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HIGHER ORDER VIABILITY PROBLEM IN BANACH SPACES

MYELKEBIR AITALIOUBRAHIM, SAID SAJID

ABSTRACT. We show the existence of viable solutions to the differential inclu-
sion
M (t) € F(t,z(t))
z(0) =9, D (O0)=vj, i=1,....,k—1,
z(t) € K on[0,T],
where k > 1, K is a closed subset of a separable Banach space and F'(t, z) is

an integrable bounded multifunction with closed values, (strongly) measurable
in t and Lipschitz continuous in z.

1. INTRODUCTION

The aim of this paper is to establish the existence of local solutions of the higher-
order viability problem

z®(t) € F(t,z(t)) a.e on [0,T)
2(0)=z0 e K,2W0) =y € Qs, i=1,....k—1, (1.1)
xz(t) € K on [0,T).

where K is a closed subset of a separable Banach space E, F : [0,1] x K — 2F
is a measurable multifunction with respect to the first argument and Lipschitz
continuous with respect to the second argument, 21,...,Q;_1 are open subsets of
E and (zo, g, - - - ,ygfl) is given in K x H;:ll Q.

As regards the existence result of such problems, we refer to the work of Marco
and Murillo [0], in the case when F' is a convex and compact valued-multifunction
in finite-dimensional space.

First-order viability problems with the non-convex Carathéodory Lipschitzean
right-hand side in Banach spaces have been studied by Duc Ha [3]. The author
established a multi-valued version of Larrieu’s work [4], assuming the tangential
condition:

1 t+h
lim inf fd(x +/ F(s,x)ds, K) =0,
h—0t+ h t

where K is the viability set and d(.,.) denotes the Hausdorfl’s excess.
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Lupulescu and Necula [5] extended the result of Duc Ha [3] to first-order func-
tional differential inclusions with the non-convex Carathéodory Lipschitzean right-
hand side in Banach space. The authors used the same kind of tangential conditions
that in Duc Ha [3].

Recently, Aitalioubrahim and Sajid [I] proved the existence of viable solution to
the following second-order differential inclusions with the non-convex Carathéodory
Lipschitzean right-hand side in Banach space E:

i(t) € F(t,z(t), () a.e.;
(2(0),2(0)) = (20, y0); (1.2)
(z(t), (1) € K x Q;

where K (resp. ) is a closed subset (resp. an open subset) of E. The authors
introduced the tangential condition:

h t+h
I}Lrg(ljnf —d(m—i—hy—i— 5 /t F(sm,y)d&K) =0. (1.3)

In this paper we extend this result to the higher-order case with the tangential
condition:

t+h

F(s,x)ds, K) =0.

k Z
lim inf ( L
it e+ X

2. PRELIMINARIES AND STATEMENT OF THE MAIN RESULT

Let E be a separable Banach space with the norm ||.||. For measurability purpose,
E (resp. U C FE) is endowed with the o-algebra B(E) (resp. B(U)) of Borel
subsets for the strong topology and [0,1] is endowed with Lebesgue measure and
the o-algebra of Lebesgue measurable subsets. For © € E and r > 0 let B(xz,r) :=
{y € E;|ly — z|| < r} be the open ball centered at z with radius r and B(z,r)
be its closure and put B = B(0,1). For x € E and for nonempty sets A, B of
E we denote d(z, A) := inf{||ly — z|;y € A}, d(A, B) := sup{d(z, B);x € A} and
H(A, B) = max{d(A, B),d(B,A)}. A multifunction is said to be measurable if its
graph is measurable. For more detail on measurability theory, we refer the reader
to the book of Castaing-Valadier [2].

Let us recall the following Lemmas that will be used in the sequel. For the
proofs, we refer the reader to [g].

Lemma 2.1. Let Q be a nonempty set in E. Assume that F : [a,b] x Q — 2F is a
multifunction with nonempty closed values satisfying:

o For every x € Q, F(.,x) is measurable on [a,b];

e For every t € [a,b], F(t,.) is (Hausdorff) continuous on €.
Then for any measurable function z(.) : [a,b] — Q, the multifunction F(.,x(.)) is
measurable on [a,b].

Lemma 2.2. Let G : [a,b] — 2F be a measurable multifunction and y(.) : [a,b] — E
a measurable function. Then for any positive measurable function r(.) : [a,b] — RT,
there exists a measurable selection g(.) of G such that for almost all t € [a, b]

lg(t) —y(@®)] < d(y(t), G(t)) +r(t).



EJDE-2012/30 HIGHER ORDER VIABILITY PROBLEM 3

Before stating our main result, for any integer n > 2, we recall the tangent set
of nth order denoted by A% (zo,x1,...,Tn—1) introduced by Marco and Murillo [7]
Def. 3.1] as follows.

For y € E,we say that y € A% (zo,1,...,2p_1) if

RIR T gy LA T
liminf 7zd( 2 Gt ) =0,
Let gr(A%) be its graph.

Assume that the following hypotheses hold:

(H1) K is a nonempty closed subset in E and for i =1,...,k—1, Q; is a

nonempty open subset in E, such that K x Hl h 'O, C gr(A” ).

(H2) F : [0,1] x K — 2F is a set valued map with nonempty closed values

satisfying
(i) For each z € K, t — F(t,x) is measurable.
(ii) There is a function m € L'([0,1],R*) such that for all ¢t € [0,1] and
for all z1,20 € K

H(F(t,21), F(t,22)) <m(t)||lz: — o

(iii) For all bounded subset S of K, there is a function gg € L'([0,1],RT)
such that for all ¢ € [0,1] and for all z € S

[E(t @)= sup |lz] < gs(?)

zeF (t,x
(H3) (Tangential condition) For every (t,z,(y%,...,y*7!)) € [0,1] x K x
k—1
Hi:l Qi;
hE—1 t+h
hmlnf (x—l—z 'y + / F(S,m)ds,K) =0.

h—0t

Theorem 2.3. If assumptions (H1)—(H3) are satisfied, then there exist T > 0 and
an absolutely continuous function x(.) : [0,T] — E, for which ¥ (.) : [0,T] — E,
foralli=1,...,k—1, is also absolutely continuous, such that x(.) is solution of

[LD).
3. PROOF OF THE MAIN RESULT

Let r > 0 and B(yj,7) C Q; for i =1,...,k — 1. Choose g € L'([0,1],R*) such
that

[t 2)[| < g(t) V()€ [0,1] x (KN B(zo,r)). (3.1)
Let T7 > 0 and T > 0 be such that
T
/ m(t)dt < 1, (3.2)
0
Ty k—1 ) r
/ (g(t)—i—(k— 1)r+1+Z||y5||)dt <3 (3.3)
0 i=1

For £ > 0 there exists n(e) > 0 such that

‘/tQ 9(T>dT‘ <e i [ty —ta] <nle). (3.4)

t1
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Set
T= min{Tl, TQ, 1}, (35)
1 e €
a = min {T 277(4) 4} (3.6)

We will used the following Lemma to prove the main result.

Lemma 3.1. If assumptions (H1)-(H3) are satisfied, then for all € > 0 and all
y(.) € LY([0,T), E), there exists f € L'([0,T),E), z(.) : [0,T] — E differentiable
and a step function 0 : [0,T) — [0,T] such that

o f(t) € F(t,z(0(¢))) for allt €[0,T);

o IF(t) —y(@)I < d(y(t), F(t,2(6(t))) + & for all t € [0,T7;

o |2V () —yh ! - fot f(r)dr|| < e for allt €[0,T).

Proof. Let ¢ > 0 and y(.) € L'([0,T], E) be fixed. For (0,20, (44,--.,y8 ")) €
0,T] x K x [[5Z] Q, by (H3)

g0+ 3
Hence, there exists 0 < h < « such that

k—1 hl
d((Eo + ; ?yo +

z ; hk—l

h
/ F(s,xo)ds,K) =0.
0

Put

k=1,
ht . hETLoh ahk
ho == max{h €]0,q] : d(mo + ; ?yé + T/o F(S,J;O)ds,K) < m}
In view of Lemma there exists a function fo € L1([0, ho], E) such that fo(t) €
F(t,zo) and
[fo(t) =y < d(y(t), F(t,20)) + ¢, Vt €0, hol.
Then

~hh bt ahf
0 0 0
(3:0 + Z - A fo(s)ds, K) <

So, there exists z1 € K such that

—1 7, hkfl ho
hknxl (0+ Zi + [ doas)|
k— z k—1
(oo + 3 M [ o) 45,
hence
551—350— fll ’Zl :
H fo dsH<a
Set

k—1 hY
_ T1— Xo — Z¢=1 T??Jo
U/O - hk ’
0

&
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then
Sy 1 [l
x1:<x0+§i!yo+k!uo) €K, uoeh—o ; fo(s)ds + aB.
Fori=1,...,k—1, put
PP .
i hjo ' J hg '
WL Gt

Since fo(t) € F(t, o) for all ¢t € [0, hg] and by (3.1)), (3.3]) and (3.6)), we have

h
|$1—9€0H—HZ ?yé “OH

— . 0
< hoz il + / o(s)ds + hoa
i=1 0

ho k—1 4 r
< [ (st 1+ X Iubl)as < 5.
0 i=1
Then z1 € B(xg,r). Fori=1,...,k —2, we have
k—1 i _
) ) h] 7 ) hk i
i i < 0 J 0
I — bl < ; Tl + sl

<ho 3 Il + / g(s)ds + hoa

Jj=i+1

ho k—1 ) r
<[ (s 1+ X Iugl)ds < 5

0 j=i+1

and

™" =5l < holluol

ho
S/ g(s)ds + hoa
0

ho ,
< /0 (9(s) +1)ds < 7

Then y € B(yj,r) foralli =1,...,k—1. We reiterate this process for constructing
sequences hq,tqu,y(}, . ,y(’;*l,fq and ug satisfying for some rank m > 1 the
following assertions:

(a) Forallg € {0,...,m — 1},

hq ::max{he](),a: (a:q—|—z 'yq hk.l/q+1F(3,xq)ds,K)<ahk};

4k!

(b) to =0, ty_1 < T < t,, with t, = Z‘;;é hj for all ¢ € {1,...,m};
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(¢) For all g € {1,...,m} andforallje{l,...,k—2}
k—1q— 1 q_lhk
xq—onrZZ Jrzk—l!ui, zq € K N B(zo,1),
j=11i=0 =0

q
ye =y hqug =y + Zhiui, ye=le Blyg "),

e
i

—
2

hl—j q—1 hk—j )
7 ! 7 J J .
—y; + — Uy, € B(yy,7);

vy = +
=y
(d) For all t € [ty,t4+1] and for all g € {0,...,m — 1},

114

+
Il
o

(/”1 s)ds+aB, f,(t) € F(t,z,),

1£a(®) =y < dly(t), F(t,24)) +e.

It is easy to see that for ¢ = 1 the assertions (a)-(d) are fulfilled. Let now ¢ > 2.
Assume that (a)-(d) are satisfied for any j = 1,...,q. If, T < t,41, then we take
m = g + 1 and so the process of iterations is stopped and we get (a)-(d) satisfied
with t,,—1 < T <t,,. In the other case, i.e, t;41 < T, we define y;H, ... 7y§;11 and
Zq4+1 as follows

k

k— qh qh
z .= (oo zz—. - ) ek

L = g =+ Zhiun

) k-1 hl=i hkf q hl j q hk—j
J — q l i i )
=) =j+1 i=0 =0
forj=1,...,k—2. By (3.1), (3.3) and , we have
k— q
hf h¥
[2g+1 — 2ol < Z ||yz|| ZEHWH
Jj=114 =0
k—1

MQ

hir + g ]1) + Z ([P |

<
I
—
-
Il

M=

([ 1o +an)

3

k-1) r+2uy0u) +

@
I
<
.
Il
<

>
|
—

AN
M= 1
&

— - °

IN
N
T

g(t)+ 1+ (k=1 + Y lgdl)de <1,
J

which ensures that 441 € K N B(xg,r). Forall j =1,...,k — 2, we have

)
-

k—1 ¢

Mﬂ
o =il < > ji: : HyJI%-ZE:

l=j+1 =0

||uz||
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k-1 ¢
< S S bl I+ 3 ]
=741 =0 =0
<3 (k=1 S 1) + / (o)t + i)
i=0 I=j+1
tor1 k—1
< [T (o1 g vrs Y lubl)de<r
0 l=j+1

and

q
lygri —vo Il < Zhilluill

<Z /LH dt+ah)

1=0 ti
tgt1
g/ (g(t) + 1)dt < r,
0

which ensures that ygﬂ € B(yg,r) forallj=1,...,k—1.

Now, we have to prove that this iterative process is finite; i.e., there exists a
positive integer m such that t¢,,_1 < T < t,,. Suppose to the contrary, that is
ty < T, for all ¢ > 1. Then the bounded increasing sequence {t,}, converges to
some t such that ¢ < T. Hence for ¢ > p,

tq k—1
X S/t g(t)dt + (tg — 1) (= r+ 1+ D Nlysll) =0 as q.p— o0
P =1

and for j=1,...,k—2,

tq k—1
g = vl S/ g(O)dt+ (tg—t) (=5 = r+1+ > lhll) =0 as qp— oo
tp I=j+1

and

tq
Hyk 1 y;f*lHS/ (g(t) +1)dt - 0 as q,p— .
t

Therefore, the sequences {4}, and {yl}y, for all j = 1,...,k — 1, are Cauchy
sequences and hence, they converge to some € K and y’ € §); respectively. Hence,

s (6,7, (7., 7" 1Y) €[0,T] x K x Hk 1 Q;, by (H3), there exist h €]0,a] and
an integer qg > 1 such that for all ¢ > gp and for all j =1,..., k—1

i t+h o
(x—l—Zh.—J—i—hk 1/+ F(s,z)ds, K)Ei(lf—]:—kf))(k!);

lag -7l < 0,
? ~ 8(k+5)(k!)’
; ; hk=iaj!
I < 3.7
ho

t —ty < min{n( (k+5)) Jh}s
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t+h
ha
t dt <
| me, sl <

Let ¢ > qo be given. For an arbitrary measurable selection ¢, of F(¢,z,) on
[0, + h], there exists a measurable selection ¢ of F(t,z) on [0, + k] such that
o

[6q(t) — (B < d(¢g(t), F(t, 7)) + W m(t)|xg — Tl + St 5)" (3.8)
Relations (3.7) and . 3.8)) imply

k=1 pteth
(qurZ i h ] /t ¢q(5)ds,K)
k—1

-1
- hi S
< llzg =7+ 3yl =71+ d(= Z

Jj=1

hk—l t hk—l tq+h hk 1 t+h
[ Weuolas+ S [T Houto) —otolas + T [ ol

k-1 hi ) ) hk—1 t
< llz, — 7l +27||y; 7+ [ atods
= A
( k—
hka hk—l t+h
PG T R / 9(s)ds

_7 ) hk; 1 t+h
7!

w o(s)ds, K )

ho hk 1 pt+h
7!

hk—l t+h
o [ es k) [ mi)e, - s
t . t

to+h
hra h*a h*a h*a
<———F—+(k-1) + +
8(k +5)(k!) 8(k+5)(kl)  8(k+5)(k")  8(k+5)(k!
hra hra hra hra

TR BEE5)R) | 8k 5)(E) - AR

Since ¢4 is an arbitrary measurable selection of F(t,z4) on [0, + h] it follows

that
W hk 1 qt+h hk
(qurZ / F(t,xq)ds,K) < TI;'
tq :

On the other hand, by ., we have t,11 <t < t,+h and hence h > t,41—t, = hy.
Thus, there exists h > h, (for all ¢ > go) such that 0 < h < a and

) k-1 tgt+h hEa
(xq +Z yq . /t F(t,xq)ds,K) <o

This contradicts the definition of h,. Therefore, there is an integer m > 1 such that
tm—1 < T <t,, and for which the assertions (a)-(d) are fulfilled.

Now, we take ¢,, = T" and we define the function 0 : [0, T] — [0,T7], z(.) : [0, T] —
E and f € L'([0,T], E) by setting for all ¢ € [ty t,41]

k—1 . i . k
00 =t S0 =10, 0=+ 3 Iy I,
i=1 : :
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Claim 3.2. For all g € {0,...,m} we have

tq
Hy(’;_l — ygfl _/0 f(s)dsH < aty.

Proof. Tt is easy to see that for ¢ = 0 the above assertion is fulfilled. By induction,
assume that

tj
o=t = = [ s)as] < o,

forany j=1,...,qg— 1. By (d) we have

tq
I =t~ = [ s

ty_1 t
it o = [ s b= [ )]
0 tq71
tg—1 tq
< lyp=t —wo ' - /0 F(s)ds|| + || hg-11g—1 —/ f(s)ds|
Sotg_1 +ahg1 = atqg_1 + oty — atg_1 = oty
[l
Now let ¢ € [t4,t4+1], then by Claim and the relations (d), , and ( .,
we have
2000~ - [ s)as]
t
A =g _/ F(s)ds + (t —to)ug — [ f(s)ds]|
0 t
k tq tqq+1
<l —ub™ = [ r@as] + gl + [ ats)as
tg4+1
<atq—|—2/ (s)ds + ah
tq
CLEL Lt
-4 2 4
The proof of Lemma [3.1] is complete. O

Proof of the Theoren{2.3 Let (£,,)52, be a strictly decreasing sequence of positive
scalars such that Z 16n < 00 and €1 < 1. In view of Lemma we can
define inductively sequences (f,)5; C L*([0,T], E), (2n(.))3; C Ck([O, T], E) and

(0,)22, C S([0,T],[0,7T7) (S([0,T7],[0,T]) is the space of step functions from [0, T
into [0,T]) such that

(1) fo(t) € F(t, zn(9n( ))) for all ¢t € [0,T);
(2) fnga(t) — ( ) < d(fn(t), F(E, 2n11(0n+1(1)))) + €nga for all £ € [0, T7;
B3) ||z ) =yt = [2 fu(r)dr| < e, for all t € [0,T).

By (1) and (2) we have

1) = Sa(®ll < H(F(t 20(00(8), F(t 2041 0n11(0)) + i
< m(t)”Zn(Gn(t)) - Zn+1<9n+1(t)>|| + €n+1
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< m(t)(llzn(9n(t)) — zn (O] + |20 (t) — 2n1 (@)
+—Hzn+¢(t)—-zn+¢(en+¢(t»u) + s,

On the other hand, for ¢t € [ty, t4+1] we have

k=1, i Lk
2n(t) — (@)l = || 32 L+ el

k-1
<> na (Il = vl + Il ) + g
i=1

c k—1 ) tg+1
< I((k—l)r—i—;ﬂyé”) +a+/tq g(s)ds
< (k1) r+z||yo||)+—+—
<2 (k-1 r+2+; Iwill).
Hence -
lzn(t) = 2n @) < (G = Dr+24+ 3 i) (3.9)
=1
It follows that
an-‘rl(t) - fn(t)ll
e it (3.10)
< m(t)(;((k — D243 bl + lzn() = 2ns1Olle) +Entr
=1
Relations (3.10) and . 3.2)) yield
||zn’11”<t> E@l
t t
<0 =0t = [ sl + 26700~ = [ g
+ [ Wuin(s) = o)l
t c k—1 )
<cuntent [ me)(F(-Dr+2+ > o) + 120 () = 21 (oo ) ds

+ t5n+1

T
< 3en + [l2n() = 2ns1 ()l / m(s)ds

k—1 T
En i
+2((k—1)r+2+;y0||)/0 m(s)ds
k—1

< (=145 X bl e+ 120D = 201l | mis)ds

i=1
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Since T' < 1 for all t € [0,T], we have

12557 @) = 22 @) < / 2 () = 281 (s) | ds
< (k= 15+ X Il
=1
T
l20() = 201 (e / m(s)ds.

Then by the same reasoning, for j = 1,...,k — 1, we obtain

k—1

24 (0) == O < (k= 1r +5+ 3 llubll)en

T
Flzn() = 20s1()lloo /0 m(s)ds

and
(0= Dr+5+ 05 bl )en
120() = Znt1()lloe < — (3.11)
1-L
where L = fo s)ds. For j =1,...,k — 1 we have
) k—1
200 () = 2 Ollso < ((k =54+ 3 Iyl ) en + l2() = 2ni1()lloe
=1
< (0= 1 +5+ I bl ) 2 = Lew
- 1-L

Therefore, for n < m,

(k — )T+5+Z Llwbll S Z

[2m () = 20 (Moo < -

and for j=1,...,k—1,

(k= Dr +5+ S5 i) 2 - L) e

Gy — ) <
590) ~ 29 Olle < =

Ei.

i=n

Thus the sequences {z,(.)}52; and {zgj)(.)};";l, for j = 1,...,k — 1, converge
uniformly on [0, 7], namely z(.) and y;(.) its limits respectively. Also the relations

¢
zn(t) = o +/ Zn(s)ds
0
and

2 (1) =y6+/ o (s)ds for j=1,....k =2
0

vield z(t) = zo + fo y1(s)ds and

‘ t
yj(t)zyf)—i—/ yjr1(s)ds for j=1,...,k—2.
0
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Thus @(t) = y1(t) and y;(t) = y;+1(t) for all ¢ € [0, 7] and for all j =1,...,k —2.
Hence x(0) = 9 and 1) (0) = ¢ forall j = 1,...,k—1. On the other hand, observe
that z,(6,(t)) converges uniformly to z(¢) on [0,7]. Indeed, for t € [t;,tq+1] We
have

120 (0n () = ()] < |20 (t) = 20 (On ()] + 2 () — 2 (D).
By and since (z,,(.)) converges uniformly to x(.), it follows that
z(0,(.)) converges uniformly to z(.) on [0, T]. (3.12)

By construction, we have z,(0,(t)) € K for every ¢t € [0,T] and K is closed, then
x(t) € K for all ¢t € [0,T].

Now we return to relation . By (3.11) we have
[ frns1(t) = fu(®)]]

(k= 1)r+5+ 300 lyoll |, (k= 1r+2+ 3707 [yl
< =
< (m( - + 5 )+1)en
This implies (as above) that {f,(t)}1; is a Cauchy sequence and f,(t) converges
to f(t). Further, since || f ()] < g(t ) by (3) and Lebesgue’s theorem we have

t
Ye1(t) = lim 2D (@) = lim / fn(s)ds —yg_l —|—/ f(s)ds
n—oo 0

n—oo

Hence yr—1(t) = f(t). Finally, observe that by (1),

A(F(8), F(t2(8)) < () = falt)] + H(F(t 2(00(1))), F(t,2(2)))
<) = fa @) +m(D)[[2n (0n(t) — z(@)]-
Since f,(t) converges to f(t) and by the last term converges to 0. So that
x®)(t) = gp_1(t) = f(t) € F(t,2(t)) a.c on [0, T]. The proof is complete. O

Remark 3.3. The tangential condition (H3) provides a sufficient condition en-
suring the existence of solution to . However, this condition is not necessary
at all. In fact, in the case & = 2, Marco and Murillo [7, Example 4.1] gave a
counterexample: The multifunction F : [0,1] x R — 2® defined as

Flt,z)=[-t"%t"%), 0<t<1, F(0,2)=0

with 0 < a < (3 —V/3)/2, satisfies (H2) and z(t) y is a solution of

= T
&(t) € F(t,z(t)), te][0,1];
z(t) € [0,2].
However (H3) fails on [0, 2] x gr(Ak), because

t+h l-a _ 41-a
e /t P(s,0)ds. [0.2]) = +2}Z)1 —

and

v 2(1—a)h U fo<t<1

(t+h) 7 —tima {+oo ift=0
2
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Remark 3.4. Let F: [0,1] x K x [[*=} Q; — 2F. For any (zo,yd, 48 ..., vt~ ") €

K x Hf:ll Q;, we can prove the existence of viable solutions of the differential

inclusion
e ™) e F(t,x(t),zD(t),..., %D () ae. on[0,T]
z(0) =z € K,x(i)(O) =yheQ, i=1,...k—1,
xz(t) € K on [0,T],

by the same technics and the same hypothesis as above except the condition (H2)
part (ii) which must be replaced by: There is a function m € L([0,1],RT) such
that for all ¢ € [0, 1], for all 1,25 € K and for all (y},...,yF ), (ya,..., 45 1) €

k—1
Hi:l Qia
H(F(tax17y%7 s 7y]f_1)7 F(tax27y%7 s 7y]2€_1)) < m(t)llyf_l - yé?—lH
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