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INTEGRAL INEQUALITYS FOR PARTIAL DYNAMIC
EQUATIONS ON TIME SCALES

DEEPAK B. PACHPATTE

ABSTRACT. The aim of the present paper is to study some basic qualitative
properties of solutions of some partial dynamic equations on time scales. A
variant of certain fundamental integral inequality with explicit estimates is
used to establish our results.

1. INTRODUCTION

During past few years many authors have established the time scale analogue
of well known dynamic equations used in the development of theory of differential
and integral equation see [3] [9] [T0L [1T], 12} 17, 18, [19]. In [4] [5 6l [7, §] authors have
obtained some results on multiple integration and partial dynamic equations on
time scales. Recently in [13| [T4] [T5] [I6] authors have obtained inequalities on two
independent variables on time scales. In the present paper we establish some basic
qualitative properties of solutions of some partial dynamic equation on time scales.
We use certain fundamental integral inequality with explicit estimates to establish
our results. We assume understanding of time scales and its notation. Excellent
information about introduction to time scales can be found in [I] 2].

In what follows R denotes the set of real numbers, Z the set of integers and T
denotes arbitrary time scales. Let C).4 be the set of all rd continuous function. We
assume T; and Ts be two time scales and 0 = T; x Ts.

In this article, we consider partial dynamic equation of the type

uPt(t, ) = ft, x, ult,z)) + /S gtz y,u(t,y)) Ay + h(t, z), (1.1)

50

which satisfies the initial condition
u(to, z) = uo(x), (1.2)

for (to,z) € Q, where ug € C(I,R), I = [a,b] (a < b), f € Cra(Q x R,RT),
g € Crg(2 x I x R,RT) and v is unknown function to be found.
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2. BAsic INEQUALITY
We will use the following integral inequality.

Lemma 2.1. Let w,p € Crq(Q,Ry) and let ¢ > 0 be a constant
b

w(t,z) < c+ / [p(5, )uw(s, z) + / o5, 7, y)w(s, ) Ayl As

t() a

for (t,x) € Q, then
w(t,z) < cP(t,x)ef: q(s,z,y)p(s,y)Ay(t’tO)’

for (t,x) € Q, where
P(t,z) = €p(s,z) (to,t).

Proof. Define a function
t b
mite) =+ [ [ oot duas
to Ja

Then (2.1)) can be restated as

wltya) Smit.)+ [ ps,z)uls,0)As,

to
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(2.5)

m(t,x) is non negative for (¢, z) € Q and nondecreasing for t. Now considering (2.5))
as a one dimensional integral inequalities in ¢ € T for every x € T and a suitable

application of inequality given in [9] Theorem 3.5], yields

t b
m(t,z) < e+ / / 4(s. 2,9)p(s,y)m(s, y) AyAs.
Let .
k(s) =/ q(s,z,y)p(s,y)m(s,y)Ay,

for every z € T, the inequality (2.6 becomes

m(t,x) <c+ /b k(s)As.

a

Let .
z(t) = c+/ k(s)As,

then z(tg) = ¢ and
m(t, x) < (),

for (t,s) € Q. From (2.9), (2.7) and (2.10)), we have
b

A (t) = k(t) = / o(t, 2, y)p(t, y)m(t, y) Ay

a

b
< Z(t)/ q(t,z,y)p(t, y)Ay.

This inequality implies
2(t) S e g5z yyp(smyas(tsto)-

The required inequality (2.2)) follows from (2.12)), (2.9) and (2.6).

(2.6)

(2.11)

(2.12)
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3. MAIN RESULTS

The following theorem provides some estimates on the solution.

Theorem 3.1. Suppose that the functions f, g, h,uq in (1.1) and (L.2)) satisfy the

conditions

[t m,u) = f(t,2,0)] < ct, z)|u—1l, (3.1)
lg(t, z, y,u) — g(t, 2, y,0)| < k(t,z,y)|u —1l,
t b
d:SU.p|¢(t7.'II)+/ |:f(5,.’1),t0)+/ g(s7xayat0)Ay:|As‘ < 0, (33)
to a
where c € Q, k € (2 x R",R;) and
t
o(t,x) = up(x) +/ h(s,z)As. (3.4)
to
If u(t, z) is any solution of (1.1)-(1.2)) then
lu(t, )| < dC(t, x)ef; K(s,0.5)C(s.) Ay (E T0); (3.5)
where
C(if7 1‘) = €c(s,z) (t, to). (3.6)

Proof. Since u(t, z) is a solution of (L.1)-(L.2) and hypotheses, we observe that
¢
utt.o)] = [{otta) + [ [{F(s.2,u(s,0)) = Flo..t0) + f(s,0,10))
to

+/ab {g(sax7y7u(8ﬂy)) _9(37%%750)+9(57937y7t0)}Ay]A5H
t b
< |o(t,x) [ |f(s,@,to) (s;@,y,t0)Ay|As
‘ /to[ o+/ag v to y} ‘ .

o[ it — 2,10

to
b
+ |g(S,x,y,u(3,y)) _g(saxay7t0)|Ay:|A5

b

<d+ /t {c(s,x)\u(s,xﬂ Jr/ k(s,m,y)|u(s,y)\Ay} As.

to a
Now an application of Lemma to (3.7)) yields (3.5). O

Now we give approximation of solutions to (L.1)-(1.2)). We obtain conditions
under which we estimate errors between true solution and approximate solutions.
Let u(t,z) € , uAt(t,r) exist on T and satisfy the inequality

b
uAt(t,x) — ft,z,u(t,x)) — / g(t, z,y,u(t,y)) Ay — h(t,x)’ <e (3.8)

a

for a given constant € > 0 where we suppose that (1.2]) holds. Then we say that
u(t, ) has e-approximate solutions with respect to (1.1).
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Theorem 3.2. Suppose the functions f,g in (1.1)) satisfy the conditions

|f (2, y) = f(t,2,u)| < Ot @)|u —1l, (3.9)
lg(t, =, y,u) — gt z,y,u)| < K(t,,y)lu—1ul, (3.10)
Let u;(t,x)(i = 1,2), (t,x) € Q be respectively €; approzimate solution of with
ui(to, x) = ui(z), (3.11)
and let ,
6ilt 7) = T () + / h(s, )As. (3.12)
Suppose that !
|p1(t, ) — d2(t,2)| <6, (3.13)
where § > 0 1s a constant and
M = supl(e1 + €2)t + d] < o0, (3.14)
teT
then
lui (¢, ) —ua(t,z)| < MC’(t,x)ef: k(s,0.9)C(s.9)As (b 10), (3.15)
where
C(t,x) = ec(s,z)(t, o). (3.16)

Proof. Since u;(t,z) (i =1,2), (t,x) € Q are respectively ¢;-approximate solutions

of (1.1)) with (3.8)), we have
b

|uiAt(t"r) - f(t,l‘, ui(ta JJ)) - / g(t,x, yaui(tvy))Ay_h(t’x)’ < E;- (317)

a

By taking ¢ = s in the above inequality and integrating both sides with respect to
s from tg to t for t € T, we obtain

t
Ei(t — to) Z /
to

>

ufs (s, x) — f(s,2,u;(s,x)) — /bg(s,x,y,ui(s,y))Ay — h(s,x)|As

’ ) {uiAS(s,m) — f(s,x,ui(s, x))

b
_/ g(s,x,y,ui(s,y) Ay — h(S,x)}As’
= Juult, ) — u(t,2)

_ /t [f(s,x,ui(s,x)) + /b g(s,x,y,ui(s,y))Ay} |As.

to a
(3.18)
From ([3.18) and using elementary inequalities
lv—z < |o|+z], |v—2<|v—2] (3.19)

for v,z € Ry, we have

(51 + Eg)(t - to)
b

> [us,) — gu(t0) — [ [ s, + [ gt m)ag] s

tg a
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b
 fun(t0) =~ onttce) = [ [Fovaun(sia) + [ oo atsna [2s
a
b
> H’ul(t x) — ¢1(t, x) / fls,z,uq(s x))Jr/ g(s,x,y,ul(s,y))Ay”As}
a

{’ o(t, ) — Pa(t, ) / (s, z,us(s x))Jr/abg(s,x,y,uQ(s,y))Ay}’As}}‘
uy(t, ) — ug(t, x)| — |¢1(t, ) — ¢2(t, )|

t b
f(s,z,ur(s, x)) —l—/gsxy,ulsy AyHAs
a

‘to

—/t [f(sxugsx +/bgsxy7u25y))Ay}As‘

to

Let u(t,x) = |u(t, z) —ua(t, x)], (t,x) € Q from the above inequality and using the
hypothesis we obtain

u(t,x) < (e1 +e2)(t —to) +0+ /tt [c(s,x)u(s,x) + /ab k(&x,y)u(&y)Ay] As
b

<M+ /t [c(s,m)u(s,x) —|—/ k(s,x,y)u(s,y)Ay} As.

to a

Now an application of Lemma to the above inequality yields (3.15). O

Remark 3.3. When uy(t, ) is a solution of with u1 (0, z) = w1 (z) we obtain
€1 = 0 and from , we see that us(t,z) — ui(t,z) as €2 — €1 and § — 0.
Furthermore, if we put €1 = €2 =0, uy(x) = ﬂg(x) in ([3-15), then we get the bound
which shows the dependency of solutions of (1.1) on given initial values.

Consider . 1.2]) together with following partial dynamic equation on time

scales
b

At(t,:lc) = f(t,z,v(t,x)) + / gt z,y,v(t,y)) Ay + h(t, ) (3.20)

with given initial condition
v(to, ) = vo(x), (3.21)
for (t,z) € Q where f € Cra(Q,R+), g € Cra(2 x R*,Ry), h € Crg(Q,RY).
The following theorem is concerned with the closeness of solutions of (1.1])-(1.2)

and (E20)-E20).

Theorem 3.4. Suppose that the functions f, g in . satisfy the conditions
and that there exists constants g; > 0, 6 2 0 (i =1,2) such that

|f(t,@,u) = f(t,2,u)| <&, (3.22)

lg(t, z,y,u) —g(t, 2, y,u)| < B2, (3.23)

|h(t,x) — h(t,z)| < 01, (3.24)

|uo(x) — vo(x)] < 02, (3.25)

where f, g, h,uo and f,G, h,vo are the functions in — and — and
M = sup [62 + [61 + &1 + E2(b — a)]t] < oo. (3.26)

teT
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Let u(t, z) and v(t,z) be respectively the solutions of (L.1)-(1.2) and (3.20])-(3.21))
for (t,z) € Q. Then

lu(t, =) —v(t,z)| < MC(t, x)efab K(s,09)C (s,9) Ay (1 10) (3.27)
for (t,x) € Q where C(t,x) is given by (3.6).
Proof. Let z(t,x) = |u(t,z) — v(t,x)|, (t,x) € Q. Since u(t,x),v(t,z) are respec-

tively the solutions of (L.1)-(1.2) and (3.20)-(3.21). We have

t

2(t,x) < ’uo(x) + /t h(s,z)As — vo(z) — / E(s,x)As’

to tO

+/ [|f(s,x7u(s,x)) - f(s,x,v(s,x))| + |f(s7x,v(s,x)) _7(87‘%"7}(871'))

to
b
+ {|g(3,$,y7u(5>y)) _9(57$7yaﬂ(37y))|

+ |g(8, z,y, U(S, y)) - g(& z,Y, ’U(S, y))|}ij| As
< |uo(x) — vo(x)| + |h(s,x) — h(s,z)|As

to

+ /t [c(s,x)z(s,m) +z + /ab {k(s,z,y)z(s,y) +§2}Ay} As

to
< [52 + 01t +Et+ Zo(b— a)t]

+ /t [c(s,m)z(s,x) + /ab k(s,x,y)z(s,y)Ay} As

to

<M+ /t {c(s,x)z(s,x) + /ab k(s,x,y)z(s,y)Ay} As.

to

Now an application of Lemma to the above inequality yields (3.27]). |
Remark 3.5. We note that the result given in Theorem relates the solutions

of (1.1)-(1.2) and (3.20))-(3.21) in the sense that if f, g, h,ug are respectively close
to f,g,h,vo then the solutions of ([L.1])-(1.2]) and (3.20))-(3.21]) are close together.
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