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DECAY RESULTS FOR VISCOELASTIC DIFFUSION
EQUATIONS IN ABSENCE OF INSTANTANEOUS ELASTICITY

MOHAMMAD KAFINI

ABSTRACT. We study the diffusion equation in the absence of instantaneous
elasticity

t
up — / g(t —T)Au(r)dr =0, (z,t) € Q x (0,400),
0

where Q C R", subjected to nonlinear boundary conditions. We prove that if
the relaxation function g decays exponentially, then the solutions is exponential
stable.

1. INTRODUCTION

A diffusion equation in the absence of instantaneous elasticity has the form
t
Uy —/ gt —1)Au(r)dr =0, (z,t) € Qx (0,400). (1.1)
0

When the fluid is enclosed in a region {2 C R” the above equation is supplemented by
conditions at €2, the boundary of Q2. For instance, one can consider the nonlinear
boundary condition:

dyu+ flu) =0, 09 x (0,+00). (1.2)

Let us assume that
u(z,0) =uo(z), =€l (1.3)
Denoting

(9% 9)(t) = / o(t — 5)p(s) ds

and differentiating equation (1.1]), with respect to ¢, we arrive at the Volterra equa-
tion

1 1
——uy = Au+ —— (¢’ * Au). 1.4
Considering the Volterra inverse operator we obtain
usr — g(0)Au + k * ugye = 0, (1.5)
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where the resolvent kernel satisfies

1 1
k4+ —¢ xk=——=7.
9(0) 9(0)

Thus (|1.5) becomes

Reciprocally, supposing in a natural way that u:(0) = 0, the identity (1.6) implies
(1.1). Since we are interested in relaxation functions of exponential type and (1.6)
involves the resolvent kernel k, we want to know if k£ has the same properties. The
following lemma answers this question. Let h be a relaxation function and k its

resolvent kernel; that is,
k(t) — k= h(t) = h(t). (1.7)

Lemma 1.1 ([5 [7 B]). If h is a positive continuous function, then k is also a
positive continuous function. Moreover, if there exist positive comstants cog < 7,
such that
h(t) < coe™ ",
then the function k satisfies
k(t) < 60(7_6) efet
YT—€—0Co

b

forall0 < e <y —cy.
Proof. Note that k(0) = h(0) > 0. Now, we take
to = inf{t € RT : k(t) = 0},

so k(t) > 0 for all t € [0,t9]. If to € RT, from equation (1.7) we obtain that
—k x h(to) = h(to) but this is contradictory. Therefore, k(t) > 0 for all ¢ € R*.
Now, let us fix €, such that 0 < € < v — ¢¢ and denote

ke(t) := ek(t), he(t) = e“h(t).
Multiplying equation (1.7)) by e we obtain
ke(t) = he(t) + ke * he(t),

hence
(oo}
sup ke(s) < suphe(s)+ {/ coe(e_”sds} sup kc(s)
s€[0,t] 0 s€[0,t]
Co
<co+ sup kc(s).
(’7 - 6) s€0,t]
Therefore,
k-€(t) < m’
Y—€—Co
which is the desired result. [l

Thanks to Lemma we can use equation instead of .

Usually when g is such that Re(g) > 0 (g is the Fourier transform of g), we can,
by the Laplace transformation, reduce equation to an elliptic problem. By
the variational method, we can resolve such an equation (see Raynal [§]). In what
follows we shall adopt a different procedure in order to establish the well-posedness

of problem (|1.1)).
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So, from the above comments, we can consider equation (1.6]), instead of equation
(1.1), supplemented by the initial data (1.3]), the compatibility condition u(0) = 0,
and the boundary conditions

Opu~+ Bus + |ulfu =0, onl'y x (0,00)

1.8
w="0, T x (0,+00), (1.8)

assuming that k € W21(0,+00), 3>0and 0 < p < 2/(n—2)if n >3 or p > 0 if
n=1,2.

We shall assume that € is a bounded domain of R™, n > 1, with a smooth
boundary I' = I'g UT';. Here, I'y # 0; I’y and I'; are closed and disjoint and v
represents the unit outward normal to T'.

The variational formulation associated with problem ([1.6]) is

(ute(t), v)e — 9(0)(Au(t), v)o
+ k(0)(ur(t), v)a + /0 Kt —7)(u'(7),v)adr + g(0)(f(u), v)r, =0,

for all v € HE () :={u e H'(Q);u=0on T}

We can easily obtain the existence and uniqueness of global regular solutions
making use, for instance, of the Faedo-Galerkin method.

Evidently the additional term given by Bu; plays an essential role by allowing us
to control the nonlinear term on the boundary. This is strongly necessary because of
Lopatinski condition is lost. Thus, it is clear and it has been recognized a long time
ago, that well-posedness theory with semilinear boundary nonlinearity and finite
energy solutions must rely on and take advantage of the boundary dissipation. See,
for instance, Cavalcanti et al [3], Lasiecka and Tataru [4] and references therein.

However, from the physical point of view to have two dissipations, namely, k(0)u;
(internal) and Su; (on the boundary) is too much to establish the exponential
decay. So, by considering the techniques employed in Lasiecka and Tataru [4] or
in Cavalcanti, Cavalcanti, and Soriano [3], it is possible to obtain the existence of
weak solutions to (|1.6) subject to the boundary conditions

Oyu~+ |ulfu=0, onT; x (0,00). (1.9)

Unfortunately, because of the nonlinear boundary condition (1.9)), the uniqueness
is lost.
Indeed, let A be the operator whose domain is defined by

D(A) = {(u,v) € Hy, () x Hy,(Q);u — Ngi(0v) + fi(vou)] € D(=A)}
and the operator by

A(2) = (st Nton + 1w
v A(u—Ngi(v0v) + fi(vou)]) )
We are assuming that

q1(s) = Bs, f1 is a Lipschitz continuous function on R, (1.10)

and

D(-A) = {v € H} (Q); Av € L*(Q)}

= {v € H%JQ)QH%Q);% =0on Fl},
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and N : H*(T';) — HIS{:?’/Q(Q), s € R, is the Neumann map defined by

—Ag=0 inQ
Np=qe aq:() on I'y
a—Z:p on I'y

We observe that
(u,v) € [Hr, ()],
(u,0) € D(A) & ¢ u—Nlgi(yv) + filyou)] € Hp, (), (1.11)
Alu = Ngi(vov) + fi(vou)]) € L*(9).
By the nonlinear semigroup theory [4, Theorem 2.1], the operator A is w-accretive

on the space E := H}, () x L*(2), for some w suitably large. Moreover, A +wI is
maximal monotone and

D(A) is dense in H} () x L*(Q). (1.12)

0Let us assume that {u®,u'} € H} () x L*(Q) and consider, in view of (1.12),
{u)),u},} C D(A) such that

ug —u” in Hf () and ui —ulin L3(Q) as p — 4o0. (1.13)

Thus, {u),,u),} satisfies, for all 4 € N the compatibility conditions

o 1
M 1 0y _
a2 G + fru(u,) =0,
where (3 is chosen equal to 1/p and fi ,(s) is the sequance of Lipschitz continuous
(truncated) functions defined by

|s|Ps, || < p
fru(s) = q lulfp,  s>p (1.14)
| = plP(=p), s<—p

Initially, we consider regular solutions to the auxiliary problem

t
up, — aAu”™ + k(0)uy + / K'(t — s)uy(z,s)ds =0 in Q x (0,+00)
0

u(z,t) =0, zeTly (1.15)
ou™ 1 '
o + Eu? + fin(u") =0 onTy x (0,+00)

u™(z,0) = ui(x), uf(z,0)=ui(z), xeq.

We obtain a sequence of regular solutions to problem which will converge,
as n approaches infinity, to a desired weak solution ({u’,u'} € Hp () x L*(Q2)).
The procedure described above can be followed verbatim as considered in [2] and
therefore will be omitted. It is important to be mentioned that while problem
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possesses a unique solution, the uniqueness of the limit problem, namely

¢
uge — aAu + k(0)u, —|—/ K'(t — s)us(z,8)ds =0 in Q x (0,+00)
0

= T
, u(z,t) =0, zely (1.16)
—Z +|ulfu =0 on T x (0,+00)

0
u(z,0) =up(z), wu(z,0)=ui(x), x€N.

is lost because of the nonlinear boundary term |u|?u. Of course for Dirichlet or
Neumann homogeneous boundary conditions the uniqueness is recovered.

The main task of this work, is to prove the exponential stability of problem
. Namely, we would like to have

E,(t) < CE,(0)e ¥", (1.17)

where E,(t) is the energy associated with and the constants C' and w do
not depend on n. So, using denseness arguments as considered in [2 ], we can
pass to the limit in to obtain the desired exponential decay rate for those
weak solutions that are limit of regular solutions of problem . Evidently the
procedure is valid for any weak solution if u =0 or 9,u =0 on I'.

2. PRELIMINARIES
In this section we present some material needed in the proof of our result. We
will us the following assumptions:
(G1) K, K" :]0,00) — R with k£(0) > 0.
(G2) kK" :]0,00) — R~ with k¥”(0) < 0.
(G3) There exist two positive constants ¢; and (5 such that
k// g _Clk/ a’:[1(1 kl// Z _<2k//.

An example of function k satisfying (G1)-(G3) is k(t) = a — e, where a > 1,
b>0.

Lemma 2.1 (Poincaré). There exists a positive constant 3(Q2) such that
ul3 < BIVul3, Vue Hp ().
Our main task is concerned with the asymptotic behavior of solutions to the
problem
t
g — aAu + k(0)uy —I—/ E'(t — s)ug(z,s)ds =0, xeQ, t>0,
0

u(z,t) =0, x €Ty,
0} 1
T+ bluffu=0 onTy,
v n
u(z,0) = uo(x), u(z,0)=wui(z), z€N.

where 2 is a bounded domain in R with a smooth boundary 02 =Ty UTI'1, @ > 0
and k(t) € C3(R*) satisfying (G1)—(G3). Once exponential stability for (2.1)) is
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established, then the same technique is used for viscoelastic diffusion problem

t
Ut—/ gt —=7)Au(r)dr =0, 2€Q,t>0,
0

u(z,t) =0, x €Ty,

0
A, bluffu=0 onTy,
v

u(z,0) = up(x), w(x,0)=0, =z€,

(2.2)

obtained by denseness arguments, having in mind the comments established in
section 1. Of course this is not true for all weak solutions of unless we have
u=0or d,u=0o0nT.

After integrating by parts the last term in , we obtain

uge — aAu + k(0)ug + k' (0)u(t) — K (t)uo

t
+/ K'(t — s)u(z,s)ds =0, z€Q,t>0,
0
u(z,t) =0, x €T, (2.3)
ou 1
gu L+ bufu=0 onTy,
o n
u(z,0) = uo(z), w(z,0)=ui(x), z€.

The modified energy functional associated with (2.3)) is

E(t):%/Qufd:ch%/QWuFda:Jr%k’(t)/g(u(:z:,t)—uo(x)fd:c

1//t ” 2 ab / 2
- = k't —s) (u(z,s) —u(x,t)” dsde + —— ulPT2dz.
5 [ =) tules) — ) =5 [

3. DECAY OF SOLUTIONS

In this section we state and prove our main result. For this purpose, we set

F(t)=E(t) +ep(t), t>0, (3.1)
where ¢ is a positive constant and
k(0
o(t) = / wudr + Q/ u?dr + g/ u?dz, (3.2)
Q 2 Ja 2n Jr,

Lemma 3.1. The modified energy satisfies, along the solution of (2.3)),
1
E'(t) = —k(O)/ uidx + gk”(t)/ (u(z,t) — ug(x))? ds dx
Q Q

1 t "
- f/ / (= s) (u(z, s) — u(z,t)® dsdx — @ lug|*dx < 0.
2JalJo " Jr,

Proof. Multiplying by u; and integrating over €2, using integration by parts,
hypotheses (G1) and (G2) and some manipulations as in [2] , we obtain the result
for any regular solution. This result remains valid for any “limit weak” solution
(not for all weak solutions) by a simple denseness argument. (]
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Lemma 3.2. For e > 0 small enough, we have
F(t) = E(t)] < eAE(t), t>0,
where \ is a constant independent of € and n.

Proof. Using the Poincaré and the Cauchy-Schwarz inequalities, we obtain

g 13 e
()] < §/ wpde+ S(1+ k(O))/ N
Q nJr,

Q
14 k(0) + &
5/u%dx+€( * ()+”)ﬁ/|Vu2d:p
2 Jg 2 o

E/ uidz + e (1++(0) +a)ﬂ/ |Vu|*de < XeE(t),
2 Ja 2 0

where 3 is the Poincaré constant and

A= max f, LEROLER T

(07

IN

IN

Then from (3.1]), it follows that
|F(t) — E(t)] <eAE(t), t>0. (3.3)
(Il

Lemma 3.3. Under assumptions(G1)—(G2), the functional p(t) satisfies, along the
solution of (2.3)) and for any 6 > 0,

o) < / w2dz — (a— 68K () +1)) [ [VuPdr —ab [ |ulrt2da
S

) Q r,

1 t k' (t
_#O) // E'(t — ) (u(s) — u(t)? ds dz + ”/ (u(t) — up(x))? de.

46 Jo Jo 46 Jo
(3.4)
Proof. Differentiation of (3.2)), using (2.3)), yields
o'(t) = / uldr — a/ |Vu|?*dx — k’(O)/ ulde —ab | |u|fTdx

Q Q Q I (3.5)

LR /Q wo(@)u(t)de — /Q u(t) /0 Wt su(s) ds de.

Using Young’s, Cauchy-Schwarz’s, Poincaré’s and H 06lder’s inequalities, the last
two terms in (3.5 can be estimated as follows

K (t) /Q o ()u(t)dz
— k() /Q (uo (@) — u(t) + u(t)) u(t)de

= /Q (to(@) = u(®)) u(t)de + ¥'(2) /S u(B)de (3.6)
K (t) i , /
K /Q(U(t)*uo(x)) dz + 5k (t)/ﬂu2(t)dx+k(t)/ﬂuzdx

<tY / (ut) = uo(x))* dz + (5 +1) ’f’“)/ e

Q
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and

_ /Q u(t) /0 "Wt syu(s) dsda

__ /Q u(t) /0 K(t — 8)[(u(s) — u(®)) + u(t)] ds dx

_/Qu(t)/otk”(ts) (u(s) — u(t)) dsdx—/ﬂuQ(t) /Otk:”(ts)dsd:z:
< 5/9 ()dw+4—6 (/t K(t— ) (u(s) — u(t)) ds) da
—/u (t) k’"(t—s)dsda:

<5/ 45 // —K'(t — ) (u(s) — u(t))? dsda
+ K'(0) /Q udr — k' (t) /Q u?dx

u(s) — u()? dsdz + [5 + K(0) — K (¢)] /Q W2da.
(3.7)

Combining (3.5))-(3.7), the result in (3.4) follows. O

At this point, we state and prove our main result.

Theorem 3.4. Assume that (G1)-(G3) hold, and let (ug,u1) € H} (Q) x L*(Q).
Then, there exist two positive constants C and w, independent of n, such that the
limit weak solution of (2.3) satisfies, for all t > 0,

E(t) < CE(0)e !
Proof. Using Lemmas [3.1] and [3.3] we have
F'(t) = E'(t) + ¢ (1)

g—(k;(o)—a)/ 240 — e (o= 6B[K (1) + 1)) /|Vu|dx

k" t—s) (u(s) —u(t)® dsdx

4(5

- f// K" (t u(s) — u(t))? dsdm—gab/ lu|P T2 dx
Iy

k// k./( ) 9 o 5
+ ( et )/ (ult) — uo(x))? d — n/F (g 2.
Using (G3), (3.8), and k'(t) < k’(0), and dropping the last term, we arrive at

F(0) <= (k0) =) [ ubdo—c(a=330(0) +1) [ |VuPds

+<<22_ K0 )/Q/ K(t — ) (u(s) — u(t))? dsda (3.9)

_ K@) (2 _ 545) /Q (u(t) — up(2))2 dz — 2 [ [u|"*2da.

Iy

(3.8)
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Now, we choose § such that

P
B (K (0)+1)
Whence § is fixed, we select ¢ satisfying
. 26 1
e < mln{k‘(O), m, 2(5C17 X}'7
hence (3.9)) yields, for some ¢ > 0,
F'(t) < —cE(t), Vt>0. (3.10)

Also (3.3) leads to

(1-Ae)E(t) < F(t) < (1+Ae)E(t), Vt>0.

Consequently, for any 0 < v < 1 — Ae, we have

VE(t) < F(t) < (2—7)E(t), Vt>0. (3.11)

Inserting (3.11)) in (3.10]), we obtain

where w =

va(t) = —wF(t), Vt>0,

F'(t) < —3

c
2—v°

A direct integration yields
F(t) < F(0)e " Vt>0.

Using (3.11)) again gives

1 1 2—
B#) < SF(t) < SF(0)e™" < T’YE(O)e’“t = CE(0)e™!, Vt>0.

This completes the proof. (I

Acknowledgments. The author wants to express his sincere thanks to King Fahd
University of Petroleum and Minerals for its support.

REFERENCES

[1] J. T. Beale; Spectral properties of an acoustic boundary condition, Indiana Univ. Math. J.

25(1976), 895-917.

[2] M. M. Cavalcanti, V. N. Domingos Cavalcanti, I. Lasiecka; Well-posedness and optimal decay

rates for the wave equation with nonlinear boundary damping-source interaction. J. Differ-
ential Equations 236 no. 2 (2007), 407-459.

[3] M. M. Cavalcanti, V. N. Domingos Cavalcanti, J. A. Soriano J.A.; Global solvability and

asymptotic stability for the wave equation with nonlinear feedback and source term on the
boundary, Adv. Math. Sci. Appl. 16 no. 2 (2006), 661-696.

] 1. Lasiecka, D. Tataru; Uniform Boundary Stabilization of Semilinear Wave Equations with

Nonlinear Boundary Damping, Differential and Integral Equations 6 no. 3 (1993), 507-533.

| Jaime E. Munoz Rivera, Doherty Andrade; Ezponential decay of non-linear wave equation

with a viscoelastic boundary condition. Math. Methods Appl. Sci. 23 (2000), no. 1, 41-61.

| Priiss; Evolutionary Integral Equations and Applications, Birkhaiiser Verlag, Basel, 1993.
] R. Racke; Lectures on nonlinear evolution equations. Initial value problems. Aspect of Math-

ematics E19. Friedr. Vieweg & Sohn, Braunschweig/Wiesbaden (1992).

] Raynal M. L.; Sur un probléme de diffusion non linéaire, C.R. Acad. Sci., Paris, Sér. A 280

(1975), 785-787.

MOHAMMAD KAFINI

DEPARTMENT OF MATHEMATICS AND STATISTICS, KFUPM, DHAHRAN 31261, SAUDI ARABIA

E-mail address: mkafini@kfupm.edu.sa



	1. Introduction
	2. Preliminaries
	3. Decay of solutions
	Acknowledgments

	References

