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MULTIPLE POSITIVE SOLUTIONS FOR
INTEGRO-DIFFERENTIAL EQUATIONS WITH INTEGRAL
BOUNDARY CONDITIONS AND SIGN CHANGING
NONLINEARITIES

MEI JIA, PINGYOU WANG

ABSTRACT. In this article, we show the existence of multiple positive solutions
for integro-differential equations with one-dimensional p-Laplacian operator,
sign changing nonlinearities, and integral boundary conditions. By using the
Schauder fixed point theorem and the Krasnosel’skii fixed point theorem, we
obtain sufficient conditions for the existence of at least two positive solutions.

1. INTRODUCTION

In this article, we study the existence of positive solutions for the following
integro-differential equation with integral boundary conditions, and sign changing
nonlinearities:

(pp(u' (1)) +w(t) f(t,u(t), Au(t), Bu(t)) =0, 0<t<1, 1)
u(0) = Au(€), u(1) = ~Bu(n), :
where Au(t fo s)ds, Bu(t ft s)ds, 0 <& <n<1,pp(u) =
|u|P~2u is the one- dlmensmnal p—Laplaman operator Wlht p>1, ¢, = (pp) ", and
% + % = 1. By using the Schauder fixed point theorem and the Krasnosel’skii
fixed point theorem, we obtain sufficient conditions for the existence of at least two
positive solutions under suitable conditions assumed on the nonlinear terms f and
w.

The theory of boundary-value problems for integro-differential equations arises
in different areas of applied mathematics, fluid dynamics, plasma physics, biological
sciences and chemical kinetics (for details, see [4} [3, 22] and the references therein).
Since boundary-value problems with integral boundary conditions include two,
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three, multi-point and nonlocal boundary-value problems as special cases, the exis-
tence and multiplicity of positive solutions for such problems have been put empha-
sis on continuously (see [8), 20, 23] 24} [25] [T4] (17, 13, [I8] and references therein). Be-
cause of the wide mathematical and physical background, the existence of positive
solutions for nonlinear boundary-value problems with p-Laplacian has also received
wide attention. For details, we can refer to see [5l [16], [7], [6], 19, 211, [T5], 17, 13} 12} @].
The main tools for such problems are various kinds of fixed-point theorem in cones
(see [0l [16], [7, 211, [15], [17, 13| [12]), the monotone iterative technique (see [19]) and
the fixed point index theory (see [0 12]). If the nonlinear term is nonnegative,
we can apply the concavity of solutions in the proofs. Under the assumption that
the nonlinear term is nonnegative, authors obtained the existence of at least one
positive solutions or multiple positive solutions, see [5] [16], [7, 19} 211, [15], [13].

By using the upper and lower solution approach and the growth restriction ap-
proach, in [I] the author presented some general existence theorems second-order
boundary-value problems with sign changing nonlinearities:

y' +q(t)f(ty) =0, 0<t<1,

y(0) = 0 = (1), (12)

and

Y +qt)f(ty) =0, 0<t<l,
y(0) =0, O(y(1)) +y(1) =0,

where the nonlinear term f is allowed to change sign and # may be nonlinear. More-
over, in [2], the authors discussed the singular Dirichlet boundary-value problem
(1.2) and established existence results, where nonlinearity f is allowed to change
sign and may be singular at y = 0.

Guo [I1] established a new fixed point theorem in double cones and discussed
the existence of positive solutions for the second-order three-point boundary-value
problem

'+ ft,x) =0, 0<t<I1,
2(0) - B2'(0) = 0, (1) = ax(y),
where f is allowed to change sign. Sufficient conditions of the existence of at
least two positive solutions for the boundary-value problems above are obtained

by imposing growth conditions on f. By applications of fixed point index theory,
Cheung and Ren [6] proved the existence of two positive solutions for the problem

(@,(u") +h(t)f(t,u) =0, 0<t<1,

with each of the following two sets of boundary conditions
m—2
u'(0) =0, wu(l)= Z aiu(&;);
i=1
m—2

u(0) = Z a;u(), (1) =0,

where h : [0,1] — RT and f : [0,1] X [0,00) — R are continuous functions. Ji
[12] studied the existence of positive solutions for the one-dimensional p-Laplacian
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equation

(@,(u)) + f(t,u, ') =0, 0<t<1,
0= Y awl(E), 1) = Y fulé),

where f may change sign. They show that it has at least one or two positive solu-
tions under some assumptions by applying the fixed point theorem and fixed point
index theory. Liu, Jia and Tian [I7] studied the existence of positive solutions for
the boundary-value problem, with integral boundary conditions and sign changing
nonlinearities of one-dimensional p-Laplacian

(@,(u") + f(t,u) =0, 0<t<1,
m—2 1
aul0) = 0(0) = 3 ow(e), () = / g(s)u(s) ds,

where a,b € [0,400), a; € (0,+00), i =1,2,...,m, 0< & <&+ < &noa <1,
m > 3. The sufficient conditions for the existence of at least two positive solutions
were obtained by using a fixed point theorem in double cones given in [I1].

Recently, by using the expansion and compression fixed point theorem of norm
in cone under suitable conditions imposed on the nonlinear term f and w, Jia and
Wang [13] established sufficient conditions for the existence of at least one positive
solutions for , where the nonlinear term f and w are nonnegative. However,
there are a few works devoted to the integro-differential boundary-value problems
with integral boundary conditions, one-dimensional p-Laplacian operator and sign
changing nonlinearities.

Motivated by the above, we obtain some meaningful conclusions by consider-
ing the existence of multiply positive solutions for 7 with integral boundary
conditions and sign changing nonlinearities of one-dimensional p-Laplacian.

The following hypotheses will be assumed throughout this paper:

(H1) f:10,1] x [0, 4+00) x R? — R is continuous;

(H2) f(t,0,-,-) >0, w € L0,1], f(¢,0,-,-) # 0, w(t) > 0 and w # 0 a.e. on

[0,1];
(H3) g, h € C([0,1] x [0, 1], [0, +00)), g(&, s) is monotone decreasing with respect
to s € [0,1] and h(n, s) is monotone increasing with respect to s € [0, 1].

2. PRELIMINARIES

For any y € L'[0,1], y(t) > 0 and y(t) # 0 for t € [0, 1], we denote

1) = [ ateea(c - [ virrar)as

+ /n1 h(n, 5)¢q (C - /O y(7) dr> ds +/O ©q (C — /O y(7) dT) ds.

Lemma 2.1. Suppose that (H3) holds. Then for each y € L'[0,1], y(t) > 0 and
y(t) £ 0 fort € [0,1], the equation H(C) = 0 has a unique solution in (—oo,+00)
and the solution C, € (O,fo1 y(7)dr). Moreover, there exists o € (0,1) such that
Cy = [y y(r)dr.

1
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The proof of Lemma is similar to that of [I3] Lemma 2.2]. In this article, we
take

oy =inf{c € (0,1) : C, = / y(r)dr}. (2.1)
0
For the convenience, we recall the following results (see [13]).

Lemma 2.2 ([I3, Lemma 2.3]). Assume (H3) holds. Then for each y € L'[0,1],
y(t) > 0 and y(t) £ 0 for t € [0, 1], the boundary-value problem

(ep(u' (1)) +y(t) =0, 0<t<1,

u(0) = Au(€), u(l) = —Bu(n), (2.2)

has a unique solution of the form

w = [“oe e [vnar)ass [afo,- [(vmar)as o

u(t) = — /n1 h(n, s)pq (C’y — /OS y(7) dT) ds — /tl ©q (C’y — /05 y(7) dT) ds, (2.4)
where Cy, satisfies H(C,) = 0.

Remark 2.3. By Lemma and Lemma (2.3) and (2.4 can be changed into
(2.5) and (2.6)), respectively.

w = [“o& el [Tvear)ast [ [Tumar)as @)
u(t) = /nl h(n, s)gpq(/oz y(7) dT) ds + /tl <pq</aj y(T) dr) ds. (2.6)

Lemma 2.4 ([13, Lemma 2.4]). Suppose (H3) holds. If y € L*[0,1], y(t) > 0 and
y(t) £ 0 fort € [0,1]. Then the solution of boundary-value problem (2.2) has the
following properties:

o

and

(1) u(t) is a concave function;

@) ult) >0, t € [0.1];

(3) u(oy) = maxo<i<i u(t) and u'(oy) = 0, where o, is defined in (2.1)).
Lemma 2.5 ([9]). Ifu € C[0,1] and u(t) > 0 is a concave function. Then for each
v € (0, %), we have

i > .
[ Jnin u(t) = ylull

Let X = C[0,1] and |Ju| = maxo<s<1 [u(t)], take 0 < § < min{3,&,n} and
denote

P={ueX:u(t)>0,tel0,1]}

and

K = {u € P :u(t) is a concave function on [0,1] and 6<rtn<i{1 6u(t) > §ul }-

Obviously, P, K C X are two cones of X with K C P.
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Denote Bt = max{B,0}. For u € K, we define T* : K — K by

Iy 9(&9)ey ([T w() £+ (7, u(r), Au(r), Bu(r)) dr ) ds
+ Jy ea( ST W) (rulr), Au(r), Bu(r)) dr) ds, 0= t< oy,
Sy 1, )p (7, w(r)(r,u(r), A <> u(r >>d¢)ds
+ ftl goq(fju w(T) (7, u(r), Au(r), Bu(T)) dT) ds, oy <t <1,

where o, is defined in (2.1]). It follows T is well definition from (H1)-(H3), Lemma
24 and Lemma [2.5] Define T': P — P by

|5 96 9)eq (ST w(n)f (7, u(r), Au(r), Bu(r)) dr ) ds
+ Jy pa (S w(n) £ u(r), Au(r), Bu(r))ar) ds] T, 0<t <oy,
[y hn, 5)q (S5, () f(T,u(T),Au(T),Bu(T))dT) ds
+ o (J3, w(n) f(r u(r), Au(r), Bu(r)dr) ds| ", oy <t <1,
Define S: P — X by

Js (& 5)pa ([T w(r)f
+k%(f“(ﬁﬁw
Sy o, )eq (f2, w(r)f
+ [ ea (L2, w(r) £
From Lemma 2.3} we have the following result.

Lemma 2.6. Suppose that (H1)-(H3) hold. Then a function u(t) is a solution of
boundary-value problem (1.1) if and only if u(t) is a fized point of the operator S.

We can easily prove that the following lemma holds.

Lemma 2.7. Suppose that (H1)-(H3) hold. Then T* : K — K is completely
continuous.

For v € X, denote 6 : X — P by (6u)(t) = max{u(t),0}, then T =00 S.

Lemma 2.8 ([0, Lemma 2.2]). If S : K — X is completely continuous, then
T=600S5:K — K is also completely continuous.

Lemma 2.9. Suppose (H1)—(H3) hold. If u is a fixed point of operator T, then u
s also a fixed point of operator S.

(
T u(t) = (

Tu(t) =

T,u(T), Au(T), Bu(T) dT) ds
7), Au(r), Bu(7)) dr ) ds, 0<t<aoy,
T,u(T), Au(T), Bu(T) dT) ds
7), Au(r), Bu(7)) dr ) ds, o, <t<1.

~—

Su(t) =

~—

(
7, u(

)

Proof. Let u be a fixed point of the operator T, if we prove Su(t) > 0 for ¢ € [0, 1],
then u(t) is a fixed point of operator S.

Suppose Su(t) > 0 for ¢ € [0,1] is not true, then there exists a ¢y € (0,1) such
that u(tg) = 0 > Su(to). Let (¢1,t2) be the maximal interval which contains ¢, and
such that Su(t) <0, t € (t1,t2). It follows [t1,t2] # [0, 1] from (H2).

Case 1: If to < 1, we have u(t) = 0 for ¢t € [t1,ta], Su(t) < 0 for t € (t1,t2)
and Su(t2) = 0. Thus (Su)'(t2) > 0. From (H2), we know [p,((Su)'(t))] =
—w(t)f(t,0, Au(t), Bu(t)) < 0 for ¢t € [t1,t2] and we can get (Su)'(¢) is monotone
decreasing on [t1,2]. So t; =0, Su(t1) < 0 and

(Su)' (t) > (Su)'(t2) >0, t € [0,t2].
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On the other hand, if £ < 5, we have

13
0> Su(0) = /0 g(&,8)(Su) (s)ds > 0,

which is a contradiction.
If £ > t9, by using mean value theorem of integral, we have

to £
Su(0) = / 9(6,5)(Su) (s) ds + / 9(€.5)(Su) (s) ds

to
&2

= g(6,61) / “(Su)(s)ds + g(6.ta) [ (Su)'(s)ds

ta
= 9(&, &) (Su(tz) — Su(0)) + g(&, t2)(Su(&2) — Sultz))
= 9(&, &) (=5u(0)) + g(&, t2) Su(&2),
and
0> (14 9(&,61))5u(0) = g(&, t2) Su(&), (2.7)
where &1 € [0, 2] and & € [to, &].

It follows that is a contradiction if Su(&) > 0.

If Su(&2) < 0, let (t3,t4) be the maximal interval which contains &; and such that
Su(t) <0, t € (ts,ta). It is obvious that [t3,t4] C [t2,1]. If t4 < 1, we have u(t) =0
for t € [t3,ta], Su(t) < 0 for ¢t € (t3,t4) and Su(ts) = 0. Thus (Suw)'(t3) < 0. From
(H2), we know [, ((Sw)' (1)) = —w(t)f(¢,0, Au(t), Bu(t)) < 0 and ¢,((Suw)'(t)) is
monotone decreasing on [t3, t4], we can obtain (Swu)’(t) is monotone decreasing on
[t3, t4]. It is easy to show that

(Su)’(t) < (Su)'(t3) <0, t € [t3,ta].
Hence, t4 = 1 and Su(1) < 0. Since & < n, we have (Su)'(¢) <0, t € [,1] and

0> Su(1l /hn, )(Su)'(s)ds > 0,

which is a contradiction.

Therefore, to < 1 is not true. We have t, = 1.

Case 2: If t; > 0, we have Su(t) = 0 for ¢ € [t1,1], Su(t) < 0 for ¢ € (¢1,1) and
Su(t1) = 0. Thus (Su)’(t1) < 0. We have [¢,((Su)'(t))] = —f(t 0, Au(t), Bu(t)) <
0 by (H2). This implies (Su)’(t) < 0 and Su(t) < 0 for ¢t € (t1,1] and Su(l) =
mingeps, 1) Su(t).

‘We can prove that

Su(t) > 0 for t € [0,t1]. (2.8)
If there exists a t5 € [0,t1] such that Su(ts) < 0 and there is a maximal interval
[ts, t7] which contains t5 such that Su(t) < 0 for ¢ € (tg,t7). Obviously [te,t7) N
[t1,1] = 0, so 1 & (tg,t7); i.e., t; < 1, this is a contradiction with the above
discussion. Thus we can show Su(t) > 0 for ¢t € [0, 1]
For Su(1l) < 0, we have

1
Su(l) = 7/ h(n,s)(Su)’(s)ds.

Then, if n > t1, we have

1
0> Su(l) = f/ h(n, s)(Su)’'(s)ds > 0,
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which is a contradiction.
If n < t1, by using mean value theorem of integral, there exist 71 € [n, t1] C [0, t1]
and 72 € [t1,1] such that

1

Su(l) = —/ 1 h(n,s)(Su)’(s)ds —/t h(n,s)(Su)’(s)ds

= —h(mt) / (S (s) ds — B, 1) / (Su)(s) ds

m t1
= —h(n, t1)(Su(ts) — Su(m)) — h(n,n2)(Su(l) — Su(t1))
= h(n,t1)Su(n1)) — h(n,n2)Su(1),
and
0> (14 h(n,n2))Su(l) = h(n,t1)Su(n). (2.9)
By , we have Su(n;) > 0. Hence, is a contradiction. Therefore ¢t; = 0.

The above also contradicts [t1,t2] # [0, 1]. Thus Su(t) > 0 for t € [0,1]. That is
u(t) is a fixed point of operator S. O

Next we state the Krasnosel’skii Fixed Point Theorem [10].

Lemma 2.10. Let E be a Banach space and K C E be a cone in E. Assume )
and Qs are open subsets of E with 0 € Q1 and Q1 C Qs and A: KN (Q\Q) — K
be a completely continuous operator. In addition, suppose either

|Aul| < lull, we KN, and ||Aul| > ||lul, ue€ K NoN;

or
|Aul| > Jull, we KnNoQ, and ||Au|| < |ul|, we K NOoQs.
hold. Then A has a fived point in K N (Q2\Q4).

3. MAIN RESULT
Denote
1/2 1/2 1-6 s
M = min {/5 apq(/s w(T) dT) ds, /1/2 (pq(/1/2 w(T) dT) ds},
1 1
N =max{(1+ [ gle.5)ds)e,( [ wir)ar),
0 0
1

(1—&-/01h(77,s)ds)apq(/0 w(r)ar)}.

For the next theorem, we assume that f satisfies the following growth conditions:
(H4) f(t,u,x,y) > 0 for (tvuaxay) € [07 1] X [01363] X RZ;
(H5) f(t,u,2,y) < pp(R) for (t,u,z,y) €[0,1] x [0,c2] x R?;
(H6) f(t,u,z,y) > pp(55) for (t,u,z,y) € [6,1 —d] x [dc3, c3] ¥ R2.
Theorem 3.1. Suppose (H1)—(H6) hold. There exist constants cy, ca,c3 such that
9(&,¢)  h(n,n)
1+9(£,0)" 1+ h(n,1
Then (1.1) has at least two positive solutions uy and us such that

0 <fluall < e < lugll < es.

0<01§min{ )}502, co < dc3 < c3.
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Proof. Let Q1 = {u € K : ||lu|| < co}. For any u € Q;, we have u € K and ||u| < co.
Denote

I Tull = max |Tu(t)] = Tu?).
If ¢ < gy, it follows from (Hs) that

Tu(t) = {/:g(g, s)goq(/:u w(r) f(r,u(r), Au(r), Bu(1)) dT) ds

+

+ / e / w(r)f(7,u(r), Au(r), Bu(r))dr ) ds|

< /019(5,8)%(/01”(7)‘91’(5\27)dT) d

- f3¢q(/olw<v> dv))[u/olg(s,s)ds}

< ¢g,

)
+
o\

>
S
=}
—
N
>
£
2
AS)
=
=2|8
(o}
\]
~——
o
1)

and if £ > o, we have

Tu(f) = [ /n 1 h(n,s)goq< /U " () f(T,u(T),Au(T),Bu(T))dT) ds
+ /tl 90(1(/08 w(r) f(7,u(r), Au(T), Bu(T)) d’r) dsT_
< [ nsgeal [ woenar)ast [Cal [ wreEar)a

= ;2[%1(/01 w(T) dT) {1 + /01 h(n,s) ds}

S Co.
We have
|Tu|| < ca = ||ul| for u € Q. (3.1)
By using Schauder fixed point theorem, we can get the T has at least one fixed
point uy in ;. That is, Tu; = u; and |Ju|| < c2. If |Jur|| = 0, we have u; = 0,

t € [0, 1], which is a contradiction with (H2). Hence, 0 < |Juz|| < ca.

It follows that ([1.1]) has at least one positive solutions u; such that 0 < ||u1]| < ¢2
from Lemma Let

Dy ={ue K :||u| <cs}.
For any u € 0, we have u € K and |ju|| = ¢z and dez < u(t) < egford <t <1-—4.
By Lemma, we have
* * * 1
IT*u|| = T*u(oy) > T u(§)

If 0, > 1/2, it follows from (H6) that

7l > | glé s | w) ), ut), Bur)ar) as

N /01/2 SOq(/:u w(T)f+(T,u(T)7AU(T)’BU(T))dT> ds
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1/2 1/2
> / e / w(r)f* (7, u(7), Au(r), Bu(r)) dr ) ds
6 s

> /5 . o / Uzw(r)sap(j\j)dr) ds
— CMS i 9011(/:/2 w(T) dT) ds

Z C3.
If o, < 1/2, it follows from (H6) that

| T*u|| > /71 h(n, s)cpq</: w(T)f (1, u(7), Au(7), Bu(T)) dT) ds

u

_|_
S
hS
g

(1) ST (,ulr), Au(r), Bu(r)) dT> ds

Hence, we can show that

1T u|l > cs = ||u|| foru € 0. (3.2)
As in the proof of (3.1]), we obtain

T u|| < cg = |Ju|| for u € 0.
Therefore, by using Krasnosel’skii fixed point theorem, 7™ has at least one fixed
point ug € Q2\Q; with ¢g < |luz|| < e3. Subsequently, we prove ug is also a fixed
point of S.

If u € Q\Qy and T*u = u, then u € K, co < [|ul| < c3 and minges;;—s u(t) >

dlju|| > dco. By Lemma Lemma [2.7] and the definition of T*, we obtain

Ou

(T*u) (1) = o4 /t w(r)f* (r, u(r), Au(r), Bu(r)) dr)ds), ¢ € [0,1]
(T*u) (0,) =0, (T*u)'(t) > 0if t € [0,04), (T*u)'(t) <0if t € [0y, 1]

and

Oréltiglu(t) = min{u(0),u(1)} > 0.

If minp<;<1 u(t) = u(0), when £ < o, by (H3) and mean value theorem of integral,
there exists a & € [0,&] such that

£ £
u(0) = Au(€) = / a(€. 5 (s) ds = g(£,61) / W (s)ds > g(€,€)(u(€) — u(0))

and
6g(£a§)62 > 69(576)02
1+9(£,€) ~ 1+9(¢,0)

g(€.u(€) _ bg(€.€)
U2 T g = Tt o

[ull = (3-3)
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When € > o, by (H3) and mean value theorem of integral, there exist & € [0, oy,]
and &3 € [0y, €] such that

ou £
u(0) =Au(€) = / 9(E, ) (s) ds + / g€, )/ (s) ds

u

3

— g(6.8) / " (s) ds + g6, 63) [ s

u

= 9(&,&2) (u(ow) — u(0)) + g(&, &) (u(§) — u(ow))
29(& §)ul(§) — g(£,0)u(0)

and
g(&, §u(§) dg(&,€) 0g(&,&)ca
W02 TE0) ~ T g0 1= (34

1+9(£,0)
If ming<¢<q u(t) = u(1l), when n < o, by (H3) and mean value theorem of
integral, there exist m € [, 0,] and 1y € [0y, 1] such that

Ou 1
u(1) = —Bu(n) = —/ h(n, s)u'(s)ds —/ h(n, s)u'(s) ds

u

—h, m)/;U( )dsh(n,nz)/gi (s ds

—=h(n,m)(uw(ow) —u(n)) — h(n,n2)(u(l) — u(ow))
h(n n2)u(n) — h(n,m)u(l) + (h(n,n2) — h(n,m))ul(ow)
> h(n,m)u(n) — h(n,u(1)

_1+h(n,1)_1+h(n,1) _1—|—h(777 1)
When 7 > oy, by (H3) and mean value theorem for integrals, there exists 13 € [, 1]
such that

and

g

(3.5)

1
u(1) = ~Bu(n) = - / B, sy (s) ds
= h(n,ms) (uln) — u(1)) = h(m, m)(un) — u(1))

and

h(n,n)u(n) dh(n,n) Sh(n,m)ca _ 0h(n,n)cz
ulh) =5 + h(n,n) =1 + h(n,n) Iell = 7 + h(n,n)) =1 +h(n, 1)’ (3.6)

Hence, it follows

9§, §) h(n,n)
14+9(£,0)" 1+ h(n,1)

min u(t) > min{
0<t<1

from (3.3)—(3.6).

Therefore, if u € Qs \ Q) and T*u = u, we have
¢ < u(t) < fluf| < cs.

It follows f(t,u(t), Au(t), Bu(t)) > 0, t € [0,1] from (H4). Thus, T*u = Su.
That is, the fixed point of 7% on Qj \ € is also a fixed point of S. We can get
the boundary-value problem has at least one positive solutions us such that
co < ||ug|| < ¢3. The proof is complete. O

}5C2 >
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For the next theorem, we have a new assumption:
(H7) For each t € [0,1], g(¢,s) and h(t, s) are monotone with respect to s.
We denote

M, = max{ ren[gui] g(t,0), tren[ax]g(t )}, M, = max{tren[(z)i% h(t, 1),tren[(z)1>§] h(t,t)}.

If (H7) holds, for each t € [0, 1], when g(t, s) is decreasing with respect to s, there
exists a & € [0,1] such that

&1
|(Au)( |—\/ (t, $)u'(s) ds| = g(t,0) |/ §)ds| < 2g(t,0)|[ull < 2M, |[ul.

and when g(t, s) is monotone creasing with respect to s, there exists a & € [0,
such that

t
[(Au)(t)] = \/ (t,s)u'(s)ds| = g(t,1)] | o'(s)ds| < 2g(¢, t)lJull < 2Mg]lull.
&
As above, if (H7) holds, we can show that

|(Bu)(t)| < 2Mp||u||, for each t € [0,1].

As in the proof of Theorem we obtain the following theorem under the assump-
tion taht f satisfies the following growth conditions:
(H8) f(t,u,z,y) >0 for (t,u,z,y) € [0,1] X [c1, 3] X [-2Myc3, 2M gc3]
X [—2Mh03, 2Mh63],
(H9) f(t,u,z,y) < @p(R) for (t,u,z,y) € [0,1] x [0,co] x [-2Myca,2Myco] X
[—ZMhCQ, 2Mh82}
(H10) f(t,u,2,y) > @, (5F) for (t,u,z,y) € [6,1-06]x[dcs, 3] x [-2Myc3, 2M ge3] x
[72Mh03, QMhC;g}

Theorem 3.2. Suppose (H1)—-(H3) and (H7)—(H10) hold. Then there exist con-
stants ¢y, co, c3 such that such that

g(&,§) h(n,m)
14+9(£0)" 1+ h(n,1)

Then (1.1) has at least two positive solutions ui; and us such that

0<e < min{ }502, and ¢y < dcs < c3
0 < flur]| <2 < lual| < cs.

We have a new assumption:
(H11) For each ¢,s € [0,1], gs(t, s) and hs(t, s) are bounded.

We denote
N, = max{ max ¢(¢,0), max g(t,t), sup gs(t,s)},
p = max{ mas 0,0, max o0.0), sup g.(0,9))
Njp, = max{ max h(t,1), max h(t,t), sup hs(t,s
= {te[m] ( )te[Ol] ( )tse[gl] (t,s)}

If (H11) holds, for each ¢ € [0, 1], we have

[(Au)( |—|/ (t, s)u'(s) ds

= [(g(t, t)u(t) — g(t,0)u(0)) */0 9s(t, s)u(s) ds| < 3Ng|lull.
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As above, if (H11) holds, we can show that

[(Bu)(t)| < 3Np||u||, for each ¢ € [0,1].

As in the proof of Theorem we can get the following theorem, and f satisfies
the following growth conditions:

(H12) f(t,u,z,y) >0 for (¢t,u,z,y) € [0,1] X [e1, 3] X [-3Ng4c3, 3N, c3]

X [—3Nh63, 3Nh63];

(H13) f(t,u,z,y) < @p(2) for (t,u,z,y) € [0,1] x [0,ca] x [-3Ngyc2,3Nyco] x

[—3Nh02, 3Nh02];

(H14) f(t,u,2,y) > @p(55) for (t,u,z,y) € [§,1—0] x[dcs, c3] X [~3Nycz, 3Nges] x

[*3Nh63, 3Nh63].

Theorem 3.3. Suppose (H1)—(H3) and (H11-(H14)) hold. Then there exist non-
negative constants ci1,ca, cs such that

98 h(n,m)
14+9(£,0)" 1+ h(n,1)

0<c < min{ }502, and ¢ < deg < c3

Then (1.1) has at least two positive solutions ui; and us such that

(1]
2]

0 < flur]| <2 < luzl| < cs.
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