for 0 < A < A; and € =1 it follows that
lgnllc@y < Allf (2t uin) = fa,t uzn)llo@y < AMollvall o, (4.19)
for n > N. Due to and we have
[onlle@) < allFallo@ +AaMollonllom) + esllenllorqo + callén oo

for n > N, whence for \g := min()\l, ﬁ) and 0 < A < g it follows that

[onlle@) < (1= AeaMo) ™ el Fullogg) + esllenllor o + calltmlloqou], (4:20)
for n > N. From we find that
nlggo HUTLHC(§) = Jluz — Ul”c@)-
Also, in view of and we have
Tim_ ooy = 0.
Thus [luz — u1l[c@) = 0; i.e., uz = w1, which leads to contradiction, the proof is

complete. |

Since the function f € C1(Q x R) satisfies condition ([4.3]), then from theorems
and we have the following theorem.

Theorem 4.6. Let |u| < 1, f € CLQxR), F € C(Q), ¢ € C1([0,1]), ¥ € C([0,1]),
©(0) = ¢(l) = ¥(0) = (l) = 0, and the conditions (2.2), be fulfilled. Then
there exists a positive number Ag = Xo(F, o, ¥, p,1) such that for 0 < A < Ag the
problem — has a unique strong generalized solution of the class C in the
domain Q) in the sense of Definition|1. 1]

5. CASES OF NONEXISTENCE OF SOLUTIONS TO (|L.1])-(1.4)

Below, using the method of test-functions [I8], we show that when condition (2.2)

or ([2.3) is violated, problem (1.1)-(1.4) may have no strong generalized solution of
the class C' in the domain €, in the sense of Definition [I.1}

Lemma 5.1. Let u is a strong generalized solution of (L.1)-(L.4) of the class C in
the domain ) in the sense of Definition|1.1l Then the integral equation

/ uwOvdx dt = —/\/ f(x,t,u)vdxdt+/ Fuvdzxdt (5.1)
Q Q Q
is valid for any test function v such that

v e C*(Q), 000 = vilon = vzloa =0, (5.2)

_ 0? o
where [ := 57— Bz
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Proof. According to the definition of a strong generalized solution u of (L.1)-(L.4)
of the class C in the domain € in the sense of Definition [I.I] there exists a sequence
of functions u, € C*(2) N C°(Q,T) such that the equalities (2.5)), are valid
and also, as an implication, the equality

nlggo ”f(x’tvun) - f(x7tvu)||c(§) =0. (53)

Let F}, := Lyu,. Multiply both parts of the equality Lyu, = F, by the function
v and integrate the received equality in the domain 2. By integration by parts of
the left side of this equality and due to (5.2)) we have

/ u, v dx dt + )\/ flz, t,uy)vdadt = / F,vdzdt. (5.4)
Q Q Q

In view of (2.5)) and (5.3), passing in the equality (5.4) to the limit for n — oo, we
obtain (|5.1). The proof is complete. O

Consider the following condition imposed on function f:
f(m,t,u) < _|u‘a+1a (x,tu) EQXRa (55)

where « is a positive constant. It is easy to verify that when (5.5) is fulfilled,
condition ([2.2)) is violated.
Let us introduce a function vg = vg(z, t) such that

v € C*(Q),v0la > 0,v0]a0 = voz|an = votlon = 0 (5.6)
and )
Ovg|P 1
® = | Uo/| drdt < 400, p'=1+—. (5.7)
o |vo[P'~1 a

Simple verification shows that for function vy, satisfying conditions ([5.6|) and (5.7)),
can be chosen as
vo(x,t) = [wt(l —x)(1 = )], (2,t) € Q,

for k a sufficiently large constant.

Due to (b.5) and (5.6) from ([5.1), where instead of v is chosen vy, in the case
A > 0, we have

)\/ |u|pvodmdt§/ \u|Dv0|dajdt—/Fvodxdt,p:oz—l—l. (5.8)
Q Q Q

Theorem 5.2. Let f € C(Q x R) satisfy (5.5)), and F = yF°, where F° € C(Q),
FO >0 and F° # 0. The functions p, satisfy the conditions from Definition .
Then for X > 0 there exists the number vo = Yo(F°, a, \) > 0, such that for v > 7o,
problem - does not have a strong generalized solution of the class C' in the
domain Q) in the sense of Definition [1.1].

Proof. If in the Young’s inequality with the parameter € > 0,

, 1 1
ab< S+ —— B 4 b>0,-+ - =lp=at+l>1
p pler’~1 p 7
1 ’
we take a = |ulvg, b= ‘D’fl, then, since % =p' — 1, we obtain
vy
1 DUO € 1 DUO 2
ulFvol = fufe 22 < Efupray + ——— B0 (59)

tep'—1  p/—1 °
Vg pe Yo
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Since F = yF° and due to (5.9)), from (5.8) it follows that

1 Clug|?”
()\_f)/ |u[Pvg dzz dt < / | ?2'1 dandt—'y/Fovodgcdt7
P’ Ja p Q v Q

/ep’—1 vP
whence for € < Ap, we obtain
p/
/ [ulPvp de dt < P / O gt - ﬂ/ Fouydzdt. (5.10)
Q (Ap —€e)p'e? o vf Ap— € Jg
Taking into account that p’ = p’%l, p= p,p;l and
p 1

02e<ap Ap—e)p'e?’ =1 — v’
which is achieved at € = A, from (5.10) it follows that

1 Clvg|?” /
/|u|pvodacdt§ ,/%dmdt—m/Fovodxdt. (5.11)
Q AP Jo b Ao

In view of the conditions imposed on function F° and vg|g > 0 we have
0<ae:= / FOvqdx dt < +o0. (5.12)
Q

Denoting the right part of the inequality (5.11) by x = x(v), which is a linear
function with respect to the parameter v, from (5.7)) and (5.12) we have

<0 for~vy >

5.13
x(7) S0 fory <o, (5.13)
where ,
() = B0 By D0
IVZ P o N ey

There remains only to note that the left-hand side of is nonnegative, whereas
the right-hand side, due to 7 is negative for v > 9. Thus, for v > =, problem
- does not have a strong generalized solution of the class C' in the domain
Q in the sense of Definition The proof is complete. ([l
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