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NORMAL EXTENSIONS OF A SINGULAR MULTIPOINT
DIFFERENTIAL OPERATOR OF FIRST ORDER

ZAMEDDIN 1. ISMAILOV, RUKIYE OZTURK MERT

ABSTRACT. In this work, we describe all normal extensions of the minimal
operator generated by linear singular multipoint formally normal differential
expression | = (I1,12,13), I = % + A, with selfadjoint operator coefficients
Aj in a Hilbert space. This is done as a direct sum of Hilbert spaces of
vector-functions

LQ(H, (7007 al)) D LQ(H, (ag, bz)) D LQ(H, ((137 +OO))

where —oco < a1 < ag < ba < az < +o0o0. Also, we study the structure of the
spectrum of these extensions.

1. INTRODUCTION

Many problems arising in modeling processes in multi-particle quantum mechan-
ics, in quantum field theory, in multipoint boundary value problems for differential
equations, and in the physics of rigid bodies use normal extensions of formaly nor-
mal differential operators as a direct sum of Hilbert spaces [T}, 19} [20]. The general
theory of these normal extensions of formally normal operators in Hilbert spaces
has been investigated by many mathematicians; see for example [2] [3| 4}, 12, T3] [T4].
Applications of this theory to two-point differential operators in Hilbert space of
functions can be found in 7] [, [9] 10} 111 [I5] [16] 17].

It is clear that the minimal operators Ly(1,0,0) = L1 0@ 0 and L(0,0,1) =
0@ 0@ L3p generated by differential expressions for the forms (% + A1,0,0) and
(0,0, £ + A3) in Hilbert spaces of vector-functions Lo(1,0,0) = Ly(H, (—00,a1)) &
0640, L2(0,0,1) =06 0 La(H, (a3,00)) respectively, where A; = A} <0, A3 =
A3 >0, —00 < a < b < 00, are maximal formally normal. Consequently they do
not have normal extensions. But the minimal operator Lg(0,1,0) = 0 ® Log & 0
generated by differential expression of the form (0, % + Ao, 0) in the Hilbert spaces
of vector-functions Ly(0,1,0) = 0 ® Lo(H, (az,b2)) @ 0 is formally normal and not
maximal.

Unfortunately, multipoint situations may occur in different tables in the fol-
lowing sense. Let By , Bo and Bs be minimal operators generated by the linear

d

differential expression ; in the Hilbert space of functions La(—00,a1) , La(az, b2)
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and Ls(ag, +00) where —00 < a1 < ag < by < az < oo respectively. Consequently,
B; and Bjs are maximal formally normal operators, but are not normal extensions.
However, the direct sum B; @ By @ B3 of operators By, By and Bj in a direct sum
Lo(—00,a1) & La(ag, ba) @ La(as, +00) has a normal extension. For example, in
case H = C it can be easily shown that an extension of the minimal operator
By, & Bs @& B3 with the boundary conditions

uz(az) = eui(ar), @€ [0, 27),
uz( bg) = 6“"@(@ ), € [0,2m),
u = (uy,us,us), uy € D(BY), wuz€ D(B;),us € D(B3)

is normal in Lo(—00,a1) ® La(az, bs) ® La(as, +00).

In the general case of H being the direct sum Lo(1,1,1) = L,, @ Lao @ L3 of
operators Lig, Log and Lgg is formally normal, is not maximal. Moreover it has
normal extensions in the direct sum

L2(1a 1, 1) = LQ(Hv (—OO, a’l)) D LQ(H’ (a27 b2)) @ LQ(Ha (a3, OO))

In singular cases, however, there has been no investigation so far. But the physical
and technical process for many of the problems resulting from the examination of
the solution is of great importance for the singular cases.

In this article, it will be considered as a linear multipoint differential-operator
expression

l:(ll,lg,lg), lk:%JrAk, k=1,2,3
in the direct sum of Hilbert spaces of vector-functions Ly(1,1,1), where A; = A7 <
0, Ay = A5 >0, A3 =A35 >0, —00 < a1 < az < by < az < oo.

In the second section, by the method of Calkin-Gorbachuk theory, we describe
all normal extensions of the minimal operator generated by singular multipoint
formally normal differential expression for first order I(. ) in the direct sum of
Hilbert space Lo(1,1,1) in terms of boundary values. In the third section the
spectrum of such extensions is studied.

2. DESCRIPTION OF NORMAL EXTENSIONS

Let H be a separable Hilbert space and ay,as,bs,a3 € R, a; < as < by < az. In
the Hilbert space La(1,1, 1) of vector-functions let us consider the linear multipoint
differential expression

l(u) = (ll(ul),ZQ(Ug),lg(Ug,)) = (u’l =+ Alul,ué + AQ’UQ, 'Ll/g —+ A3U3),
where u = (uy1,us,us), Ax : D(Agx) C H — H, k = 1,2,3 are linear selfadjoint

operators in H and A7 = A} <0, Ay = A5 > 0, A3 = A > 0. In the linear
manifold D(Ay) C H introduce the inner product

(f7g)k,+ = (Akakag)H + (fvg)]—b fvg S D(Ak)7 k= 17273'

For k = 1,2,3, D(Ay) is a Hilbert space under the positive norm || - ||, , with
respect to Hilbert space H. It is denoted by Hj . Denote the Hj _ a Hilbert
space with the negative norm. It is clear that an operator Ay is continuous from
Hy + to H and that its adjoint operator flk : H — Hj,_ is a extension of the
operator Ay. On the other hand, the operator Ay, : D([lk) =H CHy_1— Hi, 1
is a linear selfadjoint.
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In the direct sum, Lo(1,1,1) is defined by

I(u) = (I (u1), lo(uz2), I3(us)), (2.1)

where u = (u1,us2,uz) and l~1(u1) = uj + Ay, ZQ(’U/Q) = u) + Aqus, Zg(’u?,) =
Ug + AgU3.

The operators Lo(1,1,1) = Lo ® Log & Lo and L(1,1,1) = L1®Ly & L3 in
the space Ly(1,1,1) are called minimal (multipoint) and maximal (multipoint)
operators generated by the differential expression , respectively.

Here all normal extensions of the minimal operator Lg(1,1,1) in Lo(1,1,1) in
terms of the boundary values are described.

Note that a space of boundary values has an important role in the theory exten-
sions of the linear symmetric differential operators [6] and will be used in the last
investigation.

Let B : D(B) C H — H be a closed densely defined symmetric operator in
the Hilbert space H, having equal finite or infinite deficiency indices. A triplet
(9,71,72), where $ is a Hilbert space, 1 and s are linear mappings of D(B*) into
9, is called a space of boundary values for the operator B if for any f,g € D(B*)

(B f,9)3 — (fs B*9)3 = (11(f);72(9) g — (72(f);71(9)) g

while for any F, G € $, there exists an element f € D(B*), such that v1(f) = F and
72(f) =G.

Note that any symmetric operator with equal deficiency indices has at least one
space of boundary values [6].

Now let us construct a space of boundary values for the minimal operators
My (1,0,1) and My(0,1,0) generated by linear singular differential expressions of
first order in the form

.du1 ,dU3
(m1(u1),0,m3(uz)) = (_ZE’O’ _ZE)’
d
(O7m2(u2)v0) = (07 _1%70)

in the direct sum Lo(1,0,1) and L2(0,1,0), respectively. Note that the minimal
operators My(1,0,1) and My(0,1,0) are closed symmetric operators in L2(1,0,1)
and Ly(0,1,0) with deficiency indices (dim H,dim H) .

Lemma 2.1. The triplet (H,~1,72), where

m DM — H, i(u) = %
7ot DOMG ) = H, () = —=(us(as) — ur(a1)), u = (ur,0,us) € D(M)

V2

is a space of boundary values of the minimal operator My(1,0,1) in Lo(1,0,1).

(uz(az) +wui(ar)),

Proof. For arbitrary u = (uy,,0,u3) and v = (v1,0,v4) from D(M;(1,0,1)) the
validity of the equality

(Mg (1,0,1)u, U)L2(1,0,1) — (u, Mg (1,0, 1)U)L2(1,0,1)
= (m(u),72(0) g — (v2(w), 1(v) g
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can be easily verified. Now for any given elements f, g € H, we will find the function
u = (u1,0,u3) € D(M;(1,0,1)) such that

) = = (ualan) + o)) = and o) = —=(us(es) — w1 () = g
that is,
wi(w) = (if = 9)/VE and ualan) = (if +9)/VE.

If we choose the functions wuy(t), us(t) in the form u, (t) = fioo es~ds(if — g)/V2
with ¢ < a; and us(t) = [~ e®~tds(if + g)/V2 with t > ag, then it is clear that
(u1,u2) € D(Mg) and v1(u) = f, y2(u) = g. O

Lemma 2.2. The triplet (H,I'1,T2),

Ty D(M(0,1,0)) — H, mwﬂ%w@w%m»
FQ . D(Mg(o, 170)) — H, Fg(u) = %(’Uq(bg) — ’U,Q(ag)),

u=(0,uz,0) € D(M;(0,1,0))

is a space of boundary values of the minimal operator My(0,1,0) in the direct sum
L5(0,1,0).

Theorem 2.3. If the minimal operators Lyg, Loy and Lsg are formally mormal
then

D(L1o)C Wi(H,(—00,a1)), A1D(L1g) C La(H, (—00,ay)),
D(L20)C Wi(H, (a2,b2)), AsD(Lag) C La(H, (az,b2)),
D(Lso) C W3 (H, (a3, 0)), AszD(Lsg) C La(H, (asz,0)).
Proof. Indeed, in this case for each u; € D(L1g) C D(L7,) is true
uy + Ajuy € Lo(H, (—0,a)) and u} — Ajuy € Lo(H, (—00,a)),

hence
u) € La(H,(—o0,a)) and Ajuy € La(H, (—00,a));
i.e.,
D(Ly0)C W3(H, (—00,a)) and AyD(L1y) C Lo(H, (—00,a)).
The second and third parts of theorem can be proved in a similar way. O

The following result can be easily established.

Lemma 2.4. Every normal extension of Lo(1,1,1) in La(1,1,1) is a direct sum of
normal extensions of the minimal operator Ly(1,0,1) = L1g ® 0@ Lsg in

LQ(]., 0, 1): LQ(H7 (—OO, al)) D0 LQ(H, (a3, OO))
and minimal operator Lo(0,1,0) = 0B Loo®0 in L2(0,1,0) = 0@ La(H, (az, b2))@0.

Finally, using the method in [6} [7, [8, @9} 10, LT, 15, [16, [17] and Lemmas 2.1 and
the following result can be deduced.
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Theorem 2.5. Let (—A;)"*W}(H, (—00,a1)) C Wi(H, (00, a1)),
A;/2W21(H, (a27b2)) - W21(H, (a27b2))7
AYPW3(H, (as,00)) € W3 (H, (a3, 00)),

Each normal extension L of the minimal operator Lg in the Hilbert space Ly(1,1,1)
is generated by differential expression (2.1) and boundary conditions

us(az) = Wiug(a1), wi(ar) € ker (—Al)l/2 . us(asg) € kerA;,/Q, (2.2)
uz(b2) = Waui(az), (2.3)

where Wi, Wy : H — H is a unitary operators. Moreover, the unitary operators
Wi, Ws in H are determined by the extension L; i.e., L = Lw,w, and vice versa.

Corollary 2.6. If at least one of the operators A, and As is one-to-one mapping
in H, then minimal operator Lo(1,1,1) is mazimally formal normal in Lo(1,1,1).

Corollary 2.7. If there exists at least one normal extension of the minimal operator
Lo(1,1,1), then
dim ker (—Al)l/2 = dim ker Aé/z > 0.
3. THE SPECTRUM OF THE NORMAL EXTENSIONS

In this section the structure of the spectrum of the normal extension Lyy,w, in
L>(1,1,1) will be investigated. In this case by the Lemma [2.4] it is clear that

Lw,w, = Lw, ® Lw,,

where Ly, and Ly, are normal extensions of the minimal operators Lo(1,0,1)
and Lo(0,1,0) in the Hilbert spaces Lo(1,0,1) and L2(0,1,0) respectively. Later,
it will be assumed that A; = A7 < 0, Ay = A5 > 0,43 = A5 > 0 and 0 €
Up((—Al)l/z) N ap(A;,/z). First, we have to prove the following result.

Theorem 3.1. The point spectrum of any normal extension Ly, of the minimal
operator Lo(1,0,1) in the Hilbert space La(1,0,1) is empty; i.e., op(Lw,) = 0.

Proof. Let us consider the following problem for the spectrum of the normal exten-
sion Ly, of the minimal operator Ly(1,0,1) in the Hilbert space Lo(1,0,1),

Lwy,u=Xu, A=\ +1i\€C, u=(u1,0,us) € La(1,0,1);
that is,
Li(uy) =u) + Ajuy = My,  ug € Lo(H, (—00,a1)),
I3(us) = uh + Aguz = Aug, us € Lo(H, (a3, +0)), AE€R,
us(az) = Wiuq(a1), wi(ar) € ker (—A1)1/2, ug(as) € ker Aé/Q.
The general solution of this problem is
ui(A\st) = emmNE-aD gy fr e By jp(—Ay),
us(Xit) = em VOO ay, ff € Hoy po(4s),
fs=Wifl, fiifs €, fi=wmXa), f3=us(Xas).
Since 0 € Up((fAl)l/Q) N ap(Aé/Q) and (fAl)l/Qfl* =0, Aé/Qfg =0, we have
ui(At) = MVt <a, ff € Hoypa((—4),
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up(Ait) = MOt > b, fi € Hoyp(As),
fs =Wifl, i =wuNar), f3 =us(Xas).
In order for ui(\;.) € Lo(H, (—00,a1)) and us(X;.) € Lo(H, (a3, 00)) necessary

and sufficient condition is that A, > 0 and A, < 0 respectively. Hence A\, = 0.
Consequently,

ur (M t) = et o <og
up(At) = €N Rt > ag, f o= WifT.
In this case for ui(A;.) € La(H, (—00,a1)) and us(A;.) € La(H, (az,00)), clearly,

necessary and sufficient conditions are that f{ = 0, f5 = 0. This implies that
u; = 0 and up = 0 in L2 Therefore o,(Lw,) = 0. O

Since residual spectrum of any normal operators in any Hilbert space is empty,
it is sufficient to investigate the continuous spectrum of the normal extensions Ly,
of the minimal operator Ly(1,0,1) in the Hilbert space Lo(1,0,1).

Theorem 3.2. The continuous spectrum of any normal extension Ly, of the min-

imal operator Lo(1,0,1) in the Hilbert space L2(1,0,1) is o.(Lw,) = iR.

Proof. Assume that A € o.(Lw, ). Then by the theorem for the spectrum of normal
operators [5],

o(Lw,) C o(Re Lw, ) + io(Im Ly, ),
we obtain that

Ar €0(ReLw,), X\ € o(ImLy,).
This implies that A, € o(A;) and A\, € o(A3), hence by the conditions to the
operators A; and Az we have A, = 0. On the other hand from the proof of
previous theorem we see that ker( Ly, — A) = {0} for any A € C. Consequently,
oc( Lw,) C iR. Furthermore, it is clear that for the A = i\; € C the general
solution of the boundary value problem

uy + Ayuy = idiug + fi,  wi, fi € La(H, (—00,a1)),
uy + Asuz = i\iuz + f3, ug, f3 € La(H, (a3,00)), A €R,
ug(as) = Wiua(a1), ui(a1) € ker (—A1)1/2 ,ug(as) € ker A;’/2

will be of the form

a1
up (i t) = e_(Al_”\"')(t_al)fi)\i — / e_(Al_Mi)(t_s)fl(s)ds, t<ai,
t

t
uz(idg;t) = ef(A?’*Mi)(t*aP’)giAiJr/ e~ (As=iX)(t=9) fo(5)ds,  t > ag,

as
Gix; = Wi fix,-
In this case,
em(AmiAIma) £y e [o(H, (—00,a1)), e Remidlt=as) g e [o(H, (a3,00))

for any gix,,fin, € H. If choose fi(t) = etrite=(t=01) f* % ¢ ker(fAl)l/2 bt <an,
then

al . . ai
/ e~ (A=iA)(=5) £ (5)ds = eszit/ e=(s=a) prgs
t t

_ e‘“‘"t(e_(t_al) -1)f" t<a.
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Therefore,
a1 . 2 a : 2
/ ||677,,\it(67(t7a1) - 1)f*|| dt = / Hefz)\it(e*(tfal) _ l)f*” dt

ay
- / (e720ma) —2e=(=a) L )it £+||* = oo
Consequently, we have f1(t) € Ly(H, (—00,a1)), ui(iAi;t) ¢ Lo(H, (—00,a1)). This
implies that for any A € C, an operator Ly, — A is one-to-one in Ly(1,0,1), but
it is not an onto transformation. On the other hand, since the residual spectrum
or(Lw,) is empty, we have o( Ly,) = oc(Lw, ) = iR. O

Now, we investigate the spectrum of normal extensions Ly, of the minimal
operator Lo(0,1,0) in Ly(1,0,1).

Theorem 3.3. The spectrum of the normal extension Lyw, of the minimal oper-
ator Ly(0,1,0) in the Hilbert space L2(0,1,0) is of the form

o(Lw, )={AeC: \= (In|p| +i argp + 2nwi),n € Z,

az — by
JIRS U(Wge_AQ(br“Z)), 0<argu < 2r}
Proof. The general solution of the problem spectrum of the normal extension Lyy,,
Ip(ug) = uh + Agug = Mug + fa, s, f2 € La(H, (az, b))
ug(be) = Waug(az), A eC
is of the form

_ t _
up(t) = e~ (Aa=Nlt=az) px | / e~(Aa=)(t=3) f, (o).

as

ag <t <bg, fy € H_15(Az)

- b -
(67)\(17270,2) B W;efAz(bzfag))f; _ Wz*e*)\(b27a2) / 2 6*(A27)‘)(b275)f2(5)d8

a2
This implies that A\ € o(Lw,) if and only if A is a solution of the equation
e~ AMb2—a2) — 4 wwhere € o(Wye™A2(b2792))  We obtain that

A= (In|p| + iarg pu + 2nmi), n€Z, p € o(Wie A2(b2—a2))

a9 —b2
(]

Theorem 3.4. For the spectrum o(Lw,w,) of any normal extension Lyw,w, =
Ly, @ Lyw,, it is true that

OP(LW1W2) = UP(LW2)5 UC(LW1W2) = {[UP(LW2)]C n [ZR]} U UC(LWQ)

Proof. The validity of this assertion is a simple result of the following claim. If Sy
and Sy are linear closed operators in any Hilbert spaces H; and Hs respectively,
then we have

op(S1 @ S2) = 0,(51) U0, (S2),
0e(S1 @ S2) = (0,(51) U 0p(S2))° N (0,(S1) U 0(S2))° N (0(S1) U 0(S2))-
O
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Note that for the singular differential operators for n-th order in scalar case in
the finite interval has been studied in [I8].

Example 3.5. Consider the boundary-value problem for the differential operator
LWJH

. Ou(t, x) O*u(t,x)
Loy : —5— +sgnt—s o— = f(t.z), |t/>1, z€[0,1],
ou(t,z)  O*u(t, ) B
ot Ox2? +u(t,z) = f(t,z), |t]| <1/2, z €][0,1],

U(17l') = €i<pu(_]~a 'I)7 2 S [07 27‘-)’
u(1/2,z) = e"u(=1/2,z), < € [0,2n),
ug(t,0) = ug (¢, 1) =0, |t >1, |t <1/2

in the space Lo((—o00, —1) x (0,1)) & La((—1/2,1/2) x (0,1)) & L,((1,00) x (0,1)).
In this case it is clear that in the space L2 (0, 1), for the operators

&*u(., x)

A= W; x € [Oa 1]7 um(ao) - uﬂ”(" 1) =0,
 9%u(, ) — =
A277W+U('»x)v S [0’1]3 UI(’O)iuf(’l)i()’

_u(,2)

Ay =28
3 61‘2 9

we have
Ay =AT <0, Ay=A5>1, A3=A5>0, ker(—41)"? # {0},
ker Ag/2 £ {0}, 0 € 0p((—A1)"%) Ny (45).
On the other hand, since 45" € 0.(L2(0,1)), 0(Ly) = 0p(Ly), 0c(Ly) = 0 and
o(Ly) = {A eC: A=nlu|+iargp+2nmi,n €Z, p € a(ewe_"iz(braz)),

0<argp < 27r}
C{A€C:Re)\21},
then [0, (Ly)]° N [iR] = iR. Therefore, by the Theorem we obtain
op(Lypy) = 0p(Ly),  0c(Lyy) = iR.
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