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EXISTENCE OF BOUNDED POSITIVE SOLUTIONS OF A
NONLINEAR DIFFERENTIAL SYSTEM

SABRINE GONTARA

ABSTRACT. In this article, we study the existence and nonexistence of solutions

for the system

1

Z(Au/)/ =pu®v® on (0,00),
1

E(Bu')' =qu"v® on (0,00),
Au'(0) =0, wu(oco) =a >0,

Bv'(0) =0, wv(c0)=5b>0,

where o, 8 > 1, s,r > 0, p,q are two nonnegative functions on (0, c0) and
A, B satisfy appropriate conditions. Using potential theory tools, we show
the existence of a positive continuous solution. This allows us to prove the
existence of entire positive radial solutions for some elliptic systems.

1. INTRODUCTION

Existence and nonexistence of solutions of the elliptic system

Au = p(|z]) f(v),
Av = q(|z[)g(w),

reR"
z € R"

(1.1)

have been intensively studied in the previous years; see for example [2], [3, 4. B, [6]
9, [10] and the references therein.
Lair and Wood [6] considered the existence of entire positive radial solutions to
the system when f(v) = v® and g(u) = u”. More precisely, for the sublinear
case where r, s € (0, 1), they proved that if p and ¢ satisfy the decay conditions

/ tp(t)dt < oo, / tq(t)dt < oo
0 0

then (|1.1) has bounded solutions, and if

/000 tp(t)dt = oo, /000 tq(t)dt = 0o
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then has large solutions. For the superlinear case, where r,s € (1,00), the
authors proved the existence of an entire large positive solution of , provided
that p and ¢ satisfy .
Later, their results were extended by Cirstea and Radulescu [2] which considered
under the following conditions on f and g:
fleg(t))
t

lim =0, forallc>D0.

t—oo

To study (1.1), Ghanmi et al in [4] considered the system

%(Au’)/ = p(t)g(v) t € (0,00),
é(m/)’ =q(t)f(u) t€(0,00),

u(0)=a>0, v(0)=08>0,
Ad'(0) =0, Bv'(0) =0,
where A, B are continuous functions on (0,00), and p, ¢, f and g are nonnegative
and continuous functions on [0,00). They proved that if f and g are lipschitz
continuous functions on each interval [e,00), € > 0, system (l.1) has a unique
bounded positive solution (u,v) satisfying u, v € C([0,00)) N C1((0, 00)).
In this article, we are interested in the study of positive radial solutions to the
semilinear elliptic system
Au = p(|z[)u*v®, zeR"
Av = g(ja))wre®, zER”

where a, 3> 1, r,s > 0 and p,q : (0,00) — [0, 00) satisfying (1.2]). To this end, we
undertake a study of the system of semilinear differential equations

(1.3)

1

Z(Au/)/ = pua’[}s on (07 OO),

1

E(Bv’)’ = quv” on (0,00), (1.4)

Au'(0) =0, wu(o0) = a,
Bv'(0) =0, wv(c0) =0,

where a,b > 0 and the functions A and B satisfy condition (HO) below. In this
paper, we denote u(00) 1= lim,_,oc u(x) and Au'(0) := lim,_,q A(z)u/(z).

To simplify our statement, we denote by BT((0,00)) the set of nonnegative
measurable functions on (0,00). Also we refer to C([0,00]) the collection of all
continuous functions u in [0, 00) such that lim, .. u(z) exists and Cy([0,00)) the
subclass of C([0, oc]) consisting of functions which vanish continuously at oco.

Before presenting our main result, we would like to make some assumptions and
recall some properties of the operator Lu = %(Au’ ), while referring the reader to
[7, 18] for furthers details. Throughout this paper, we say that a function A satisfies
condition (HO) if

(HO) A is a continuous function on [0, c0), differentiable and positive on (0, 00)

such that

/1°°Ad(tt)<oo and /OlAit)(/otA(s)ds)dt<oo.
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For a function A satisfying (HO), we denote by G the Green’s function of the
operator Lu = 4 (Au’)’ on (0, 00) with Dirichlet conditions Au’(0) = 0, u(c0) = 0;
that is,

< dr
G(z,t) = A(t / —,
(@) ) ave A(r)
where z V¢ := max(z, t) and we refer to the potential of a function f in B*((0, c0))
by

for (x,t) € ((0,00))?,

Vi) = /0 T Gl ) F()dt.

We point out that for each f € BT((0,00)) such that V f(0) < oo, the function
Vf e Cy([0,00)) NCH((0,00)) and satisfies

L(Vf)=—f ae. on (0,00),
A(V)(0)=0, Vf(x)=0.
Let us introduce the conditions imposed to the functions p and ¢:

(H1) p,q:(0,00) — [0,00) are two measurable functions such that
Vp(0) <oo and Wgq(0) < oc.
Here for f € B*((0,00)), we denote

W () = / " H(e ) f()dr,

where ~ g
r

H(x,t) = B(t —_

0=B0) ] B0

Using a fixed point argument, we prove our main result.

Theorem 1.1. Let A and B be two functions satisfying (HO) and let p,q be two
functions satisfying (H1). Then for each a,b > 0, system has a positive solu-
tion (u,v) satisfying u,v € C([0,00]) NCL((0,00)). Moreover, there exist c1,cq > 0
such that for each x € [0,00), we have

aexp(—c1Vp(0)) < u(x) < a,
bexp(—c2Wq(0)) < v(z) <b.

Remark 1.2. If A(t) = B(t) = ¢"~!, the condition (H1) is equivalent to (L.2).
It follows by Theorem that if p,q satisfy then for each a,b > 0, the
elliptic system has a positive radial solution (u,v) continuous in R™ such that
lim| |~ u(7) = @ and lim|;| o v(z) = b.

The outline of this article is as follows. In Section 2, we lay out some properties
pertaining with potential theory and we give some useful results related to the
operator Lu = %(Au' ). In particular, we establish an existence and a uniqueness
result to the problem

e

Lu =p(z)u®, =€ (0,00)
Au'(0) =0, wu(oco)=a >0,
where o > 1 and p € BT((0,00)) such that Vp(0) < co. This allows us to prove

Theorem [I.J] in Section 3 by using a technical method that requires a potential
theory approach.

(1.5)
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2. PRELIMINARY RESULTS

Let A be a function satisfying (H0). The objective of this section is to give some
technical results concerning the operator Lu = % (Av)" and to recall some potential
theory tools which are crucial to prove our main result.

Proposition 2.1. Let ¢ € BT((0,00)) such that Vq(0) < oco. Then the family of
functions

Fy = (o — Vi) / Gla, ) f(1)dt; | ] < q}

is uniformly bounded and equicontinuous in [0,00]. Consequently F, is relatively
compact in Cp([0,00)).

Proof. By writing

Vi = [ ] Ansman

we deduce that for x,2’ € [0, 00), we have
, z’ 1 t
- < —_— A .
Vi@ -vie< [ 5o ( [ A

Since Vq(0) = [~ A(t fo (r)dr)dt < oo, it follows by the dominated conver-
gence theorem the equ1cont1nu1ty of F, in [0, 00). Moreover, since

Vi) < / / Arya(r)ar ),

we deduce that lim,_., Vf(z) = 0, umforrnly in f. Which proves that Fj is
uniformly bounded in [0,00]. Then by Ascoli’s theorem, we deduce that Fj is
relatively compact in C([0, 00)). O

In what follows, we need the following lemma and we refer to [7, [§] for more
details.

Lemma 2.2. Let g € BT((0,00)) such that Vq(0) < co. Then the problem

Z(Au) —qu=0 a.e. on (0,00), (2.1)
Au/(0) =0, u(0)=1,

has a unique solution v € C([0,00)) N C1((0,00)) satisfying for each t € [0, 00),

1< 4(t) < exp / /A dr ds)

Proof. Let K be the operator defined on C([O 00)) by

Kf(t)= / /A dr)ds t € [0, 00).

One can see that

(KL()"

0< KMI(t) < =

, forte0,00)and n € N.
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Then, the series ) ., K"1 converges uniformly to a function ¢ € C([0,00)) satis-
fying B

t 1 s
W(t) =1 +/0 o (/O A(r)q(r)¢(r)dr>ds, for ¢ € [0, 00).
This implies that 1 € C*((0, 00)) is a solution of problem (2.1)). Moreover, we have
L<9(t) < Z (Klnﬂ =exp(K1(t)), fort e [0,00).

n>0

Now, let u, v be two solutions in C'([0,00)) NC((0,00)) of .1) and w = |u— 1],
then

0 <w(t) < Kw(t), forte]l0,00).
It follows that for ¢ € [0,00) and n € N

0 < wlt) < K'u(t) < o]0 < [o]c EH

By letting n — oo, we deduce that w(t) = 0, for ¢ € [0,00) and so u = v on
[0, 00). O
We denote by G, the Green’s function of the operator
1
U Z(Au’)’ —qu

on (0, 00) with Dirichlet conditions Au/(0) = 0, u(co) = 0. Then

e dr

ave A2 (r)’
So we define the potential kernel V; in B*((0,00)) by

Gy(z,t) = A(t)(x)(t) for z,t € (0, 00).

Vit = [ " Gyt f()dt.

Note that V; is the unique kernel which satisfies the resolvent equation

V=Ve+Ve(aV) = Vg +V(gVy). (2.2)
So if u € BT((0,00)) such that V(qu)(0) < oo, we have
(I = Vo(g))(I +V(g))u= (I +V(g.)(I = Vg(q.))u = u. (2.3)

To study problem (|L.5)), we recall an existence result given in [I] for the nonlinear
problem

Lu= %(Au’)’ = up(.,u) in (0,00),

Au'(0) =0, wu(o0)=a>0.

Here the nonlinear term ¢ satisfies the following hypotheses:

(2.4)

(A1) ¢ is nonnegative measurable function in [0, 00) x (0, c0).

(A2) For each ¢ > 0, there exists ¢. € BT((0,00)) such that V¢.(0) < co and
for each = € (0,00), the function ¢ — t(g.(x) — ¢(x,t)) is continuous and
nondecreasing on [0, ¢].
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Proposition 2.3 (see [I]). For each a > 0, problem (2.4)) has a positive bounded
solution u € C(]0,00]) N C*((0,00)) satisfying for each x € [0, 0),

e V04 < u(z) < a,
where q := qq s the function given in (A2).
Lemma 2.4. Let a > 0 and ¢ be a function satisfying (Al), (A2). Let u be a
positive function in C([0,00]) N C*((0,00)). Then u is a solution of (2.4) if and
only if u satisfies
u+ V(up(,u)) =a on|0,0c0). (2.5)
Proof. Let u be a positive function in C([0,oc]) N C*((0, 00)) satisfying (2.5)), then
u < a. Let ¢ := ¢, be the function given by (A2), then we have
up(.,u) < qu < aq.
Since V¢(0) < oo, it follows by Proposition that the function v := V(up(.,u))
is in Cp([0, 00)) and so v satisfies
Lv = —up(.,,u) a.e. on (0,00),
Av'(0) =0, w(oo)=0.
This together with (2.5 proves that u is a solution of (2.4).
Now, let u be a positive function in C([0, c0]) NC((0, 00)) satisfying (2.4)). Since

Au/(0) = 0, then Au/(z) > 0 for x € (0,00). It follows by u(o0) = a that u < a.
So, by hypothesis (A2), we have

(2.6)

up(.u) < ag.
Then using again Proposition the function v := V (u¢p(.,u)) satisfies (2.6). Put
w =u—+ V(up(.,u)). Hence the function w is a solution of
Lw=0 a.e. on (0,00),
Aw'(0) =0, w(c) = a.
It follows that w = a and so u satisfies (2.5). O

Proposition 2.5. Let a > 1 and p € B*((0,00)) such that Vp(0) < co. Then
for each a > 0, problem has a unique solution u € C([0,00]) N C1((0,00))
satisfying

aexp(—aa® 'Vp(0)) < u(z) < a. (2.7)
Proof. Let ¢(x,t) = p(x)t*~1, then it is obvious to see that ¢ satisfies (A1) and
(A2) where ¢, is explicitly given by gq,(z) = aa® 'p(z) for x € (0,00). So using
Proposition [2.3] problem has a solution u in C([0, 00]) NC*((0, 00)) satisfying
(2.7).

Let us prove uniqueness. Let u, v € C([0,00]) N C*((0,0)) be two solutions of
(1.5) and put w = uw — v. Then using Lemma the function w satisfies

w+ V(hw) =0 on (0, c0), (2.8)
where the function h € B*((0,0)) is defined by

h(z) = (@) ey i ul@) # (@),
- o if u(z) = v(z).
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Now, since Vh(0) < aa®'Vp(0) < oo, we apply the operator (I — Vj(h.)) on
both sides of (2.8]), we obtain by (2.3) that w = 0 on (0,00). So the uniqueness is
proved. O

3. PROOF OF THEOREM [I.1]

Let E = C(]0, o0]) x C([0, 00]) endowed with the norm ||(u, v)|| = ||uleo + ||V co-
Then (E, ||.||) is a Banach space. Now let a,b > 0, to apply a fixed-point argument,
we consider the set

A= {(u, v) EE: ae”VPO0) < 4 < g and be VIO <y < b},

where § := aa® 1b*p and G := Bb°1a"q. Then A is a convex closed subset of E.
We define the operator T on A by T'(u,v) = (y, 2) where (y,z) is the unique
solution of the problem

AV (@) = p@) D)y (@), € (0,00),

;<Bz><> (o) () Ya), € (0,00),

Ay'(0) =0, y(o0) =a,
BZ'(0) =0, z(c0)=0b.
Note that if T'(u,v) = (u,v) then (u,v) is a solution of ([1.4). So we will use the
Schauder’s fixed point theorem to prove that 7" has a fixed point in A.
First, we point out that 7" is well defined and TA C A. Indeed, if v < b then
using Proposition the problem
1 ;
(A (2) = p(@)o*(2)y* (@), @ € (0,00),
Ay'(0) =0, y(c0) =a,
has a unique solution y in C([0, cc]) satisfying
aexp(=Vp(0)) <y < a.

A similar result holds for the problem

%(Bz')’(x) = q(z)u"(2)2(x), 2z € (0,00),
B2'(0) =0, z(c0) =0,

if the function u satisfies u < a.
Next, we prove that T'A is relatively compact in C([0, oo] % [0, 00]). Let (u,v) € A
and put (y, z) = T(u,v). Using Lemma the functions y and z satisfy

y+ V(pr*y*) =a on [0,00), (3.1)
2+ Wi(qu"2®) =b on [0,00). (3.2)
Then for (z,t), (z/,t') € (0,00])?, we have
1T (u, v) (2, ) = T (u,v) (2", )|
= ly(z) —y(@)| + |2(t) — ()]
= [V(pvy™)(x) = V(poy™) (@) + W (qu"27) (1) = W(qu"=") ()],
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Now, using that (u,v) and (y,2) are in A, it follows that V(pv®y®) € Faj and
W (qu™2°) € F%q. This implies, by Proposition that TA is equicontinuous
in [0, 00] x [0,00]. Now, since {T'(u,v)(z,t); (u,v) € A} is uniformly bounded in
[0, 00] x [0, 0], we deduce by Ascoli’s Theorem that TA is relatively compact in
C([0,00] x [0, 00]).

Let us prove the continuity of 7" in A. Let (u,,v,) be a sequence in A converging
to (u,v) € A with respect to ||.||. Put (yn,2n) = T(un,vy,) and (y,z) = T(u,v).
Then

T (un, vn) (2, 1) = T(u, 0) (@, )] = [yn(2) — y(@)| + |20 () — 2(2)]-
We denote by Y,, =y, —y and Z, = z, — z. We start by evaluating Y,,. By ,
we have for x € [0, ]
Yo(z) = V(pv*y®)(z) = V(pvayn)(2)
= Vipy® (v° — v3))(x) = V(hYn)(),
where h € B*((0,00)) and defined by
Mz = pla)vs, () SE=C iy (1) £ y(w),
0 if yp(z) = y(z).
Since Vh(0) < oo, applying the operator (I — V3 (h.)) on both side of
Y, + V(hY,) = V(py“(v® — ),
we obtain by and (12.3]) that
Yo = Valpy® (v® = vp)).
So,
Yol < V(py®*o® = v3l).

Now, since py*|v® — vi| < 2a*b*p and Vp(0) < oo, we deduce by the dominated
convergence theorem, that

V(y*(w® —v))p)(x) =0 asn— oo.

It follows that Y;,(x) converge to 0 as n — oc.
Analogously, we have Z,,(x) converge to 0 as n — oo. This proves that for each
(z,1) € [0,00) x [0, 00),

T(up,vp)(z,t) = T(u,v)(x,t) asn — oo.
Now, since T'A is relatively compact in C([0, 00] x [0, 00]), we deduce that
1T (un,vn) — T(u,v)|]| =0 asn— oco.

Hence, T is a compact mapping from A to itself. Then by the Schauder’s fixed
point theorem there exists (u,v) € A such that T(u,v) = (u,v). So (u,v) is the
desired solution. This completes the proof.
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