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INFINITELY MANY SOLUTIONS FOR NONLOCAL ELLIPTIC
SYSTEMS OF (pi,...,p,)-KIRCHHOFF TYPE

SHAPOUR HEIDARKHANI, JOHNNY HENDERSON

ABSTRACT. We establish the existence of infinitely many solutions for a class
of nonlocal elliptic systems of (p1,...,pn)-Kirchhoff type. Our approach is
based on variational methods.

1. INTRODUCTION

Let Q ¢ RY (N > 1) be a non-empty bounded open set with a smooth boundary
00, K; : [0,+00[— R, for 1 <4 < n, be continuous functions such that there exist
positive numbers m; and M;, with m; < K;(t) < M;, for allt > 0 and for 1 < i < n,
a; € L*(Q) with essinfq a;(x) >0, and p; > N, for 1 <1i < n.

Consider the nonlocal elliptic Kirchhoff type system

- [k [ 1vuit@) o)

pi—1

Pt ai(r)ui(x)

X (diV(\VUHm_zVUi) + ai(x)\ui\pi_zu) (1.1)
= AFy, (z,u,...,up,) in £,
u; =0 on 09,

for 1 < ¢ < n, where )\ is a positive parameter and F' : 2 x R®™ — R is a function
such that the mapping (t1,t2,...,t,) — F(x,t1,ta,...,t,) is in C in R™ for all
x € Q, F, is continuous in  x R™, for ¢ = 1,...,n, and F(z,0,...,0) = 0 for all
x € §). Here, F}, denotes the partial derivative of F' with respect to ¢;.

We use Ricceri’s Variational Principle [26], to ensure the existence of infinitely
many weak solutions for in [T, Wy (€2). System is related to a model
given by the equation of elastic strings

2 L 2
Ou (PO £ 63\2(11:)% —0 (1.2)

Pae ~\h Tar )y 1o ) om
where p is the mass density, Py is the initial tension, h is the area of the cross-
section, F is the Young modulus of the material, and L is the length of the string,
was proposed by Kirchhoff [2I] as a extension of the classical D’Alembert’s wave

equation for free vibrations of elastic strings. Kirchhoffs model takes into account
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the changes in length of the string produced by transverse vibrations. Similar non-
local problems also model several physical and biological systems where u describes
a process that depends on the average of itself, for example, the population density.
Later, the equation was extended to the equation

0%u

- K(/Q Vu(e)Pdr) Au = f(z,u) inQ

where Q ¢ RV (N > 1) is a non-empty bounded open set with a given 9 and
K : [0,400[— R is a continuous function. Some early classical investigations of
Kirchhoff equations can be seen in the papers [I} 12} [17, 18], 19, 20} 22, 24| 25] 27,
31] and the references therein. In particular, these papers discuss the historical
development of the problem as well as describe situations that can be realistically
modelled by with a nonconstant K.

For a discussion about the existence of infinitely many solutions for boundary
value problems, using Ricceri’s Variational Principle [26], we refer the reader to
[14, [15] 16, 21, 27). Applying a smooth version of [4, Theorem 2.1], which is a
more precise version of Ricceri’s Variational Principle [26], we refer the reader to
[2, B 5L 6l 7, [8, @] [T1], and employing a non-smooth version of Ricceri’s Variational
Principle [26] due to Marano and Motreanu [23], we refer the reader to [10]. Here,
our motivation comes from the recent article by Bonanno, et al. [6].

2. PRELIMINARIES

First we recall the celebrated Ricceri’s Variational Principle [26] Theorem 2.5]
which is our primary tool in proving our main result.

Theorem 2.1. Let X be a reflexive real Banach space, let ®, ¥ : X — R be two
Gateauz differentiable functionals such that ® is sequentially weakly lower semi-
continuous, strongly continuous, and coercive, and ¥ is sequentially weakly upper
semicontinuous. For every r > infx ®, let us put

. Sup1)€<1>_1(]—oo,7']) \II(U) - \I/(u)
= f
SD(T) uG@*llI(}foo,r[) r— CI)(U)

and

~v:=liminf p(r), 0:= liminf ¢(r).

r—+400 r—(infx ®)+
Then, one has

(a) for everyr > infx ® and every A €]0, ﬁ[, the restriction of the functional
In=®—- AV to ® (] — o0, r[) admits a global minimum, which is a critical
point (local minimum) of Iy in X.

(b) If v < 400, then, for each A €]0, %[, the following alternative holds: eithre
(bl) I possesses a global minimum, or
(b2) there is a sequence {u,} of critical points (local minima) of Ix such

that limy,—, 4o ®(uy,) = +00.

(c) Ifd < 400, then, for each \ €]0,1/48], the following alternative holds: either
[(c1) there is a global minimum of ® which is a local minimum of Iy, or
(c2) there is a sequence of pairwise distinct critical points (local minima)

of In which weakly converges to a global minimum of ®.



EJDE-2012/69 INFINITELY MANY SOLUTIONS 3
Denote by W, *(Q) the closure of C§°(€) with respect to the norm

1/Pi
b = (/ \Vui(ac)|p"dx) for1 <i<n.
Q

[|wi

Put
max_ .= |u;(x
c; = max{ sup zeQ ui(z)|

wi €Wy P (\{0}
Since p; > N for 1 < ¢ < n, one has ¢; < +0o. Moreover, from [30, formula (6b)]
one has

,1gi§n}
[|ui

pi

—ay. —1/p; .
sl NI N g
pi —

sup <
ueWOLPi (\{0} ||u7/sz ﬁ

for 1 < i <n, where |Q] is the Lebesgue measure of the set , and equality occurs
when €2 is a ball.

Let X be the Cartesian product of the n Sobolev spaces Wol’p1 Q),..., Wol’p” (Q);
ie., X = [, W, () equipped with the norm

n
s,z )| = D ]
i=1

where

Pt ai(@)lui(z)

|« = (/Q(|VU1($) pi)dx)l/pi

is a norm in W, ?*(Q) that is equivalent to the usual norm. Put
max_ g |u; ()P
C := max { sup xﬁﬂ | pzi( ) ,1<i<n}. (2.1)
Uil|p;

ui €W,y P (2)\{0}
Let p:=min{p;; 1 <i < n}, p:=max{p; 1 <i<n}and m:=min{m;; 1 <i<
n}. Following the construction given in [6], define

1—ulN

o(pi,N) = inf ————

i, N) pelo ) pN (1 — p)Ps
1-ml

Y (1-7,)Pi

[i:=maxfi;, fp:=minf,, 7 :=supdist(z,dQ).

and consider f; €]0,1[ such that o(p;, N) := Put

Simple calculations show that there is an z¢ € Q such that B(zg,7) C 0, where
B(xg, s) denotes the ball with center at xo and radius of s. Further, put

g, (pi, N) ="~ + NBg (N, pi +1)

(= m
where Bg; 1)(N,p; + 1) denotes the generalized incomplete beta function defined

as follows: .

By (N,pi + 1) := / N1 — t)(pﬁl)_ldt.

Hi

We also denote by w, := 7V F(’T%/;) the measure of the N-dimensional ball of radius
2
7. Set
o(pi, N (piy N
v = max {7(10Z ) + ||ai\\ooigm(7p;v )}

1<i<n TPi i
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Corresponding to K; we introduce the functions K; : [0, +00[— R as follows
t
= / K;(s)ds forallt>0
0

for 1 <4 <n. For v > 0 we denote the set
Q(Y) = {(t1, .. tn) ER™: > Jti| <} (2:2)
i=1

By a (weak) solution of system (1.1]), we mean u = (uq,...,u,) € X such that

n

; ({Kl(/ﬂ(lvuz(xﬂp’ + az(l‘)|ul(x)|p1)dx)} i
: /Q <|vui(x)|pi_2vui(x)vvi(fﬁ) + \Ui(x)|pi_2u¢(x)vi(x)>dx)
— )\/Q;Fui(x,m(m), . ,un(x))vi(x)dx -0

for every v = (vy,...,v,) € X.

3. MAIN RESULTS

We begin by formulating our main result under the assumptions:

(A1) F(xz,t1,...,t,) >0, for each (x,1,...,t,) € Q x R}, where
RY = {(t1,...,ty) €R": t; >0, fori=1,...,n};
(A2)
- Jo s, e oty ty)de
1 ) fB(rg,,uT) F(l‘,tl,...,tn)dﬂl
< n lim sup =

p (N ;
no C\E n Ri(@Nwrolti|Pi)
(Zz 1(p )”1) (t1,.stn)— (400, +OO)(t1 ..... 1t ) ERTY Ei:l %

Theorem 3.1. Assume (A1)—(A2), and let A the interval
1

limsu Totrgem) i) e
p(tlr""tTL)A’(‘FOOa""J"OO) n  Ki@Nwro|t;|Pi)

i=1 Pi

1
1 \P
(Z?:l(]?i%)pi>
L. SUP(4, . F(xz,t1,...,tn)dx [
liminfe_, 4o LTS ’t")Ecz(gs) —

If A € A, then (L.1) has an unbounded sequence of weak solutions in X.

Proof. To apply Theorem to our problem, we introduce the functionals &, ¥ :
X — R, for each u = (ul, ..., Up) € X, defined as follows

n

Z ”ul |Pz /F x,up(x un (x))dz.
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Let us prove that the functionals ® and ¥ satisfy the required conditions. It is well
known that W is a differentiable functional whose differential at the point v € X is

/ ZF“ (z,u1(x), ..., up(z))v;(z)de,

for every v = (v1,...,v,) € X, as well as is sequentially weakly upper semicon-
tinuous. Furthermore, ¥’ : X — X* is a compact operator. Indeed, it is enough
to show that ¥’ is strongly continuous on X. For this, for fixed (uq,...,u,) €
X, let (uig,... tunk) — (ug,...,u,) weakly in X as k — 4o0o. Then we have
(Ui, - - - , Unk) converges uniformly to (uq,...,u,) on Q as k — +oo(see [32]). Since
F(x,-,...,-)is C! in R™ for every x € (, the derivatives of F' are continuous in R"
for every x € Q, sofor 1 <i <n, Fy,(x,u1k, ..., Ung) — Fu,(z,u1,. .., u,) strongly
as k — +oo, from which follows W' (u1g,...,unk) — ¥'(uy,...,u,) strongly as
k — +o00. Thus we have that ¥’ is strongly continuous on X, which implies that
U’ is a compact operator by Proposition 26.2 of [32]. Moreover, bearing in mind
the conditions 0 < m; < K;(t) < M; for all t > 0 for 1 < i < n, we see that ® is
continuously differentiable and whose differential at the point u € X is

n

P =3 ([K( [ (vur +a@hra)] "

i=1

x /Q <|Vui(x)

for every v € X, and @' admits a continuous inverse on X*. Furthermore, ®
is sequentially weakly lower semicontinuous. Indeed, for any (uig,...,unr) € X
with (u1g, ..., Uunk) — (u1,...,u,) weakly in X, then w;, — u; in Wol’pi(Q) for
1 <i < n. Therefore, taking the norm of weakly lower semicontinuity, we have

pr2vm(x)vw(x) + |ui ()

pi*2ui(x)vi(x))dx>

liminf [|ug]|« > ||uil|« fori=1,...,n.
k—o0

Hence, since K; is continuous and monotone for 1 < i < n, we obtain
Ki(Jlus|2) < K;(liminf [Jugg|[2*) < lim inf K (]lu]|2)
k—oo k—o0

for 1 <4 < n, from which it follows that ® is sequentially weakly lower semicontin-
uous. Put Iy := & — A\U. Clearly, the weak solutions of the system are exactly
the solutions of the equation I} (u1,...,u,) = 0. Moreover, since for 1 < i < n,
m; < K;(s) for all s € [0, +oo], from the definition of ®, we have

Pi

by > Sl Sl
u) > E 7_m§
- P i- P

Now, let us verify that v < 4o00. Let {{x} be a real sequence such that { — +00
as k — oo and

Yu = (u1,...,u,) € X. (3.1)

i Josupe, . )GQ(Ek)F(x t1,. .o tn)dx
k—o0 gk

(3.2)
~ minf fQ SUD(4, ,....t,)€Q(E) F(x,ty,...,t,)dz




6 S. HEIDARKHANI, J. HENDERSON EJDE-2012/69

1

P
Put r, = 5—’“72 for all k£ € N. Since
(Zil;l(pi%)”i)

sup |ui(2)|P* < Cllug |5 for all u; € Wy (Q)
z€Q

for 1 <i <n, we have

pi

" |ui(z) a2
sup » ————— < C’Z — (3.3)
xeQ i=1 bi i—1 Pi

for each u = (u1,...,u,) € X. So, from (3.1) and (3.3) we have

O] = oo, m1]) = {u = (u1,us,...,u,) € X;®(u) <7}

— Jlual¥
C{ueXim) %Sm}
i=1 '

C{ueX'iw<%f0reaChx€Q}

C{ue X;Z |ui(z)| < & for each z € Q}.
i=1

Hence, taking into account that ®(0,...,0) = ¥(0,...,0) = 0, we have for every k
large enough,

(Supve'@*l(]foo,rk]) \I/(’U)) - \Il(u)

= 1 f
P = i e r, — ®(u)
SUP e 1 (J—o0,re]) ¥ (V)
< -
n C L BfQ Sup(th.“,tn)EQ(ﬁk) F(J?,t]_,...,tn)dl‘
< (Z(pli pl) P :
- &

Moreover, from Assumption (A2), we also have

m Josupg, . tyeqen F(@ tr, ... ta)de

i p < +00.
k—oo0 &
Therefore,
< lim inf
7 s jim it o(rk)
n C 1\P su F(z,t,...,t,)dx (3.4)
= (Z(pi*)’}i)ikliﬁn;o ‘[Q p(tlwntn)EQ(fgé (z,t1 ) e
i=1 L

Assumption (A2) in conjunction with implies A C]0,1/v[. Fix A € A. The
inequality yields that the condition (b) of Theorem can be applied, and
either I has a global minimum or there exists a sequence {uy = (u1g, ..., Unk)} Of
weak solutions of the system such that limg o0 [[(U1k, - - s Unk)|| = +00.

The other step is to show that the functional I has no global minimum. For
the fixed A\, let us verify that the functional I is unbounded from below. Arguing
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as in [6], consider n positive real sequences {d; ; }7—; such that /> ", df,k — +00

as k — oo and

Joy F(@,dy g, -, d i) da , IBoury F@ b1, tn)da
lim e = lim sup A NVRTY
koo gon | KEarbldinl?) (1t = (hooptoe) S, KalERervltl)
(3.5)
Let {wy = (w1g,...,wnk)} be a sequence in X defined by
0 if x € Q\ B(zo,7)
win(w) = § 72 (r = v —wol) if @ € B(xo,7) \ B(xo, 7;7) (3.6)
di k if x € B(xo, [1;7)

for 1 < i < n. For any fixed k € N, it is easy to see that wy € X and, in particular,
one has

\WMW=ZQVwM@W+%um%@Wmm

1—m)
7-1)1(1 - Iu’z)

< N wrvld; g [P

< |kl | + llaill oo, (pi: N)

for 1 <4 < n. Taking into account inf;> K (t) > 0, it follows that

n n

p K Pi
- )  §- Kot .

On the other hand, bearing in mind Assumption (A1) from the definition of ¥, we
infer

U (wy,) > / F(z,dyj,...,dnx)dz. (3.8)
B(wmﬁr)
So, according to 1] and ( we obtain

vld; [P
A (wg) <Z (e U' Lk )—A/ F(zdig,...,dwy)de
B(zo,puT)

for every k € N. Novv7 if

1' fB(TO’ﬁT) F($7t17"'7t")dx
im sup n Ry(ENwyolt:|P7) < 0,
(tl,--<7tn)_)(+oo’“‘7+oo) ZiZI %

equr) F(@t1,0tn)de
we fix € € JL/IMSUPG, i) (hoenrioe) LTI 3 From (B)

i=1 Pi
there exists ¥, such that

/ F(:L’,d17k,...7dn7k)dl’
B(wo,HT)

fB(:Eo,ﬁT) F(lH t1,... 7tn)d$) 2": Ki(ﬁNW-eri,k

Pi)

> e( lim sup — ‘
(t1seestn) = (F00,bo0) ST W i1 pi

for all k& > ¥; therefore,
I (wg)
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fB(mo,;LT) F(.’,E tl, e

) En: Kz (T W'rvldz k")

< (1 — Xe lim sup
Di

p1
(t1,0tn) = (+00,mko0) SO Ki(@Nwrolti|P1)

i=1 i i=1
for all k£ > 9., and by the choice of €, one then has

lim [®(wy) — AV (wg)] = —o0.

m— o0
If
. fB(azo,m) F(x,ty, ... ty)dz
lim sup - AR 00,
(t15eeestn) = (F00,...,400) Zi:l piz
let us consider M > 1/A. From (3.5 there exists ¥, such that
T dz
/ Fz,dvg,. .., dnk)dx>MZ (B wroldigl™) Yk > 9,
B(xo,uT) i

and therefore

- Xz N T di pi
Iv(wy) < (1 =2M) Y (Fwroldin™) o S g0
i=1 pi
and by the choice of M, one then has

kEToo[CI)(wk) — AU (wg)] = —o0.

Hence, our claim is proved. Since all assumptions of Theorem are satisfied, the

functional I admits a sequence {uy = (u1k,...,unk)} C X of critical points such
that

Hm ||(w1g, -, Unk)|| = +00,

k— oo
and we have the desired conclusion. [l

Remark 3.2. We point out that if K;(t) =1 for each ¢ > 0 for 1 <4 < n, Theorem
gives [6, Theorem 3.1].

Now we want to point out the following existence result, in which instead of
Assumption (A2) in Theorem a more general condition is assumed.

(A3) there exist a sequence {a;} and n positive real sequence {b; } with

i(B w‘rU|bzk|p7)
(271@ 9))” >Z

and limy_, . ap = +00 such that

Jo s, e F@ s ty)de — fB(ID)y) F(x,big, ... byg)dx

lim ’ J
k—-+o0 @y n Ki(ENw,o|bi|Pi)
ﬁ B Zi=1 -
(zrme)™)
i fB(ﬂﬁo,ur)F(mvtlw..,tn)dx
< lim sup 7

n  Ki@Nw,olt|?)
(t1,tn) = (+00,.,400) (|, tn)eR? Zi:lT
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Theorem 3.3. Assume (A1), (A3) and let A’ be the interval
1

I fB(zo,uf) F(z,t1,...,tn)dx’
N SUD (4.t )= (+00,..,400) "y K@M wroltz1P1)
i=1 Pq

P
A

1\P
(E?:l(pi%)pi )
Ja SUP(1) . tn)eQ(ay) F(w’tl""7t’")dw7f3(z0,ﬁ7) F(z,bik,....bnk)dz [

D = .
9 Bi@ENerulbg P
( TN\Z i=1 Pi

C\p;
i1 @iy PR

If X e N, then (1.1) has an unbounded sequence of weak solutions in X.

Proof. Clearly, from (A3) we obtain (A2), by choosing b; , = 0 for all £ € N and
for 1 < i < n. Moreover, if we assume (A3) instead of (A2) and set

limk*)+oo

P
Ay

Tk = 1\P

(S w:9)™)”
for all k € N, by the same argument as in Theorem [3.1} we obtain
(SUPyea-1()—oco,m]) P (V) — ¥(u)

rE) = inf
#(rx) wed—1(]—o00,rx[) rp — ®(u)
b
< SWPuea-1(—co,n]) U(v) — [, Flz,wig(x),. .., wr(z))de

- _ E" fgq(lekal)

"k i=1 Pi
Jo s, teqan) F@tr, o ty)de — fB(zoﬂT) F(x,big, ... bug)dx

P e )
@y _ Zn Ki(aNwrv|bik|Pi)
P i=1 pi

(zz;gm%)ﬁ)

where wy, = (Wi, ..., Wnk), With w;, for 1 < ¢ < n, as given in (3.6) with b; &
instead of d; ;. So, we have the desired conclusion. [l

Now we point out a consequence of Theorem (3.1} under the assumptions
(B1)

su F(x,ty,...,ty)dx ]
lim inf Jo p(tlwvtn)GQ(?p (z,t1 ) < I ND
E—+o0 = (Zi:l(piﬁ)pi)
(B2)
i fB(wo,ﬁT) F(.CC, tla N ,tn)dq;
lim sup n K (ENw,olt:|Pi) > 1.
(#15000stn) = (£00,0000400) (1 ey e s Hpir

Corllary 3.4. Assume (Al), (Bl), (B2). Then the system
~ (K [ (V@ + as(o)lus(a) o)

X (div(|Vui

pi_zVui) + ai(x)|ui|pi_2u)

=Fy,(z,ug, ..., upy)  in £,



10 S. HEIDARKHANI, J. HENDERSON EJDE-2012/69

u; =0 on 09,
for 1 <1i <n, has an unbounded sequence of weak solutions in X.
As an example, we state a special case of our main result.

Theorem 3.5. Let Q C R? be a non-empty bounded open set with a smooth bound-
ary ). Let f,g: R? — R be two positive C°(R?)-functions such that the differential
I-form w = f(&,n)d€ + g(§,m)dn is integrable and let F be a primitive of w such
that F(0,0) = 0. Fiz p,q > 2, with p < q, and assume that

F F
lim inf 319 =0, limsup =—— (5’52 — = 400
too P oroe Ka@rimolul) | Ka(@rinolta]t)
P q
where
o(p,2 ,2) o(q,2 ,2

0= max {222 1 g, 222D 2@ oy 9ea(@2)y

T [T T4 [

Then, the system

~ & /Q (Vu(@)|? + al(x)\u(x)|p)dx)r_l(div(|vu|p*2w) +aa (@)l %)

= f(u,v) inQ,
_ [Kz(/ﬂ(\w(x)w + as(a) o) 7)) qil(divqwq—?vm +as(a) o] %)
=g(u,v) inQ,

u=v=0 on d)
admits a sequence of pairwise distinct positive weak solutions in Wol’p(Q) X Wol’q(Q).

Proof. Take n =2 and set F(z,t1,t2) = F(t1,t2) for all z € Q and ¢1,t2 € R. From
the conditions

F F
lim inf (319 =0, limsup —=—; (6’52 —
E—foo &P Eotoo Ka(@rimulta|P) 4 Ko (@272 7u|ts|9)
P q

= 4»007

we see that the assumptions (B1) and (B2), respectively, are satisfied. So, taking
into account that Fy, (t1,t2) = f(t1,t2), Fy,(t1,t2) = g(t1,ta) for all (t1,t2) € R
and f,g: R?2 — R are positive, the conclusion follows from Corollary O

Remark 3.6. We observe in Theorem we can replace £ — +oo with £ — 0T,
that by the same way as in the proof of Theorem but using conclusion (c) of
Theorem instead of (b), the system has a sequence of weak solutions,
which strongly converges to 0 in X.

Now, we want to point out a remarkable particular situation of Theorem [3.1
using the assumption

(1)
su F,ﬁl},t,...,t dx
liglinf fQ p(tl,...,tn)eQ(g)e (z,t1 )
§—+o0 §
1
<

1

(ZLNP:‘%)E)

P
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fB(:ro ) F(x,ty,...,t,)dz

. i e s [ti|Pi+ 5 @N wov|ts]Pi)?
t1,...stn)—(+00,...,+00 a;fN wrvlt; |[Pi+ 2 (AN wr vt [Pi
( 1, n) ( ERRRE) )(tl ..... tn)GR" i=1 >

Corllary 3.7. Fix o, 3; > 0 for 1 < i < n, and denote « = min{a;; 1 <i < n}.
Suppose that Assumptions (Al), (C1) hold, and let X\ belong to the interval

1
lim sup fB(Lo ) Faty,... tn)da ’
(tl,...,tn)H(JrOO,...,JrOO) " 7HNWTU‘t ‘p1+[1(u wrvlty|Pi)2
i=1 Py

1

(E"‘_ <p7-§>p%)*

.. SUP(4, . F(z,t1,...,tn)dz |:
liminfe_, 4 Jasupe,. ’t")“?;) -

Then the system

[O“@/ Vil >|’”+ai<x>|ui<x>|m>dmrﬂ

( (|Vug [P 2 Vug) + ai(z )|ui|pi_2u)
= Ay, (z,u1,. .., uy) in Q,
u; =0 on 90
has an unbounded sequence of weak solutions in X.

Proof. For fixed a;,3; > 0 and 1 < i < n, set K;(t) = a; + B;t for all ¢ > 0.
Bearing in mind that m; = «; for 1 < i < n, the conclusion follows immediately
from Theorem [B.11 U

We illustrate our results by giving the following example whose construction is
motivated by [6l Example 3.1].

Example 3.8. Let Q C R? be a non-empty open set with a smooth boundary 95
and consider the increasing sequence of positive real numbers given by

a1 =2, Gpi1 = n!(an)7/3 +2 formn>1.
Define the function F : Q x R? — R by

2 4y?—

1
+1
(any1)7e 1=t —any )2 (2 —any1)?

F(xay7tlat2) = if (x7y7t17t2) S Q x UnZIS((anJrla an+1)7 1)7
0 otherwise,
where S((ap+1,an+1),1) denotes the open unit ball with center at (ap41, any1). It
is clear that F' : Q x R? — R is a non-negative function such that the mapping
(t1,t2) — F(x,t1,t2) is in C in R? for all x € Q, Fy, is continuous in Q x R?, for
i=1,2, and F(z,y,0,0) =0 for all (x,y) € Q. Now, for every n € N, one has

/ sup F($7yat1at2) dx dy
B(zo,ut) (t1,t2)€S((an+t1,an+1),1)

= / F(x,y,an41, 0ng1) do dy
B(xo,pT)
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= (an+1)7/ ¢ du dy.
B(zo,puT)

We will denote by f and ¢ the partial derivative of F' respect to t; and to, respec-
tively. Since

fB(xO,HT) F(z,y,anq1,@ny1) dedy

nEI_POO 22 ﬁszTrvai+1+%(ﬁ27'271"uai+1)2 - +OO7
i=1 3
where
(3,2 4 (3,2) 0(3,2 3,2
U= max{% + Ha1||oogl ILQ ), ( 3 ) + ||a2“oo%2)}v
T H1 T 2
we see that
lim sup fB(ro,g'r) F(z,y,t1,t2)dx oo
2 m2r2mult; |P+L(m2r2nult]3)2 :
(tl,tz)ﬁ(.kooﬁoo)(tl7t2)eki 21:1 I [t 23(# [t:[?)
Moreover, by choosing &, = a,4+1 — 1, for every n € N, one has
/ swp  Flaytita)dedy = (@) [ " dedy,
B(xzo,pt) (t1,t2)EK(E) B(zo,pT)
Then
. fB(JL’mHT) SUD (1, 1) e K (€) F(x,y,t1,t2) de dy
lim = 3 =0,
n—=+400 (ant1—1)
and so
o fB(wO,W) SUD (1, 1)e i (¢) F (2, Y, t1, ta) da dy
lim inf = 3 =0.
E—+o0 &
Therefore,
L. fB(IQ,HT) Sup(tlﬂfZ)eK(ﬁ) F(x’y’tl’tQ) dx dy
0 = lim inf
1 fB(w07ﬁT) F(x,y,t1,t2)dx

lim sup

< = +4o00.
24C (t17t2)—’(+007+00)(t1,tz)emi E

2 EPrimult P+ 5 (p2r2ault[3)?
i=1 3

Hence, all the assumptions of Corollary [3.7] are satisfied, and it is applicable to the
system

_ [1 + /Q(|vu(x)\3 _|_al(x)|u(m)|3)dx]2(div(|Vu|Vu) + al(m)|u\u)
= Af(z,y,u,v) in Q,

- [1+ [(90@P + ax@oe) o] (av(VolVe) + ax(o)lolo)

= A'g('xﬂ y,u7 U) in Q?
u=v=0 on df)

for every X €]0, +o0l.
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As an application of our results, we consider the problem
p—1
~la+n / (IVu(@)? + a@) u(@)")da] " (div(Vul2 V) + a(@)lul2u)
Q

= Af(z,u) in Q,
u=0 on 0N
(3.9)
where p > N, A >0, a,8 >0, f: Q2 xR — R is an L'-Caratéodory function and
a € L*™(Q) with essinfqg a(xz) > 0. Put

t
Fla,t) = / F,€)de for all (z,8) € O x R.
0
The following existence result is an immediate consequence of Theorem (3.1

Theorem 3.9. Assume that
(D1) F(x,t) >0 for each (x,t) € Q x Ry;

(D2)
o fQ SUP|y<¢ F(x,t)dx a . fB(zo,y) F(xz,t)dx
lim inf < = limsup — 5N ,
€—+o0 &p CP ttoorer, af™ wrvlt|P + 5(EN wrvlt|P)?

where
max, . |u()|

C:= sup 7
weWl P (2)\{0} (fg ‘Vu(x”pdx)

Then, for each \ in the interval

1 a
P pCP
fB(;nO,ﬁ-r) F(z,t)dz ’ Josupjy<e F(z,t)de

liminfe .4

lim su
Ptotos ien, apVu,vltlr+ 2 (N w, olt]7)? &

the problem (3.9) has an unbounded sequence of weak solutions in WOI’p(Q).
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