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SOLVABILITY OF SECOND-ORDER BOUNDARY-VALUE
PROBLEMS AT RESONANCE INVOLVING INTEGRAL
CONDITIONS

YUJUN CUI

ABSTRACT. This article concerns the second-order differential equation with
integral boundary conditions

a’(t) = f(t,x(t),2'(t), te€(0,1),
1 1
z(0) = /0 z(s)da(s), =(1)= /0 z(s)dB(s).

Under the resonance conditions, we construct a projector and then applying
coincidence degree theory to establish the existence of solutions.

1. INTRODUCTION

We consider the nonlinear second-order differential equation with integral bound-
ary conditions

a”(t) = f(t,z(t),2'(t)), t€(0,1),

x(O):/O z(s)da(s), x(l):/o x(s)dp(s),

where f € C([0,1] x R%,R); o and f3 are right continuous on [0, 1), left continuous
at t = 1; fol u(s)da(s) and fol u(s)dpB(s) denote the Riemann-Stieltjes integrals of
u with respect to o and [, respectively.

The boundary-value problem is at resonance in the sense that the associated
linear homogeneous boundary-value problem

2"(t) =0, te(0,1),

2(0) = /0 2(s)da(s), (1) = /0 2()dB(s)

has nontrivial solutions. The resonance condition is k1k4 — Koksz = 0, where

oy = 1—/01(1—t)da(t), iy = /Oltdoz(t),

(1.1)

(1.2)

K3 :/0 (1—t)d(t), ry=1 —/0 tdB(t).
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Boundary value problems with integral boundary conditions for ordinary differ-
ential equations arise in different fields of applied mathematics and physics such as
heat conduction, chemical engineering, underground water flow, thermo-elasticity,
and plasma physics. Moreover, boundary-value problems with Riemann-Stieltjes
integral conditions constitute a very interesting and important class of problems.
They include two, three, multi-point and integral boundary-value problems as spe-
cial cases, see [2], 3, [8,@]. The existence and multiplicity of solutions for such prob-
lems have received a great deal of attention in the literature. We refer the reader
to [I0) 0T}, 12, 4] for some recent results at non-resonance and to [T}, 4 [5 13}, 15]
at resonance. Zhang, Feng and Ge [I3] obtained some excellent results for certain
integral boundary conditions at resonance with dim kerL = 2. Zhao and Liang [15]
studied the following second-order functional boundary-value problem

2(t) = f(t,x(t),2'(1), te(0,1),
Fl(z) = 07 FQ(JC) = O,

where I'1,T's : C'[0,1] — R are continuous linear functionals. We should note
that all boundary-value conditions in the work of Zhao and Liang are relied on
both x and #’. By using the Mawhin’s continuation theorem [6], [7], some existence
results were obtained when certain resonance conditions hold. However, integral
boundary-value problem is so complex that many problem still remain open. One
problem is that all known results about resonance problem were done under special
resonance conditions. For example, the known works referred to , concentrate
on the resonance condition that at least three constants of {x;};_; is equals to 0,
see [15].

Motivated by all the above works, we give some sufficient conditions for the exis-
tence of solutions to at resonance. Our method is based upon the coincidence
degree theory of Mawhin [6} [7].

Throughout this paper, we suppose that k1, ko, k3, k4 satisfy

(HO) Kikokska # 0; K1k — Kaksg = 0.

2. PRELIMINARIES

In this section, we provide some definitions and lemmas used for establishing the
existence of solutions in C*[0, 1].

Definition 2.1. Let Y, Z be real Banach spaces, L : Y D dom L — Z be a linear
operator. L is said to be the Fredholm operator of index zero provided that

(i) Im L is a closed subset of Z,
(ii) dimker L = codimIm L < +o0.

Let Y, Z be real Banach spaces and L : Y D dom L — Z be a Fredholm operator
of index zero. P :Y — Y, Q : Z — Z are continuous projectors such that
ImP =kerL,kerQ =ImL, Y =kerL@kerPand Z =ImL & ImQ. It follows
that L|gom Lrker P : dom L Nker P — Im L is reversible. We denote the inverse of
the mapping by Kp (generalized inverse operator of L). If Q is an open bounded
subset of Y such that domL N Q # (), the mapping N : Y — Z will be called
L-compact on €, if QN () is bounded and Kp(I — Q)N : Q — Y is compact.

Our main tools are [0, Theorem 2.4] and [7, Theorem IV.13].

Theorem 2.2. Let L be a Fredholm operator of index zero and let N be L-compact
on Q. Assume the following conditions are satisfied:
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(i) Lx # ANz for every (xz,\) € [(dom L\ ker L) N 9] x (0, 1).
(ii) Nz & ImL for every x € ker L N OS).
(iii) deg(QN|kerr,ker LN Q,0) # 0, where Q : Z — Z is a projector as above
with Im L = ker Q.

Then the equation Lz = Nx has at least one solution in dom L N Q.

We use the classical spaces C[0, 1], C[0,1] and L'[0,1]. For = € C*[0, 1], we use
the norm [|z|| = max{[|z||s, [|2'||oc }, Where ||2]|oc = max;c[o1]|x(t)|. And denote
the norm in L[0,1] by || - |[1. We also use the Sobolev space W21(0, 1) defined by

W21(0,1) = {x : [0,1] — R | z,2 are absolutely cont.on [0,1], =" € L'[0,1]}

with its usual norm.
Let Y = C'0,1], Z = L'[0,1]. Let the linear operator L : Y D dom L — Z with

1 1
dom L = {x € W?(0,1) : u(0) = / u(s)da(s), u(l) = / u(s)dp(s)}
0 0
be define by Lz = z”. Let the nonlinear operator N : Y — Z be defined by

(Na)(t) = f(t,2(t),2'(t)).
Then (1.1 can be written as
Lx = Nzx.

Lemma 2.3. Let L be the linear operator defined as above. If (HO) holds then
ker L={x €edomL:c(1+ (p—1)t), ce R, t€[0,1]}
and

ImL={yeZ: I{g// (t,s)y(s)dsda(t +/<51// (t,s)y(s) dsdp(t) = 0},

where p = K3/ky = K1/K2, and

k(t, 5) t(l—s), 0<t<s<l1,
78 =
s(1—1t), 0<s<t<L.

Proof. Let z(t) = 1+ (p — 1)t. Considering p = 113//@4 = /11//-@2, fo t)da(t) =
J3 (1= t) + pt)da(t) = 1 — k1 + pro = 1 = 2(0) and [ z(t)dB(t) = [, (1 —¢) +
pt)dp(t) = kg + p(1 — Kk4) = p = x(1). So

{redomL:c(1+(p—1)t), ceR,; te€]0, 1]} C ker L.

If Ly = 2” = 0, then z(t) = a(l — t) + bt. Conbidering x( fo ) and
= fol x(t)dB(t), we can obtain that a = fol x( fo a(l—t) +bt)da( )

a(l — K1) + bra. Tt yields aky = bkg and ker L C {x 6 domL (1 +(p—1)), c

R, t € [0, 1]}

We now show that

ImL={yeZ: Iﬂ?g// (t,s)y(s)dsda(t +/<;1// (t,s)y(s)dsdp(t) = 0}.

If y € Im L, then there exists € dom L such that =’ (¢) = y(t). Hence

z(t) = —/0 k(t, s)y(s)ds + x(0)(1 — ¢) + x(1)¢.
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) and dB(t) respectively on [0, 1] gives

/ / / k(t, s)y(s)dsda(t) + z(0)(1 — k1) + 2(1)ke
and
/ / / (t,s)y(s)dsdB(t) + z(0)ks + x(1)(1 — K4).
Therefore,
(/{1 —/<c2> (x ) fo fo (s) dsda(t)
—r3 kg ) \a(1) — Jo J k(t,s)y(s) ds dB(t)
and so
K1:(—k —K2) /{4—/ / s)dsda(t / / (t,s)y(s) dsdB(t)
It yields
ImLc{yeZ: ﬁg//kts s)dsda(t —|—f<a1//k‘ts s)dsdp(t) = 0}.
On the other hand, y € Z satisfies
Iﬁ:g/ / (t,s)y(s) dsda(t +/<;1/ / (t,s)y(s) dsdB(t)
Let
a?(t):—/ ds—i——// (t,8)y(s) dsda(t
0
then Lz = 2" = y(t), z(0) = 0 and (1) = - fo fo s)dsda(t). Simple
computations yield
11
/ / / k(t, s)y(s)dsa(t / / s)dsda(t) =0
0o Jo
and
1,1 ~
/ //kts s)dsf(t) //k‘ts s)dsda(t
0o Jo
1,1 ok
//kts s)dsda(t 4// (t,s)y(s) dsda(t
o Jo
1,1 .
//k:ts s)dsda(t 4//kts s)dsda(t
o Jo 0
1 o
/ / k(t, s)y(s) dsda(t) = z(1).
o Jo
Therefore,
1
{yeZ:ng//k( s)dsda(t —|—/~§1// (t,$)y(s)dsdp(t) =0} C Im L.
0o Jo

O
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Lemma 2.4. If (HO) holds and

K= % t(1 — t)da(t) + %/ #H(1 — t)dB(t) # 0

0 0

then L is a Fredholm operator of index zero and dimker L = codimIm L =
Furthermore, the linear operator K, : Im L — dom L Nker P can be defined by

(pr)(t>=—/olk< ds——// (t, $)y(s) ds dB(2).

Also
[Kpyll < Allylly,  for ally € Im L,
where
Ay Lo tdsol
|4

Proof. Firstly, we construct the mapping @ : Z — Z defined by

l€3///€t$ s)dsda(t —l—/ﬁ//kts s)dsdp(t)).

Note that fo (t,s)ds = 3t(1 —t) and
Q*y = Qy.
Thus Q : Z — Z is a well-defined projector.
Now, it is obvious that Im L = ker ). Noting that @ is a linear projector, we

have Z =Im Q@ @& ker Q. Hence Z = Im @ & Im L and dimker L = codimIm L =1.
This means L is a Fredholm mapping of index zero. Taking P:Y — Y as

(Pz)(t) = z(0)(1 + (p — 1)1),

then the generalized inverse K, : Im L — dom L Nker P of L can be rewritten

(prxt):—/olk( ds——// (t,5)y(s) ds B (o).

In fact, for y € Im L, we have

(LE,)y(t) = ((Kp)y(t)" = y(t)
and for x € dom L Nker P, we know

1
(KpL)z(t) = 7/0 k(t,s)z" (s)ds — —/ / (t,s)x" (s)dsdp(t)
= a(t) —x(0)(1 1) —

+ Ki [ (a(t) =201~ 1)~ a1 ().
In view of z € dom L Nker P, z(0) = 0,z(1) = fol z(t)dB(t), thus
(K, L)x(t) — 2(t).

This shows that Kp = (L|dom Lrker ) . Since

Hprnoos/o (s \ds+—!// (t, $)y(s) ds dB()| < Ayl
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and

1 1 1 1

)| < [ wlds + | [ [ ko) dsds)] < Sl

0 kal' Jo Jo

it follows that ||(E,y) le < Ayl O

3. MAIN RESULTS

In this section, we will use Theorem to prove the existence of solutions to
(1.1). For the next theorem we use the assumptions:

(H1) There exist functions p,q,y € L'[0,1], such that for all (x,y) € R? and
te[0,1],
[f(t,2,9) < p()|2] + q(®)]yl + 7 (1);
(H2) There exists a constant A > 0 such that for x € dom L, if |z(¢)| > A or
|z’ (t)] > A for all ¢ € [0, 1], then

QN (xz(t)) # 0;
(H3) There exists a constant B > 0 such that for a € R, if |a| > B, then either
aQN(a(l+ (p—1)t)) >0, or a@QN(a(l+ (p—1)t)) <O.
Theorem 3.1. Let (HO)—-(H3) hold and k # 0. Then has at least one solution

in C1[0,1], provided
1

+lah < —F—7%x
o+l < =57 A

where A is the same as Lemma[2.7}
Proof. Set
Q; = {x € dom L\ ker L : Lz = ANz for some X € [0,1]}.
For x € Q4, since Lx = ANz, so A # 0, Nz € Im L, hence
QN (z(t)) =0.

Thus, from (H2), there exist to,t1 € [0, 1] such that |z(¢9)] < A, |2'(¢1)] < A. Since
x,2’ are absolutely continuous for all ¢ € [0, 1],

t1
|2'(t)] = [/ (t1) —/t a"(s)ds < |2’ (t1)] + [l2"[ls < A+ [Nz,

to
|2(0)| = [=(to) */ a'(s)ds| < |2(to)| +to(A + [Nz[1) < 24 + || Nzlx.
0
Thus
[Pz[| < |z(0)|(1+|p—1]) < (14 |p — 1|)(2A + [ Nz[[1). (3.1)
Also for x € Qq, € dom L\ ker L, then (I — P)x € dom L Nker L, LPxz = 0, thus

from Lemma [2.4] we have
I(I = P)a|| = |KpL(I — P)z| < A|L(I = P)ally = Al L]y < ANzl (3.2)
By using (3.1) and (3.2, we obtain
[#]] = [|[Px+(I—-P)x|| < |[Px||+[|(I-P)z| < 2A(1+|p—1])+(1+|p—1|+4) || N[
By this and (H1), we have
2l <241+ |p— 1) + (1 +[p = 1| + A)(lell1llzlloo + [1Bll1ll2 o + [17]1)
<2401+ |p = 1)) + (1 + |p = 1 + D) (ledllallzl| + (1Bl =]l + Ivll1),
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and
2A0+ [p—1) + [y QA+ [p =1+ A)

L=+ p=1+ A)(lalx +1181)
Therefore, €7 is bounded. Let

Qy={rekerL: Nx €ImL}.

For x € Qa, z € ker L implies that = can be defined by x = a(1+ (p—1)t), ¢t € [0,1],
a € R. By (H2), there exist tg,¢1 € [0, 1] such that |z(to)| < A, |2'(t1)] < A, then

2]l = la(p = 1)] < A.

]| <

Moreover,
[2lloe < ll2"[lo + A.

So ||z|| < 2A. Thus, Qs is bounded.
Next, according to the condition (H3), for any a € R, if |a| > B, then either

aQN(a(l+ (p— 1)t) > 0, (3.3)
or
a@QN(a(l+ (p—1)t) <O. (3.4)
‘When holds, set
Qy={zeckerL: \Jzx+ (1 —-NQNz=0, Ael0,1]},

where J : ker L — Im @ is the linear isomorphism given by J(a(1+ (p — 1)t)) = a,
for all a € R. Since for any x = a(1 + (p — 1)t), we have

Xa = —(1 = NQN(a(l + (p— 1)1),
if A =1, then a = 0. Otherwise, if |a| > B, in view of (3.3)), we have
—(1=XNaQN(a(l+ (p—1)t) <0,
which contradict Aa > 0. Thus Q3 is bounded. If (3.4]) holds, then let
Qs ={z€kerL: -AJz+ (1-XNQNz =0, A €0,1]}.

By the same method as above, we obtain that {23 is bounded.

In the following, we shall prove that the all conditions of Theorem are sat-
isfied. Set Q be a bound open subset of Y such that U?_,Q; C Q. By using the

Ascoli-Arzela theorem, we can prove that Kp(I — Q)N : Q@ — Y is compact, thus
N is L-compact on . Then by the above argument we have

(i) Lz # ANz, for every (z,A) € [(dom L\ ker L) N 9€2] x (0, 1),
(ii) Nz ¢ Im L for = € ker L N 09.
At last we will prove that (iii) of Theorem is satisfied. Let H(t,\) = £AJx +
(1 = A)QNzx. According to above argument, we know
H(t,\) # 0 for « € ker L N 012,
thus, by the homotopy property of degree
deg(QN |xer L, ker LN Q,0) = deg(H (+,0),ker LN §,0)
=deg(H(-,1),ker LNQ,0)
= deg(+J, ker LN Q,0) # 0.

Then by Theorem Lz = Nz has at least one solution in dom L N €, so that
(1.1) has solution in C1[0,1]. O
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To illustrate our main results we present an example. Consider the boundary-

value problem

1
x —cost—l—i—fsm:r—l— (|x|—|—|x|), te(0,1),

7
11 5 (!
x(O):—§x(6)+2x g/o x(
Let
5
flta,y) = cost = 14 msing + o (o] + ), B() = o,
0 tel0,g),
a(t) =4 -3 telg3),
3 teldn).
then
5 11 5
t - 2 . - —
|f( ‘/Ey)|— ‘x|+ 2‘y|+ ’ K1 127 R2 12’ R3 167
_Ll _ 205 5 A 16
MTI6 "Taogor PT I T T ar
Again takingp:—andq— 12,We have
Il +llalh = g3 + 75 = 39 < 3 = 77—
Pl gl = gy 253 T+p-1+A

Finally taking A = 36. So, as |z(t)| > 36 or |z/(t)| > 36, we have f(¢,x(¢t),2'(t)) >
0. Therefore,

)

=50 [ [ 00 6,006),0"0) ds )

L[ ks e o) dsas

> fa //kts (s, 2(s), 2 () ds da(t)

= (b [ MG e s +2 [ KG9 1(5,206), 55
5 (2 [ 10 Dl1 ) (o,

_ ;/01 s(1— s)f(s,x(s),x’(s))ds) =0

QN (x(

Y]

Thus condition (H2) holds. Again taking B = 50, for any a € R, when |a| > 50, we

have N(a(1+ (p — 1)t)) > 0. So condition (H3) holds. Hence from Theorem
BVP (1.1 has at least one solution € C'*[0, 1].
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ADDENDUM POSTED ON MARCH 30, 2012

In response to the comments from a reader, the author wanted to make several
corrections and add references [16]-[22] to the original article. However, due to the
large number of corrections, the editors decided to attached a revised version of all
the sections at the end of the article, and to keep original sections for historical
purposes.

4. INTRODUCTION

We consider the nonlinear second-order differential equation with integral bound-
ary conditions

(1) = flt.2(0), 2 (1), te (0,1),
£(0) = / r(s)do(s), (1) = / 2()dA(s),

where f € C([0,1]xR?,R); a and 3 are functions of bounded variation; f01 u(s)da(s)

and fol u(s)df(s) denote the Riemann-Stieltjes integrals of u with respect to o and
0, respectively.

The boundary-value problem (|4.1]) is at resonance in the sense that the associated
linear homogeneous boundary-value problem

#"'(t)=0, te(0,1),

1 1
+(0) = / w(s)da(s), (1) = / «(s)dA(s)

has nontrivial solutions. The resonance condition is k1k4 — kok3z = 0, where

o :1—/0 (1 t)da(t), @:/0 tdal(t),

(4.1)

(4.2)

K3 :/0 (1—t)d(t), rq=1 —/0 tdB(t).

Boundary value problems with integral boundary conditions for ordinary differ-
ential equations arise in different fields of applied mathematics and physics such as
heat conduction, chemical engineering, underground water flow, thermo-elasticity,
and plasma physics. Moreover, boundary-value problems with Riemann-Stieltjes
integral conditions constitute a very interesting and important class of problems.
They include two, three, multi-point and integral boundary-value problems as spe-
cial cases, see [2, 3, 8, ). The existence and multiplicity of solutions for such
problems have received a great deal of attention in the literature.

We refer the reader to [8 [, 10, 1T, 12} [14] [19] for some recent results at non-
resonance and to [T}, 4} B, 13, 15, [T6], 17, 18, 19} 20} 2], 22] at resonance. Zhang, Feng
and Ge [13] obtained some excellent results for certain integral boundary conditions
at resonance with dim kerL = 2. Zhao and Liang [I5] studied the following second-
order functional boundary-value problem

2(t) = f(t,z(t),2'(1), t€(0,1),
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() =0, Dy(z)=0,

where I';,T's : C1[0,1] — R are continuous linear functionals.

We should note that all boundary-value conditions in the work of Zhao and
Liang are relied on both x and z’. By using the Mawhin’s continuation theorem
[0 [7], some existence results were obtained when certain resonance conditions hold.
However, the work of Zhao and Liang concentrate on the resonance condition that
at least two constants of {x;}?_; is equals to 0. In particular, there has been no
work done for under the resonance condition

Kikoksky £ 0; Kikg — Kakz = 0.

Motivated by all the above works, we give some sufficient conditions for the exis-
tence of solutions to at resonance. Our method is based upon the coincidence
degree theory of Mawhin [6] [7].

Throughout this paper, we suppose that k1, ko, k3, k4 satisfy

(HO) Kikokska # 0; K1k — Kaksg = 0.

5. PRELIMINARIES

In this section, we provide some definitions and lemmas used for establishing the
existence of solutions in C1[0, 1].

Definition 5.1. Let Y, Z be real Banach spaces, L : dom L C Y — Z be a linear
operator. L is said to be the Fredholm operator of index zero provided that

(i) Im L is a closed subset of Z,
(ii) dimker L = codimIm L < +00.

Let Y, Z be real Banach spaces and L : dom L C Y — Z be a Fredholm operator
of index zero. P :Y — Y, Q : Z — Z are continuous projectors such that
ImP =kerL,kerQ =ImL, Y =kerL@ker Pand Z =ImL & Im@Q. It follows
that Llgom Lrker p : dom L Nker P — Im L is invertible. We denote the inverse of
the mapping by Kp (generalized inverse operator of L). If Q is an open bounded
subset of Y such that dom L NQ # (), the mapping N : Y — Z will be called
L-compact on €2, if QN () is bounded and Kp(I — Q)N : Q — Y is compact.

Our main tools are [0, Theorem 2.4] and [7, Theorem IV.13].

Theorem 5.2. Let L be a Fredholm operator of index zero and let N be L-compact
on Q. Assume the following conditions are satisfied:
(i) Lz # ANz for every (z,A) € [(dom L\ ker L) N 992 x (0,1).
(ii) Nz & ImL for every x € ker L N 0N).
(i) deg(QN|kerr,ker LN Q,0) # 0, where Q : Z — Z is a projector as above
with Im L = ker Q.

Then the equation Lt = Nz has at least one solution in dom L N Q.

We use the classical spaces C[0, 1], C1[0,1] and L'[0,1]. For = € C*[0, 1], we use
the norm [|z|| = max{[|z||s, [|2'||oc }, Where [|2]|oc = max;c(o1]|x(t)|. And denote
the norm in L[0,1] by || - |[1. We also use the Sobolev space W21(0, 1) defined by

W21(0,1) = {x : [0,1] — R | x,2" are absolutely cont.on [0,1], =" € L'[0,1]}

with its usual norm.
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Let Y = C*0,1], Z = L'[0,1]. Let the linear operator L : dom L C Y — Z with

1 1
dom L = {z € W*'(0,1) : u(0) :/ u(s)da(s), u(1) :/ u(s)dB(s)}
0 0
be define by Lz = 2”. Let the nonlinear operator N : Y — Z be defined by

(Nz)(t) = f(t,x(t),2'(t)).
Then can be written as
Lx = Nzx.

Lemma 5.3. Let L be the linear operator defined as above. Then
kerL={ze€domL:c(1+(p—1)t), ceR, ¢t €[0,1]}
and

ImL={yeZ: Hg//kts s)dsda(t —|—I€1//k't8 s)dsdp(t) = 0},

where p = K3/k4 = K1/Kz2, and

k(t, 5) t(l—s), 0<t<s<l1,
78 =
s(1—1t), 0<s<t<Ll.

Proof. Let x(t) =14 (p — 1)t. Considering p = k3/k4 = K1/FK2,
1 1
/ 2(t)dalt) = / (1= 1) + pt)da(t) = 1 — k1 + pra = 1 = 2(0)
0 0

and [ z(t)dB(t) = [; (1 —t) + pt)dB(t) = k3 + p(1 — ka) = p = 2(1). So
{redomL:c(l+(p—1)t), ceR, te]0, 1]} C ker L.
If Lv = 2” = 0, then z(t) = a(l —t) 4+ bt. Considering a( fo ) and
= fol x(t)dB(t), we can obtain that
1 1
a= /0 z(t)da(t) = /0 (a(1 =t) + bt)da(t) = a(l — K1) + bka.

It yields aky = bkg and ker L C {z € domL : ¢(1 4 (p — 1)t), c € R, t € [0,1]}.
We now show that

ImL={yeZ: /13// (t,s)y(s)dsda(t +/<51// (t,s)y(s)dsdp(t) = 0}.

If y € Im L, then there exists © € dom L such that 2 (t) = y(¢). Hence

2(t) = —/0 k(t, $)y(s)ds + 2(0)(1 — 1) + z(1)t.

Integrating with respect to da(t) and d3(t) respectively on [0, 1] gives

/01 // (t, 8)y(s) ds da(t) + 2(0)(1 = k1) + z(1)k2

/01 // (t,s)y(s)dsdB(t) + x(0)rs + z(1)(1 — K4).

and
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Therefore,
(m _52) <m ) < o Jo k(2 9)u(s dsda(t))
—r3 kg ) \z(1) Iy Jo E(t, 8)y(s) ds dB(t)
and so
o // (t, $)y(s) ds da(t)
s l/‘j/ (¢, $)(s) ds dB(t)
It yields

ImLc{yeZ: ﬁg//kts s)dsda(t —|—f<a1//kts s)dsdp(t) = 0}.

On the other hand, suppose y € Z satisfies

K3//]€t$ s)dsda(t —l—/ﬁ//kts s)dsdp(t) =
/k‘ts dS—F*//kts s)dsda(t),

then Lz = 2" = y(t), (0) = 0 and z(1) = fo fo s)dsda(t). Simple
computations yield

/01 /Ol/olkts s)dsda(t //kts s)dsda(t) =

and
s)ds dB(t) M//)ts s) ds dod(t)

K fA%t
ZKA% s)ds dat M//‘ts s) ds da(t)

s)
t,s)y
1,1 ~ s
:—//kzts s)dsda(t // (t,s)y(s) ds da(t)
o Jo
t,s)y

1 Lot
:—/ / E( s)dsda(t) = x(1).
o Jo
Therefore,

{ye Z: Kg//kts s)dsda(t —|—K,1//k't8 s)dsdf(t) =0} C Im L.
([

Let

Lemma 5.4. If

1 1
p— ML%MMU+E{/KL%MMﬂ¢&
2 Jo 2 Jo
then L is a Fredholm operator of index zero and dimker L = codimImL = 1.

Furthermore, the linear operator K, : Im L — dom L Nker P can be defined by

<pr><t>=—/01k<ts s——// (t, $)y(s) ds dB(1).
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Also
Kyl < Allyllh, forally € Im L,

where )
. L sl

A=1
|4l

Proof. Firstly, we construct the mapping @ : Z — Z defined by

K3//]€t8 s)dsda(t —l—/ﬁ//kts s)dsdp(t)).

Note that fo (t,s)ds = 3t(1 —t) and

Q*y = Qy.
Thus Q : Z — Z is a well-defined projector.
Now, it is obvious that Im L = ker ). Noting that @ is a linear projector, we
have Z =Im @ @& ker Q. Hence Z = Im @ & Im L and dimker . = codimIm L =1.
This means L is a Fredholm mapping of index zero. Taking P:Y — Y as

(Pz)(t) = z(0)(1 + (p — 1)1),

then the generalized inverse K, : Im L — dom L Nker P of L can be rewritten

/k:ts ds——//k‘ts s)dsdB(t).

In fact, for y € Im L, we have

/Ol(K //kts s)dsda(t //kts s)dsdp(t)
// (t,s)y(s)dsdalt // (t,s)y(s) dsdpB(t)
and o

/Ol(K //kts s)ds dB(t) ”‘4//1”3 s) ds dB(t)

/ / (t, $)y(s) ds dB(E) = () (1)
which implies that K, is well defined on Im L. Moreover, for y € Im L, we have

(LE)y(t) = (Kpy) (1)) = y(t)

and for z € dom L Nker P, we know

(KpL)x(t)/Olk(t s)x dsf—/ / (t,8)x" (s) dsdp(t)

= a(t) —x(0)(1 - 1) —
1
o [ @) =200 - 1) - =Wnas).
In view of z € dom L Nker P, z(0) = 0,z(1) = fol x(t)dp(t), thus
)

(KpL)x(t) = «(t).




EJDE-2012/45 SOLVABILITY OF SECOND-ORDER BOUNDARY-VALUE PROBLEMS 15

This shows that Kp = L|d0m LﬂkerP . Since

Kyl < /Nth+“w// (0 5)yls) ds d8(0)| < Dl

1
mewsA|M|@+—ﬂ/ / (t, s)y(s) ds dB()| < Ayl

it follows that ||Kpy| < Allyl1. -

and

6. MAIN RESULTS

In this section, we will use Theorem to prove the existence of solutions to
(4.1). For the next theorem we use the assumptions:

(H1) There exist functions p,q,y € L'[0,1], such that for all (x,y) € R? and
te0,1],
[f(t 2, 9) < )|z + a(®)]yl + 7 (2);
(H2) There exists a constant A > 0 such that for z € dom L, if |z(t)] > A or
|#'(t)| > A for all ¢ € [0, 1], then

QN (z(t)) # 0;
(H3) There exists a constant B > 0 such that for a € R, if |a| > B, then either
aQN(a(l4+(p—1)t)) >0, or a@QN(a(l+ (p—1))) <O.
Theorem 6.1. Let (H1)-(H3) hold and k # 0. Then (4.1)) has at least one solution
in C[0,1], provided
1
el + llalh < 5.
where 6 = maz{l,|p|,|p — 1|} and A is the same as Lemma|5.4)
Proof. Set
Q= {x e dom L\ker L : Lz = ANz for some X € [0,1]}.

For z € Qq, since Lr = ANz, so A # 0, Nx € Im L, hence

QN(z(t)) = 0.

Thus, from (H2), there exist to, 1 € [0, 1] such that |z(to)] < A4, |2'(t1)] < A. Since
x,x’ are absolutely continuous for all ¢ € [0, 1],

ty
|2 ()] = |2/ (t1) */ a”(s)ds| < |2’ (t1)| + [|l2"[1 < A+ [[Na|,
t

to
|2(0)| = |=(to) —/ a'(s)ds| < |2(to)] +to(A + [Nz[1) < 24 + [Nzl
0
Thus
[ Pz|| = max{[| Pz[lo, [|(P7) [|oc} < d|2(0)] < 3(2A+[[Na|1). (6.1)

Also for x € Qq, x € dom L\ ker L, then (I — P)x € dom L Nker L, LPz = 0, thus
from Lemma [5.4] we have

(I = P)z|| = |KpL(I — P)z|| < A|L(I = P)z|y = Al Lz|y < Al|Nz|1. (6.2)
By using (6.1)) and (6.2)), we obtain
[z = |Pz + (I = P)z| < [|Pz| + [|(I - P)a|| < 246 + (6 + A)[|[ Nzl
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By this and (H1), we have
]l <246 + (6 + A)(llpllallzllso + gl ll2loe + IvIl1)
<246+ (6 + A)(lIpllalizll + gl izl + [17]1),

and
240 + v[h(6 +4)

=@+ )l + llgll)

<
o] < -
Therefore, €7 is bounded. Let
Qy={zreckerL: Nx€ImlL}.

For x € Qg, x € ker L implies that = can be defined by x = a(1+ (p—1)t), t € [0, 1],
a € R. By (H2), there exist to,¢1 € [0, 1] such that |z(to)] < A, |2'(t1)] < A, then
2]l = la(p = 1)] < A.

Moreover,
[2]lse < [l ]loo + A
So ||z|| < 2A. Thus, Qs is bounded.
Next, according to the condition (H3), for any a € R, if |a| > B, then either
a@QN(a(l+ (p—1)t) >0, (6.3)
or
aQN(a(1+ (p—1)t) <O0. (6.4)
When (6.3 holds, set
Qs ={xe€kerL: AJx+(1-ANQNz =0, A €[0,1]},
where J : ker L — Im @ is the linear isomorphism given by J(a(1 + (p — 1)t)) = a,
for all @ € R. Since for any x = a(1 + (p — 1)t), we have
Ao = —(1— NQN(a(l + (p— 1)),
if A =1, then a = 0. Otherwise, if |a| > B, in view of ([6.3]), we have
—(1=XNa@QN(a(1+ (p—1)t) <0,
which contradict Aa? > 0. Thus €3 is bounded. If ([6.4) holds, then let
Qs ={xe€kerL: -AJzx+ (1-XNQNz=0, A €]0,1]}.
By the same method as above, we obtain that {23 is bounded.
In the following, we shall prove that the all conditions of Theorem [5.2] are sat-
isfied. Set Q be a bound open subset of Y such that U3_;Q; C Q. By using the

Ascoli-Arzela theorem, we can prove that Kp(I — Q)N : Q — Y is compact, thus
N is L-compact on 2. Then by the above argument we have

(i) Lz # ANz, for every (z,\) € [(dom L\ ker L) N 992] x (0, 1),
(ii) Nz ¢ Im L for z € ker L N 0N.
At last we will prove that (iii) of Theorem is satisfied. Let H(t,\) = £AJx +
(1 =N)QNzx. According to above argument, we know
H(t,\) # 0 for « € ker L N 09,
thus, by the homotopy property of degree
deg(QN |ger £, ker LN Q,0) = deg(H(-,0), ker L N, 0)
=deg(H(-,1),ker LN ,0)
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= deg(J, ker LN Q,0) #£ 0.

Then by Theorem Lz = Nz has at least one solution in dom L N €, so that
(4.1) has solution in C1[0,1]. O

To illustrate our main results we present an example. Consider the boundary-
value problem

x —cost—l—i—fsmx—i— |x|+|x|) te(0,1),

7
1 1 1 5 (1
wmb>5a3+nganzgém@w.
Let
5
f(t,z,y) =cost — 1+ ?smx + (|gc\ +y), Bt) = gt,
0 te[O,%),
at)=4q-3 telg3)
3 teldn)
then
5 11 5
t 2 = — J— = —
|f(7xay)|784‘x|+ 2‘y|+ ) K1 127 K2 127 R3 167
11 205 5 16
=, k=" p=— 5=1 A=—.
=160 "T o300 T AT : 11
Again takmgp—jandq—ﬁ,we have
ol + llalh = 55+ 35 = 5 < 57 = 5=
Pl 9l = gy 257 s A

Finally taking A = 36. So, as |z(t)| > 36 or |2/(¢)| > 36, we have f(t,z(t),2'(t)) >
0. Therefore,

QN (z(t))

= / / k(t,s)f(s,z(s),2'(s)) ds da(t)
i//%wwmawﬂm@w@
// (t,9) (s, 2(s), 2/ (s)) ds da(t)

_ %_24kQSV@A$w@MHJAVQ»ﬁmM$ﬂ@MQ

\/

K

IV

R

P 1
(2 [ 30350 -9 a).a'(:)ds

_ ;/01 s(1 — s)f(s,x(s),x’(s))ds) =0

Thus condition (H2) holds. Again taking B = 50, for any a € R, when |a| > 50, we
have N(a(1+ (p — 1)t)) > 0. So condition (H3) holds. Hence from Theorem
BVP ([4.1) has at least one solution € C'*[0, 1].
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