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PERIODIC RANDOM ATTRACTORS FOR STOCHASTIC
NAVIER-STOKES EQUATIONS ON UNBOUNDED DOMAINS

BIXIANG WANG

ABSTRACT. This article concerns the asymptotic behavior of solutions to the
two-dimensional Navier-Stokes equations with both non-autonomous deter-
ministic and stochastic terms defined on unbounded domains. First we intro-
duce a continuous cocycle for the equations and then prove the existence and
uniqueness of tempered random attractors. We also characterize the structures
of the random attractors by complete solutions. When deterministic forcing
terms are periodic, we show that the tempered random attractors are also pe-
riodic. Since the Sobolev embeddings on unbounded domains are not compact,
we establish the pullback asymptotic compactness of solutions by Ball’s idea
of energy equations.

1. INTRODUCTION

In this article, we investigate the pullback attractors for the two-dimensional
Navier-Stokes equations on unbounded domains with non-autonomous determinis-
tic and stochastic terms. Let @) be an unbounded open set in R? with boundary 0Q.
Given 7 € R, consider the stochastic Navier-Stokes equations with multiplicative
noise:

%—VAu—i—(u-V)uzf(m,t)—Vp—i—auo(fi—l:, re@andt>T, (1.1)
divu=0, ze€@andt>rT, (1.2)

together with homogeneous Dirichlet boundary condition, where v,a € R with
v > 0, f is a given function defined on @ x R, and w is a two-sided real valued
Wiener process defined in a probability space. The stochastic equation is
understood in the sense of Stratonovich integration.

The attractors of the Navier-Stokes equations have been extensively studied in
the literature; see, e.g. [2] [3] [8 [0l [15] [18] 20, 21] for deterministic equations and
[13, 14, 9] for stochastic equations. Particularly, in the deterministic case (i.e.,
a = 0), the autonomous global attractors and the non-autonomous pullback at-
tractors of (1.1)-(L.2) on unbounded domains have been studied in [18] and [8} [,
respectively. For the stochastic equations with additive noise and time-independent
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f, the asymptotic compactness of solutions on unbounded domains has been inves-
tigated in [6]. As far as the author is aware, there is no result available in the
literature on the existence of random attractors for the stochastic equations —
with time-dependent f even on bounded domains. The purpose of the present
article is to investigate this problem and examine the periodicity of random attrac-
tors when f is periodic in time.

It is worth mentioning that the concept of pullback attractors for random systems
with time-independent f was introduced in [13] 14} [19] and the existence of such
attractors for compact systems was proved in [T}, [7, 111, T2} T3], 14} 16 17, T9] and the
references therein. For non-compact systems, the existence of pullback attractors
was established in [4] 5, 22] 23]. In the present paper, we study pullback attractors
for the stochastic equations — on unbounded domains with time-dependent
f. In this case, the random dynamical systems associated with the equations are
non-compact.

To deal with the stochastic equations with non-autonomous f, we need to com-
bine the ideas of non-autonomous deterministic dynamical systems and that of
random dynamical systems. Particularly, the concept of dynamical systems defined
over two parametric spaces, say €21 and )9, is needed, where 21 is a nonempty set
used to deal with the non-autonomous deterministic terms, and 25 is a probability
space responsible for the stochastic terms. The existence and uniqueness of random
attractors for dynamical systems over two parametric spaces have been recently es-
tablished in [24]. For the stochastic Navier-Stokes equations (L.1)-(1.2), we may
take €y as the set of all translations of f. We can also take €2; as the collection of
all initial times; i.e., Q1 = R. In this paper, we will choose 2; = R. We first define
a continuous cocycle for — over 21 and 29, and then prove the existence
of tempered random absorbing sets. Since the Sobolev embeddings on unbounded
domains are no longer compact, we have to appeal to the idea of energy equations
to establish the pullback asymptotic compactness of solutions. This method was
introduced by Ball in [3] for deterministic equations, and used by the authors in
[8, [0 18] for the deterministic Navier-Stokes equations on unbounded domains and
in [6] for the stochastic equations with time-independent f. We will adapt this
approach to the stochastic equations - with time-dependent f, and prove
the existence of tempered random attractors for the equations. We also consider
the random attractors in the case where f is a periodic function in time. If f is
periodic, we will show that the tempered random attractors are also periodic in
some sense. Following [24], the structures of the tempered random attractors will
be characterized by the tempered complete solutions.

In the next section, we will recall some results on pullback attractors for ran-
dom dynamical systems over two parametric spaces. A continuous cocycle for the
stochastic Navier-Stokes equations — with non-autonomous f is defined in
Section 3. We then derive uniform estimates of the solutions in Section 4 and prove
the existence and uniqueness of pullback attractors in Section 5.

In the sequel, we will use || || and (-, -) to denote the norm and the inner product
of L?(Q), respectively. The norm of a Banach space X is generally written as |- || x.
The letters cand ¢; (i = 1,2,...) are used to denote positive constants whose values
are not significant in the context.
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2. THEORY OF PULLBACK ATTRACTORS

In this section, we recall some results on pullback attractors for random dynami-
cal systems with two parametric spaces as presented in [24]. This sort of dynamical
systems can be generated by differential equations with both deterministic and sto-
chastic non-autonomous external terms. All results given in this section are not
original and they are presented here just for the reader’s convenience. We also refer
the reader to [ [12) T3], 14, 19] for the theory of pullback attractors for random
dynamical systems with one parametric space.

Let €21 be a nonempty set and {61, }+cr be a family of mappings from €; into
itself such that 6, is the identity on €; and 6 1+ = 01+ 0601, for all t,5 € R.
Let (Qo, F2, P) be a probability space and 65 : R x Q5 — Qs be a (B(R) X Fa, Fa)-
measurable mapping such that 05(0, ) is the identity on Qg, O2(s +¢,-) = 05(¢,-) o
O2(s,-) for all t,s € R and P0s(t,-) = P for all ¢ € R. We usually write 65(t,-) as
02+ and call both (21, {01, }er) and (2, Fo, P, {02+ }ier) a parametric dynamical
system.

Let (X,d) be a complete separable metric space with Borel o-algebra B(X).
Given r > 0 and D C X, the neighborhood of D with radius r is written as
N,.(D). Denote by 2% the collection of all subsets of X. A set-valued mapping
K : Q) x Q9 — 2% is called measurable with respect to F» in Qo if the value
K(wy,ws) is a closed nonempty subset of X for all w; € Q1 and ws € Q9, and
the mapping wy € s — d(x, K(w1,ws)) is (F2, B(R))-measurable for every fixed
z € X and wy € Q. If K is measurable with respect to F5 in 5, then we say that
the family {K (w1, ws) : w1 € Q1,ws € Qo} is measurable with respect to Fa in Q.
We now define a cocycle on X over two parametric spaces.

Definition 2.1. Let (Q1,{61,:}ier) and (Q2, Fa, P, {02, }icr) be parametric dy-
namical systems. A mapping ®: R* x 1 x Q5 x X — X is called a continuous co-
cycle on X over (Q4, {61, }ier) and (Q2, Fa, P, {02, }icr) if for all wi € Q1, wy € Qo
and t,7 € RT, the following conditions (i)-(iv) are satisfied:
(i) ®(wi, ) :RYxQyx X — X is (B(RT) x Fo x B(X), B(X))-measurable;
(ii) ®(0,w1,ws, ") is the identity on X;
(iil) (¢ + 7, wi,wa, ") = O(t, 01 rw1, 02 rwa, ) 0 D(T, w1, w2, );

(iv) @(t,w1,ws, ) : X — X is continuous.
If, in addition, there exists a positive number T such that for every ¢t > 0, wy € 4
and wo € g,

(I)(t7 01,Tw17 w2, ) - q)(tv W1, w2, ')a

then @ is called a continuous periodic cocycle on X with period T.

In the sequel, we use D to denote a collection of some families of nonempty
subsets of X:

D= {D = {D(whwz) CX: D(wl,wg) 7é @, wy € Ql, wo € QQ}} (21)

Two elements D; and Ds of D are said to be equal if Dq(w1,ws) = Da(w1,ws) for
any wi € 0 and we € Q. Sometimes, we require that D is neighborhood closed
which is defined as follows.

Definition 2.2. A collection D of some families of nonempty subsets of X is said
to be neighborhood closed if for each D = {D(w1,ws) : w1 € Q1,we € Lo} € D,
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there exists a positive number € depending on D such that the family
{B(wy,ws2) : B(wi,ws) is a nonempty subset of NV (D(wy,ws)),
Vw €M,V w €D}
also belongs to D.

(2.2)

Definition 2.3. Let D = {D(wy,ws) : w1 € Q1,ws € N5} be a family of nonempty
subsets of X. We say D is tempered in X with respect to (€1, {61, }ier) and
(Qa, Fa, P, {02, }1cr) if there exists g € X such that for every ¢ > 0, wy € ; and
wo € QQ,

hm GCtd(l’o, D(017tw1,92,tw2)) = 0

t——o0
Definition 2.4. Suppose T € R and D is a collection of some families of nonempty
subsets of X as given by (2.1). For every D = {D(w1,ws2) : w1 € Q1,ws € Ao} €D,
we write
Dy = {Dr(wi,w2) : Dr(wi,wz) = D(0y,7wi,w2), wi € Dy, wy € Qo}.
The family Dt is called the T-translation of D. Let Dr be the collection of T-
translations of all elements of D, that is,
Dr ={Dr : Dy is the T-translation of D, D € D}.

Then Dr is called the T-translation of the collection D. If Dy C D, we say D is
T-translation closed. If Dy = D, we say D is T-translation invariant.

One can check that D is T-translation invariant if and only if D is both —7-
translation closed and T-translation closed. For later purpose, we need the concept
of a complete orbit of ® which is given below.

Definition 2.5. Let D be a collection of some families of nonempty subsets of X.
A mapping ¢ : R x 1 x Q5 — X is called a complete orbit of ® if for every 7 € R,
t>0,w; €2 and we € 9, the following holds:
(I)(t7 01,Tw1a 02,7"")27 w(Ta w1, w2)) = ¢(t + T, W1, w2)' (23)

If, in addition, there exists D = {D(wi,w2) : w1 € Q,ws € Q2} € D such that
Y(t, w1, ws) belongs to D(601 4w, 02,4w2) for every t € R, wi € Oy and wy € Qg, then
1 is called a D-complete orbit of ®.
Definition 2.6. Let B = {B(w1,w2) : w1 € Q1, ws € o} be a family of nonempty
subsets of X. For every wy € Q1 and wy € o, let

Q(B,w1,w2) = Nr>oUs>- D (¢, 01, —yw1, 02, _ywa, B(01,—yw1, 02, _1w2)). (2.4)

Then the family {Q(B,w1,w2) : w1 € Q1,wa € N} is called the Q-limit set of B
and is denoted by Q(B).

Definition 2.7. Let D be a collection of some families of nonempty subsets of X
and K = {K(w1,ws) : w1 € Q1, wy € Qo} € D. Then K is called a D-pullback
absorbing set for @ if for all w; € 4, wy € 9 and for every B € D, there exists
T =T(B,w1,ws) > 0 such that

(I)(t, le_twl, 027_tw2, B(F)L_twl, egﬁ_t(.«JQ)) Q K(wl, WQ) for all ¢ Z T. (25)

If, in addition, for all w; € Q1 and wy € o, K(wy,ws) is a closed nonempty subset
of X and K is measurable with respect to the P-completion of F5 in (25, then we
say K is a closed measurable D-pullback absorbing set for .
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Definition 2.8. Let D be a collection of some families of nonempty subsets of X.
Then @ is said to be D-pullback asymptotically compact in X if for all w; € Q4
and wy € 9, the sequence

{®(tn,01,—t,w1,02, ¢+, wo, zn) oo has a convergent subsequence in X (2.6)

whenever t,, — oo, and x,, € B(0; _¢, w1, 02 ¢, wo) with {B(wy,ws) 1 w1 € O, wy €
Qg} eD.

Definition 2.9. Let D be a collection of some families of nonempty subsets of X
and A = {A(w1,w2) : w1 € Q1,we € Q2} € D. Then A is called a D-pullback
attractor for @ if the following conditions (i)-(iii) are fulfilled:

(i) Ais measurable with respect to the P-completion of 73 in 23 and A(w,ws)

is compact for all w; € Q1 and wy € Q5.
(ii) A is invariant, that is, for every wy € Q1 and ws € Qo,

O(t,wi,wa, A(wr,w2)) = A(b w1, 02 1w2), YVt >0.

(iii) A attracts every member of D, that is, for every B = {B(wi,ws2) : w1 €
Oq,wq € Dz} € D and for every wy € 1 and ws € Qg,

tlggo d(®(t, 01, —w1, 02 w2, B(01,—1w1, 02, —1w2)), A(w,w2)) = 0.
If, in addition, there exists T" > 0 such that
A(017w1,w2) = Alwy,wa), Ywi € 1,V we € Qy,
then we say A is periodic with period T'.

The following result on the existence and uniqueness of D-pullback attractors for
® can be found in [24]. The reader is referred to [4] [13] 14, [19] for similar results
for random dynamical systems.

Proposition 2.10. Let D be a neighborhood closed collection of some families of
nonempty subsets of X, and ® be a continuous cocycle on X over (1, {01, }ier)
and (2, Fo, P,{02+}ier). Then @ has a D-pullback attractor A in D if and only if
® is D-pullback asymptotically compact in X and ® has a closed measurable (w.r.t.
the P-completion of Fy) D-pullback absorbing set K in D. The D-pullback attractor
A is unique and is given by, for each w1 € 1 and wy € o,

A((.Ul,CL)Q) = Q(K, wl,UJg) = UBQDQ(B,wl,UJz) (27)
= {¢(0,w1,ws) : ¢ is a D-complete orbit of ®}. (2.8)

The periodicity of D-pullback attractors is proved in [24] as given below.

Proposition 2.11. Let T be a positive number. Suppose ® is a continuous periodic
cocycle with period T on X over (Q1,{01+}ter) and (Qa, Fo, P, {02+ }1cr). Let D
be a neighborhood closed and T-translation invariant collection of some families of
nonempty subsets of X. If ® is D-pullback asymptotically compact in X and ® has
a closed measurable (w.r.t. the P-completion of F») D-pullback absorbing set K in
D, then ® has a unique periodic D-pullback attractor A € D with period T'; i.e.,
./4(917'1"(.01, Q.JQ) == A(wl, (.02).
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3. COCYCLES FOR NAVIER-STOKES EQUATIONS ON UNBOUNDED DOMAINS

This section is devoted to the existence of a continuous cocycle for the stochastic
Navier-Stokes equations with non-autonomous deterministic terms. Suppose @ is
an unbounded open set in R? with boundary dQ. Then consider the following
stochastic equations with multiplicative noise defined on @ X (7,00) with 7 € R:

%fl/Aqu(u V)uff(:c,t)prJrauo%, reQandt>rT, (3.1)
divu=0, z€@andt>r, (3.2)
with boundary condition
u=0, x€0dQ andt>T, (3.3)
and initial condition
u(z,7) =u-(x), x€aqQ, (3.4)

where v and « are constants, v > 0, f is a given function defined on @ X R, and w
is a two-sided real valued Wiener process defined in a probability space. Note that
equation must be understood in the sense of Stratonovich integration.

To reformulate problem —7 we recall the standard function space:

V= {ue Q) x C2(Q) : divu = 0}.

Let H and V be the closures of V in L?(Q) x L*(Q) and H} (Q)x H}(Q), respectively.
The dual space of V' is denoted by V* with norm || - ||y ~. The duality pair between
V and V* is denoted by ( ). Given u,v € V, we set

(Du, Dv) Z / g“z Wi gy and ||Duf = (Du, Du)'/2.
z; 0

i,j=1

For convenience, we write, for each u,v,w € V,

b(u,v,w) Z/ wjdx

7,7=1
Let {61, }+er be a family of shift operators on R which is given by, for each ¢ € R,
Or14(r) =7+t, forallTeR. (3.5)
For the probability space we will use later, we write
Q={we CR,R):w(0) =0}
Let F7; be the Borel g-algebra induced by the compact-open topology of ), and
P be the corresponding Wiener measure on (€2, F;). As usual, for each ¢ € R and
w € Q, we may write wy(w) = w(t). Denote by {02+}ier the standard group on
(Qa fla P)
O w(’) =w(-+1t)—w(t), weQ, teR. (3.6)
Then (9, F,P,{02:}iecr) is a parametric dynamical system. In addition, there
exists a 0y ;-invariant set  C Q of full P measure such that for each w € {2,
t
w(t) —0 as t— too. (3.7)
From now on, we only consider the space Q instead of Q, and hence we will write
Q as € for convenience.



EJDE-2012/59 PERIODIC RANDOM ATTRACTORS 7

Next, we define a continuous cocycle for (3.1)-([3.4) in H over (R,{61}icr)
and (92, F1, P, {62,+}+cr). To this end, we need to transfer the stochastic equation
into a deterministic one with random parameters. Given ¢t € R and w € €, let
2(t,w) = e=*® Then we find that z is a solution of the equation

dz = —az o dw. (3.8)

Let v be a new variable given by

v(t, T, w,v,) = 2(t, wu(t, T, w,ur)  with v = 2(1,w)ur. (3.9)
Formally, from (3.1)-(3.4) and (3.8) we get that

5 vAv + ﬁ(v Vv =z(t,w) (f(z,t) = Vp), ze€Qandt>7, (3.10)

dive=0, z€Qandt>r, (3.11)
with boundary condition
v=0, z€0dQandt>rT, (3.12)
and initial condition
v(z,7) =v.(z), z€Q. (3.13)

Let 7 € R, w € Q, and v, € H. A mapping v(-, 7,w,v;): [1,00) — H is called a

solution of problem ([3.10))-(3.13) if for every T' > 0,
v(-, T, w,u,) € O([r,00), H) N L*((0,T),V)

and v satisfies

(v(t),()+u/ (Dv,DC)ds—i—/ b(v, v, C)ds

1
z(s,w)

; (3.14)

= O+ [ 250, s,
for every t > 7 and ¢ € V. If, in addition, v is (Fy, B(H))-measurable with respect
to w € 1, we say v is a measurable solution of problem (3.10)-(3.13]). Since (3.10)
is a deterministic equation, it follows from [2I] that for every 7 € R, v, € H and
w € Q, problem (3.10))-(3.13|) has a unique solution v in the sense of ([3.14)) which
continuously depends on v, with the respect to the norm of H. Moreover, the
solution v is (Fy, B(H))-measurable in w € €. This enables us to define a cocycle

®:RT xR x Qx H — H for problem (3.1)-(3.4) by using (3.9). Given t € RT,
TeER, weDand u, € H, let

O(t,T,w,ur) =ult+7,7,02 _;w,ur) = vt +7,7,03 _rw,vr),

(3.15)
where v; = 2(7, 02, _;w)u.. By (3.15)) we have, for every t > 0,7 > 0,7 € R, w € Q
and ug € H,

z(t+ 7,02 _rw)

1

O(t =
(t+ 77w, u) 2(t+7 471,02 _w)

vt + 71+ 0 _rw, ), (3.16)
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where vy = 2(r, 02, _,w)ug. Similarly, we have

D (t, 7+ 7,02 w, (1, 7,w,up))

1

T 2t T+705 ) v(E+ 71T 1 02w, 2(7 + 1, 02, w) B(7, 7w, 0))
1

R CEe— vt + 7+ 7,7+ 7,02 _pw,v(T +7,7,02 _w, v0)
1

= v(t r, 7,0 _,.w,vg).
zZ(t+ 74702 _,w) (t+7+ 2, o)

(3.17)

It follows from ([3.16])-(3.17) that
O(t+T1,rw,up) =@ (¢, 7+ 71,00 rw, O(T, 7, w, up)) . (3.18)

Since v is the measurable solution of problem ([3.10)-(3.13)) which is continuous in
initial data in H, we find from that ® is a continuous cocycle on H over
(R,{01,:}1er) and (Q, F1, P,{f2:}ier). The rest of this paper is devoted to the
existence of pullback attractors for ® in H. To this end, we assume that the open
set ) is a Poincare domain in the sense that there exists a positive number A such
that

/ |V(z)|[>dx > )\/ |p(2)|?dz, for all ¢ € Hy(Q). (3.19)
Q Q

Given a bounded nonempty subset B of H, we write || B|| = sup ||¢||z. Suppose
¢p€EB

D ={D(r,w) : 7 € R,w € 2} is a tempered family of bounded nonempty subsets
of H, that is, for every ¢ >0, 7 € R and w € 2,
lim e™"||D(1 — 1,6z, _,w)|| = 0. (3.20)

Let D be the collection of all tempered families of bounded nonempty subsets of
H;ie.,

D={D={D(r,w): 7 € R,w € Q} : D satisfies (3.20) }. (3.21)

We see that D is neighborhood closed. For later purpose, we assume that the
external term f satisfies the following condition: there exists a number 6 € [0,v\)
such that

-
/ ENfCr)3edr < 0o, VTER. (3.22)
— 00

When proving the existence of tempered pullback absorbing sets for the Navier-
Stokes equations, we also assume that there exists § € [0,A) such that for every
positive number c,

0
lim e”/ If (5 + 1) |2 ds = 0, (3.23)

Note that (3.23)) implies (3.22) if f € L} (R,V*). It is worth pointing out that

both conditions (3.22)) and (3.23) do not require that f is bounded in V* at +o0.
For instance, for any 3 > 0 and f; € V*, the function f(-,t) = t°f; satisfies both

and (529,
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4. UNIFORM ESTIMATES OF SOLUTIONS

In this section, we derive uniform estimates on the solutions of problem ([3.10])-
(3.13) and then prove the D-pullback asymptotic compactness of the solutions by
the idea of energy equations as introduced by Ball in [3] for deterministic systems.

Lemma 4.1. Suppose (3.19) and (3.22)) hold. Then for every 7 € R, w € Q and
D ={D(r,w) : 7 € Ryw € Q} € D, there exists T = T(r,w, D) > 0 such that for
allt > T and s > 7 — t, the solution v of problem (3.10)-(3.13)) with w replaced by
02, _rw satisfies

S

2
o782 vr )| < A0 2 [ Va0 fr)

— 00

%/* dr,

and

S
/ e”””Dv(r, T —1t,02 _rw, vT_t)||2dr
T—1

2 4 [°
ng+f/ e 22 (5,03, _w)|| £ ()3 dr,

v J_

where vr_y € D(T — 1,02 _w).

Proof. Formally, it follows from — that for each Tt € R, ¢t > 0 and w € ,
1d
2dt

The right-hand side of is bounded by

[v]l* + v Dol* = 2(t, w){f(, 1), v). (4.1)

1 1
|z(t,w)<f(~7t),v>| < ZVHI)UH2 + ;zQ(t,w)||f(-,t)| %/*
Therefore, from (4.1) we get
d 3 2
Lol + 2v1Del” < 22,17 01 (12
By (3.19) and (4.2)) we have
d 1 2
— Al +vAllol? + S vl Do)|* < =228 W)l )17~ (4.3)
dt 2 v
Multiplying (4.3)) by e”* and then integrating the inequality on [r —t, s], we obtain
1 S
(s, 7 = t,w,v-—1)||* + 51// e M) Du(r, 7 — tw, v,y ||*dr
T—t

vA(T—s) —v 2 ’ VAT—S$
e Y e R PV B A
T—1

Replacing w by 03 _w in the above, we get that

1 S
v(s, 7 —t,02,_rw,v,—)||* + 51// A= Du(r, 7 — t, 0, _rw, vr_y)||2dr

T—t

2
v dr.

9 s
< ez/)\(‘rfs)efz//\tHvT_t H2 + 767’/)\3 / eu/\rz2 (T’, 92,—7w)||f('a 7‘)|
v T—t

(4.4)
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We now estimate the last term on the right-hand side of (4.4)). Let @ = 63 _;w.
Then by (3.7) we find that there exists R < 0 such that for all r < R,
—2a0(r) < —(vA =),

where ¢ is the positive constant in (3.22)). Therefore, for all r < R,

2’2(7‘,(;)) — 6720@(7") < 67(1/)\76)7"' (45)
By (4.5) we have for all r < R,

N2 (1,09, )| F ()5 = AT (0, @) | F () < TIFC -

which along with (3.22]) shows that for every s ¢ R, 7 € R and w € €,

/ e 22 (r, 0, w)|| f (-, 1) |Bedrr < 0. (4.6)

—00
On the other hand, since v._; € D(7—t, 02 _4w), for the first term on the right-hand
side of (4.4), we have

e M ur_e]|? < e M D(T — t,09,_4w)||* — 0, ast — oo.

This shows that there exists T = T(7,w, D) > 0 such that e **||v, ;|| < 1 for all
t > T. Thus, the first term on the right-hand side of (4.4) satisfies

M=) 1y |12 < N9 forall t > T (4.7)
From (4.4)), (4.6) and , the lemma follows. O

As an immediate consequence of Lemma [£.T] we have the following estimates on

the solutions of problem (3.10])-(3.13)).

Lemma 4.2. Suppose (3.19)) and (3.22)) hold. Then for every 7 € R, w € Q and
D ={D(r,w) : 7 € Rw € Q} € D, there exists T = T(1,w, D) > 0 such that for
every k > 0 and for all t > T + k, the solution v of problem (3.10)-(3.13) with w
replaced by 0> _rw satisfies
(T —ky T —t,02 _rw,v,—)|?
vk 2 vA(k—1) Tk vAr 2 2
<4 e e’ 22 (1, 0y )| f (-, 1) |- dr,

— 00

where vr_y € D(T — 1,02 _w).

Proof. Given 7 € Rand k > 0, let s =7 — k. Let T = T(7,w, D) be the positive
constant claimed in Lemma If ¢t > T+ k, then we have t > T and s > 7 — t.
Thus, the desired result follows from Lemma O

Next, we prove the D-pullback asymptotic compactness of the solutions of prob-
lem (3.10)-(3.13). For this purpose, we need the following weak continuity of so-
lutions in initial data, which can be established by the standard methods as in

[18].
Lemma 4.3. Suppose (3.19) holds and f € L} (R,V*). Let 7 € R, w € Q,

loc

Vr, Urp € H for allm € N. If v, — v, in H, then the solution v of problem
(3.10)-(3.13)) has the properties:

v(r, T,w,vr ) = v(r,T,w,v.) in H forall r>T,
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and
(T w, U ) = (-, Tyw,vy) in LA((1, 7+ T),V) for every T > 0.

The next lemma is concerned with the pullback asymptotic compactness of prob-
lem (3.10)-(3.13).

Lemma 4.4. Suppose (3.19) and (3.22) hold. Then for every 7 € R, w € ,
D ={D(r,w) : 7 € Rw e Q} € Dand t, — o0, vo, € D(T —tp,02 4, w),
the sequence v(T,T — ty,02 _rw,v0.,) of solutions of problem (3.10)-(3.13) has a

convergent subsequence in H.

Proof. Tt follows from Lemma with k = 0 that, there exists T = T(r,w, D) >0
such that for all t > T,

T

2
||v(7‘,7‘—t,92,,Tw,vT,t)H2 < 1+;€_V>\T/ e”)‘er(n O )| f ()]

—00

L.dr, (4.8)

with v,_, € D(1 —t,02 _4w). Since t,, — oo, there exists Ny € N such that ¢, > T
for all n > Ny. Due to vo, € D(T —t,,02 4, w), we get from (4.8) that for all
n Z NO?

T

2 _
||U(7',Tftn,eg,_q-w,vo,n)‘P < 1+;e ”)‘T/ 6””22(7“, Oz —-w)|| f(, )]

— 00

2. dr. (4.9)

By (4.9) there exists ¥ € H and a subsequence (which is not relabeled) such that
U(Tv T = tnv 62,77“*}7 UO’n) — v in H. (410)

We now prove that the weak convergence of (4.10)) is actually a strong convergence,
which will complete the proof. Note that (4.10) implies

liminf ||v(7, T — ty, 02, —rw, vo.n)| > ||7]|- (4.11)

n—00

So we only need to show

limsup ||[v(7, T — t, 02, 7w, vo.,) || < [|0]]. (4.12)

n—oo

We will establish (4.12]) by the method of energy equations due to Ball [3]. Given
k € N we have

(T, T —tn, 02 _rw,v0pn) =0(T, T —k,02 _;w, (T —k,T—tn, 02 _;w,v0,)). (4.13)

For each k, let N be large enough such that ¢, > T + k for all n > Ng. Then it
follows from Lemma that for n > Ny,

lv(r =k, 7 —tn, 02 _rw, Uo,n)||2

2 T—k
< e ;eyk(k_q—) / eVATZ2(Ta 92,77"*})”.]0('7 7”)”%/*d7“,
—o0

which shows that, for each fixed k € N, the sequence v(7 — k, T — ty, 02 _rw,vg.1)
is bounded in H. By a diagonal process, one can find a subsequence (which we do
not relabel) and a point o), € H for each k € N such that

(T —k, T —t,,00_;w,v0,) = U in H. (4.14)

By (4.13)-(4.14) and Lemma we get that for each k € N,

(T, T —tp, 02 _;w,v0) = (1,7 — k,03 _;w,0;) in H, (4.15)
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and
V(T =k, 02 _rw, v(T =k, T —ty,02 _rw,v0.4)) = V(T — k, 02 _;w, ) (4.16)
in L?((r — k,7),V). By and we have
(1, T — k, 02 _;w, U)) = . (4.17)
Note that implies that
%HUH2 +Aol® + (o) = 22(t,w)(f (-, 1), v), (4.18)
where ¢ is a functional on V' given by
Y(v) = 2v||Dv||* — vA||v||?, forallv € V.

By we see that
v||Dvl||? < (v) < 2v||Dv||?, forallve V.
This indicates that ¢(-) is an equivalent norm of V. It follows from that for
eachw e Q, seRand 7 > s,
[o(7, 8,w,v5) || = €67 [l |2 — /T M (v (r, s, w,v,))dr
- y (4.19)
+ 2/ e (e ) (f (), 0(r, 8, w, vg) ).

By (4.17) and (4.19)) we find that

191 = llv(r, 7 = k, 02,—w, T)

_ —UAK||5 (12 T vA(r—r) _ 5
=e |7l /Tik e Y(v(r, T —k,02,_rw, Ux))dr (4.20)

I

+2 / eVA(T_T)Z(T', 92,77"‘}) <f(7 T)v U(T’, T = k’ 021*76‘)7 ﬁk»dr'
T—k

Similarly, by (4.13)) and (4.19) we obtain that

lo(r, 7 = tn, 02, 7w, vo.u)|®

= (1,7 — k, 02w, v(T —k, T — tn, 02 _rw,00.,))]|>
_ e—uAkHv(T _ k‘,T — t,r“eg’_TOJ,UO,n)HQ

— / e”’\(T*T)w(v(r, T—k, 0y _rw, (T =k, 7 —ty,02_7w,v0.,)))dr (4.21)
T—k

+2 / N 2 (7, 0y, _w)
T—k

x (f(,r),v(r, 7 —k, 02 _;rw,v(T — k, T — t,02 _rw,v0.5)))dr
We now consider the limit of each term on the right-hand side of (4.21)) as n — oo.
For the first term, by (4.4) with s =7 — k and t = ¢,, we get that

e M u(T — By T — ty, 09, —rw,v0,) |1

2 o (4.22)
< e fug 1?4+ —e_VM/ e 2 (1,0, ) LS () [ dr

v —00

Since vg,, € D(T — ty, 02—, w) we have

—vAty,

’Uo,n||2 < e VAR D(r — tn,927_tnw)H2 — 0 asn — oo,

e
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which along with (4.22)) shows that
limsup e "||v(t — k, 7 — t,,, Oy _rw, 1/()7n)||2
) —k (4.23)
< 2o / N 20 Oy ()2
By (4.16) we find that
lim AT (1, By rw)
n—oo Jr_k
X (f(;r),v(r,7 —k,02 _rw,v(T — k, T — ty, 02 _rw,v0.)))dr (4.24)
= / e )‘(“T)z(r, Oo,—rw){(f(-,r),v(r, 7 — k, 0 _rw, T))dr,
T—k
and
lim inf/ e”)‘(’"_T)w(v(r, T—k, 02 _rw,v(T —k, 7 — 1,02 _rw,v0.4)))dr
n—oo
Tk (4.25)
> / e")‘(“r)d)(v(r, T —k,02,_;w, Uy))dr.
T—k
Note that (4.25) implies that
lim sup — / e”A(T_T)w(v(r, T—k,02 _rw, (T —k, 7 —tp,02 _rw,v0.,)))dr
n—00 T—k

< 7/ e A (u(r, T — K, O, _rw, Tr) )dr
—k

(4.26)
Taking the limit of (4.21) as n — oo, by (4.23)), (4.24) and (4.26) we obtain that

limsup [[v(7, 7 = tn, 02, 7w, v0,,)|?

n—oo

T—k
< 2o / e 22(r, Oy, )| £ () [Z e dr

— 00

. (4.27)
- / A= (w(r, T — k, Oy, rw, Ty) )dr
T—k

+ 2/ N (1, 0y ) (F (1), 0(r, T — Ky B _pw, Ty))dr.
T—k
It follows from (4.20) and (4.27)) that

limsup [[o(7, 7 — tn, O, —rw, vo.n)[|?
n—oo

9 T—k (428)
<ol + 2 [ MR 00 )£
Let k — oo in (4.28)) to yield

limsup ||v(7, T — tn, 02 _rw,v0.,)||* < ||8]|% (4.29)
By (L10)-(L11) and (T29) we find that

lim v(7,7 —tp, 02, _rw,v0,) =0 in H.
n—oo

—00
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This completes the proof. ([l

5. EXISTENCE OF PULLBACK ATTRACTORS

In this section, we establish the existence of D-pullback attractors for the Navier-
Stokes equations (3.1 —. Based on the uniform estimates on the solutions of
problem (3.10])-(3.13]), we first show that the cocycle ® associated with the stochas-
tic syste- 4) has a measurable D-pullback absorbing set in H, and then
prove the D-pullback asymptotic compactness of ®.

Lemma 5.1. Suppose (3.19)) and (3.22)) hold. Then for every 7 € R, w € Q and
D ={D(r,w) : 7 € Rw € Q} € D, there exists T = T(1,w, D) > 0 such that for
all t > T, the solution u of problem (3.1)-(3.4) with w replaced by 02 _,w satisfies

(T, 7 = t,00, _rw,ur—y)|?
2 T
< z72(r, 02— w) + ;zd(r, 02, _rw) / e”)‘(PT)zQ(T, 927_7w)|\f(-,r)||%/*dr,
where ur_y € D(17 —t,02 _4w).

Proof. Given D = {D(1,w) : 7 € R,w € Q} € D, for each 7 € R and w € 2, denote
by

D(r,w) ={v e H : |lv]| < [2(7, 02, —rw)| [|D(r,w)]]}. (5.1)
Let D be a family corresponding to D which consists of the sets given by (5.1)); i.e.,
D = {D(r,w) : D(1,w) is defined by (5.1),7 € R,w € Q}. (5.2)

We now prove D is tempered in H for D € D. Given ¢ > 0, by (13.7) we find that
for each w € €, there exists R > 0 such that for all r > R,

| — aw(—r)| < %cr. (5.3)
Since D € D, from it follows that
e || D(1 —r, Oz, _rw)|| = e~ |2(T — 1,02, _;w)| | D(T — 1,8, _,w)]||
< eo‘“’(_T)e_%CTHD(T —r,by_,w)|| =0, asr— oo,
which shows that D € D. Since u, ; € D(1 —t,0_;w), by we know that
[or—¢ll = |2(7 = 1,02, —rw) ur—¢|| < [2(7 — ¢, 00, _7w)| [|D(T — 1,02, _4w)]|,

which along with (5.1) implies that v, ; € D(7 —t,60_,w). Since D is tempered,
it follows from Lemma with k& = 0 that there exists T = T'(1,w, D) > 0 such
that for all t > T,

T

2 .
fo(r,m = 880 iy vr )l S 12 [ N0 ) 1) e,
v

—00

which along with (3.9)) completes the proof. O

Lemma 5.2. Suppose (3.19) and (3.23)) hold. Then the continuous cocycle ®
associated with problem (3.1))-(3.4) has a closed measurable D-pullback absorbing
set K ={K(r,w): 7 e Rwe Q} € D.
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Proof. Given 7 € R and w € (), denote by
K(r,w)={uc H: ||[ul|* < M(r,w)}, (5.4)
where M (7,w) is given by
M(1,w) = 272(1,05 _,w)

g (5.5)

2
+ 52_2(7, O, _rw) / e”’\(T_T)zz(r, O, _rw) | f(-, )] %,*dr.

Since for each 7 € R, M(7,-) : @ — R is (Fy, B(R))-measurable, we know that
K(7,) : Q — 2" is a measurable set-valued mapping. It follows from Lemma
that, for each 7 € R, w € Q and D € D, there exists T' = T(7,w, D) > 0 such that
forallt > T,

O(t,7—t,03 4w, D(T—t,05 _4w)) =u(r,7—t,05 _;w, D(T —t,05 _4w)) C K(T,w).

Therefore, K = {K(r,w) : 7 € R,w € Q} will be a closed measurable D-pullback
absorbing set of ® in H if one can show that K belongs to D. For each 7 € R,
w € Qand r > 0, by (5.4) we have

1K (7 = 7,02 )|

1 9 [TT . 1/2
(142 / NI 25,0, )£, 5) [} ds)

~2(r—1r0y _;w V)

< efaw(fT)eaw(fr)

A 2 1/2
X <1+7 e’z (5+T—r,02’77w)\|f(-,s+7—r)||V*ds>
V) -~

< e—aw(—T)eaw(—r) (1

%/*ds) 1/2).

Let ¢ be an arbitrary positive number and & = min{vA — 6, c}. By (3.7) we see
that there exists N7 > 0 such that

2 0
+ (f / A8 2 (s 47— 1 0y )OS || f( s+ 7 —7)]
v — 00

| —2a w(p)| < —ep for all p < —Nj. (5.7)
Let s <0 and r > N;. Then p = s —r < —N; and hence it follows from ([5.7) that
—2aw(s—r) < —e(s—r), foralls<0andr>N. (5.8)

By (5.8) we have, for all s <0 and r > Ny,

VA2 (s 47— 1,0y _rw) < eATsRaw(mT) g RawlsTr) < 2ow(=T) e (5 9)

From (5.6, (5.7) and (5.9) we have that, for all » > Ny,
[K(7 = 1,02, —w)]|

2 0 1/2
< efrmow(=T) 4 \/:eg” ( [m 668||f(', s+T1—7)] %/*d,s) (5.10)

D) 0 1/2
< eher—aw(-m) 4 \fe(/ s+ 7 =r)Fuds)
14 —00

where we have used the fact ¢ < ¢/2. It follows from (5.10) that, for all » > Ny,
e K (T =1, b, w)|
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2 0 1/2
emzermaw(=T) 4 \/>e<11" (/ N f(ys+7— 7”)||%/*d3)
v —0o0
1 2 1 1 0
< e—ECT‘—CwJ(—T) + ZemicT (620(7——7") / e&st(., s+ T — 7“)‘
v — 00

which along with (3.23]) shows that for every positive constant c,

lim e™“"||K (7 —r,02 _,w)|| =0,
r—00

IN

1/2

%wls) ,

and hence K = {K(7,w) : 7 € R,w € Q} is tempered. This completes the proof. O

We now prove the D-pullback asymptotic compactness of solutions of the sto-
chastic equations (3.1)-(3.2]).

Lemma 5.3. Suppose (3.19) and hold. Then the continuous cocycle ®
associated with problem 1) is D-pullback asymptotically compact in H, that
is, for every t € R, w € Q, D = {D(1,w) : T € R,w € Q} € D, and t, — oo,
U0, € D(T —tp, 02,1, w), the sequence ®(t,, T —ty, 02—, w,uon) has a convergent
subsequence in H.

Proof. Since D € D and wug, € D(7 — ty,02 4, w), by the proof of Lemma
we find that for each n € N, vy, = 2(7 — t5,, 02, _;w)ugn € D(’/" — tp, 02, w),
where D € D is the family defined by . Then it follows from Lemma that
the sequence v(7,7 — ty,02 _rw,vg,,) of solutions of problem 1D has a
convergent subsequence in H. By we have

1

_ —tp, 02
Z(T,927_TW)U(T7T ny V2, Tw7v0,n))

U(Ta T — tna 92,77""]; uO,n) =

and hence the sequence u(7,7 — t,, 02, _rw, up ) has a convergent subsequence in
H. This implies ®(t,,, T — tp, 02,1, w, Uo ») has a convergent subsequence in H. O

We are now in a position to present the main result of the paper, that is, the ex-
istence of tempered pullback attractors for the stochastic Navier-Stokes equations.

Theorem 5.4. Suppose (3.19) and (3.23) hold. Then the continuous cocycle ®

associated with problem (3.1)-(3.4)) has a unique D-pullback attractor A = {A(7,w) :
TER, weQ} €Din H. Moreover, for each T € R and w € (,

A(r,w) = QK, 1,w) = UpepQ(B, T,w) (5.11)

= {¢(0,7,w) : ¢ is any D-complete orbit of D}. (5.12)

Proof. By Lemma we know that @ has a closed measurable D-pullback absorb-
ing set in H. On the other hand, by Lemma [5.3] we know that ® is D-pullback

asymptotically compact. Then it follows from Proposition that ® has a unique
D-pullback attractor A in H and the structure of A is given by (5.11)-(5.12). O

We now discuss the existence of periodic pullback attractors for problem (3.1)-
(3.4). Suppose f : R — V* is a periodic function with period T' > 0. If, in addition,
f € L (R,V*), then one can verify that f satisfies ([3.23) for any 6 > 0. In this

case, for every u € H,t > 0, 7 € R and w € 2, we have that
O(t, 7+ T,w,a)=ult+7+T,7+T,0s, 7w, i)

=u(t+7,7,03_rw,0). = ®(t, T,w,q).
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By Definition 2.1} we find that ® is periodic with period T'. Let D € D and Dt be
the T-translation of D. Then for every ¢ > 0, s € R and w € (),

lim e~ || D(s — 7,0 _,w)||* = 0. (5.13)
In particular, for s = 74+ T with 7 € R, we get from ([5.13) that
lim e || Dp(1 — 7,02 _,w)||> = lim e || D(1 + T — 1,05 _,w)|> =0. (5.14)

T—00

From (5.14)) we see that Dy € D, and hence D is T-translation closed. Similarly,
one may check that D is also —T-translation closed. Therefore, we find that D
is T-translation invariant. By Proposition the periodicity of the D-pullback

attractor of problem (3.1))-(3.4) follows.

Theorem 5.5. Let f : R — V* be a periodic function with period T > 0 and
fe L?(0,7),v*). If holds, then the continuous cocycle ® associated with
problem — has a unique D-pullback attractor A € D in H, which is periodic
with period T .

In the present article, we have discussed the pullback attractors of the two-
dimensional stochastic Navier-Stokes equations with non-autonomous deterministic
force. It is also interesting to consider the same problem for the three-dimensional
Navier-Stokes equations, where the uniqueness of solutions does not hold anymore.
In this case, the author believes that the idea of multivalued dynamical systems
developed in [I0] can be extended to study the pullback attractors of the three-
dimensional equations with non-autonomous deterministic force. The author will
pursue this line of research in the future.
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