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BLOW-UP CRITERION FOR TWO-DIMENSIONAL HEAT
CONVECTION EQUATIONS WITH ZERO HEAT
CONDUCTIVITY

YU-ZHU WANG, ZHIQIANG WEI

ABSTRACT. In this article we obtain a blow-up criterion of smooth solutions
to Cauchy problem for the incompressible heat convection equations with zero
heat conductivity in R2. Our proof is based on careful Hoder estimates of heat
and transport equations and the standard Littlewood-Paley theory.

1. INTRODUCTION

The incompressible heat convection equations in two space dimensions take the
form

O+ u - Vu + V1 = pAu + feg,

2
M j i
00 +u-VO—vAf = Z%faiuj + 0u")?, (1.1)
V-u=0,

where u = (u!,u?)! is the fluid velocity, 7 is the pressure, § stands for the absolute

temperature, p is the coefficient of viscosity, v is the coefficient of heat conductivity
and ex = (0,1).

Some problems related to have been studied in recent years (see [22], [8],
[T7]-]20] and [25]). Fan and Ozawa [8] obtained some regularity criteria of strong
solutions to the Cauchy problem for the in R3. Hiroshi [17] proved the exis-
tence of the strong solutions for the initial boundary value problems for (L.1)). Kagei
and Skowron [I8] discussed the existence and uniqueness of solutions of the initial-
boundary value problem for the heat convection equations of incompressible
asymmetric fluids in R3. Moreover, Kagei [19] considered global attractors for the
initial-boundary value problem for in R?. Lukaszewicz and Krzyzanowski [25]
treated the initial-boundary value problem for with moving boundaries in R3.
Kakizawa [20] proved that has uniquely a mild solution. Moreover, a mild so-
lution of can be a strong or classical solution under appropriate assumptions
for initial data.

It is well known that the Boussinesq approximation [3] is a simplified model
of heat convection of incompressible viscous fluids. There is no doubt that many
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investigations on the Boussinesq approximation have been carried out for a hundred
years. For regularity criteria of weak solutions and blow up criteria of smooth
solutions, we refer to [9] and so on.

Equation is the Navier-Stokes equations coupled with the heat equation.
Due to its importance in mathematics and physics, there is lots of literature de-
voted to the mathematical theory of the Navier-Stokes equations. Leray-Hopf weak
solution were constructed by Leray [23] and Hopf [16], respectively. Later on, much
effort has been devoted to establish the global existence and uniqueness of smooth
solutions to the Navier-Stokes equations. Different criteria for regularity of the
weak solutions have been proposed and many interesting results were established
(see [7], [8]-[11], [12], [14], [29] and [33]-[34]). Serrin-type regularity criteria of Leray
weak solutions in terms of pressure in Besov space were obtained in [I3] and [I5].

In this paper, we consider with the zero heat conductivity; i.e., v = 0.
Without loss of generality, we take p = 1. The corresponding heat convection
equations thus reads

Owu+u-Vu+ Vr = Au+ e,
2
1 ; :
00 +u-V0 =3 > (@0 + ou')?, (1.2)
ij=1

V-u=0.

Due to the term 1 Zijzl(aiuj + 0;u’)?, it is very difficult to deal with (1.2)). The

local well-posedness of the Cauchy problem for is rather standard, which can
be obtained by standard Galerkin method and energy estimates (for example see
[8]). In the absence of global well-posedness, the development of blow-up/ non
blow-up theory (see [1]) is of major importance for both theoretical and pratical

purposes. In this paper, we obtain a blow-up criterion of smooth solutions to the
Cauchy problem for (1.2]). Our main theorem is as follows.

Theorem 1.1. Assume that (u,0) is a local smooth solution to the heat convec-
tion equations with zero heat conductivity (1.2) on [0,T) and ||[u(0)| ;1nensa +
10(0)]| 2nca < 00 for some o € (0,1). Then

[u@®llgrsa + 10O ga < o0
for all 0 <t <T provided that
lell 2.0, oy <000 NOllLy sy, ) <00 (1.3)

This article is organized as follows. We first state some preliminary on functional
settings and some important inequalities in Section 2 and then prove the blow-up
criterion of smooth solutions of (|1.2) in Section 3.

2. PRELIMINARIES

Let S(R?) be the Schwartz class of rapidly decreasing functions. Given f €
S(R?), its Fourier transform Ff = f is defined by

f) = [ et
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and for any given g € S(R?), its inverse Fourier transform F~1g = § is defined by

ia) = [ =g

Next let us recall the Littlewood-Paley decomposition. Choose two non-negative
radial functions x, ¢ € S(R?), supported respectively in B = {¢ € R? : [¢| < 3} and
C={{eR?:2 <[¢ <8} such that

X+ o27M) =1, VEeR
k>0
and
oo
> e(27h) =1, vEeRA\{0}.
k=—oc0

The frequency localization operator is defined by
Apf= [ W fe—2" ydy, Sif= > Apf.
R? K <k—1
Let us now recall homogeneous Besov spaces (for example, see [2] and [30]). For

(p,q) € [1,00]? and s € R, the homogeneous Besov space Bj  is defined as the set
of f up to polynomials such that

If] Bs, = 1255 | A £l Lo ll1a 2y < oo

Finally, we recall the following space, which is defined in [6]. Let p be in [1, o0]
and r € R; the space L% (C") is the space of the distributions f such that

1122 (cry = sup 25 (| Ak fll Lz (noe) < o0

The open ball with radius R centered at zo € R? is denoted by B(zg, R). The
ring {¢€ € R?|R; < €] < Ry} is denoted by C(0, Ry, R2).
In what follows, we shall use Bernstein inequalities, which can be found in [4].

Lemma 2.1. Let k a positive integer and o any smooth homogeneous function of
degree m € R. A constant C' exists such that, for any positive real number A and
any function f in LP(R?), we have

supp f C AB = sup [|0° f[|re < ONF2G=2)|f|| 10, (2.1)
|Bl=k
supp f C AC = C N f 1 < sup 10° fll» < ONF[|f]|s- (2.2)

Moreover, if o is a smooth function on R? which is homogeneous of degree m outside
a fixed ball, then we have

supp f C AC = [[o(D) f|ls < CA™H G| £ s (23)
Lemma 2.2. For any f € LP(R?)(p > 1) and any positive real number A,
supp f C AC = e fll» < Ce™ N f|| 1o, (2.4)
where C' and ¢ are positive constants. See [B] for the proof of .

The following lemma plays an important role in the proof of Theorem [1.1] (see
also [27] and [28] where similar estimate were established).
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Lemma 2.3. Assume that v > 0, then there exists a positive constant C > 0 such
that

1l <€ (1+ 172 + 1o, e+ 1fle-)) (25)

and

T T T
[ 1 mdr < (14 [ 15@ldr 4w [ 1850l dr
0 0 k 0 (26)

x In (6+/0T|Vf(7')||c'wd7')>.

Proof. If f € W™P m > %, C7 in (2.5) is replaced by W™P then ([2.5]) still holds.
For example, see [Il 21]. It is not difficult to prove (2.5) (see [31]). For the reader
convenience, we give a detail proof. It follows from Littlewood-Paley composition
that

0 A 0o
F= D MAf+d Acf+ D At (2.7)
k=1

k=—oc0 k=A+1

Using (2.7) and ({2.3)), we obtain

0

o < . . -
Ifllz _k; Ak fllz +A11§§§(A\\Akf||L +k§r1\\ﬁkf||L

0 fo%e)
<C Y 2MAnfllee + Allflge _+ Do 27F2M AR |
k=—oc0 k=A+1

<Clfllez +Alflge _+ D 27" Ifllen
’ k=A+1

< Cllfllze + Alfll o +27 ) fllgo-
Equation (2.5)) follows immediately by choosing

1
A= ;log2(6+ [ fll¢) < Clne + || fllgn)-

Similar to the proof of (2.5)), we can obtain (2.6]) (see also [24]). Thus the proof is
complete. (Il

To prove Theorem we need the following interpolation inequalities in two
space dimensions.

Lemma 2.4. The following inequalities hold
1242 2_2 2 2
Ifllze <Clflla "IV AL " Sty pre (2.8)

Proof. Noting —% <1- %, p > q and using the Sobolev embedding theorem, we
obtain

1flle < CUIfllLe + IV £lLa). (2.9)
Let fi(z) = f(Az). From (2.9), we obtain
[llze < C(lfxllze + IV Fxllzo),

which implies
2_2 2_2
1fller < COFT3 | fllpa + N2 75V f||2a). (2.10)
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Taking A\ = || f||lr«||Vf||ze, from (2:10), we immediately obtain (2:8). Thus, the
proof is complete. (Il

3. PROOF OF MAIN RESULTS

This section is devoted to the proof of Theorem for which we need the
following Lemma that is basically established in [§]. For completeness, the proof is
also sketched here.

Lemma 3.1. Assume ||u(0)| g1 +1/0(0)||z < co and assume furthermore that (u,0)
is a smooth solution to the Cauchy problem for (1.2) on x[0,T). If

ue L (O,T; BSO’OO(RQ)) , (3.1)
then

lu(®)ll7= + [ Vu®)1Z: + 10117 +/0 (IVu®)llL: + | Au(t)|Z-)dt

< C([wO)7 + 1000)[1Z2)-

(3.2)

Proof. Multiplying the first equation in ((1.2)) by u and using Cauchy inequality, we
obtain

5O+ 1VuOlE: < 5 [ (6 + ) o, ) (33)

Multiplying the first equation in (1.2]) by —Aw, using integration by parts, we obtain

1
L )| + || Au(t)]2s = —/ fes - Auda +/ w-Vu-Audr.  (3.4)
2 dt RQ RQ
Note that (see [32])
“Au=Vx(Vxu), Vx(u-Vu)=u-V(VXu)

provided that V - u = 0.
Using integration by parts, we obtain

/ u-Vu~Audm:—/ (u-Vu) -V x (V x u)dx
R2 R2

=— [ Vx(u-Vu) -V xudz (3.5)
R2

:_/ w-V(V x ) - (V % u)dz = 0.

It follows from ({3.4)), (3.5) and Young inequality that

Ld

1
5 g IVe®lzz + 5llAu@)lz: < ClO@)I7:. (3.6)
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Multiplying the second equation in ([1.2)) by 6, using Holder inequality and Young
inequality, it holds that

S L0z = - Z/ (Osu; + Oyu)*d

< Cllo@)| 2 IVu®) 17 (3.7)
< ClOD 2 llu(@)l o __N1Au@)] L2

< LAl + Clu(®)3, 190
where we have used the interpolation inequality (see for example [20])
[Vu®llzs < Clully _Aull" (3.8)
Collecting , and gives
%(Hu(t)ﬂiz +Vu®)Z: + 100)]172) + IVu®)ll7e + | Au®)]Z:
<C (llu(t)lli2 +I0@)IZ: + @G (IVu@lZ: + ||9(t)||iz)> :

Inequality (3.2) follows immediately from (3.1), (3.9) and Gronwall’s inequality.
Thus, the proof complete. (]

(3.9)

We also need the following lemma (see also [0} 24] where similar estimates were
established).

Lemma 3.2. Assume that F' € LL(C~")NL%(L?) and up € L?. Let u be a solution
of the Navier-Stokes equations

du+u-Vu+Vr=Au+ F,
V-u=0, (3.10)
t=0: u=up(z).
Then it holds that
lullzs cny < C(Sl;p [Akuo| L2 (1 — exp{—c2**T}) + (|luo|| >

(3.11)
FIF IVl w2 IR,
Proof. Applying Ay to (3.10), we obtain
t
Apu = e Agug + / AUIAP(V - (u®w) + F)(7)dr, (3.12)
0

where operator P satisfies
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It follows from (2.3) and (2.4)) that

([ Aru(t)|| L
t
SC(@fGQZktHAkUQHLW+\/O 675221«(1577')”Akv.(u@u)(T)||LoodT) (313)
t
+C/ e~ D AGF(7) | e
0
This implies that
lullzy (ony
g k,—c22k
< Csup/ 2Fe ™| Agug || Lo dt
E Jo
T o
—|—Csup/ /22k6_02 )| Apu @ u(T)|| o drdt
k 0 0
(3.14)

T t
+Csup/ / k=2 (=) | A F(7)|| Lo drdt
k 0 0

< C'sup || Agug|p2(1 — e~
k

T T
—|—Csup/ ||Ak(U®U)(T)||LoodT+Sup/ 27F | AR F(7) || poe dr.
k Jo k Jo
It follows from Bony decomposition that
[[Ak(u @ w)(7)|| Lo
= D lAAnu@ )=+ Y 1AK(ARu @ Apu)(7)|| e

[m—n|<1 m—n>2
+ > 1AK(ARu ® Apu)(7)|| e
n—m>2

By (2.1) and @, a straight computation gives

/0 S Ak Anu ® Agu)(r)| edr

Im—n|<1
<c/ S 2 Ak(Amu ® Au)(7)|p2dr
Im—n|<1

m4n

<C 2k="3
0 |m— n\<1m>k: 3

X (127 Anu(r) )5 dr

m+n m m
<C/ Do 2 Amu() 2 Anu(m) | 12" Amu(r) | 12

[m—n|<1,m>k-3
X (|27 Apu(r)|| Vo2 dr

1/2 1/2
< Cllull 3 oy I Vel o ll £ -

127 A ()| P2 N1 A u () 157 [ A () | 12
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Similarly, we obtain

/ S 1Ak u® A (D)lze + D A ® Agu)(7)l|1x ) dr

m—n>2 n—m2>2

/ S Anu() = Anu(r) | edr
m—n>2,|m—k|<2

m

=c > 127 A7) | 21127 A7) | 227 % [ Apu(r)| 2 dr

m—n>2,|m—k|<2

1/2
< Cllull 2 (1) IV ull 2 2oyl

LL(cyy
Using the above two estimates, from and Young inequality, we obtain

g 02y < Cloup [ Aguo12(1 - exp{—cﬂT}) + lull e ) 19l 1

T (3.15)
—i—SI;p/ 2 F| AR F(7) | poedT).
0
Combining (3.15)) and the basic energy estimate
ol 22y + V025 1) < ClluolZa + IFIEs (1) (3.16)
gives (3.11)). Thus, the proof is complete. a

Proof of Theorem- Set F' = u - Vu + fes. It follows from ) and (3.2) that
F e LL(C~Y) N L2(L?). Applying Ay to both sides of (3:10) and using standard
energy estimate, (2.2) and Young inequality, we have
1d 4
2dt

< QQQk\\Awllia +C([Akull L2 + |ARFIIL: + [[Ar(u @ u)|Z2).

|ArullZ> + 22| Agull7

Integrating the above inequality with respect to ¢ and summing over k, we obtain

t
S 8wl + 3 [ 24 IAwu(r) adr
k k

(3.17)
< Ollluoll3e + 113 o) + lull3p a2 (1).
where we used the interpolation inequality (see Lemma
lullze < Cllull 2’ Vull 2.
It follows from and - that
t
vl e+ Y [ 2418kl adr
; a2, (3.18)

< C(JluolZ2 + HF”iZT(LZ))(l + [luoll7 + HF”i%(LQ))'
Using (3.18)), for any ¢y € [0,T"), we can choose ko > 0 such that

A
kS;lpO [ kuHL (L2 y < 40
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By (3.16)), we can choose t; € [tg, T] such that

sup_sup Agu(t)] (1 — exp{—c2?(T - 1)})
11 <t<T k<ko

< sup 2e2%F(T — 1) ||u(t)]| 2
t, <t<T

€
< C2%%(Jlug]| > + [Fl[2.2y)(T —t1) < WTek
Consequently,
sup sup ||Apu(t)]| 12 (1 — exp{—c2?*(T — t)}) < = (3.19)
t<t<T k 2C
On the other hand, we can choose t2 € [t1,T') such that
2
(tfj?fT lu®)llee +1F s, o) IVuls | 1o
T
+ sup/ 27F|| ALF ()| = dr) (3-20)
k. Jt
- 2
< —.
- 20
It follows from (3.11) that
Julizy, o) < C(sup |Awu(t2) |2 (1 ~ expl~2H(T ~ t2)})
+ (lJult2)lr2 + HF”L[%LQ,T](LZ))HVUH%@Z,T](LQ) (3.21)
T
—|—sup/ 2_k||AkF(T)||LoodT).
ko Jt
Combining (3.19)-(3.21) gives
||u||i[1t2’T](C1) s e (3.22)
Using (3.22) and (1.3), we can choose t* € [ta,T') such that
HU”i[lt*,T]((,*l) <6 \|9||L[1t*‘T](Bng) <e. (3.23)

For 0 <t < T, define

M(t) = sup [[u(7)ll¢ita, N(E)= sup [|0(7)|za-
o<r<t o<r<t

In what follows, we estimate M (¢) and N(t) for 0 < ¢ < T. Applying Ay to the
first and second equation in (|1.2)), we obtain

O:Aru — AAgu + VAT = -V - Ak(u (39 u) + Ak(0€2)7

1< . . (3.24)
Ol + - VA = A5 D7 (O +0u')?) + [u- V. Ao |
ij=1
Firstly, we make estimate [[u(t)||s14o. It follows from the first equation in (3.24)

and (2.4]) that
t
1ARu(t)| e < Ce= 2"t Agu(0)]| = + C / e~ |V Ay (u @ ) (7)|| = dr
0

¢
+C’/ o2 ’“(t—r)||Ak(9€2)(7)HL°"dT'
0



10 Y.-Z. WANG, Z. WEI EJDE-2012/72

By the above inequality, (2.1]), (2.2]) and Holder inequality, we obtain
t
—c2%k (t—1
[u@)[|gr+a < Cllu(0)]|¢n+a +C/O 23k/2gme2 (! )IIU®U(T)||C%+adT
t
+C / 2ke= 2" (=7 |0(7) || fa dT (3.25)
0
t
CIu0)] v+ N0 +CC [ u@ )y,
By (2.8), we obtain

ull 2 < Cllull 22 [Vull )5 (3.26)

Using this inequality and the fact ||u @ u|| .1,, < Cllul/pa||u|lzisa, we obtain

Cz+a >
[u(®)llgnsa

< O(u(0)]| 1w + N () +C / a2 [Tl b adr (597,
C(l[u(O)¢r e + N (@) +C / ()13 19 3 () o

for any fixed £: 0 < ¢ < T and t < < T. Here we have used the fact that N(t) is
nondecreasing. Consequently, Gronwall’s inequality gives

M@)* = sup [lu(t)gara
0<t<t

< C([[u(0)|¢rea + 1\’(15))46Xp{0/0 ()22 Vu(r)lIZ: lldr}

Since t € [0,7) is arbitrary, by (3.2), we obtain
M(t) < C([[u(0)]|¢gnsa + N(t), Vt€]0,T). (3.28)

We next continue to estimate N (t). It follows from the second equation in ((3.24)
that

t 2
1Ak Lo < CllARO(0)]| Lo + C/ D 1A + 0ju’)?(r) | pdr
0 =1 (3.29)

¢
+c/ -V, ALJO()|| = dr.
0
Using (2.1, (2.2), (3.29) and Hoélder inequality, we have
t
10@) e < CNOO) ][ + C/O V(7)o [[u(T) ][ gn+adr

, (3.30)
+C/ 2k“||[u-V7Ak]9(T)HLoodT.
0



EJDE-2012/72 BLOW-UP CRITERION 11

It follows from Bony decomposition that

0= > [Apu-V.AJA0+ D [Apu-V,ApA0

|k’ —r|<1 k! <r—2

+ ) (A VA ApE

e (3.31)
= Y [Apu-VAJAG+ D [Sequ- V,ALAL0
|k —r|<1 |r—k|<2
+ Y [Avu-V,ALS, 6.
|r—k|<2
Note that
[Srru, Akl f = [ B(y)[S,—1u(@) — Spru(z —27Fy)] f(z — 27 y)dy,
R2
we obtain
I[Sr— 1, Ag]fllLe < C27 ¥V, _qu| o]l fl| oo
Hence
t
> /Qkall[srflu-VvAk]Aré’(T)HLoch
Ir—k|<270
t
<c Y / MO |75,y o [V AL oo (7)dr
Ir—kl<27? (3.32)
t
<c Y / VS0 1l e 27| A0 oo (7)
Ir—k|<2 70
t
<C [ 1um =100
Note that
[Avu, Alf = | h(y)[Aru(z) — Apu(z —27Fy)] f(z — 27 y)dy.
]RQ
Then, we have
I[Aru, Akl fI| < C27FI VAl pos || £ o< -
It follows from the above inequality and , that
t
> /Qka||[ATu~V,Ak]sr_ltg(T)HLoc
Ir—k|<2 70
t
<O Y [ RO T A VS, bl ()i (339
r—k|<2 70

<c / 10 e () e (7).
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By a straightforward computation, we obtain
3 /0 2k (At - 7, AL AL | dr
ferist (3.34)
< C [ 10l ) et
Collecting — gives

t
16l < ClOO)l ¢ + C/O IVu(r) ||z [Ju(T)l ¢sadr

+C [V 10 e+ 10 il s dr o

< Cl00) ¢ + C/O (IVu(m)llzes + 10| 2o ) ([[u(T) e
F10(T)ll g )T
From and , we obtain
N(E) < IO +C [ (ITu() o +10) =)0 s + N (). (3.36)

With the help of Lemma [2.3]and (3:23), we obtain
¢
¢ [ (u(r)ao + 101 )ar

< 0/0 (V)= + 6(r) |z~ )dr

+C [ (L flu(m)lzz + 10(T)] 2)dr

" (3.37)
+C [ 16y _ e+ 1007} i
Ty ’

t t
+cs1;p/ |V Agu(r)|| L dr In (e+/ ||u(7')||01+0d7'>
ty 0

< O, + Celn(e+ N(t)) + Celnle + Ct(||[u(0) | gn+a + N(2))]
< Gy + Celnle + [[u(0) [ gra + N(2)),

where C, is a positive constant depending on the solution (u, ) on [0, t,]. It follows

from — that
t
N(t) < Ce(1+ [[u(0)[ grsa + 10(0)][ga) + C/O ([IVu(r)l|Lee + [|6(7)[| Lo )N ()dT,

provided that e > 0 is suitably small. By Gronwall’s inequality and (3.37), we
obtain

e+ [[u(0)llgrea + N(?)

< Cule+ [u0)llerra + ||9(0)Hca)exp{0/o (IVu(T)llze +[16()]| L )dr}
< Cule+ [u0)llenra + 10(0) [l ) exp{Cys + CeTn(e + [u(0) [ gara + N(2))}
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< Cule+ [[u(0)[|grra + 100)]|¢a) (e + [[u(0)l|gara + N(#)°°.
Choosing € > 0 suitably small, the above inequality and (3.28]) yields
M(t) + N(t) < Cu(1+ [[w(0)[[¢rva + 10(0) ]| e )*.
The proof is complete. O
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