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POSITIVE SOLUTIONS FOR A SYSTEM OF HIGHER ORDER
BOUNDARY-VALUE PROBLEMS INVOLVING ALL
DERIVATIVES OF ODD ORDERS

KUN WANG, ZHILIN YANG

ABSTRACT. In this article we study the existence of positive solutions for the
system of higher order boundary-value problems involving all derivatives of

odd orders
(71)mw(2m)
= f(t7 w7 w/7 _w/ll7 M) (_l)m_lw(2m_1)7 Z7 z/7 _Z//l7 M) (_l)n_lz(Qn_l))7
(71)77,2(271)
_ g(t,w,w', _wm7 e (_l)m—lw(2mfl)7 2, 217 _Z/H7 e (_l)nflz(?rzfl))7

w?D(0) = w® V(1) =0 (i=0,1,...,m—1),
22D0)=F*tV1)y=0 (j=0,1,...,n—1).

Here f,g € C([0,1] x RT+"+2, Ry) (R4 :=[0,400)). Our hypotheses imposed
on the nonlinearities f and g are formulated in terms of two linear functions
hi(xz) and ha(y). We use fixed point index theory to establish our main re-
sults based on a priori estimates of positive solutions achieved by utilizing
nonnegative matrices.

1. INTRODUCTION

In this article we study the existence and multiplicity of positive solutions for
the system of higher order boundary-value problems:

(_1)mw(2m) = f(ta w, w/a e (_1)m—1w(2m—1)’ 2, Z/a ) (_1)71—12(271—1))’
(=) = g(t,w,w', . (1) Y 22—,
w®(0) =w® V(1) =0 (i=01,...,m—1),

2@D(0) =D (1) =0 (j=0,1,...,n—1),

where m,n > 2, f € C([0, 1] xR 2 R, ) and g € C([0, 1] x RTT" 2 R, ) (Ry =
[0,400)). By a positive solution of , we mean a pair of functions (w,z) €
C?™[0,1] x C?"[0, 1] that solve and satisfy w(t) > 0, z(t) > 0 for all ¢ € [0, 1],
with at least one of them positive on (0, 1].

(1.1)
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The so-called Lidstone problem
(—1)"ul = ftu,—u", . (1) T2,

, : 1.2
u®(0) =u®)(1) =0, (i=0,1,...,n—1), (12

has been extensively studied in recent years; see [17, [10, 13 14 15 6] and the
references cited therein. The existence of positive solutions for systems of nonlinear
differential equations have been studied by many authors; see for instance, [3, [5, [9]
1], to cite a few. In [19], the author studied the existence of positive solutions of
the system

(_1)mu(2m) — fl (t, u, _,u///7 s (_l)m—lu(2m—2)7 v, —UN, s (_1)n,—1v(2n—2)),
(71)”‘1}(2”) = f2(t7 U, 711'//7 LR (71)m71u(2m72)7 v, 71}//5 RS (71)n71v(2n72)),
apu®?(0) = Bou® M (0) = au®)(1) + fru* V(1) =0 (i=0,1,...,m—1),
aov®(0) = for¥FV(0) = arv® (1) + B (1) =0 (j=0,1,....n~1),
where m,n > 1 and fi, fo € C([0,1] x R?"*" R, ). The main results obtained in [19]
are presented in terms of nonnegative matrices and the author used the method of
order reduction to overcome the difficulty arising from high order derivatives. Fur-
thermore, in [6], Kang et al., using the fixed point theorem of cone expansion and
compression type due to Krasnosel’skill, established some simple criteria for the ex-

istence, multiplicity and nonexistence of positive solutions of the following systems
of singular boundary value problems with integral boundary value conditions:

(=1)Pu®?) = Xay (t) f(t,u, =", ..., (=1)P P72y, =", (=1)9 12072,

(=)D = pay(t)g(t,u, —u”, ..., (=1)P" =2 v —" ... (1)1 12172,

[y

a;u®(0) — bu®*V(0) = mi(s)u®)(s)ds, 0<i<p-—1,
1

ciu®) (1) — du® (1) = ni(s)u®(s)ds, 0<i<p-—1
i (1) i (1) i(s) (s)ds, S1xp )

1

a v (0) — B3+ (0) = (50 (s)ds, 0<j<q-—1,

AS)

S— 5—

1
Y0P (1) = 6,0V (1) = [ hy(s)0P(s)ds, 0<j<q—1,
0
where 0 < t < 1,a; € ((0,1),]0,4+00)
t=1,i=1,2.
Anand et al. [I1] addressed the question of the existence of at least three sym-
metric positive solutions for the system of dynamical equations on symmetric times
scales

~—

, a;(t) are allowed to be singular at t = 0 or

(=" 2" = fi(t, 1, 00),  t € [a,blr,
(=)™ = folt, g1, p2),  t € [ablr,

subject to the two-point boundary conditions
v @) =0=y"V"®), i=01,2,....n—1,

AV)I AV)I .
y2V @) =0 =y ), j=0,1,2,...,m 1,
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where f; : [a,b]T x R? — [0, 00) are continuous and f;(t,y1,%2) = fi(a+b—1t,y1,y2)
for i = 1,2, a € Ty, b € T* for a time scale T, and o(a) < p(b). The main tool
in [I1] is the Avery fixed point theorem, a generalization of the Leggett-Williams
fixed point theorem.

Yang et al. [I8] studied the existence, multiplicity, and uniqueness of positive
solutions for the boundary value problem

(—1)”u(2”) = f(t,u,u,..., (—1)”_1u(2”_1))7

. . 1.3
u®(0) = u®* V(1) =03 =0,1,...,n— 1), (13)

where n > 2, and f € C([0,1] x R R;). The main results obtained in [I8]
are presented in terms of a linear function associated with the nonlinearity f in
(1.3). They also apply their main results to establish the existence, multiplicity,
and uniqueness of positive symmetric solutions for a Lidstone problem involving an
open question posed by Eloe in 2000.

However, the existence problem of positive solutions for systems, like , has
not been extensively studied yet. Our main difficulty here arises from the presence
of all derivatives of all odd orders in the nonlinearities f and g in . To overcome
this difficulty, as in [19], we first use the method of order reduction to transform (1.1)
into an equivalent system of integro-differential equations, then prove the existence
and multiplicity of positive solutions for the resultant equivalent system, thereby
establishing our main results for . Our main features are threefold. Firstly,
the nonlinear functions f and g contain all derivatives of odd orders. Secondly,
nonnegative matrices are used to obtain the priori estimates of positive solutions.
Finally, the orders 2m and 2n in may be different. Such problems can be
found in applied sciences; see [g].

This paper is organized as follows. Section 2 contains some preliminary results,
including some basic facts recalled from [I§]. Our main results, namely Theorems
are stated and proved in Section 3. Finally, three examples that illustrate
our main results are presented in Section 4.

2. PRELIMINARIES

Let
E = C'([0,1],R), ul| := max{]lullo, [«/lo},
where ||ullo = max{|u(t)| : t € [0,1]}. Furthermore, put
P:={u€FE:u(t)>0,u(t)>0,Vtel0,1]}.

Clearly, (E,| - ||) is a real Banach space and P is a cone in E. Let

k(t,s) := min{t, s}, (Tu)(t) := /1 k(t, s)u(s)ds.
0
Now let u := (—1)"'w®m=2) ¢ = (=1)*"122"=2) Then is equivalent to
the system of integro-differential equations
—u" = ft, T Y, (T ), (Tu) !, T o, (T )L (T) ),
—v" = g(t, T tu, (T™ ), ..., (Tu) o/, T o, (T ), ..., (Tv),v)),
u(0) =u/(1) =
v

0,
(0) = /(1) = 0.
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Furthermore, the above problem is equivalent to
u(t) = /01 k(t, ) f (s, (T u)(s), (T ) (5), - . (Tw)/(s), 4/ (s),
(T"10) (), (T ) (5), -, (TW) (), v'(s))ds,
u(t) = /01 k(t,s)g(s, (T™ " u)(s), (T ) (5), ..., (Tu) (s), 0 (s),

(T"10)(5), (T 10)(5), ..., (To) (s), v/ (5))ds,
Define the operators A; : Px P — P (i=1,2)and A: Px P — P x P by

(2.2)

Ar(u,v)(t) = / k(t,)f (s, (T™ ) (s), (T™ ) (s), ..., (Tu) (s), 2/ (s),

(T 10)(s), (T 10) (5), .., (T0)' (), (5))ds,

Al 0)(8) = (A (1, v), Az (u,0)).

Now f € C([0,1] x R7*" "2 R) and g € C([0,1] x R7*""2 R,) imply that A;
and A are completely continuous operators. In our setting, the existence of positive
solutions for (1.1]) is equivalent to that of positive fixed points of A : Px P — Px P.
Let

G (u0)(t) = f(t (T ) (£), (T ) (), ..., (Tu) (8),'(8), (T Lo) (8),
(T 1) (1), ... (Tw)' (), (1)

Ga(u, v)(t) = g(t, (T u)(t), (T" " ) (1), ..., (Tw) (1), 0/ (1), (T ) (8),
(T" 1) (B), ... (Tw)' (), (1))

Then G; : P x P — P (i =1,2) is a continuous, bounded operator, and

(2.3)

1
Ai(u,v)(t) = / k(t, s)Gi(u,v)(s)ds,i = 1,2.
0
Lemma 2.1 ([I8, Lemma 2.2]). Let q € P. then
1 1
/ (T" q)(t) +2 Z (T 171g) (t))tetdt = / (q(t) + 2¢'(t))te' dt.
0 0
Lemma 2.2 ([I8 Lemma 2.3]). If ¢ € P(C?[0,1], ¢(0) = ¢'(1) = 0, then

/(—q”(t))tetdt:/ (q(t) + 24 (t))te' dt .
0 0

Lemma 2.3 ([I8, Lemma 2.4]). If ¢ € P, q(0) =0, then

1
a(1) < / (q(t) +24'(8))tet dt



EJDE-2012/52 POSITIVE SOLUTIONS FOR A SYSTEM 5

Lemma 2.4 ([4]). Let E be a real Banach space and P a cone on E. Suppose that
Q) C E is a bounded open set and that T : Q(\ P — P is a completely continuous
operator. If there exists wy € P\{0} such that

w—Tw # Mg, VA > 0,w € 00N P,
then i(T, Q2 P, P) = 0, where i indicates the fized point index on P.

Lemma 2.5 ([4]). Let E be a real Banach space and P a cone on E. Suppose that
Q C FE is a bounded open set with 0 € Q and that T : QN P — P is a completely
continuous operator. If

w—Nw#0,YA€[0,1],w € QN P,
then i(T,QN P, P) = 1.

3. EXISTENCE OF POSITIVE SOLUTIONS FOR (1.1

A real matrix B is said to be nonnegative if all elements of B are nonnegative.
For the sake of silmplicity7 we denote by x = (z1,...,%ms1) € RTH, Yy =
(Y1, Ynt1) € RTF . Let

m—+1 n+1
hi(z) =1 +2 Z iy, ha(y) i=y1 + 2Zyi, T € RTH, y € Rﬁﬁ“.
i=2 i=2

We now list our hypotheses on f and g.

(F1) f,g € C([0,1] x R™H2 R ).
(F2) There are four nonnegative constants ay, as, b1, by, and a real number ¢ > 0
such that

f(t,z,y) > arthi(x) + biha(y) — ¢, g(t, z,y) > azhi(x) + baha(y) —c,

for all (t,z,y) € [0,1] x RT'HH'Q and the matrix By := <a1 -1 b )
ag bQ —1

is invertible with By ' nonnegative.
(F3) For every N > 0, there exist two functions @y, ¥y € C(Ry, R, ) such that

ft,2,y) <ON(Tmr1 +Ynt1), 92, y) S YN (Tmr1 + Y1)
for all (z1,...,2m) € [0, N] X -+ x [0, N], (Y1, --+Yn) € [0, N] X - -+ x [0, N]

and Zy4+1,Yn+1 > 0, and

/°° TdT e
0 CI)N(T)+\I/N(T)+(5_
for all 6 > 0.

(F4) There are four nonnegative constants ci, ¢a,d;, ds and a positive constant
r such that

f(t,z,y) < crhi(z) + diha(y), g(t,z,y) < cohi(x) + daha(y)

for all (t,x,y) € [0,1] x ([0,7])™*"*2 and By := (1 —a  —h ) is in-
—C2 1-— dg

vertible with By ' nonnegative.
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(F5) There are four nonnegative constants lq,la, m1, mgo and a postive constant
¢ such that

f(t,z,y) < liha(z) + miha(y) + ¢, g(t z,y) < lahi(z) + moha(y) + ¢,

1-— ll —my

m+n+2 —
for all (t,2,y) € [0,1] x R} and B := ( b 1-m

> is invertible
2

with B3 ! nonnegative.
(F6) There are four nonnegative constants p1, ps,q1, g2 and a positive constant
r such that

f(t,x7y) Z plhl(x) + qth(y)ag(ta'ra y) Z p2h1 (J)) + C]2h2(y)7
for all (t,x,y) € [0,1] x ([0,7])™*"*+2 and By := (p1 1@ ) is in-
P2 -1
vertible with B; ' nonnegative.

(F7) f(t,z,y) and g(t,z,y) are increasing in x and y,and there is a constant
A > 0 such that

1 1
/ f(s,A,...,A)d5<A,/ g(s, A, ..., N)ds < A.
m+n-+2 m4+n+2

Remark 3.1 ([19, Remark 2]). Let l;;(¢,7 = 1,2) be four nonnegative constants.
=1 2
lor oo —1
B~ nonnegative if and only if one of the following two conditions is satisfied:
(1) 111 > 1, 122 > 1, l12 = 121 =0.
(2) 11 < 1, log < 1, det B = (1 — 111)(1 — 122) —l12l51 < 0.

Then it is easy to see that the matrix B := ) is invertible with

Remark 3.2 ([I9, Remark 3]). Let l;;(¢,j = 1,2) be four nonnegative constants.

1-1liy —l2

Then it is easy to see that the matrix D := ( > is invertible with

—lor 1=l
D! nonnegative if and only iflj < 1, loo < 1, det D = (1—[11)(1—l22)—l12l21 > 0.
Remark 3.3. f(t,x,y) is said to be increasing in = and y if f(¢t,z,y) < f(t,2',v)
holds for every pair (z,y), (z/,y") € R7T" "2 with (z,y) < (2/,3'), where the partial
ordering < in RT"‘"H is understood componentwise.

We have the following comments about the functions f and g.
(1) Condition (F3) is of Berstein-Nagumo type;
(2) f and g grow superlinearly both at +oo and at 0 if (F2) and (F4) hold,;
(3) f and g grow sublinearly both at +oo and at 0 if (F5) and (F6) hold.

We adopt the convention in the sequel that ni,ns, ... stand for different positive

constants. G; and Go are defined by (2.3) and (2.4).
Theorem 3.4. If (F1)—(F4) hold, then (1.1 has at least one positive solution.

Proof. Tt suffices to prove that (2.2) has at least one positive solution. We claim
that the set

My = {(u,v) € P x P: (u,v) = A(u,v) + Mg, ), A > 0}

is bounded, where ¢(t) := te~t. Indeed, if (ug,vg) € My, then there exist a
constant \g > 0 such that (ug,vo) = A(uo,v0) + Ao(, @), which can be written in
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the form
—u'o’(t) =Gy (UO, ’Uo)(t) + )\0(2 — t)e_t, —’l)g(t) = GQ(UQ, ’Uo)(t) + )\0(2 — t)e_t
By (F2), we have

—ug(t) = ar (T™ o) (t) +2 z_: (T ) (8)) + ba (T wo) (1)

+2 E(T"*Flvo)'(t)) —c,
i=0

m—1

—vg (1) = az((T™ o) (8) +2 ) (T o)/ () + ba (T o) (1)

=0
+2 z_:(T"—’?—lvo)’(t)) —c.
=0

Multiply by 1 (¢) := tet on both sides of the last two inequalities and integrate over
[0, 1], and use Lemmas and to obtain

1 1 1
/ (uo(t)+2u6(t))t6tdt2a1/ (uo(t)+2u6(t))tetdt+b1/ (vo(t) +2v)(t))te'dt —c
0 0 0
and
/ (vo (t) +2v)(t))te' dt > ay / (uo(t) +2uf (t) )te' dt + by / (vo(t) +2v)(t))te'dt —c.
0 0 0

The above two inequalities can be written as
(al -1 ) fo ug(t) + 2ub(t))teldt fo o(t) + 2uf(t))tetdt
az  bp—1 fo vo(t) + 2v4(t))tetdt fo (t) + 2v((t))tetdt

: (C) -
c
Now (F2) implies
fo ug () + 2ug(t))tetdt < p-! (c) _ <N1>
fo vo(t) + 20h(E)tetdt ) =+ \e) T \No)”
Let N := max{Ny, Na} > 0. Then we have

/0 (uo(t) + 20l (1) te'dt < N, /O (vo(t) + 20} (8))tedt < N, ¥(uo, v0) € M.

Now Lemma [2.3] implies
llwollo = wo(1) < N, |lvgllo = vo(1) < N,  V(ug,vo) € M. (3.1)
Furthermore, this estimate leads to
1T uollo = (T o) (1) < N, T Hugllo = (T Hwo)(1) < N,
for all (ug,v9) € M7 and

1T oY flo = (T™ Vo) (0) = / (T™2ug)(1)dt < N,
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1
(T ) [lo = (T 1) (0) = / (T 97 20g)(t)dt < N, ¥(ug,v0) € M,
0

i=0,....m—2,5=0,...,n—2. Let
H:= {u >0: there exists (u,v) € P x P, such that (u,v) = A(u,v) + p(p, @)}

Now (3.1)) implies that po := supH < +oo. By (F3), there are two functions
Oy, Uxn € C(R4,Ry) such that

Gi(u,0)(t) < Dn('(t) +0'(1),  Ga(u,0)(t) < Un(u'(t) +0' (1),
for all (u,v) € M. Hence we obtain
—u"(t) = Gl(%v) t)+p(2—t)e”

so that

—u"(t) =" (t) < Dy (u'(t) + ' () + Un (v (t) + (1)) + 4o
for all (u,v) € My, u € H, and

W/ )+ (0) dr b
/O I e g/o W () + 0/ (O)dt = u(1) + (1) < 2N
for all (u,v) € M. By (F3) again, there exists a constant N7 > 0 such that
|u" +0'[jo =« (0) +0'(0) < Ny,  V(u,v) € M.

This means that M; is bounded. Taking R > sup{||(u,v)|| : (u,v) € M1}, we have

(u,v) # A(u,v) + A, ), VY(u,v) € INrN(P x P),A>0.
Now Lemma [2.4] yields

i(A,Qr N (P x P),P x P) = 0. (3.2)

Let
My = {(u,v) € Q. N (P x P): (u,v) = M(u,v), X € [0,1]}.

Now we want to prove that My = {0}. Indeed, if (u,v) € Mg, then there is
A € [0,1] such that

(u(t), v(t)) = ( / k(t, 5)Gh (s, v)(s)ds, X / B(t, 5)Ga(u,v) (s)ds)
which can be written in the form

—u"(t) = A\Gy(u,v)(t), —v"(t) = AGa(u,v)(t).
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By (F4), we have

m—1
—u"(t) < o (T a)(0) +2 ) (T ) (1) + da (T o) (1)

=0

L2y (T (),
1=0
m—1
() < (T u)(0) 42 3 (T ) (1)) + da((T ()
1=0

+2 Z_:(T”*iflv)’(t)).
=0

Multiply by %(t) := te on both sides of the above and integrate over [0, 1], and use
Lemmas 2] and 22| to obtain

(1 —c1  —dy ) (fo )+ 2u'( t))tetdt> _B, <f01(u(t) + 2u’(t))tetdt>

—c2 1—do) \ [ (u(t) + 20 (t))tetdt o () + 20 (8))teldt

()
(fetycaemen) <o (0) - (0)

1 1
/ (u(t) + 20 (£) te'dt / (0(t) + 20 (1) tetdt = 0
0 0
and whence u = 0, v = 0, as required. Thus we have
(u,v) # AA(u,v), Y(u,v) € Q. N(P x P), A €[0,1].
Now Lemma [2.5] yields

(F4) again implies

Consequently,

(A, Q. N(PxP),PxP)=
This together with (3.2)) implies
i(A,(Qr\Q,)N(Px P),PxP)=0—1=—1.

Therefore, A has at least one fixed point on (Qz\Q,) N (P x P) and (2.2)) has at
least one positive solution (u,v), and thus (1.1)) has at least one positive solution
(w, z) = (T™ 1y, T" 1v). This completes the proof. O

Theorem 3.5. If (F1), (F5), (F6) hold, then (1.1) has at least one positive solution.
Proof. Let
Ms :={(u,v) € P x P: (u,v) = A(u,v), X € [0,1]}.

We now assert that M3 is bounded. Indeed, if (u,v) € M3, then there is A € [0, 1]
such that

u(t) = )\/O k(t, 8)G1(u,v)(s)ds,v(t) = )\/O k(t, 8)Ga(u,v)(s)ds,
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which can be written in the form
u’(t) = AG1(u,v)(t), —v"(t) = AGa(u,v)(t).
By (F5), we have

—u"(t) < LT u)(t) +2 i (T ) (1)) + ma (T o) ()
n—1 = (33)
F23 (@) () + o
and
=" () < LT u) () +2 > (T )/ (1) + ma((T" o) (t)
=0 (3.4)

n—1

+2 Z(T”—i—lv)’(t)) +c.

Multiply by (t) := tet on both sides of the above two inequalities and integrate
over [0, 1], and then use Lemmas [2.1] and [2.2] to obtain

/ () + 2 (0)tetdt < Iy / () + 2 (0))tetdt 4 my / C(o(t) + 20/ (0))teldi + ¢
0 0 0

and

/l(v(t) + 20 (t))teldt < Iy /1(u(t) + 20/ (b)) tetdt + my /1(v(t) + 20/ (t))teldt +c,
0 0 0

which can be written in the form
(1—51 —my ) fo t) + 2u/(t))tetdt fo (u(t) + 2u'(t))tetdt
—lo 1—ma) \ [H(u(t) + 20/ (1))tetdt T\ (o) + 20/ (8))tetdt
(F5) again implies
fo u(t) + 2u/(t))tetdt < g1 <C) .: <n3>
Jo () + 20/ @)tetdt ) = 7F \e) T \ma)”
Let N = max{ns,nq4} > 0. Then we have

/1( (t) + 2u'(t))te'dt < N, / t) + 20/ (t))te'dt < N,V(u,v) € Ms.
0

By Lemma [2.3] we obtain

lullo = u(1) < /0 (u(t) + 20/ (8))te'dt < N,

1
lv]lo =v(1) < /0 (v(t) + 20/ (t))te’dt < N,

for all (u,v) € Mj3. Furthermore, those estimates lead to

1T ullo = (T H(1) < N, [T ullo = (T"7H)(1) < N,
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for all (u,v) € M3 and

T ) [l = (T~ 1) (0) =
1T~ ) o = (177~ )/ (0) =
for all (u,v) € Mgandi=0,....,m—2,5=0,...,n—2. By and (3.4), we
have
—u"(t) < (11(2m — 1) + m1(2n — 1))N + 2l10/(t) + 2mq0’(t) + ¢,
v"(t) < (I2(2m — 1) + ma(2n — 1))N + 210’ (t) + 2mev’(t) + ¢,
for all (u,v) € M3. So we have
—@W' (@) +0"#) < (L(2m —1)+m1(2n — 1) +12(2m — 1) + mo(2n — 1))N
+2(ly + l)u' () + 2(my + mo)v' (t) + 2¢.
Noticing u/(1) = v'(1) = 0 and letting
Ny :=(1(2m —1)+mi(2n—1)+1(2m — 1) + ma(2n — 1))N + 2¢
and L := 2(l; + lo + m1 + ma) + 1, we obtain

Ny

w(t) + /(1) < PV - 1),

so that
N-
'+l = w'(0) +v'(0) < P2(eF — 1),

This proves the boundedness of M3. Taking R > sup{||(u,v)| : (u,v) € M3}, we
have

(u,v) # AA(u,v), Y(u,v) € I N (P x P),Ae0,1].
Now Lemma [2.5] yields
i(A,QrN(P x P),P x P)=1. (3.5)

Let
My = {(u,v) € Q- N (P x P): (u,v) = A(u,v) + A, ), A > 0}

where (t) := te~*. We want to prove that M, C {0}. Indeed, if (u,v) € My, then
there is A > 0 such that

1 1
u(t) = [ Kt 5)Ga(w ) s + Aplt), o(®) = [ Kt 5)Galu ))ds + Ap(t),
0 0
which can be written in the form
—u"(t) = G1(u,v)(t) + M2 —t)e™,  —v"(t) = Ga(u,v)(t) + A2 — t)e".
By (F6), we have

_ u//(t)
m—1 n—1

>pr (T ) (8) +2 ) (T ) (1) + o (T o) () +2 (T 1o) (1),
i=0 =0

_ ’UH (t)
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> pa (T ) -+2§: (71 (1) + o (T 0)(0) +2 3 (17 o) (1)

Multiply by 4(t) := te' on both sides of the above two inequalities and integrate
over [0,1] and use Lemmas [2.1] and [2.2 to obtain

/ (u(t) + 2u'(t))te'dt > py / (u(t) + 2u'(t))te'dt + q1 / (v(t) + 20/ (t))te'dt
0 0 0
and
1 1 1
/ (v(t) + 20 (t))tetdt > p2/ (u(t) + 2u'(t))tedt + q2/ (v(t) + 20 (t))te'dt,
0 0 0

which can be written in the form
<p1 -1 q ) fo )+ 2u'(t))tetdt fo u(t) + 2u'(t))tetdt
P2 q2—1 fo +2v (t))tetdt fo v(t) + 20/ (t))tetdt

‘ (3>~

fo —|—2u (t))tetdt < B! (0> _ <0) _

I (w(t) + 20/ (t))tet dt 0 0
Therefore, fo )+ 2u/(t))teldt = fo )+ 20/ (t))teldt = 0 and uw = 0, v = 0.
This implies /\/l4 c {0}, as requlred As a result of this, we obtain

(u,v) # A(u,v) + X, ), Y(u,v) € Q. N(P x P), A>0.
Now Lemma [2:4] yields

Now (F6) implies

Combining (3.5 and ( gives
l( L(Qp\Q,)N (P x P),P x P)=

Hence A has at least one fixed point on (Qz\2,) N (P x P). Thus (1.1)) has at least
one positive solution (w, z) = (T™ 1u, T 1v). This complete the proof. O

Theorem 3.6. If (F1)—(F3), (F6), (F7) hold, then (1.1) has at least two positive
solutions.

Proof. By (FT7), the following inequalities
fay) S fEA A <A gtay) <gt AL A) <A,
——— ———
m-+n—+2 m+n+2
hold for all ¢ € [0,1] and all (z,y) € [0,A] x --- x [0, A]. Consequently, we have for

m-+n+2

all (u,v) € 00 N (P x P),

| A1 (u, v)|lo = A1 (u,v)(1) :/0 sG1(u,v)(s)ds S/o G1(u,v)(s)ds
< [ 16 ms < A= )l
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A (u, v)|lo = Az (u,v)(1) :/0 sGo(u,v)(s)ds S/o Ga(u,v)(s)ds

1
s/ g(s, A, Nds < A = [[(u,0)]]
0

1(As () lo = (A (u,v) / G (u,0)

/f A)ds < A = [ (u,0)]],

1
1(A2(u, v))'llo = (A2(u, v))(0) :/O Ga(u,v)(s)ds

1
g/ g5 A, A)ds < A = [[(w0)]).
0

The preceding inequalities imply [|A(u, v)[| = [[ (A1 (u, v), Aa(u, v))[| < A = [[(u, v)],
and thus
(u,v) # AA(u,v), VY(u,v) €900 N(PxP), 0 <A<
Now Lemma [2.5] yields
(A, QA N(PxP),PxP)=1. (3.7

By (F2), (F3) and (F6), we know that (3.2)) and (3.6) hold. Note we can choose
R>A>rin (3.2) and (3.6) (see the proofs of Theorems and [3.5)). Combining

13-2), (3.6) and (3.7, we obtain
i(A, (QR\QA) N (P X P),PxP)=0—-1=—1,
and
(A, (Q\Q) N (P x P),PxP)=1-0=1.

Therefore, A has at least two fixed points, with one on (Qz\Q4) N (P x P) and the
other on (Q4\2,) N (P x P). Hence (1.1)) has at least two positive solutions. O

4. EXAMPLES

In this section we present three examples that illustrate our main results.

Example 4.1. Suppose (£ij)2x (m+1) and (1ij)2x (n41) be two positive matrices and
1<a; <2(i=1,2.). Let

m+1 n+1 )
ft,z,y) (Zflﬂ:ri-z:mgyg) t €10,1], xeRTH’ yE}RTl,

m+1 n+1 )
t x y (252]$J+Zn2]y]) te[()’l]’ xeRT+17 yGRTffl

Now (F1)—(F4) hold. By Theorem [3.4] (1)) has at least one positive solution.
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Example 4.2. Suppose (§};)2x (m+1) and (1;;)2x (n+1) be two positive matrices and
0<a; <1(i=3,4.). Let
m—+1 n+1 as
gy = (3 €yas+ > nhus) te o, w e REFL y e REF
j=1 j=1

m—+1 n+1 s
glto,y)i= (D &hya+ D omhyys)  te01], w e RITL ye R
j=1 j=1

Now (F1), (F5) and (F6) are satisfied. By Theorem (1.1) has at least one
positive solution.

Example 4.3. Suppose (&ij)ax(mt1)s (§ij)2x(mr1)s (Mij)2x 1) and (10f;)2x (nr1)
be four positive matrices, 1 < 3; <2(i=1,2),0< v <1 (i=1,2). Let

m—+1 n+1 m—+1 n+1

B 7
flt,z,y) = ( D Gymit Y 7113'2/1’) + ( PRI DD Wijyj)
=1 j=1 =1 =1

te 0,1,z e R y e RYH,
m+1 n+1 m+1 n+1

B2 V2
g(t,z,y) = ( PRSLIED D 772jyj) + ( D mit+ Y Uéjyj)
=1 =1 =1 =1
tel0,1],z € RTH,y € RT’I.
Now (F1)-(F3), (F6) and (F7) are satisfied. By Theorem [3.6] (L.1) has at least two

positive solutions.
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