Electronic Journal of Differential Equations, Vol. 2012 (2012), No. 49, pp. 1-19.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

EVOLUTION EQUATIONS IN GENERALIZED STEPANOV-LIKE
PSEUDO ALMOST AUTOMORPHIC SPACES

TOKA DIAGANA

ABSTRACT. In this article, first we introduce and study the concept of SE,—
pseudo almost automorphy (or generalized Stepanov-like pseudo almost auto-
morphy), which is more general than the notion of Stepanov-like pseudo almost
automorphy due to Diagana. We next study the existence of solutions to some
classes of nonautonomous differential equations of Sobolev type in S§-pseudo
almost automorphic spaces. To illustrate our abstract result, we will study the
existence and uniqueness of a pseudo almost automorphic solution to the heat
equation with a negative time-dependent diffusion coefficient.

1. INTRODUCTION

Let p € [1,00) and let 7 : (0,00) — (0,00) be a measurable function satisfying
the following condition:

1 1
Y :=lim [ ~(o)do :/ v(o)do < . (1.1)
e—0 c 0
The impetus of this paper essentially comes from three papers. The first one is
a paper by Liang et al. [23], in which, the powerful concept of pseudo almost
automorphy was introduced and studied. Since its introduction in the literature,
the concept of pseudo almost automorphy was utilized to investigate various types
of differential, functional differential, and partial differential equations; see, e.g.,
[4, 14l 13, 17, 23], 27, 24] and the references therein.

The second source is a paper by Diagana [10], in which the concept of SP-pseudo
almost automorphy (or Stepanov-like pseudo almost automorphy) was introduced
and studied, which, in turn generalizes the notion of Stepanov-like almost auto-
morphy which was introduced and studied by N’Guérékata and Pankov [30]. It
should also be mentioned that some work on the notion of Stepanov-like almost
automorphy has also been done notably in [3] [7, [I'7] 22].

The third and last source is a paper by Kostin and Pisareva [2I], in which the
concept of generalized Stepanov spaces was introduced and studied. In particular,
n [21I], the existence of generalized Stepanov almost periodic solutions to some
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differential differential equations with singularities was investigated. Other contri-
butions on the concept of generalized Stepanov spaces include for instance the work
of Kostin [20].

In this paper, we introduce and study the notion of SE-pseudo almost auto-
morphy (or generalized Stepanov-like pseudo almost automorphy), which, in turn
generalizes all the above-mentioned concepts including the notion of SP-pseudo al-
most automorphy. As an illustration, we study and obtain the existence of pseudo
almost automorphic solutions to the class of Sobolev type evolution equations given
by

%[u(t) + f(t,u(t)] = A@t)u(t) + g(t,u(t), teR, (1.2)

where A(t) : D C X — X for ¢t € R is a family of densely defined closed linear
operator on a domain D, independent of ¢, and f, g : RxX — X belong to PAA?;(]RX
X, X)NCR x X, X) for p > 1. Such a result generalizes most of known results on
the existence of pseudo almost automorphic (respectively, pseudo almost periodic)
solutions to differential equations of type , in particular those in [6]. Let us
also mention that Sobolev-type differential equations have various applications in
particular in wave propagations or in dynamic of fluids [I2]. Various formulations
of these types of equations can be found in literature, in particular, we refer the
reader to [2], 25].

This work will be heavily based upon the recent progress made by Xiao et al.
[15, [16] notably on the composition of SP-pseudo almost automorphic spaces as well
as the existence of pseudo almost automorphic solutions to differential equations
with SP-pseudo almost automorphic coefficients. To illustrate our abstract results,
the existence and uniqueness of a pseudo almost automorphic solution to the heat
equation with a negative time-dependent diffusion coefficient will be investigated.

2. PRELIMINARIES

Let (X, - 1D, (Y, |l - |ly) be two Banach spaces. Let BC(R,X) (respectively,
BC(R x Y,X)) denote the collection of all X-valued bounded continuous functions
(respectively, the class of jointly bounded continuous functions F' : RxY — X). The
space BC'(R, X) equipped with the sup norm || ||« is a Banach space. Furthermore,
C(R,Y) (respectively, C(R x Y, X)) denotes the class of continuous functions from
R into Y (respectively, the class of jointly continuous functions F': R x Y — X).

Let B(X,Y) stand for the Banach space of bounded linear operators from X into
Y equipped with its natural operator topology; in particular, this is simply denoted
B(X) whenever X =Y.

2.1. SE-pseudo almost automorphy.

Definition 2.1 ([31]). The Bochner transform f°(t,s),t € R, s € [0, 1] of a function
f:R — X is defined by fb(t,s) := f(t + s).

Remark 2.2. (i) A function ¢(t,s), t € R, s € [0,1], is the Bochner transform of
a certain function f, ¢(t,s) = f°(t,s), if and only if @(t + 7,5 — 7) = (s, ) for all
teR,se(0,1] and 7 € [s — 1, s].

(ii) Note that if f = h + ¢, then f° = h® + ©. Moreover, (\f)? = Af® for each
scalar A.
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Definition 2.3 ([6]). The Bochner transform F°(t,s,u), t € R, s € [0,1], u € X of
a function F(t,u) on R x X, with values in X, is defined by F®(t,s,u) := F(t+s,u)
for each u € X.

Definition 2.4 ([31]). Let p € [1,00). The space BSP(X) of all Stepanov bounded
functions, with the exponent p, consists of all measurable functions f on R with
values in X such that f* € L°(R,L?((0,1),dr)). This is a Banach space when it
is equipped with the norm defined by

t+1 1/p
£llsr = 1£mqery = sup ([ 1P )
teR t

Let U denote the collection of all measurable (weights) functions ~ : (0,00) —
(0, 00) satisfying . Let Uy, be the collection of all functions v € U, which are
differentiable.

Define the set of weights

d
Ul = {WEUW:d—Z>Oforallte(0,m)},
_ dy
U, = {WEUOO:E<OforaHtE(O,oo)}

In addition to the above, we define the set of weights

Up:={y€U: sup 7(t) <oo}.
t€(0,00)

Definition 2.5 ([5]). Let i, v € Us. One says that u is equivalent to v and denote
itu%l/,if%EUB.

Remark 2.6 ([5]). Let u,v,v € Us. Note that u < p (reflexivity). If p < v, then
v < u (symmetry). If 4 < v and v < v, then p < v (transitivity). Therefore, < is
a binary equivalence relation on Ug,.

Theorem 2.7 ([21]). If v € UL, then the norms || - ||s» and || -||sz are equivalent.

Theorem 2.8 ([21]). If v € Uy, and if there exists € > 0 such that v'T¢ ¢ L]0, 1],
then the norms || - ||s» and || - [|sz are in general not equivalent.

We now introduce the space BSZY’(X) of all generalized Stepanov spaces as follows.

Definition 2.9. Let p € [1,00) and let v € U. The space BSE(X) of all generalized
Stepanov spaces, with the exponent p and weight 7y, consists of all ydT-measurable
functions f : R — X such that f* € L> (R, LP((0,1),vdr)). This is a Banach space
when it is equipped with the norm

I£lsg =su ([ 26 =0 ar) = (|

Remark 2.10. The assumption (1.1)) on the weight v does guarantee that identi-
cally constant functions belong to BSP(X). Of course, if v(t) = 1 for all ¢ € (0, 00),
then BSY(X) = BSP(X).

1

A+ ol ar)

Define the classes of functions:

T
PAPy(X) := {u € BC(R,X) : Jim /4 |u(s)||ds = 0},
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and PAPy(R x Y, X) is the collection of all functions F' € BC(R x Y, X) such that

1 T
Jim o [ IPGawlds = 0

uniformly in v € K where K C Y is an arbitrary bounded subset.

Definition 2.11 (Bochner). A function f € C(R,X) is said to be almost auto-
morphic if for every sequence of real numbers (s),)nen, there exists a subsequence
($n)nen such that
g(t) := lm f(t+ sp)
is well defined for each t € R, and
lim g(t —s5) = f(t)

for each t € R.

Remark 2.12. The function g in Definition 2.11]is measurable, but not necessarily
continuous. Moreover, if g is continuous, then f is uniformly continuous. If the
convergence above is uniform in ¢ € R, then f is almost periodic. Denote by
AA(X) the collection of all almost automorphic functions R — X. Note that AA(X)
equipped with the sup norm, || - ||, turns out to be a Banach space.

We will denote by AA, (X) the closed subspace of all functions f € AA(X) with
g € C(R,X). Equivalently, f € AA,(X) if and only if f is almost automorphic
and the convergence in Definition [2.11] are uniform on compact intervals, i.e. in
the Fréchet space C(R,X). Indeed, if f is almost automorphic, then, its range is
relatively compact. Obviously, the following inclusions hold:

AP(X) C AA,(X) C AA(X) C BC(X).

Definition 2.13 (Xiao et al. [32]). A continuous function L : R x R — X is called
bi-almost automorphic if for every sequence of real numbers (s!,),en, we can extract
a subsequence (s, )nen such that

H(t,s) = lim L(t+ sp, s+ sn)
is well defined in ¢, s € R, and
lim H(t — sn,s — sn) = L(t, s)

n—oo

for each ¢, s € R. The collection of such functions will be denoted bAA(R x R, X).

We now introduce positively bi-almost automorphic functions. For that, let T
be the set defined by:
T:={(t,s) ERxR:t>s}

Definition 2.14. A continuous function L : T — X is called positively bi-almost
automorphic if for every sequence of real numbers (s/,),en, We can extract a sub-
sequence (S, )nen such that
H(t,s):= lim L(t+ s,,s+ spn)
n—oo
is well defined in ¢,s € T, and
lim H(t — sn,s — sn) = L(t, s)

n—oo

for each (t,s) € T. The collection of such functions will be denoted bAA(T, X).
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Obviously, every bi-almost automorphic function is positively bi-almost auto-
morphic with the converse being false.

Definition 2.15 ([30]). The space ASP(X) of Stepanov-like almost automorphic
functions (or SP-almost automorphic) consists of all f € BSP(X) such that f* €
AA(LP((0,1),ds)).

In other words, a function f € L¥ (R,ds) is said to be SP-almost automorphic

if its Bochner transform f°: R — LP((0,1),ds) is almost automorphic in the sense
that for every sequence of real numbers (s/,),cn, there exists a subsequence (s, )nen
and a function g € L (R;X) such that

loc

[[t+1 ||f(Sn + 5) — g<8)||pdsi| 1/p o,

t+1 1/p
[ lats = s0) = s@lras] " o
t
as n — oo pointwise on R.

Remark 2.16. It is clear that if 1 <p < ¢ < oo and f € L{ (R,ds) is S?-almost
automorphic, then f is SP-almost automorphic. Also if f € AA(X), then f is
SP-almost automorphic for any 1 < p < oo.

It is also clear that f € AA,(X) if and only if f* € AA(L*>((0,1),ds)). Thus,

AA,(X) can be considered as AS*(X).

We now introduce the notion of SF-almost automorphy, which generalizes that
of SP-almost automorphy due to N’Guérékata and Pankov [30].

Definition 2.17. Let p > 1 and let v € U. The space ASF(X) of generalized
Stepanov-like almost automorphic functions (or SP-almost automorphic) consists
of all f € BSH(X) such that for every sequence of real numbers (s;,)nen, there
exists a subsequence (s, )neny and a function g € LY. (R, ~yds) such that

loc
1/p

|/ T s = O (on ) — g(s) P

= / s+ 54 8) — (s + Hiras)” o,

and
1/p

[/ttJrl v(s—1)|lg(s — sn) — f(5)||pdsi|

! 1/p
= [/ Y(s)lg(s +t —sn) — f(s+ t)||Pds} =0
0
as n — oo for each t € R.

Remark 2.18. Let v € U. As in the classical case (see Remark ,Jif1 <
p < q<ooand f e Ll (R, vds) is SI-almost automorphic, then f is SP-almost

automorphic. Also using ([1.1)), one can show that if f € AA(X), then f is SE-almost
automorphic for any 1 < p < oo.

Definition 2.19. Let v € U. A function F : R x Y — X, (t,u) — F(t,u) with
F(-,u) € L}, (R, vyds) for each u € Y, is said to be St-almost automorphic in ¢ € R

loc
uniformly in u € Y if t — F(¢t,u) is SP-almost automorphic for each u € Y, that
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is, for every sequence of real numbers (s],)nen, there exists a subsequence (S, )nen
and a function G(-,u) € L} (R,~ds) such that

loc

t+1 1/p
[/ Y(s = || F (sn + s,u) —G(s,u)”pds} — 0,
¢

[/tm (s = OIG(s = snw) = F(s,w)|"ds] T

as n — oo pointwise on R for each u € Y.

The collection of those S¥-almost automorphic functions F': R x Y — X will be
denoted by ASZ(R x Y, X).

Similarly, as in Ding et ol [I1], for each K C Y compact subset, we denote by
AS’?K(R x Y, X) the collection of all functions f € ASH(R x Y,X) satisfying that
for every sequence of real numbers (s, ),cn, there exists a subsequence (s, )nen and
a function G : R x Y — X with G(-,u) € L? (R,~ds) such that

loc

1 P 1/p
[ (s PG 5+ 20— G+ ) as] .
0 uceK

1'y(s) sup ||G(s +t — sp,u) — F(s+t,u)] " ds v — 0
0 ueK

as n — oo for each t € R.
Using similar arguments as in Ding et al [I1], the following composition results
can be established.

Lemma 2.20. Let f € AS&Y’(R x Y,X) and suppose f is Lipschitz; that is, there
exists L > 0 such that for allu,v € Y and t € R

1t u) = f(t o)l < llu—wvlly. (2.1)
Then for every K C Y a compact subset, f € AS?K(R x Y, X).

Theorem 2.21 (). Suppose ¢ € ASE(Y) such that K = {p(t):t € R} C Y is a
compact subset. If F' € ASE(R x Y,X) and satisfies the Lipschitz condition (2.1),
then t — F(t,¢(t)) belongs to ASE(X).

2.2. Pseudo almost automorphy. The concept of pseudo almost automorphy is
a new notion due to Liang, Xiao and Zhang [23] 27, 24].

Definition 2.22 ([27]). A function f € C(R,X) is called pseudo almost automor-
phic if it can be expressed as f = h+ ¢, where h € AA(X) and ¢ € PAP)(X). The
collection of such functions will be denoted by PAA(X).

Definition 2.23 ([27]). A function F € C(R x Y,X) is said to pseudo almost
automorphic if it can be expressed as F = G + ®, where G € AAR x Y,X)
and ¢ € PAPy(R x Y,X). The collection of such functions will be denoted by
PAAR x Y,X).

A significant result is the next theorem, which is due to Liang et al. [27].

Theorem 2.24 ([27]). The space PAA(X) equipped with the sup norm || - |eo is a
Banach space.

We also have the following composition result.



EJDE-2012/49 EVOLUTION EQUATIONS 7

Theorem 2.25 ([27]). If f : RxY — X belongs to PAA(RXY,X) and if v — f(t,x)
is uniformly continuous on any bounded subset K of Y for each t € R, then the
function defined by h(t) = f(t,(t)) belongs to PAA(X) provided ¢ € PAA(Y).

3. SQ—PSEUDO ALMOST AUTOMORPHY

Let v € U. This section is devoted to the concept of SE-pseudo almost auto-
morphy. Such a concept is new and generalizes the notion of SP-pseudo almost
automorphy due to Diagana [10].

Definition 3.1. A function f € BSH(X) is called SP-pseudo almost automorphic
(or generalized Stepanov-like pseudo almost automorphic) if it can be expressed as

f=h+o,

where h* € AA(LP((0,1),~ds)) and ¢* € PAP,(L*((0,1),7ds)). The collection of
such functions will be denoted by PAA?(X).

Clearly, a function f € LY (R,~ds) is said to be SP-pseudo almost automorphic
if its Bochner transform f°: R — LP((0,1),vds) is pseudo almost automorphic in
the sense that there exist two functions h, ¢ : R — X such that f = h 4+ ¢, where

hb € AA(LP((0,1),vds)) and @ € PAPy(LP((0,1),~ds)).

Remark 3.2. By definition, the decomposition of Sf-pseudo almost automor-
phic functions is unique. Furthermore, SP-pseudo almost automorphic spaces are
translation-invariant.

Theorem 3.3. If f € PAA(X), then f € PAAY(X) for each 1 <p < co. In other
words, PAA(X) C PAAL(X).

Proof. Let f € PAA(X). Then, there exist two functions h,p : R — X such f =
h + ¢ where h € AA(X) and ¢ € PAPy(X). Clearly, h® € AA(X). Using Remark
it follows that h* € AA(X) C ASP(X), that is, h® € AA(LP((0,1),vds)). Let
g > 0 such that p~! + ¢! = 1. Then for T > 0,

[ ( nellets pds) " at

<yl [ , (/ At +oypas)ar] "
<en[[ (f v(sjﬂw(slﬂ)n ol as)a]
=l [ [ ([ e lets+ oas)a]

= el o] f e / i it + 1) at)ds]

w-/o] [ Lt
:2T¢£”’/vw /
&2 ] | 2s) (o7

1/p
lp(s +t)ldt)ds] .
-T

and hence
1 T

o7 T(%ﬁv@)w@+smﬂk)uﬂﬁ
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<llelg ] [ (o /

T 1/p
llo(s + t)||dt) ds]
T

Since PAPy(X) is translation invariant, it follows that

T
), lpt+s)||dt =0 asT — oo

for all s € [0,1]. Using the Lebesgue Dominated Convergence Theorem it follows

that . .
1 1/p
. v _
Aim o /7T (/O Y(s)lle(t + s)| dS) dt = 0.

(]

Theorem 3.4. Let v € U. The space PAAY(X) equipped with the norm || - [|sz is
a Banach space.

Proof. Let (fn)nen be a Cauchy sequence in PAAP(X). Let (hn)nen, (¥n)nen
be sequences such that f, = hy, + ¢, where (hS),en C AA(LP((0,1),7ds)) and
(¢%)nen € PAPy(LP((0,1),7vds)). Using similar ideas as in the proof of [27, The-
orem 2.2] it can be shown that the following holds

nllss < 1 fulls for all n € N.

Thus there exists a function h € ASH(X) such that |[h, — hllsz — 0 as n — oo.
Using the previous fact, it easily follows that there exists a function ¢ € BSE(X)
such that ||, — ¢[lsp — 0 as n — oo. Now, for 7' > 0, we have

1 (T

- 1/p
2T | o (/f (s~ t)||90(8)||ds) dt
! ! o 1/p
=97 r (/t Y(s —t)[lenls) — <,0(S)des) dt
1 T t+1 1p
s [ ([ A= oteras)
T

< ! -t a5 a
<ol 57 [ ([ s =0llonts)las) “ae

Letting 7' — oo and then n — oo in the previous inequality, it follows that ¢® €
PAPy(L*((0,1),ds)); that is, f = h+ ¢ € PAA?(X). O

Theorem 3.5. Let y,v € U. If v < v, then PAAL(X) = PAAL(X).
Corollary 3.6. If v € Up, then PAA,(X) = PAA(X).

The proofs of the Theorem [3.5 and Corollary [3.6] are straightforward and hence
omitted.

Definition 3.7. Let v € Uy. A function F : R x Y — X, (¢t,u) — F(t,u) with
F(,u) € LP(R,vds) for each u € Y, is said to be SP-pseudo almost automorphic
if there exists two functions H,® : R x Y — X such that FF = H + ®, where
H® € AA(R x Y,LP((0,1),~ds)) and ®* € PAPy(R x Y, LP((0,1),vds)). The
collection of those SP-pseudo almost automorphic functions will be denoted by
PAAP(R x Y, X).
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Using similar arguments as in Fan et al. [I5] and in Theorem the following
composition result can be established.

Theorem 3.8. Let F = G+ ® € PAAL(R x Y,X) such that H* € AA(R x
Y, LP((0,1),v(s)ds)) and ®* € PAPy(R x Y, L?((0,1),~(s)ds)). Moreover, we sup-
pose that G satisfies and that ® satisfies: there exists L > 0 such that for all
u,v € LY. (R, ~vds) and t € R,

loc

1 1 D
(/ V()P (t + s, u(s)) f<I>(t+s,v(s))ll”ds) :
0 (3.1)

<o [ atstuts) - vioras) "

Furthermore, if h = g+ ¢ € PAAL(Y) with h* € AA(LP((0,1),~(s)ds)) and " €
PAPy(LP((0,1),v(s)ds)) and such that K = {g(t) : t € R} is compact, then t —
F(t,h(t)) belongs to PAAL(X).

4. EXISTENCE OF PSEUDO ALMOST AUTOMORPHIC SOLUTIONS

Fix v € U and p > 1. Throughout the rest of the paper, we set ¢ = 1 — p~ 1.
Note that g # 0, as p # 1. Moreover, we suppose that v € U satisfies

inf  ~(t) = mg > 0.
te%g)oo)v() mo

This section is devoted to the search of a pseudo almost automorphic solution to

Eq. (L.2) with SP-pseudo almost automorphic coefficients. For that, we suppose
among others that there exists a Banach space (Y, || - ||y) such that the embedding

(Y, 1 ly) = X011

is continuous. Let C' > 0 be the bound of this embedding. In addition to the above
we assume that the following assumptions hold:

(H1) The system
u'(t) = At)u(t), t>s, uls)=peX (4.1)

has an associated evolution family of operators {U(t,s) : ¢ > s with t,s €
R}. In addition, we assume that the domains of the operators A(t) are
constant in ¢, that is, D(A(t)) = D =Y for all ¢ € R and that the evolution
family U(t, s) is asymptotically stable in the sense that there exist some
constants M,§ > 0 such that

Ut 5)| By < Me™®0)
for all £,s € R with t > s.
(H2) The function s — A(s)U(t, s) defined from (—o0,t) into B(Y, X) is strongly
measurable and there exist a measurable function H : (0, 00) — (0, 00) with
H € L'(0,00) and a constant w > 0 such that

[A()U(t, s)l| By x) < eI H({t—s), t,seR, t>s.

(H3) The function R x R — X, (¢,s) — U(t,s)y € bAA(T,Y) uniformly for
y e X,

(H4) The function R x R — X, (¢,s) — A(s)U(t, s)y € bAA(T,X) uniformly for
yeVY.
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(H5) The function f € PAAR xX,Y) and g € PAAL(R x X, X) N C(R x X, X).
Moreover, there exists L > 0 such that
1t u) = f(&0)lly < Ljju =]
for all u,v € X and ¢t € R, and
lg(t, u) — g(t,v)|| < Liju — ||
for all u,v € X and t € R.
Definition 4.1. A family of linear operators {U(t, s) : t > swith t,s € R} C B(X)

is called an evolution family of operators for (4.1]) whenever the following conditions
hold:
(a) U(t,s)U(s,r) =U(t,r) for all t > s > r;
(b) for each = € X, the function (¢,s) — U(t, s)z is continuous and U(¢,s) €
B(X, D) for every t > s; and
(c) the function (s,t] — B(X), ¢t — U(t, s) is differentiable with
%U(t, s)=A@)U(t, s).

To study the existence and uniqueness of pseudo almost automorphic solutions
to (|1.2) we first introduce the notion of mild solution, which has been adapted from
Diagana et al. [8, Defintion 3.1].

Definition 4.2. A continuous function v : R — X is said to be a mild solution
of (1.2)) provided that the function s — A(s)U(¢,s)f(s,u(s)) is integrable on (s, t),
and

ul(t) = =t u(®)) + ULt 5) (u(s) + f(s,u(s)))
—/ A(s)U(t,s)f(s,u(s))ds—i—/ U(t, 5)g(s, u(s))ds

for t > s and for all t,s € R.

Under assumptions (H1)-(H2), it can be easily shown that the function

t t
ut) = (e u®) + [ Ul ale)ds— [ AU (s u(s)ds
for each ¢ € R, is a mild solution of .

Lemma 4.3. Under assumptions (H1), (H3), (H5), then the nonlinear integral
operator I' defined by

(Pu)(t) = / ULt 5)g(s, u(s))ds

maps PAA(X) into PAA(X).
Proof. Let u € PAA(X). Using Theorem it follows that G(t) = g(t,u(t))

belongs to PAA?(X). Now let G = h + ¢, where h’ € AA(LP((0,1),7ds)) and
o’ € PAPR, (Lp((O, 1),7ds)). Consider for each k = 1,2, ..., the integral

k
wmzé Ut — €)g(t — €)de

-1
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k k
- / Ut t— Oh(t — €)de + / Ut t — &)plt — £)de
k—1 k—1
and set Yi(t) = [ U(t,t — E)h(t — €)de and Xy (t) = [F  U(t,t — E)p(t — €)dt.
Let us show that Yj, € AA(X). For that, letting » = ¢ — £ one obtains

t—k+1

Yi(t) = / U(t,r)h(r)dr for each t € R.
t—k

From (H1) it follows that the function s — U(t,r)h(r) is integrable over (—oo,t)

for each t € R. Now using the Holder’s inequality, it follows that

t—k+1
maol< [ o)

t—k+1
<M e = () | dre
t—k
t—k+1
=M YR =t + B)e || h(r) [P (r — t + k)dr
t—k

TR —qd(t—r) ]
SM[/ 5 (r—t—+k)e 1 dr}
t—k

x [/tt_k+1'y(r —t—i—k)Hh(r)derT/p

—k

k 1/q
<27 [ eoseas] nley

< [e=%mg 7 M1+ e98) ) (g0)] .
Using the fact that

mg M {J (L4 e99)/(g0) ) e < oo
k=1

we deduce from the well-known Weirstrass theorem that the series Y ;o | Yj(¢) is
uniformly convergent on R. Furthermore,

V(1) = / Ut s)h(s)ds = 3 Ya(o),
k=1

— 00

Y € C(R,X), and

YOl <> I1Ye@)] < KilAllsz,
k=1
where K; > 0 is a constant.
Fix k € N. Let (81, )men be a sequence of real numbers. Since U (¢, s)z € bAA(RX
R,Y) and h € ASE(X), for every sequence (s,,)men there exists a subsequence
(8m,, )keN Of (Sm)men and functions Uy and v € AS%’(X) such that

lim U(t+ sm,,, S+ Sm, )z =Ui(t,s)z, t,seR, xeX (4.2)
lim Ui(t — $m,,, S — Sm, )z =U(t, s)z, t,seR, zeX, (4.3)

im [|A(t + sy, +°) —v(t+)[se =0, foreachteR, (4.4)
n—oo
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nhi{.lo [v(t = sm, +°) —h(t+)llse =0, foreachteR. (4.5)
Define
k
T = [ Uiltt-9ne- e,
k
2ty = [ Ult=eoe - o
Now let

;7

15(t) == H /:1 Ut + s, ot + S —§)<h(t+smn —9) —v(t—g))dg

JE(t) = H /:1 (U(t ¥ s bt S, — &) — Ut t — f))v(t - g)dgH.

Then
1Yielt + $m,) = Zu(@®)]l < Iy (1) + T (2) -
Then using the Holder’s inequality we obtain

k
L) <M - e % ||A(t + s, — &) —v(t —€)|1d¢
k
<M e h(t + s, — &) —v(t = &)||dE
k—1

k
SM [ yTVPE = k4 1) |h(t + s, — &) —v(t — )|YVP(E — k + 1)dg
k—1

k /
<Kol [ A€k DI+ s, ~ O~ ot - ©Pac]
k—1

where Ky > 0 is a constant.

Now using it follows that IX(t) — 0 as n — oo for each t € R. Simi-
larly, using the Lebesgue Dominated Convergence theorem and it follows that
JF(t) — 0 as n — oo for each t € R. Now,

1Yt + Sm,) — Zn(t)|| = 0 asn — oo.

Similarly, using (4.3 and (4.5) it can be shown that
| Zx(t — sm,,) — Yi(t)]| = 0 asn — oo.

Therefore each Y3, € AA(X) for each k and hence their uniform limit Y (t) € AA(X),
by using [28] Theorem 2.1.10].
Let us show that each X,, € PAPy(X). For that, note that

t—k+1
IXu ()] < M / el ar

_ 14 esdqp [+l 1/p
< [e g i N [ et Bl
t

q6 —k

t—k+1 1/p
<t [ -t plemrar]
t
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where K3 > 0 is a constant. Now

1 T K3 T t*k*f’l 1/p
— Xi(t dtg—/ / Y(r —t+k)||e(r)||Pdr|  dt.
o [ 1xolae <2 [ [ [ s -t plee)

Letting T — oo in the previous inequality it follows that X, € PAP,(X), as
" € PAPy(L?((0,1),vds)). Furthermore,

X)) = [ Ult)psds =3 Xl

> k=1

X € C(R,X), and

oo
IX@)I < DXkl < Ka llellsz,

k=1
where K, > 0 is a constant. Consequently the uniform limit X (¢) = Y72 | Xy (t) €
PAPy(X), see [0, Lemma 2.5]. Therefore, Tu(t) = X (t) + Y (t) € PAA(X). O

Lemma 4.4. Under assumptions (H1), (H2), (H4), (H5), then the nonlinear inte-
gral operator A defined by

¢

(a)(t)i= [ AU ) (svu(s))ds
1/

maps PAA(X) into itself whenever the series .- | {f;il e*‘”sH(s)qu} " con-

verges.

Proof. Let u € PAA(X). Using the composition of pseudo almost automorphic
functions it follows that F(t) := f(t,u(t)) belongs to PAA(Y) C PAAL(Y) C
PAAP(X). The proof is, up to some slight modifications, similar to the proof
of Lemma Indeed, write F' = h + ¢, where h* € AA(LP((0,1),7ds)) and
¢t € PAPy(LP((0,1),7ds)). Consider for each k = 1,2, ..., the integral

wl) = [ Alt- Ut - gle - )t
k

k
= [ Aw-oUt-ane-gds+ [ Au- UL - ool - e

k—1

and set
k

Wilt) = / AU (1 t—E)h(t—€)dE,  Zy(t) = / A(t—€)U (¢, t—€)p(t—€)de.

—1 —1
Let us show that W), € AA(X). For that, letting r = ¢ — £ one obtains

t—k+1
Wi(t) = / ) A(r)U(t,r)h(r)dr for each t € R.
t7

From (H2) it follows that the function s — A(r)U(¢,7)h(r) is integrable over
(—o0,t) for each t € R. Now using the Holder’s inequality, it follows that

t—k+1
IIWk(t)IIS/t . e UIH(t—r)|[h(r) | dr

t—k+1
_ / Y VP =t 4+ R)H(E = r)e B VP (r =t + k)dr
t—k
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t—k+1 1/
< [/ 'y*q/p(r —t+ k)efW(t*T)H‘I(t - r)dr} !
t—k

x {/tt_kﬂy(r—t+k:)||h(r)||pdrr/p

—k
k 1/q
< mgl/”[/ eI H (s)'ds|  [|hllsy
k—1
" 1/q
< mgl/’”[/ eI H (5)ds| s
k—1
Using the fact that the series given by

mol/p[/k: e_q“’sH(s)qu}

converges, we then deduce from the well-known Weirstrass theorem that the series
> e Wi(t) is uniformly convergent on R. Furthermore,

1/q

W) ::/ AU 5)h(s)ds = 3 Wi(t),
- k=1
W e C(R,X), and

W@ <Y 1Y)l < Ks [hllsz,
k=1
where K5 > 0 is a constant.

Fix k € N. Let (s;)men be a sequence of real numbers. Since A(s)U(t, s)x €
bAA(RXR,X) and h € ASE(Y) C ASE(X), for every sequence (sm)men there exists
a subsequence (S, Jken Of (8m)men and functions ©; and v € ASP(Y) C ASH(X)
such that

lim A(s+ $pm, )U(t + Sm,,, S + Sm, )T = O(t,s)z, t,s€R, z€X, (4.6)
lim O(t — $m, ;S — Sm, )z = A(s)U(t,s)x, t,sE€R, zeX, (4.7
lim [[A(t + s, +-) —v(t+)|[lse =0, foreacht€R, (4.8)
lim [[o(t — s, ++) = h(t+)|lsy =0, for each t € R. (4.9)
Define
k
Ty.(t) = O(t,t — Eh(t - £)dE,
k-1
k
Zi(t) = : At = &)U (t,t = &o(t — §)dE.
—1
Now let
k
Ly = [ Alt+sm, QU+ sm,t+ sm, =€)
k—1

x ((t+ 5, —€) =0t — &) ) de]]

k
Mﬁ(t) = || (A(t + Sm,, — f)U(t + Smy st + Sm, — 5)
k—1
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— At = U, — €) Jolt — )de|
Then

[Wi(t + $m,,) = Zu(@)I| < Ly (t) + My (1)
Then using the Holder’s inequality we obtain

k
Ik < / e SEH(E) |t + s, — €) — vt — &) wde

-1

k
< / e “EH(E)||h(t + 5, — ) — v(t — )||vdeE
k

-1

k
- /k YTPE = R)eT S H(E)[(t + s, =€) = v(t = €)[vy! /7 (€ — k)de

<[ [ emead " [ e min s o, - ot - 1pae] "

where Kg > 0 is a constant. Now using (4.8)) it follows that LF(t) — 0 as n — oo
for each t € R. Similarly, using the Lebesgue Dominated Convergence theorem and
(46) it follows that M} (t) — 0 as n — oo for each t € R. Now,

Wit + sm,) — Zrt)|| = 0 asn — oo.
Similarly, using (4.7) and (4.9) it can be shown that
| Zi(t — sm, ) — Wi(t)]| = 0 asn — oco.

Therefore each W, € AA(X) for each k and hence it uniform limit W (t) € AA(X).
Let us show that each Z; € PAP(X). For that, note that

t—k+1
1Z:(0)]] < / (=)o) e

t—k+1
< / eI H(E— 1) o(r)vdr

t—k
t—k+1

_ k 1/q 1/p
<mg" [ [ e nepas] [ [ -t pllewlar]
k—1 t—k

and hence Z), € PAPy(X), as ¢* € PAPy(LP((0,1),~ds)). Furthermore,

t e’}

Z(t) ;:/ A(s)U(t, 5)p(s)ds = Y Zi(t),

-0 k=1

Z € C(R,X), and

12O <1 Ze@)ll < K llellsz,

k=1
where K7 > 0 is a constant. Consequently the uniform limit Z(¢) = Y7 | Z(t) €
PAP(X), see [9, Lemma 2.5]. Therefore, Au(t) = W(t) + Z(¢t) € PAA(X). O

In addition to the previous assumptions, we suppose that the series

ni; [/nnl e*‘”SH(s)qu} e

converges.
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Theorem 4.5. Under assumptions (H1)-(H5), Equation (1.2) has a unique mild
solution u € PAA(X) whenever L is small enough.

Proof. Consider the nonlinear operator I' defined by
t

(ITu) (1) = —f (8, u(t)) + / U(t, 9)g(s, u(s))ds — / AUt 5) (5, u(s))ds

— 00 — 00

t

for each t € R. Using the proofs of Lemma [4.3| and as well as the composition
of pseudo almost automorphic function for Lipschitzian function [24, Theorem 2.4],
one can easily see that A maps PAA(X) into PAA(X). To complete the proof, it
suffices to apply the Banach fixed-point theorem to the nonlinear operator II. For
that, note that for all u,v € PAA(X),

[Tu — Iv[|oe < dfju —v]|s
where -
d:= L{M&‘l + 0(1 +/ e_“sH(s)ds)}.
0

Therefore, ((1.2]) has a unique fixed-point v € PAA(X) whenever L is small enough,
that is, i.e. d < 1, or

L< [M(S_l + 0(1 + /Ooo e_“sH(s)ds)] -

5. EXAMPLE

Fix y € Uand p > 1. Let Q C RY (IV > 1) be an open bounded subset with C?
boundary I' = 9Q and let X = L?(Q) equipped with its natural topology || - ||2-

In this section we study the existence and uniqueness of a pseudo almost au-
tomorphic solution to the heat equation with a negative time-dependent diffusion
coefficient given by

% [u(t,x) + F (¢, u(t,x))} = —a(t,x)Au(t,z) + G (t,u(t,z)), mRxQ (5.1)
u=0, onRxT (5.2)

where F,G : R x L?(Q2 — L2(Q) are SP-pseudo almost automorphic and jointly
continuous, the function (¢,2) — a(¢, ) is jointly continuous, x — a(¢,z) is differ-
entiable for all t € R, t — a(t, z) is w-periodic (w > 0) in the sense that

a(t +w,z) = a(t, z)
for all t € R and = € 2, and the following assumptions hold:
(H6) infier zeqa(t,z) =mo > 0, and
(H7) there exists d > 0 and 0 < p < 1 such that |a(¢,z) — a(s,z)| < d|s —t|* for
all ¢, s € R uniformly in z € Q.

The problem is quite interesting as the system given by — models among
other things the heat conduction in the domain R x Q € R x RY. Namely, solutions
u(t, ) to this system represent the temperature at position = € Q at time ¢t € R.

Define the linear operators A(t) appearing in 7 as follows:

A(tyu = —a(t,z)Au for all u € D(A(t)) =D = H}(Q) N H*(Q).
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Under previous assumptions, it is clear that the operators A(t) defined above are
invertible and satisfy Acquistapace-Terreni conditions. Clearly, the system

u'(t) = A(t)u(t), t>s,
u(s) = ¢ € L*(Q),

has an associated evolution family (U(t, s));>s on L?(€2), which satisfies: there exist
wo > 0 and M > 1 such that

NU(t, )l B(z2()) < Me=20(t=9)  for every t > s.
Moreover, since A(t + w) = A(t) for all t € R, it follows that
Ut+w,s+w)=U(ts), Als+w)U({t+w,s+w)=A(s)U(t,s)

for all t,s € R with ¢t > s. Therefore, (t,s) — U(t, s)w belongs to bAA(T, L?(Q2))
uniformly in w € L?(Q) and (¢, s) — A(s)U(t, s)w belongs to bAA(T, D) uniformly
inw € D. It is also clear that (H2) holds.

In this section, we take Y = (I, || - [[4-(a))) Where || - ||gr(a) is the graph norm of
the N-dimensional Laplace operator A with domain D defined by

llullgray = llullz + [|Aull

for all u € D. Clearly, the bound of the embedding Hi () N H?(Q) — L2() is
C=1.

We need the following additional assumption:

(H8) The functions F' € PAA(R x L*(€), Hy () N H*(Q)) and G € PAA?(R x
L2(Q),L2(2)) N C(R x L3(£2), L(£)). Moreover, there exits L > 0 such
that

1E(t u) = F(t,0)llgr(a) < Lllu— vl
for all u,v € L?(Q2) and t € R, and
|Gt u) = G(t,v)[l2 < Lilu —vl2
for all u,v € L*(Q) and t € R.

Theorem 5.1. Under assumptions (H6)—(HS8), the heat equation (5.1)-(5.2), with
time-dependent diffusion coefficient, has a unique solution u € PAA(L?*(Q)) when-
ever L is small enough.

REFERENCES

[1] S. Bochner; Continuous mappings of almost automorphic and almost periodic functions, Proc.
Nat. Acad. Sci. USA 52 (1964), 907-910.

[2] H. Brill; A semilinear Sobolev evolution equation in a Banach space. J. Differential Equations
24 (1977), no. 3, 412-425.

[3] V. Casarino; Almost automorphic groups and semigroups. Rend. Accad. Naz. Sci. XL Mem.
Mat. Appl. (5) 24 (2000), 219-235.

[4] P. Cieutat, K. Ezzinbi; Existence, uniqueness and attractiveness of a pseudo almost automor-
phic solutions for some dissipative differential equations in Banach spaces. J. Math. Anal.
Appl. 354 (2009), no. 2, 494-506.

[5] T. Diagana; Weighted pseudo-almost periodic functions and applications. C. R. Acad. Sci.
Paris, Ser I 343 (2006), no. 10, 643-646.

[6] T.Diagana, G. M. N’Guérékata; Stepanov-like almost automorphic functions and applications
to some semilinear equations. Applicable Anal. 86 (2007), no. 6, 723-733.

[7] T. Diagana; Stepanov-like pseudo almost periodic functions and their applications to differ-
ential equations, Commun. Math. Anal. 3(2007), no. 1, 9-18.



18

(8]

(9]

(10]

(11]
(12]

(13]

14]

[15]

[16]

(17)

18]

(19]
[20]

(21]

22]
23]

24]

[25]
[26]
27)
(28]
29]
(30]

(31]

T. DIAGANA EJDE-2012/49

T. Diagana, E. Herndndez, M. Rabello; Pseudo almost periodic solutions to some nonau-
tonomous neutral functional differential equations with unbounded delay. Math. Comput.
Modelling. 45 (2007), Issues 9-10, 1241-1252.

T. Diagana; Stepanov-like pseudo almost periodicity and its applications to some nonauton-
mous differential Equations. Nonlinear Anal. 69 (2008), no. 12, 4277-4285.

T. Diagana; Existence of pseudo almost automorphic solutions to some abstract differential
equations with SP-pseudo almost automorphic coefficients. Nonlinear Anal. 70 (2009), 3781—
3790.

H. S. Ding, J. Liang, T. J. Xiao; Some properties of Stepanov-like almost automorphic func-
tions and applications to abstract evolution equations, Appl. Anal. 88 (7) (2009), 1079-1091.
S. A. Dubey; Numerical solution for nonlocal Sobolev-type differential equations. Electron.
J. Diff. Egns., Conference 19 (2010), 75-83.

K. Ezzinbi, S. Fatajou, G. M. NGuérékata; Pseudo almost automorphic solutions to some
neutral partial functional differential equations in Banach space. Nonlinear Anal. 70 (2009),
no. 4, 1641-1647.

K. Ezzinbi, S. Fatajou, G. M. NGuérékata; Pseudo almost automorphic solutions for dis-
sipative differential equations in Banach spaces. J. Math. Anal. Appl. 351 (2009), no. 2,
765-T72.

Z. Fan, J. Liang, T. J. Xiao; On Stepanov-like (pseudo) almost automorphic functions. Non-
linear Anal. 74 (2011), 2853-2861.

Z. Fan, J. Liang, T. J. Xiao; Composition of Stepanov-like pseudo almost automorphic func-
tions and applications to nonautonomous evolution equations. Nonlinear Anal. (RWA) 13
(2012), 131-140.

S. Fatajou, N. V. Minh, G. M. N’Guérékata, A. Pankov; Stepanov-like almost automorphic
solutions for nonautonomous evolution equations. Electron. J. Diff. Egns. 2007 (2007), No.
121, 1-11.

Z. Hu, Z. Jin; Stepanov-like pseudo-almost periodic mild solutions to perturbed nonau-
tonomous evolution equations with infinite delay. Nonlinear Anal. 71 (2009), no. 11, 5381—
5391.

Z. Hu, Z. Jin; Stepanov-like pseudo almost periodic mild solutions to nonautonomous neutral
partial evolution equations. Nonlinear Anal. 75 (2012), no. 1, 244-252.

A. V. Kostin; Generalized Stepanov spaces and evolution equations. (Russian) Differ. Uravn.
39 (2003), no. 3, 421-422, 431; translation in Differ. Equ. 39 (2003), no. 3, 457-459.

V. A. Kostin and S. V. Pisareva, Evolution equations with singularities in generalized
Stepanov spaces. (Russian) Izv. Vyssh. Uchebn. Zaved. Mat. 2007, no. 6, 35-44; transla-
tion in Russian Math. (Iz. VUZ) 51 (2007), no. 6, 32-41.

H. Lee and H. Alkahby; Stepanov-like almost automorphic solutions of nonautonomous semi-
linear evolution equations with delay. Nonlinear Anal. 69 (2008), no. 7, 2158-2166.

J. Liang, J. Zhang, T-J. Xiao; Composition of pseudo almost automorphic and asymptotically
almost automorphic functions. J. Math. Anal. Appl. 340 (2008), 1493-1499.

J. Liang, G. M. N’Guérékata, T-J. Xiao, J. Zhang; Some properties of pseudo almost au-
tomorphic functions and applications to abstract differential equations. Nonlinear Anal. 70
(2009), no. 7, 2731-2735.

J. H. Lightbourne III, S. M. Rankin III; A Partial functional differential equation of Sobolev-
type. J. Math. Anal. Appl. 93 (1983), 328-337.

A. Lunardi, Analytic semigroups and optimal regularity in parabolic problems, PNLDE Vol.
16, Birkhdauser Verlag, Basel, 1995.

T. J. Xiao, J. Liang, J. Zhang; Pseudo almost automorphic solutions to semilinear differential
equations in Banach spaces. Semigroup Forum. 76 (2008), 518-524.

G. M. N’Guérékata; Almost automorphic functions and almost periodic functions in abstract
spaces, Kluwer Academic / Plenum Publishers, New York-London-Moscow, 2001.

G. M. N’Guérékata; Topics in almost automorphy, Springer, New york, Boston, Dordrecht,
Lodon, Moscow 2005.

G. M. N’Guérékata, A. Pankov; Stepanov-like almost automorphic functions and monotone
evolution equations, Nonlinear Anal. 68 (2008), no. 9, 2658-2667

A. Pankov; Bounded and almost periodic solutions of nonlinear operator differential equa-
tions, Kluwer, Dordrecht, 1990.



EJDE-2012/49 EVOLUTION EQUATIONS 19

[32] T. J. Xiao, X. X. Zhu, J. Liang; Pseudo-almost automorphic mild solutions to nonautonomous
differential equations and applications, Nonlinear Anal. 70 (2009), 4079-4085.

ToKA DIAGANA
DEPARTMENT OF MATHEMATICS, HOWARD UNIVERSITY, 2441 6TH STREET N.W., WASHINGTON,
DC 20059, USA

E-mail address: tdiagana@howard.edu



	1. Introduction
	2. Preliminaries
	2.1. Sp-pseudo almost automorphy
	2.2. Pseudo almost automorphy

	3. Sp-pseudo almost automorphy
	4. Existence of pseudo almost automorphic solutions
	5. Example
	References

