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DIFFERENTIABILITY, ANALYTICITY AND OPTIMAL RATES
OF DECAY FOR DAMPED WAVE EQUATIONS

LUCI HARUE FATORI, MARIA ZEGARRA GARAY, JAIME E. MUNOZ RIVERA

ABSTRACT. We give necessary and sufficient conditions on the damping term
of a wave equation for the corresponding semigroup to be analytic. We char-
acterize damped operators for which the corresponding semigroup is analytic,
differentiable, or exponentially stable. Also when the damping operator is not
strong enough to have the above properties, we show that the solution decays
polynomially, and that the polynomial rate of decay is optimal.

1. INTRODUCTION

This article is concerned with analyticity, differentiability and asymptotic sta-
bility of the Cy semigroups associated with the initial-value problem
utt—l—Au—i-But =0 (11)
u(0) = ug, u(0) = uy (1.2)
where A, and B are a self-adjoint positive definite operators with domain D(A®*) =
D(B) dense in a Hilbert space H. We use the following hypotheses:
(H1) There exists positive constants Cy and Cs such that
C1A% < B < CyA“.
which means
Cy(A%u,u) < (Bu,u) < Co(A%u, u)
for any u € D(A®).
(H2) The bilinear form b(u,w) = (B'/?u, B/?w) is continuous on D(A%/?) x

D(A/?). By the Riesz representation theorem, assumption (H2) implies
that there exists an operator S € £(D(A®/?)) such that

(Bu,w) = (A*/2Su, A/ *w)
for any u,w € D(A%/?).
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There exists a large body of literature about the above problem dealing with
asymptotic behaviour of the solutions to the damped wave equation see for example
[10} [, (4, 211, 22} [7, [13] and the references therein. In contrast to this results, there
exists only a few publications dealing with regularity properties of the damped
wave equation, like analyticity and differentiability of the corresponding semigroup.
Here we mention two references. First, in [5] the authors proved that the semigroup
associated to the damped wave equation is analytic if 1/2 < « < 1. This result
established a fortiori the conjectures by Chen and Russel on structural damping
for elastic systems, which referred to the case a = 1/2. Second, Liu and Liu [14]
proved also the analyticity of the corresponding semigroup when o € [1/2, 1] and the
differentiability of the semigroup provides « €]0,1/2]. Their proof is simpler than
the proof in [5], the method the authors used is based on contradiction arguments.

In the two above cited papers there is no information about the behaviour of
the semigroup for —1 < « < 1/2, which frequently appears in applications. We
also cite the book by Liu and Zheng [I5], for questions related questions to this
problem.

In this article we show a class of operators A and B, for which the above equation
is analytic, differentiable and exponentially stable. Here we develop a proof simpler
than the one in [5] [14], without using contradiction arguments. In addition, we
show in case that the semigroup is not exponentially stable, that the solution of
decays polynomially to zero as time appraoches infinity. We show the our rate
decay is optimal. To do so, we show for any contraction semigroup, a necessary
condition to get the polynomial rate of decay. That is to say, the main result of
this paper is to get a fully characterization of the damping term for —1 < a < 1.
We show as in [l [14] that the semigroup is analytic if and only if 1/2 < o < 1,
it is differentiable when « €]0,1[ and that it is exponentially stable if and only if
a € [0,1]. Finally, in case of @« = —y < 0 we show that the corresponding semigroup
decays polynomially to zero as t—*/7 and we show that this rate of decay is optimal
in D(A) in the sense that is not possible to improve the rate t1/7 with initial data
over the domain of the operator A.

This paper is organized as follows. In sections 2 and 3 we show the analyticity and
differentiability of the semigroup respectively. In section 4 we show the polynomial
rate of decay of the semigroup when a < 0 and we prove the optimality of the rates
of decay. Finally, in section 5 we give some applications of the above results.

2. ANALYTICITY

Let us denote H = D(A'/?) x H. Denoting by U = (u,v) we define the norm in
H as

U115, = A" 2ul|® + [|v]>.
Putting v = uy, (1.1) can be written as the initial-value problem

dU

= A

dt sU (2.1)
U(0) = Uy

with U = (u,v), Uy = (up,u1)". Let us define

D(Ap) = {(u,v) € D(A) x D(AY2): Au+ Bu € H} (2.2)
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and
0 I v
Ap = (A B) , AU = ((Au+Bv)> . (2.3)
Clearly, for U € D(Ap),
(AgU,U) = (AY?v, AY?u) — (Au+ Bv,v) = —||BY?»| < 0.
Thus Ap is a dissipative operator. Therefore we have the following result; see Pazy
[18].

Theorem 2.1. Let us assume that A and B are self adjoint operators positive
definite and also a bijection operator from D(Ap) to H. Then the operator Ap is
the infinitesimal generator of a Cy-semigroup Sg(t) of contraction in H.

In this section we will show that the semigroup is analytic. Our main tool is the
following theorem whose proof is found in [15].

Theorem 2.2. Let S(t) = e4t be a Cy-semigroup of contractions on Hilbert space.
Then S(t) is analytic if and only if

p(A) D {if: e R} =iR
and
limsup || [|(i8] — A)H < o0,
|8 =00
where p(A) is the resolvent set of A.

The main result of this section is to show that the semigroup is analytic if and
onlyif 1/2 < a < 1.

Theorem 2.3. The semigroup Sp(t) = et is analytic if and only if 1/2 < a < 1.
Proof. For 1/2 < a < 1, the domain of the operator Ap is
D(Ap) = {(u,v) € D(AY?) x D(AY?): Au+ Bv e H}. (2.4)

Note that in general it is not possible to conclude that u € D(A). Using the spectral
equation we obtain

iBu—v=f in D(AY?) (2.5)
v+ Au+ Bv=g in H.
As in the above section we obtain
14272012 < C||F||2[|U [17- (2.7)
Multiplying by A"w and using we obtain
AT+ 20?4 (Bo, A7u) = A7 20|* + (A7, f) + (9, ATu);
that is,
AT/ 2|2 4 (A2 G, ATH 2y
= A 20| + (A7 20, AV2 ) 4 (g, ATu).
Taking v = 1 — « in the above identity we obtain
[AC=O2y)2 < A= 20)2 4 C|| Fll3|U |2
From where we have that there exists a positive constants C' such that
|AC=2u)2 < O A%20|* + O F | U I3 < Coll Fl|#lIU |- (2.9)
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Multiplying by Au we obtain
iBl| AV Pul|? = (AY2 AV Pu) 4 (AP0, A0,
Then using and we obtain
BIIAY2u)l? < CU ||l

Let us decompose v as v = v + vy such that

ifvy+Bvy=¢g inH (2.10)
ifva + Au+ Bvg =0 in H. (2.11)

Multiplying (2.10]) by 7; and taking imaginary and real part we obtain
Bllorll < [1F N, 1B 2ol < [[F - (2.12)

Note that ||v1|| < ||v]] + ||vz] and
1A% 205 || < ||A%/20]| + || A=/2Buy |
1/2 1/2 1/2
< allUI2IEN? + callon 121715
1/2 1/2 1/2
< U2 NF 5 + eallval 21113,
From ([2.11)) and the above inequality, we obtain
BIIA= 20| < [|AC= 20| 4 || A% 20a|| < U3 1F |13 + ealloal| V2| F 1377
Using interpolation we obtain

loa|? < e A7/ 20z ||| A*/20

Cc 1/2 1/2 1/2
sﬁuwnﬂ/ IF 1302 + callwa| /2| F[130%)?
C
< SUU I Flhe + ezl 1 Fllo)

From where we have

B lv2ll? < eBIU Il Fll + coll FlI3,-
From the above inequality and (2.12)) we obtain

B2l < 26%(o1 || + o2l*) < BIU Il Flla¢ + col F 13-
Using relation , we obtain
B[] + A 2u))?) < BT Il Fllze + col F 3

which is equivalent to

B0 < BIU | Fllw + col FII7,
which implies

U3 < el FII3,.
From where the analyticity follows.
Now we show that the corresponding semigroup is not analytic for 0 < a < 1/2.

Here, we consider that the operator A and B have infinite eigenvector in common.
Let us construct a sequence F,, such that the solutions of

6, U, — AU, = F,
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satisfies |3, ||U,||% — oo, which in particular implies

18, (@B, T = A) " l2e — 00

which means that the corresponding semigroup is not analytic. To see this, let us
consider the spectral system

iBu, —v, =0 (2.13)
iBv, + Au, + Bv, = w, (2.14)

where w, is an unitary eigenvector of A and B. Let us denote by A\, and Ap, the
eigenvalues of A and B respectively. So we have

—B%uy, + Au, + i3Bu, = w,.
Therefore, we can assume that v, = Kw,, with K € C. Substitution of u, yields
(=B + A\ + iBABy ) Kw, = w,.
Taking 32 = )\, we obtain that
iBp, K =1 = K:=K,=—i\x2\;!
since
vy, = ifu, = ifK,w, = —i/\g,,l/wl,.
Therefore,
1O N5 = 1A 2w | + o[ = 2052 = BullUullne = V2N 2Ag,.  (2.15)
From (H1) we conclude that
CoXl < Ap, < C1A]. (2.16)
Therefore, if o < 1/2 we obtain
BullUnllne = coX/*=* = BllUII» — o0

From where our conclusion follows. O

3. DIFFERENTIABILITY

Our main tool to show differentiability is the following theorem, Pazy [18, The-
orem 4.9].

Theorem 3.1. Let S(t) = e be a Cy-semigroup of contractions on Hilbert space.
Then S(t) is differentiable if iR C p(A) and

lim sup(in |8)/|(i61 — 4)~] < ox.
|Bl—oc0
We use the above result to show that the semigroup Sg is differentiable when

0 < o < 1/2. The differentiability for 1/2 < a < 1 is an immediate consequence of
the analyticity.

Theorem 3.2. Suppose that 0 < o < 1/2. Then the semigroup Sp(t) is differen-
tiable.
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Proof. To show the above relation, let us consider the spectral equation
iU — AgU = F.
In terms of the coefficients we have 7. Multiplying by v we obtain
iB|lol|* + (A 2u, AV20) + | B0 = (g,0).
Multiplying by Au we obtain
w”Alpqu - (Al/Zv,Al/Qu) _ (Al/Qf7 AV2y).

Adding the above equations and taking the real part we obtain

IBY20]|* < C||F||2[|U]|2. (3.1)
From (H1) we obtain
14%720][* < C F[l[|U [|2- (3-2)
In particular,
0] < CIF U]l (3-3)

Multiplying by @ we obtain
(iBv,u) + || AY?u|® + (Bv,u) = (g,u).
Using , we obtain
1A 2ul|* < [[o]]* = (B2, BY2u) + C||F||[|U]|2.
Since @ < 1/2, using (B.1), hypothesis (H1) and (3.3), we obtain

1A 2u® < elfoll® + CIFllsllU 1 < CIE U]l (3.4)
From ({3.3)) and (3.4) we conclude that
Ul < CIIF |- (3.5)
From ({2.5)), (3.2)) and (3.5 we obtain that
BIIAY2ull < |A*20]| + || Fll3 < C|[F || (3.6)

This because a < 1/2. Multiplying by AYu we obtain
(iBv, AVu) + ||AOTV/ 24|12 + (Bu, A7) = (g, Au)
or equivalent
—(A",ifu) + [|AOTY 242 + (Bu, ATu) = (g, Au).
From (H2) we obtain
—(AVv,ifu) + [|ATHD/2y)|2 4 (A28, AT 2y) = (g, AVu).
Using we obtain
[ADFD 2|2 < || A 20]|? 4 (A2, A 2u) 4 O||F||2]|U|
< [JA20? + (A%2Sw, ATHPu) + C| I3,

From the above relation we conclude that our best choice for v is v = a, then we
obtain

(3.7)

JACFD 2|2 < || A%/20||? 4 (A2 Sv, A%/2u) + C|| F||3,.
Since a < 1/2 we obtain

1A% 2u]| < |JATD 2y
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which implies
AT 2y|2 < e A/20)® + C| FI3,.
From and we obtain that there exists a positive constant C such that
[ACTD 20 < O F |3, (3.8)
Now we use interpolation
1/2=0(ac+1)2+(1-0)a/2 = 0O=1-q.
Therefore,
1AM 2ul| < ef| ACHD 20| 0] A% 20|10
Then
B AY 2| < ef| ACHD 2| A% 2ul )0

So from f we have
1B1° A 2ul| < CIIFI3IF|l7* < CIF|In- (3.9)
Applying Al@=1/2 in we obtain
iBACTD 2y Al D)2 Ala=D)/2 By = Ale=D/2g
From hypothesis (H2) the operator B can be written as Bv = A*Sv, so we have
Bl ATV 20| < JACEDRy|| 4 | ACTD2S0|| 4 || F |y
Since o — 1 < 0 and (3o — 1)/2 < «/2, provided 0 < o < 1/2, we obtain that
BIIACTD 0] < ¢ ACTD 2y 4 ¢ A 20| + ¢ Fl
for g > 1. From , and we obtain
B A=Y 2] < CIT 21 F 3% + ell Fllze < ClIF 1. (3.10)
Using interpolation once more,
0=0a-1)/2+(1-0)a/2 = 0=q,
we obtain
lol] < e ACTD/ 20| A% )1,
So we have that
BI°[[v]l < e(IBII1ACD 20] ) | A%/ 20|~
From , and it follows that
B[l < c(IF ) I1F I = ClIF I3 (3.11)
From relation and we obtain,for 3 large,
BTG, < CIIF |3,

Therefore our conclusion follows. O
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4. POLYNOMIAL RATE OF DECAY AND OPTIMALITY

In this section we prove that the solution of for « = —y < 0 decays poly-
nomially to zero as time approaches infinity. We will show that the corresponding
energy decays to zero as t /7. Moreover we show that this rate of decay is optimal.
This result improves the rates established in [I7]. Our result is based on [3]. See
also also 2] [I].

Theorem 4.1. Let S(t) be a bounded Cy-semigroup on a Hilbert space H with
generator A such that iR C o(A). Then

Cc

I =4I <C. VneR & [SOAT< 57

||~
To prove polynomial rate of decay we should show that there exist positive
constant C' > 0 independent of 3, [ or f such that

1 : -
sup @HUII = sup —||(iBI — A)7Hf|| < C.

o
1< 1< B

Remark 4.2. Note that we can improve the polynomial rate of decay by improving
the regularity of the initial data, that is

—k Ck
[SEH)A™"| < */a

for the proof see [20]. In that sense it is important to remark what optimality
means. The optimality of course will depend on the domain. So fixing the domain
taking k = 1, we prove that the rate 1/ can not be improved.

Under the above conditions we can establish the main result of this section.

Theorem 4.3. Let a = —vy < 0 be a negative real number where 0 < v < 1. Then
the semigroup Sp(t) decays polynomially to zero as

150 ]l < ) Volpa.
Moreover, when B and A~7 have infinite common eigenvectors the rate 1/ can
not be improved over D(A).
Proof. We consider spectral and when «a €] — 1,0[ or equivalently
iPu—v=feDA) (4.1)
ifv+Au+ Bv=g€ H. (4.2)

Multiplying (4.2) by v and (4.1])) by Au summing the product result and taking real
part we obtain
IA™20]|* < C||F |l ||U 13- (4.3)

Multiplying by A™7% and using 7 we obtain
JAT= 202 = AT 202 — (Bu, A7) + (A7, f) + (9, A7 ).
Since (1 —7)/2 > —v and using we obtain that
IA=Y 2] < O U ]| F 3¢ (4.4)
Applying A=(1+7)/2 on (£2)), we obtain
iBA~ /2 4 AO=N/2y 4 A=OHD/2By = 4= +D/2
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Since —(3y +1)/2 < —v/2 and using (4.3))-(4.4) in the above identities, it follows
that

BIIA=CFD 20l < CIU I | Fllye® + el F e (4.5)
Multiplying (4.1)) by A*u where s = (1 — 2v)/2 we obtain

iB|| A3 Pu|?> = (A7 20, AV + (f, A%u).

That is,
Bl A=/ 4y||2 < O||U|lw|| F 12 + CIIF |3, (4.6)
Applying A7/2 on (1)) and (4.3), we obtain
BIIA™2u]| < CIUIFN + el Fll. (4.7)

Using interpolation,
0=0(1-2v)/4—~/2(1-0) = 60=2y,
we have
lull < ell A7 2u =0 AC20 )19,

Now using (4.6) and (4.7]), we obtain
C

1/2 1/2
lell < a7 VIS IF I + 11
C 1/2 1/2
= g VI IF I + 113
From this,
c 1/2 o 1/2
| < = (Ul PIFI + I Fll) + [ F e
and so o L
1817l <0<||U|| PIFI2 + 1 Flle). (4.8)

Multiplying (4.2]) by @ and using we obtain

IIAUQUII2 (Bu,u) — (iﬂvm) +(g,u) = (Bv,u) + [[ol* = (f,u) + (g,w).
From we conclude that

_ _ - 3/2 1/2

J&] 27||z41/2’u\|2 <1872l + CLB 2 O ISAIFIE + I FIIU. (49)

Adding (4.8) and (4.9), we have
161 27IIUIIH < B7Hl* + CBTNU Il Fllwe + CIIF 3.

Applying Young’s inequality in the last term,

1o _
BTN < ClBI= I FIIP < CILEFP.

Therefore, the semigroup is polinomially stable and decay as t~/7 over D(A).
Finally, to show the optimality. We suppose that the operators A and B have an
infinite eigenvector in common. As in section [2| we can assume that u, = Kw,,
with K € C. Substitution of u, yields

(=B%+ Ay + BB ) Kw, = w,.
Taking 3° = \, — A2 e obtain that 8~ AY/? and
1

A=D/2 4 B3 VK = 1 , = Kyw, = ———w,
(A +1i8ABy) = u w 1+iﬁ/\Byw’
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since
1

AT L iBAg,

u, = K,w, = Wy,

Then we have

A2
U Nl3e > |AY 2 || =

VAT 2N

\L/2

>
T VN e

e

>

T V14N

Note that § ~ )\11,/2 as v — 00. From where we obtain

_ A
BN 2 === — o0

V14 oMt

as v — 00. Therefore is not possible to improve the polynomial rate of decay. [

5. APPLICATIONS

Here we apply our result to several models.

Viscoelastic plates. Let  be a bounded subset of R” with smooth boundary
o€, and consider the model

oug + kA% u —yAu, =0 in Q
u(z,0) =up(x), wu(x,0)=wui(z), in N
u=Au=0 on 0f.
Here A = k/pA? and B = yp/k(—A).

From Theorem 2.3 we conclude that the semigroup that defines the solution of the
above system is analytic. So, in particular we have that the solution decays expo-
nentially to zero and there exists smoothing effect on the initial data, that is no mat-
ter where the initial data up and u, is, the solution satisfies u € C*°(]0, T'[; C*°(Q)).

On the other hand, if we consider the inertial term on the plate we obtain the
model

ouss — hAuy + kA*u —yAuy =0 in Q
U($7O) :u0($)7 ut(x,()) :Ul(l'), in 09
u=Au=0 on 0f.

Here A = k(pI—hA) 1A% B = —y(pI—hA)~TA. So there exists positive constants
c1 and cp such that

Cl(Avaw) < (Bw,w) < CO(AO’LU,”U}).

We conclude that the model is neither analytic nor differentiable. But is exponen-
tially stable.
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Mixtures. We consider a beam composed by a mixture of two viscoelastic inter-
acting continually that occupies the interval (0,L). The displacement of typical
particles at time t are v and w, where v = u(x,t) and w = w(y,t), z,y € (0, L).
We assume that the particles under consideration occupy the same position at time
t = 0, so that £ = y. We denote by p; the mass density of each constituent at
time ¢t = 0, T, S the partial stresses associated with the constituents, P the internal
diffusive force. In the absent of body forces the system of equations consists of the
equations of motion

pruge =Ty — P, powye = Sy + P, (5.1)
and the constitutive equations
T = a11Ug + a12Ws + b11ugs + browsy
S = a12uy + a22Wy + ba1Uat + baowyy (5.2)
P = a(u—w).

If we substitute the constitutive equations into the motion equations and the energy
equation, we obtain the system of field equations

P1UKE — G11Uzy — A12Waz + (U — W) — bi1Uzgt — D12Waze =0 in (0,00) x (0, L),
P2Wit — A12Ugg — A22Wag — 0(U — W) — b1 Uggt — baoWaee =0 in (0,00) x (0, L),

We assume that the constants p1, p2 , ¢, and « are positive, and that the matrix
A = (a;j), B = (b;;) are symmetric and positive definite.

u(0) = ug, ut(0) =wu1, w(0)=wp, w(0)=1w,
u(t,0) =wu(t, L) = w(t,0) = w(t,L) = 0.
In vectorial notation, the above system can be written as
Uit + AUyy + BUyyr = 0,
where U = (u,w)!. Note that
c1(Aw,w) < (Bw,w) < ¢o(Aw, w).

Therefore, by Theorem 2.3 we conclude that the solution of the mixture model is
defined by an analytic semigroup.

Elasticity. Let us denote by Q C R? an open bounded set with smooth boundary.
Let us consider the plate equation

gy — Auge + A%u+yu; =0,  in Qx]0, o0
u=Au=0 on 0
u(0) = up, ut(0) =uy in 0.
Letting A = [I — A]7'A? and B = [I — A]7}, with H and D(A) being L*() and
HY(Q) N H?(Q) respectively, the above model may be written as (1.1)). Note that
c1(A7w, w) < (Bw,w) < co(A™ w, w).

Using Theorem [£.3] we conclude that the corresponding semigroup decays polyno-
mial as

C
1SB(#)Uollx < ?HUO”D(A)-

Where the rate 1/t can not be improved over domain of D(A). This result improves
the rate of decay given in [I7].
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