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HARNACK INEQUALITIES, A PRIORI ESTIMATES, AND
SUFFICIENT STATISTICS FOR NONLINEAR ELLIPTIC
SYSTEMS IN QUANTUM MECHANICS

CARLOS C. ARANDA

ABSTRACT. In this article, we consider systems of nonlinear elliptic problems
and their relations with minimal sufficient statistics, which is a fundamental
tool in classics statistics. This allows us to introduce new experimental tools
in quantum physics.

1. THE HAMILTONIAN OPERATOR AND THE SCHRODINGER EQUATION

In [7] it is stated that “The wave function ¥ completely determines the states of a
physical system in quantum mechanics”. Thus we let ¢ represent the coordinates of
a particle and |¥|2dq the probability that a measurement performed on the system
will find the values of the coordinates to be in the element dq of the space. The
Hamilton equation is

av .
h— = HU 1.1
s = Y, (1)
where H is the linear operator given by
. 1 A,
H:—ihQ;E+U(T1,T2,...)7 (12)

where a is the number of the particle, A, is the Laplacian operator in which the
differentiation is with respect to the coordinate of the ath particle and U(ry,79,...)
is the potential energy of the interaction in function only of the coordinates of the
particle. The eigenvalue equation for one particle

Hy = Ev,

represents the eigenvalue E energy and i represents the stationary waves. The
stationary wave corresponding to the smallest energy is called the normal or ground
state of the system. Finally an arbitrary wave function has a expansion given by

U= ane #, (q).
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2. A REVIEW ON STATISTICS

In this section, we recall some basics on mathematical statistics. Our main goal
is to join theories that usually are studied in a no related approach.

Definition 2.1. The characteristic S; is subordinate to S if S; is a measurable
function of Sy : S1 = p(S2). In the o-algebra representation the statistic Sy is
subordinate to Ss if 0(S1) C 0(S3), where o(S) is the o-algebra generated by the
measurable function S : (2,0, Py) — R. We assume that there exists a measure
P such that 222 the Radon Nykodim derivative is well defined for all # in the

dp
parameter space O.

Definition 2.2. If S} is subordinate to Sy and S5 is subordinate to S7, we denom-
inate this statistics equivalents.

Definition 2.3 (Fisher [8], Neyman [20] and Zacks [25]). The statistic S is suf-
ficient if for any measurable function T : (Q,0) — R, the conditional distribution
Py(T € Bl|o(S)) is independent of 6.

Definition 2.4. The sufficient statistic Sy is a minimal statistic if it is subordinate
to any S sufficient statistic.

Theorem 2.5 (Lehmann-Scheffe [I4]). The o-algebra U = o(r(x,0) = ;—i(x) =

4P (z), 0 € ©) is a minimal sufficient o-algebra.

Remark 2.6. If we define S(z) such that S(x) = S(z¢) if and only if the relation

h(z,zo) = fJ; 9((;2) no depend on §. Then S is a sufficient minimal statistic.

Theorem 2.7. (Blackwell [3], Rao [21]) If we assume Eg(T) = [T (x)fo(x)dP =,
8 € ©. Then

JE@IS)@) - 07 )P < [(@(a) - 02 fo(w)ap,
for all 0 € ©.

3. A PRIORI ESTIMATES

This section is concerned with the study of a priori estimates for the equation

— Au = f(z,u, Vu), u(x) >0, z € QC RN, (3.1)
and the fully coupled systems
—Au = f1(z,u,v),
—Av = foz,u,v),

u(z),v(r) >0, ze€QcCRY,

where (2 is a open set in R, N > 2. A priori estimate means: we obtain bounds
independent of any given solution and any given boundary condition. This is central
because in Schrodinger equations we have no boundary and therefore for a statistical
analysis we need this class of a priori estimates. Another central topic in this article
is the derivation of weakly coupled Harnack inequalities for fully coupled systems.
In [7] it is stated that
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If the integral |¥|? converges, then by choosing an appropriate con-

stant coefficient the function v can always be, as we say, normalized.

However, we shall see later that the integral of |¥|? may diverge,

and then ¢ cannot be normalized by the condition...In such cases

|¥|? does not, of course, determine the absolute values of the prob-

ability of the coordinates, but the ratio of the values of |¥|? at

two different points of configuration space determines the relative

probability of the corresponding values of the coordinates.
Existence of a priori estimates for the equation is a question with few known
results, moreover it seems there are not previous results for systems. In [I0] the au-
thors obtain a priori estimates for with f(x,u, Vu) = u", in the neighborhood
of an isolated singularity. In [6] we have the same result:

Theorem 3.1 (Dancer [6]). Assume N > 2 and 1 < r < {22, Let u be a non-
negative solution of the equation
—Au=1u",
in a domain Q # RN. Then for every x € Q we have
u(x) < C(N, p)[dist(z, dQ)] =2/ (=1,
In particular, u is bounded on any compact subset ' of Q, the bound being in-

dependent of the solution. The range 1 < r < % and the exponent are both

optimal.
Now, we recall two results.

Theorem 3.2 (Ladyzhenskaya and Ural’tseva [13]). Suppose that u(z) is a gener-
alized solution in W12(Q) of the equation

ofi

0
7(“1‘]‘“0:7‘ + a;u) + bjug, +au = f + ,
. (’)xi

8xi

with the conditions

N N
vY & <ay&ig<py &, v>0,
=1 =1

N N
1D af, Db allgq <m a>N.
=1 =1

Then, for an arbitrary ' C Q, the quantity ess, maxq, |u| is finite and bounded
from above by a constant depending only on v, i, q, ||u||L2(q) and the distance from
Q' to 09

Remark 3.3. The conditions in Theorem [3.2] are necessary and sufficient for
uniqueness “in the small”, and more important in our context, to have bounded
solutions [13].

Lemma 3.4 (Bidaut Veron and Pohozaev [I]). If u is a non-negative weak solution
of
—Au>Ciu"  in Q, (3.2)

where Q is an open set in RY. Then

27
-1

/ uVdx < C(r,, N,C;)RN ™7 (3.3)
Br
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where Bap C S is a ball of radius 2R and r —1 <~y <.

A careful examination of Theorem and Lemma [3.4] suggest that it is possible
to obtain a priori estimates for a class of nonlinear elliptic problems with convection
terms and optimal perturbations. Our first result is as follows.

Theorem 3.5. If u is a non-negative W2(Q) solution of the equation

—Au=du+ f(u)+G(Vu) +g inQcCRY, (3.4)
where
(i) d,ge L2(Q), ¢ >N, d>0 and g > 0.
(ii) 0 < G(Vu) < C|Vul + Co.

(ili) Cru” < f(u) < Cou", 1 <r < 5 =2, — 1.
Then for any ball Bsr(y) C Q,

sup {u+ 1} < Hi(R), (3.5)
Br(y)
/ |Vul?de < Ho(R), (3.6)
Br(y)
where limp~ 0 H;(R) = 00, fori=1,2 and the dependence is given by
Hl(R) = Hl(Rv HdngL;Z/Q(Q)vca CO) Clv C2)7
H2(R) = HQ(Ra diSt(BR(y)7 89)7 ||dvg||L;1/2(Q)a Ca COa Clv 02)

Remark 3.6. In [22] Lemma 2.4] is stated that: if —Au > «” in Q where u > 0 and
r > 1, then fBR |Vul#de < C for all € (0, TQTT) This result does not cover our
estimate (3.6). Moreover in [22], there are not optimal condition like d, g € L%/?(9)
on the perturbation.

Remark 3.7. Matukuma [I7] proposed the equation
-
—Au=—2_ R (3.7)
1+ |22
where u is the gravity potential and p = (27)~(1 + |z|?)~1u" is the density, to
study the gravitational potential u of a globular cluster of stars. For the same
problem Hénon [12] suggested

— Au=|z/'u" inQcC R (3.8)

Our work is well suited to establish bounds for the gravitational potential u, par-
ticularly in the presence of “black holes”, that means situations where u becomes
singular,  is punctured or if in (3.8) we have | < 0. For example we analyze

equation (3.8): if 0 € Q,1 < s¢g <3 and 0 < —I;%54 < 1fors > 1, ¢ > 3,

using the Young inequality ab < % + q%lbq%l, we deduce that the problem
has not “black holes” solutions. Black holes solutions means that the gravitational
potential of the cluster behaves like 2 (r = |z|) near the center. In 1972 Peebles
gives for the first time a derivation of the steady state distribution of the star near
a massive collapsed object, the same year Peebles motivated the observer and theo-
retician with the title of his paper “Black holes are where you find them” ([15]-[16].
The question of the existence of black hole in a globular cluster is still open (1995).
Core collapse does occur, for instance using Hubble Space Telescope, Bendinelli
documented the first detection of a collapsed cluster in M31 [2]
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Tous ces corps devenus invisibles son & le méme place ot ils on été
observés, puisqu’ils n” en ont point changé, durant leur apparation
il existe donc dans les spaces célestes, des corps obscurs aussi con-
sidérables et peut étre en aussi grand nombre que les etoiles. Un
astre lumineux de meme densite que la terre, et dont le diametre
serait deux cents cinquante fois plus grand que celui du soleil, ne
laisserant en vertu de son attraction parvenr aucun de ses rayons
jusqu’a nous, il es done possible que les plus grands corps lumineux
de l'univers, soient par cela méme invisibles. Une étoile qui sans
étre de cette grandeur, surpaserait considerablement le soileil, af-
faiblirait sensiblemente la vitesse de la lumiere et augmenterait ainsi
I’étendue de la lumiere.

This quotation belongs to Pierre Simon de Laplace in Exposition du systeme du

Monde 1796, second volume p348.

Harnack inequality for weak solutions is a classical property in the study of linear
elliptic equations [I9]. For nonlinear elliptic equations, we have

Theorem 3.8 (Schoen [23]). For N > 3, let Bag be a ball of radius 3R in RY,
and let u € C*(Bsr) be a positive solution of

—Au=N(N —-2)u

N+2
N-2,
Then

(max u)(minu) < C(N)R?*™N.
Br Bar

For the p-Laplacian operator, we have
Definition 3.9 (Serrin and Zou [22]). We say that f is subcritical if N > p and
there exists a number 1 < a < p* = NN—EH such that
fu) =20, (= 1)f(u) —uf'(u) 20, foru=>0.
Note in particular that the function f(u) = u"~1! is subcritical when 1 < r < p*.
Let © € RN and assume N > p. Let u be a non-negative weak solution of the
two-sided differential inequality

u =Pt < A u < AT L), m e Q, (3.9)
where A >1land p<r <p, = %. Let u be a solution of
—Apu = f(u), u>0, €. (3.10)

Suppose that f is subcritical and that, for some A > 1 and r > p, it satisfies the

power-like condition

u"h < flu) < AT+ ). (3.11)
Theorem 3.10 (Serrin and Zou [22]). Let R and x¢ be such that Bp = Br(xo) C
Bsr(zg) C Q, and assume N > p. Then we have the following conclusions.

(a) Let u be a non-negative weak solution of the differential inequality (3.9).
Then for every Ro > 0 there exists C = C(N,p,r,A, Ry) > 0 such that

supu < Cinfu, (3.12)
Br Br
provided R < Ry. If the terms uP~* and 1 are dropped in (3.9), then (3.12) holds
with C = C(N,p,r,A) and with no further restriction on R.
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(b) Let u be a solution of (3.10)), where f is subcritical. Suppose either N = 2 and
D> i(l—I—\/l?) ,or N €[3,2p), p > % Then (3.12)) holds with C = C(N,p,a) > 0.

(c) Let u be a solution of (3.10)), where f is subcritical, and suppose that (3.11)
is satisfied for some r > p. Then (3.12)) holds with C = C(N,p,r,a, A).

The second statement of this work is as follows.
Theorem 3.11. If u is a non-negative W12(Q) solution of the equation
—Au=du+ f(u) +G(Vu) +g inQCRY, (3.13)
where:
(i) d,g e L?(Q), ¢ > N and d,g > 0.
(ii) 0 < G(Vu) < C|Vu| + Co.
(i) Cru” < f(u) <Cu", 1 <r< %
Then for any ball Bsg(y) C Q

sup {u+1} < C(R) inf {u+1},
Br(y) Br(y)

where the dependence is given by
C(R) = C(R, ||d,g||Lq/z(Q),C,Co7 Cy,Cs).
loc
The above theorem is valid for f(u) = 0. This statement of classical Harnack
inequality is different from the usual ones where d € L*°(Q2) and generalizes the
usual Harnack inequality for homogeneous elliptic equations for the nonhomoge-
neous situation. The reader can see that in [I1]. With the Moser iteration technique

developed in this paper, we obtain a priori estimates for a class of fully coupled
systems:

Theorem 3.12. If u,v are W12(Q) non-negative solutions of
—Au=dyu+ fi1(u) + fra() + g1 in QCRY, (3.14)
~Av =dov + fo1(u) + fo2(v) + g2 in QCRY, (3.15)
where:
(i) Criu” < fij(u) < Cq,u” foralli,j=1,2andl <r < %
(i) 0 < g;,d; € LE(Q), for alli =1,2 and ¢ > N.
Then for any ball Bsg(y) C £,

sup {u+v+1} < H(R), (3.16)
Br(y)

where limp~\ o H(R) = oo and the dependence is given by
H(R) = H(R, i gill 3/ > Crisis C,ig)-
From this last result, we infer the following result.
Theorem 3.13. Ifu;, i =1,...,n are W"2(Q) non-negative solutions of
—Auy =dyuy + fii(w) + fio(ug) + - 4+g1 in QCRY,
—Aug = doug + fo1(ur) + foo(uz) +---+ga in QCRY, (3.17)

—Auy, = douz + fo1(wr) + foo(ug) + -+ g, in QCRY,

where:
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(1) Criu” < fij(u) < Cy,u” foralli,j=1,2...nandl<r < %
(i) 0 < g;,d; € L3(Q), for alli=1,2 and ¢ > N.
Then for any ball Bsg(y) C Q

sup {1+ > u;} < H(R),

Br(y) i=1
where limp~ o H(R) = oo and the dependence is given by
H(R) = H(R, ||dz',gi||quO/cz(Q), Ciij,Cai5)-

To our knowledge, for fully coupled elliptic systems, one of the most representa-
tive results on Harnack inequality is as follows.

Theorem 3.14 (Busca and Sirakov [4]). Let us consider the problem
—Au = fi(u,v) inQ, (3.18)
—Av = fo(u,v) n Q. (3.19)

Assume f1(u,v), fo(u,v) are globally Lipschitz continuous functions, with Lipschitz
constant A, which satisfy the cooperativeness assumption:

of1 of2

v 20, ou 2 0.

Let (u,v) be a nonnegative solution of , in Q. We suppose that the system
is fully coupled, in the sense that f1(0,v) > 0 for all v > 0, and fa(u,0) > 0 for
u > 0. Then for any compact subset K of Q there exists a function ®(t) (depending

on A, K and Q), continuous on [0,00), such that ®(0) =0 and
supmax{u,v} < ®( 12}f{ min{u,v}). (3.20)
x
In particular, if any of w,v vanishes at one point in ) then both uw and v vanish
identically in Q

We call a fully coupled Harnack inequality because in that inequality both
u and v appear. In this frame, we derive weakly coupled Harnack inequalities, where
global Lipschitz continuity is not assumed. The authors are not aware of a more
advanced result in this direction.

Theorem 3.15. If u,v € WH2(Q) are non-negative solutions of

—Au=diu+ fri(u)+ fra)+ g inQCRY, (3.21)
—Av=dov + fo1(u) + fop(v) + g2 inQCRY, (3.22)
with the same conditions as in Theorem . Then for any ball Bsg(y) C Q,
sup {u+1} < Cy(R) inf {u+1}, (3.23)
Br(y) Br(y)
sup {v+ 1} < C3(R) inf {v+1}, (3.24)
Br(y) Br(y)

where the dependence is given by
Cl (R) = Ol (Ra Hdu giHL;IO/C?(Q)v Cl,’i,j; OQ,i,j)a
Ca(R) = Co(R, HdngiHLf@/Cz(Qy Ch.ijs C2ij)-
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We call (3.23)), a weakly coupled Harnack inequalities because the coupling
is located in Cl(R) and C3(R). This is a new phenomenon: the fully coupled
equation (3.21| - 2| satisfies a weakly coupled Harnack inequalities. A nice survey
is [9] for more detalls on elliptics systems, critical hyperbola, hamiltonian elliptic
systems etc.

Using the integral relations method to the problem of local properties of weak
solutions (see [II, Theorem 8.17 section 8.6]), we have the following result.

Theorem 3.16 (Morrey [18], Stampacchia [24]). If u is a W12(2) solution of the
problem

—Autcu=g 1inf, (3.25)
where ¢ € L>®(Q), g € L#(Q) for some ¢ > N. Then we have, for any ball
Bor(y) C Q and p > 1:

N _2N
sup u < C(R P ||U+||LP(B2R(y)) + R2 q Hg”L%(Q))’ (326)
Br(y)

where C' = C(N, ||| L) R, q,p).

Therefore, if we want to establish a priori estimates for the simplified problem
—Au = u" + g, u > 0 in Q, this is equivalent to (3.25) with ¢ = —u"~!, but we
cannot apply directly Theorem because it is not ensured u"~! € L°°(£2). With
this in mind, we prove the following theorem.

Theorem 3.17. If u is a non-negative W'2(Q) solution of
—Au=cu+g+G(|Vu|) inQ, (3.27)

where Q is a open set in RN, ¢ and g belongs to L3(Q), ¢ > N, |G(Vu)| <
C|Vu| +Cy. Then, for any ball B@(y) CQ,

1/p
sup {u+1} < (/ lu + 1|de) CR™N/Cr)(1 + E)N/@P), (3.28)
Br(y) Bap ) 2
where
1
C—C(p N expz ogmax{C O }’
=0 X°p
(x*p)* ; 1/2
s = 2( bs ) ) ’
C maX{2|Xsp_1| max{|| HLQ(B(IJr2 s—1yg)’ |X p— ‘} 1}
4C?
b —|C|+|9|+‘ ‘+C0,
and p € Ryg — {x°120, X = 7. Moreover for p <0, with the same constants,
- VP ap-N/en (g 4 BNy
inf{u+1} > ( |u+1|de) CRN/@) (14 )N/ @), (3.29)
R B

3r (V)
2

Our main results - Theorems [317] [3.12] and [3.15] - follow by combining
Theorem [3.17] and Lemma [3.4] In section [5} we collect some preliminary results:
we recall a lemma essentially proved in [I] and we state variants of classical Lemmas
by Morrey and Trudinger (see [11]).
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4. THE STATISTICAL PROCEDURE

First at all, we remember the fundamentals of quantum mechanics:

Postulate 1. For all time ¢ a quantum system is determinated for a vector |1 (t)) of
states belonging to £ the space of quantum states.

Postulate 2. For all measurable value A, it is possible to built an operator A with
domain £. This operator A is an observable.

Postulate 3. The eigenvalues of the observable A are the unique measurable amount.
Postulate 4. The Hamiltonian operator H (t) of a quantum system is the observ-
able associated to the total energy of the system. The vector of state is given by

A1) = ih (1)

This section es dedicated to the construction of statistical estimators for high
dimensional problems in quantum physics. We consider another real problem: fi-
nancial markets. We deal with the problem of the estimate the eigenvalue energy
E. We begin with a unique particle because this problem is easy to understood in
this frame. The equation

o+ U(Musp=Fu inQCR?

' 4.1
Fop | o(2)uo,p) |00 = ¢(z), Y

where 0 < o(z) € C(99) has a unique solution in a classical weak representation.
We recall that the boundary condition represents combinations of absorption and
reflection of quantum particles. Moreover because the Hamiltonian is a linear op-
erator p(x) = 0, we are restricted to the class uy = ug,,=0. The corresponding
eigenvalue energy equation is

~AY+U(r)y =Ey in QCR3,
0N (4.2)

(% +o(z)Y)|aq = 0.

In our quantum representation qdq = udP, = %dm.
o o

4.1. Quantum mechanics and minimal statistics. We present here the con-
nection on quantum mechanics and minimal statistics. First at all, we note that

Ug (21, 22, T3)
E (X)) = 2oL ) Jodas bday = 64(0),
( 1) ‘/Rxl{‘/ﬂm)ﬁ_wl fQuU(‘T)dx 2 mg} o 1(0)

uo’(x17x27x3)
By (X3) = 2oL Gy das Ydae = 61(0),
(X2) /R”{/anz-@ L) iy s Jdrs = 01(0)

Uo-(ml,./I/'Q,.'I}g)
FE,(X3) = —————=2dxdxs pdrs = 03(0).
( 3) /1;373{/5;0)(3:3:3 fﬂua<$)da)‘ L1 -’1:2} X3 3(0)

Therefore, we use Theorems and Remark to obtain unbiased estimators
of minimum variance. This connection allow to use all the classical mathemati-
cal statistical procedure like the Bayesian approach on the parameter space. Of
fundamental importance is our a priori estimates without dependence on the dis-
tance to the boundary. In fact this provides a law of nature on the energy level on
non-relativistic quantum mechanics.
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Using Theorem [3.5] we obtain a quasilinear version of quantum mechanics, with
unbiased estimators of minimum variance and the Bayesian approach on the pa-
rameter space. This procedure es new in quantum mechanics because usually de
hamiltonian linear operator H is perturbed with another linear operator, in our
setting the perturbation is nonlinear.

If 7 € (1,1+¢€) then equation [3.4]in Theorem [3.5| has an almost linear behaviour,
moreover is a good aproximation for equation [1.2/for a = 1. If r» < N =2, -1,
we can use our results to derive a priori bounds for the equations - and [3:8 and
the corresponding statistical tools.

In section [5} we calculate all the constants because this is fundamental for nu-
merical computations.

4.2. High dimensional problems in quantum mechanics and in financial
mathematics. This is a central problem in mathematics. Again our a priori es-
timates without dependence on the distance to the boundary plays a central role.
The Schrodinger equation

Zhi—**hzzi+UT1,T27...)7 (4.3)

is in real situations a high dimension problem because a is a usually big number.
The stationary equation in the weak formulation for the eigenvalue energy and the
stationary wave for the particle a is given by

1. ,A, ,
— ith—wa—l—U(rl,m,...)wa = F1p,, inQ CR3, (4.4)

but this equation was studied mainly in the last subsection. The potential U has
a big number of terms, this term when it is formulated in a weak sense, it is calcu-
lated with great accuracy using modern Montecarlo methods. Using Theorem [3.13]
we derive a quasilinear quantum statistic theory with the corresponding unbiased
estimators of minimum variance and the Bayesian approach.

5. LOCAL PROPERTIES OF WEAK SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS
WITH GRADIENT TERM

Proof of Lemma[3.]} Let 7 be a radially symmetric C? cut-off function on Bs(0)
that is

(a) 7(x) =1 for |z| < 1.

(b) 7 has compact support in B3(0) and 0 <7 < 1.

(¢) [V <2.
We consider n(z) = 7)(%). We use the classical test function n*u”. From —Au >
Ciu”, taking 8 < 0, we have

k/nkiluBVn-Vudm—i—ﬁ/nkuﬁ*wvmzdx > Cl/nkufj”dm.
Therefore,
Cl/nkuBJerx—l— |ﬁ|/nkuﬁ_1|Vu|2da: < k/nk_1u5Vn~Vudm. (5.1)

Observe that o
uPVnF - Vu < b = VuluP.
Rn
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B—1 p+1

Usingu’ =u"=z uz ,npf 1= n#nk/g and the Young inequality ab < ea?+ €152,
a,b > 0, we compute

k—2 p+1

2k - 2k
0 IVl = (" [Vul) (G0 e

If we choose € = @ using (5.1)), we find

—14 2
@/Uku6_1|VUI2dx+Cl/77k“5+r = %/”k_%ﬁ“dﬂ (5-2)

With the assumption v > r — 1, we fix § = v —r and k = 2. Therefore

—i

nk72uﬁ+1 — 7]7T2_71—2u'yfr+1 — UQWZITI u’yfrJrl.
1
Using Young’s inequality ab < ega? + ¢, “ba—1 with ¢ = ﬁ (and consequently
a _
g = —15), we have

. . y—r41l 2+ 4 2y
R 2,'7k 2uﬁ+1 :,,72 —1 U'Y r4+1 S eonr_lu’Y_Feé QR =1,

It follows that

1
/R_an_2u5+1dm < eo/n%u'ydx + eé’qR_% dx
Bar

27

1
- eo/nkzﬂdm + eol’quRN_ﬁ,
where wy is the volume of the unit ball in RY. From (5.2), we find
C’l/nkuB” < 6714k2/R*2nk*2uﬁ+1dx

2y

< e_l4k260/nkvﬂdm—i—6_14k2erNRN7rfl.

Choosing
_ 2 2y Cy
142.2 2
4k - 74 = —
¢ € r— (7*71) € 2
We find
C
—1/ wdr < /nkqﬂdx
2 JBn
< 26FWNRN7 =
(r=y)(r—-=12C1, 2+ _y_=
=2 JTrwyRY T
26~2
This completes the proof. ([

Next, we prove our main tool.
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Lemma 5.1. If u is a W2(Q) solution of
—Au=cu+g+G(Vu) inQ, (5.3)

where Q is a open set in RN, |G(Vu)| < C|Vu| + Co, ¢ and g belongs to L3 (),
q > N. Then, for any ball Br,(y) C Br,(y) C Q and § # —1,

(B+1)/2
(||u—|— 1 ~@in )
T N—-2 (BR ) (5 4)
1 N 1 .
< - N—¢q 2 1 - } 1 (ﬁ+1)/2
< {61 max{e; 7, V2}(1 + Ry Rl) X ([[u+ 1| o+1(Bgy)) )
where
L /C(N
€ = 2 ) (5.5)

- .

s (S macllil + 1ol + 467 + Coll s, 111}

and C(N) is the Sobolev embedding constant (C(N)|w||*n < [|Vw|*dz for all
N-—-2

w e H(Q)).

Proof. We define 4 = u + 1. We use a classical test function n?4% where 7 satisfies
for 0 < Ry < Ry, n=1in Bg,,n=0in Q — Bg, with |[Vp| < L

Ro—R1
V(n?i?) = 2na’ Vi + Bn*a’ V.

From (j5.3)), we have
ﬁ/\VU\QUQQB_ldxz/ganﬁdx—l—/G(Vu)nQaﬂdac

(5.6)
— 2/77115Vu - Vndx + /cunQ{Lﬁdx.

B—=1 ,B+1

Using @° =42 4"z, we have

N L B-1 . B+
208° |Vu||Vi| = (na = |Vul) (207 [Vn)).
From the interpolation inequality ab < ea® + %bg valid for non-negative numbers
a,b, e, we find

20 |V V1] < (6/2) (0T [Vul P + s 20 (9. (57
Similarly,
|G(Vu)n*a’| < C|Vulp®d’ + Con*t”
= ("7 |Vul)(CnaF) + CorP” (5.8)
< (¢/2) (7" |Vul)? + ﬁmwnﬁf T Corfi.

From 4% < a7+, (5.6)), (5.7) and (5.9),
9 [ 19upr?a*tda

< /|g|ﬂ2ﬁﬁdﬂf+/|G(VU)772ﬁﬁ|dx+2/77ﬁﬁ|Vu||V77|d:v+/|c\772@/3+1dx

8
< /Igln%ﬁ“dx+e/nza"‘1lwl2d:p+E/a5+1|vm2dx+/|C‘n2ﬁﬁ+1dm
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2C? 2.0 68+1 2.0 B+1
+ — [ U dr +Cy [ nfu” T dx
€

Then we obtain

2C? 8
(\ﬁI*E)/IW\anﬁﬁ’lde/{(\QIHC\+?+Co)n2+glvn\2}ﬂﬁ“dx- (5.9)

B+1

Now, if we set w = 4 2 , we obtain
1 s
Vw = ﬁ%ﬂﬂ; Vu,
B+1)2 5
InVw|? = %uﬁ vl

It follows from (5.9)) that

8
/\an\de < /{ lg| + |c| + — +Co) E\Vn|2}w2dx. (5.10)

Iﬂ\

If we set
202
b= Ig\+|0|+f+Co,

applying the Holder inequality,

[ 800 < 1615, N0, = 1013, 0l
We arrive at

(/3+1 9 8 21 2
nVw|?dr < 2 +— ||V dz.
/| w|?dx (|ﬂ| {|| | a % (B, )||nw||ﬁ c [V }w T

At this point we use the interpolation inequality for LP norms: If p < s < r then
llulls < erlull, + € *|lullp, where

1_1
H=TTT
S T
The condition ¢ > N implies 2 < 2q < =5, therefore
Il 2, < exllnw]| ax; + e 7 e
So, we have
/\an\Qda:
(5.11)
(B+1)?
= 106= ){II 125 (5, (ELlmoll g, + e = oll2) |Vn|*w?dz}.

By the Sobolev inequality,

C) ey, < [InvuPds+ [ lovaPds
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We deduce that

B+1)2 .

(081 - e>{||b||L%<B (exllmowll 2
+€1 ‘1”77’[0“ /|V77|2 2d17}+/|wv77|2

(8417 (5.12)
(5= )mfth{IIbIILE B } 1}

C(N) ], <

< max{

% {(exllmull g, + X7 nwlla)? + / V2.

Using the triangle inequality for the Euclidean norm

N 1/2
(erllmull s, + X ol + 2 [ [wVnPd)

et 2 2, \/?
< aulbpol gy, + (57wl + 2 [ [w¥nfs)
1/2
< erllpul] g, + Vmax(72) ([l + [ lwnPde)

1/2
= erllgul] g, +max(e)” VD) (Jnwl + [ Vi)

We are able to compute

VO o] g, < \/max{ S max(i)

<e1||77wH 2N +max{€ \f}{||77w||2 /|wV77| }1/2>

Therefore, if we choose € = |3]/2 then

(B+1)2 - 16
vC<N>an1@N2<\/max{ 2080 max{HbHL%(BRVW}A}

X (61||77w|\ 2N +H1aX{€ f}{llnwllz /|wV7]| }1/2)

8
L%(BRQ)’E}’I}

If
3VCW)

= . -
sl G el 1Bl 5., B0 11

then

1 (B+1)2 16
zvc<N>||”w||m<¢max{ sy bl g s, T 1)

X max{e{fq, \/5}{ /102(772 + |Vn|2dx)}1/2.

We are led to

! 1
Igyz (BRl) S P maX{E f}( 7}21)”1'0”[42(3132)-
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Finally, using
[wll | an = /
L (Bry) Br,
B+1

(B+1)N NI(Vafl) 2 811
={( 2 S S s v
BRl N-2 (B

Ry)

)(N—Q)/(ZN)

and )
lwllL2Br,) = @l 541 (p,, )

This completes the proof. ([l

6. PROOFS OF MAIN RESULTS

Proof of Theorem[3.17 Like in classical statements, we introduce the quantities

1/p
o, R) = ([ fut1rds)
Br
From and (| .,
8/2 il
MN,Z@RQ < {005 5, )0+ g
where 8 € R and b = |c| + |g| + (4C?/|8]) + Co. We define

OB, R2) = C(B bl 3,5, ) X =

) bo(s, B) L2,

N
N -2
Therefore,

D(xB, R1)"? < {C(B,R2)(1 + )} (3, Ra)?/2. (6.1)

Ry — Ry
We consider R > 0 such that Bag C 2 and the sequence R < (1 +27™)R <
14+2™HR < (1+2"™2)R-.. < (1 + 271 R. We deduce
1 1+ (14 27mHTYR - (1+27™H)R

(142-mtit R —2-m+iR (14 2-mHi+HR — (1 +2-m+Hi)R
142 ™R

2-mtiR
1+27'R
2-m+iR "

1+

In this framework, we set

C(x™p) = C(X™p, |Ibll 4

L2 (B(1+2,m+]-,1)R)

).

Using (6.1),
Cix™ 'p)(1 +27'R)\ w=15 1 _
m ’"’L m
P(x p7R)_( (1+2mR = ) p,(1+2"™R)
_/C(xX™ 'p)(1+27'R) N m
_ ( 2 mR ) 1p, (14 27™)R)
< (C’(X )(1+271R) )Xm T, C(x™ 2p)(1+27'R) )Xmgzp
= 2- mR (14+2-m*)R— (1+2-™)R
X q)(xm 2p)(1 +2—m+1 R)
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_ (C(x’"‘lp)(l + 2‘13))T51p (C(xm‘Qp)(l +27'R)
2-MR
% (I)(Xm—2p7 (1 4 2—m+1)R)'

Therefore,
o(x"p, R)
s, i (COT ) 71 (CXX D) 3R
< 1 ijl m—j X P X P b
= {(1+2 R)==t p( 2-MR ) E<2J—2—WR) }‘b(p’ 2)
Setting s = m — j it follows that
m -1 o 01 ﬁ C(Xm/_lp) xm—1p
d(x"p,R) < {(1+2 R)=i=0 %I (72%5{ ) }
m—2
25120 (x*p)\ % 3R
il ( R ) }q’(p’T)
= {2xm L1p2p Z:n=_02 5;52 R% Z:;_l x%(l + 2_1R) jL:_Ul X}P }
m—1
s 1 3R
<{ TTCoepn ™ fow, 5.
s=0
Now
m—1 m—1
s — log C(x°p))
SI;IO(C(X p))x —exp{ ; T}
Therefore, we study the convergence of
i log C(x°p)) _ i log (e max{v/2, (e1(x*p)) ¥ })
s=0 Xsp s=0 X p
N . (6.2)
_ o= log (max{v2(es(x*p)) ™" ((ex(x°p)) )77 })
pard X°p
where

3VCW)

el(Xgp) = ( s )2 2 ~
ety w1

Now because the function s — 16/(x*p — 1) is non-increasing, the function s —
2(x*p — 1)/(x*p)? is bounded and the inequality N < C(p, x)/x°p holds.

X°p—
Then we have

s 2
\/max{mmax{nm“wm 163 1)
1
<

(e1(X°p))~ LN

X°p \/max{max{”E”L%(Bm)’ ok 2o
2
2(x*p—1) 1 /C(N)

<
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\/max{max{IA)||L5(B,3R)7 plfl 5 Cpsx)}
IVX°p - :

7VCWN)

< C(p,x

From this inequality, we deduce, using the integral test, the convergence of the
series (6.2)). Finally,

sup{u + 1}
Br

= lim ®(x"'p, R)

1

3R me2 stz 1yme met 1
< 2(p, ) lim {2 23 2T SE R R R (14 27 Ry

m—1
_1
< [Tt p)*r
s=0
3R R
= o(p, 7)CR—N/(2P>(1 i §)N/(2p>7
where
1 \oeo  s42 ad 1/v%
C = C(lel,191,C,Co, N,p,q) = 27 == 57 [[(C(x*p)) /X7,
s=0
In a similar manner, we can prove (3.29)). O

Proof of Theorem[3.3. If a non-negative function u € W12(Q) solves the equation
~Au=du+ f(u) +G(Vu) +g inQcCRY,

with the conditions in Theorem then —Au > Ciu”. We set ¢ = d + f(u)/u.
Now, we apply Theorem From (3.28) and (3.3)), we deduce
1/p R
sup {u+1} < (/ lu + 1|pdx) CR™N/P) (1 4 —)N/(2p)
Bn(y) Bag () 2

1/p, 3R _ R
< (Iullzoa gy + wn 7 ()7 ) CRN/ @ (14 )N/

< (COV.pr CORF 7T + WP (1Y) CRNICD (14 )N/,

where max{r — 1,1} < p < r and C = C(]cl,]gl|,C,Co, N,p,q). Condition (iii) in
Theorem [3.5] implies

(u)

flu _
1= Nzarz s ) < Collu Ml pare

(142—s—1)R B(1+2*S*1)R)

1 (6.3)
= Collull "),
L

' (Baiga-s-1)r)

To use Lemma [3.4] and Theorem [3.17} we need to satisfy the conditions r — 1 <
(r—1)q/2 < r, N/2 < q/2. Moreover, to get simple statements, we set an additional

condition 1 < (r—1)g/2. For 1 < r < N/(N —2) there exists ¢(r) satisfying all the
required restrictions. We deduce

N 2
T% a4 =T _1_
el yacry < C(r,N,Cy) ROV )T (6.4)

(1+2—S—1)R)
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Therefore, the constant C = C(]|¢|, |g],C,Co, N, p, q) is bounded above without de-
pendence on w. Finally (3.6) is a consequence of [I3, Lemma 1.1]. This completes
the proof. O

Proof of Theorem[3.11} Because —A{u + 1} > 0, there exists py < 0 such that

/ {u+ l}pf’d:c/ {u+1}7Podx < C(R).
Br(y)

Br(y)

For the demonstration of this affirmation, see for example the proof of [5, Lemma
1.36]. Thus

1/po 1/po
(/ {u—i—l}podaﬂ) " = </ {u—i—l}podx/ {u—i—l}_podx) &
Br(y) Br(y) Br(y)
—1/po
X (/ {u+ 1}_”°dx)
Br(y)

zomm(f

Collecting this inequality with (3.29)) and (3.28)) in Theorem [3.17} we derive the
conclusion of Theorem B.111 O

Proof of Theorem[3.12 From equations (3.14) (3.15), we compute

—A(u+v) < (dy +d2)(u+v) + (Zﬁ%(u)+fi%(v))(u+v)+(gl + g2)

~1
{u+ 1}_p°dx> "

< (dy +do)(u+v) +Cu" " + v (u+v) + (g1 + g2)-

From —Au > Co1,1u”, —Av > Cp 950" using Lemma[3.4]and with the same method
of proof of Theorem we obtain the desired result. O

Proof of Theorem[3.15 By Theorem if the non-negative pair (u,v) solves
equations (3.21)) and (3.22)), then (u,v) € LS (), where there are not dependence

loc

in the local bound on (u,v). Therefore the result follows from Theorem O
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