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INITIAL-VALUE PROBLEMS FOR FIRST-ORDER
DIFFERENTIAL SYSTEMS WITH GENERAL NONLOCAL
CONDITIONS

OCTAVIA NICA

ABSTRACT. This article concerns the existence of solutions to initial-value
problems for nonlinear first-order differential systems with nonlocal conditions
of functional type. The fixed point principles by Perov, Schauder and Leray-
Schauder are applied to a nonlinear integral operator split into two operators,
one of Fredholm type and the other of Volterra type. The novelty in this arti-
cle is combining this approach with the technique that uses convergent to zero
matrices and vector norms.

1. INTRODUCTION

In this article, we study the nonlocal initial-value problem for the first-order
differential system

.%‘/(t) = fl(t,l‘(t)7y(t))
y'(t) = fat,z(t),y(t)) a.e. on [0,1] (1.1)
z(0) = afz], y(0) =Byl

Here, fi, f2 : [0,1] x R? — R are Carathéodory functions, o, 8 : C[0,1] — R are
linear and continuous functionals.

Nonlocal problems have been extensively discussed in the literature by differ-
ent methods; see Boucherif [2], Boucherif-Precup [3], Byszewski [5], Byszewski-
Lakshmikantham [6], Nica-Precup [9], Ntouyas-Tsamatos [I1], Precup [13], Webb-
Lan [16], Webb [I7], Webb-Infante [I8| 19} 20] and references therein.

In the recent paper, [10], Problem was studied using as main tools the
fixed point principles by Perov, Schauder and Leray-Schauder, together with the
technique that uses convergent to zero matrices and vector norms. Note that the m-
point boundary condition (0) 4+ >_}"; axz(tx) = 0 is a particular case of condition
z(0) = afz] when

alz] = —Zakx(tk). (1.2)
k=1
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In [3], the authors studied the nonlocal initial-value problem for first-order differ-
ential equations

2'(t) = f(t,z(t)) (a.e. on [0,1])

2(0) + Y ara(ty) =0,
k=1

assuming that f : [0,1] x R? — R is a Carathéodory function, t; are given points
with 0 <t; <ty <---<t,, <1land ag, a, are real numbers with 1+EZL:1 ar # 0
and 1+ >°/", @x # 0. The main idea there was to rewrite the problem as a fixed
point problem, involving a sum of two operators, one of Fredholm type whose
values depend only on the restrictions of functions to [0,¢,,], and the other one, a
Volterra type operator depending on the restrictions to [t,,,1]. The same strategy
was adapted in [9] for the first-order differential system

2(t) = f(t,x(t),y(1))
y'(t) = g(t, x(t),y(t)) (ae. on [0,1])

m

z(0) + Zakm(tk) =0, y(0)+ zm:ﬁky(tk) =0.
k=1 k=1

In this article, the nonlocal conditions are expressed by means of linear contin-
uous functionals on C[0,1], as in the works by Webb-Lan [16], Webb [17], Webb-
Infante [18], [19], [20]. Our main assumption on functionals «, 8 extends to the
general case the specific property of the particular functional of depending
only on the points from a proper subinterval [0, o] of [0, 1], namely [0, t,,] (taking
to := t,,). More exactly, we require the following property:

2j0,to) = Yl[0,t,] implies a[r —y] = 0, whenever z,y € C0,1]. (1.3)

Therefore, (1.3]) reads that the value of functional & on any function x only depends
on the restriction of z to the fixed subinterval [0, ty]. The key property of functional

« satisfying (1.3)) is that
afu] < el - |ul o, » (1.4)

for every u € C[0,1]. Normally, for a given functional
a:C0,1] — R,
we have
lalgll < lledl - 19lepo,-
However, if « satisfies condition , then
lafgl] < el - [glco,to)-
Indeed, for each g € C[0, 1], if we let g € C[0, 1] be defined by

~ q(t), if t €0,
OB O
g(to), ift e [to, 1],
then
lalg]l = lafg]] < lledl - |glero,) = llall - [glco,t)-
The goal of this work is to revisite system (|1.1) under the assumption that both
functionals a and (8 satisfy ([1.3)), using the strategy from [9].
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Problem (1.1)) is equivalent to the following integral system in C10, 1]%:

where

- / fi(5,2(5),y(s))ds,  ga(t) = / fols, 2(s), u(s))ds.
0 0

This can be viewed as a fixed point problem in C[0, 1]2 for the completely continuous
operator T : C[0,1]> — C[0,1)%, T = (T1,T3), where T} and Ty are given by

Ty (z,y)(t) = T alg] / fi1(s,z(s),y(s))ds,

To(a,y)(1) = 1_—@@921 # [ atosats)atois,

In fact, under assumption on « and [, operators T; and T, appear as sums
of two integral operators, one of Fredholm type, whose values depend only on
the restrictions of functions to [0,¢o], and the other one, a Volterra type operator
depending on the restrictions to [tg, 1], as this was pointed out in [3]. Thus, 7T} can
be rewritten as 17 = T, + Ty, , where

%a[gﬂ#—ftfl(s,x( ), y(s))ds, if t <tg
T — 1—afl] Ot
T (@) {l_ama[gl] L Fi(s,a(s),ys))ds, i > b

0, if t < tg

T, (z,y)(t) = {ftto fi(s,2(s),y(s))ds, if t > t,.

Similarly, 75 = T, + Tv,, where

Blg2 +f fa(s,x(s),y(s))ds, ift <t
Te (.4)(t) = § T-900 0
()0 { gmﬁ 0+ [ fals,x(s),y(s))ds, it > fo;

if t < tg
j;o fa(s,x(s),y(s))ds, ift > to.

This allows us to split the growth condition on the nonlinear terms fi (¢, z,y) and
fa(t, z,y) into two parts, one for ¢ € [0,tg] and another one for ¢ € [tg, 1], in such
way that one reobtains the classical growth when ¢y = 0, that is for the local initial
condition z(0) = 0.

We conclude this introductory part by some notation, notions and basic results
that are used in the next sections. The symbol |z|c[q,s stands for the max-norm
on Cla,b],

Tv, (2, y)(t) =

|2|cla,p) = maxie(a,p [2(t)],
while [|z(|¢[q,5) denotes the Bielecki norm
Izl ctap = 2 ol

for some suitable 6 > 0.
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In the next sections, three fixed point principles will be used to prove the exis-
tence of solutions for the semilinear problem, namely the fixed point theorems by
Perov, Schauder and Leray-Schauder (see [I3]). In all three cases a key role will
be played by the so called convergent to zero matrices. A square matrix M with
nonnegative elements is said to be convergent to zero if

MF S0 ask— oo.

It is known that the property of being convergent to zero is equivalent to each of
the following three conditions (for details see [13] [14]):

(a) I — M is nonsingular and (I — M)~t =T+ M + M? + ..., where I stands
for the unit matrix of the same order as M;

(b) the eigenvalues of M are located in the interior of e the unit disc of the
complex plane;

(c) I — M is nonsingular and (I — M)~! has nonnegative elements.

The following lemma whose proof is immediate from characterization (b) of con-
vergent to zero matrices will be used in the sequel:

Lemma 1.1. If A is a square matriz that converges to zero and the elements of an
other square matriz B are small enough, then A+ B also converges to zero.

We finish this introductory section by recalling (see [II, [I3]) three fundamental
results which will be used in the next sections. Let X be a nonempty set. By a
vector-valued metric on X we mean a mapping d : X x X — R such that

(i) d(u,v) >0 for all u,v € X and if d(u,v) = 0 then u = v;
(ii) d(u,v) =d(v,u) for all u,v € X;

(i) d(u,v) < d(u,w) + d(w,v) for all u,v,w € X.

Here, for z = (x1,22,...,Zn), ¥y = (Y1,%2,---,Yn), by z < y we mean z; < y; for
i=1,2,...,n. We call the pair (X, d) a generalized metric space. For such a space
convergence and completeness are similar to those in usual metric spaces.

An operator T : X — X is said to be contractive (with respect to the vector-
valued metric d on X) if there exists a convergent to zero matrix M such that

d(T(u), T(v)) < Md(u,v) for all u,v € X.

Theorem 1.2 (Perov). Let (X,d) be a complete generalized metric space and T :
X — X a contractive operator with Lipschitz matrix M. Then T has a unique fized
point u* and for each uy € X we have

d(T* (up), u*) < M*(I — M)~ d(ug, T(ug)) for all k € N.

Theorem 1.3 (Schauder). Let X be a Banach space, D C X a nonempty closed
bounded convex set and T : D — D a completely continuous operator (i.e., T is
continuous and T(D) is relatively compact). Then T has at least one fixed point.

Theorem 1.4 (Leray-Schauder). Let (X, | - ||x) be a Banach space, R > 0 and
T : Br(0;X) — X a completely continuous operator. If |lullx < R for every
solution u of the equation uw = XT'(u) and any X € (0,1), then T has at least one
fixed point.

Throughout the paper we shall assume that the following conditions are satisfied:
(H1) 1 —«al] #0 and 1 — g[1] # 0.



EJDE-2012/74 INITIAL-VALUE PROBLEMS 5

(H2) f1,f2:[0,1] x R? — R are such that fi(.,z,y), f2(.,z,y) are measurable
for each (z,y) € R? and fi(t,.,.), f2(t,.,.) are continuous for almost all
t e [0,1].

2. NONLINEARITIES WITH THE LIPSCHITZ PROPERTY. APPLICATION OF
PEROV’S FIXED POINT THEOREM

Here we show that the existence of solutions to problem (|1.1)) follows from Perov’s
fixed point theorem when f;, fo satisfy Lipschitz conditions in = and y:

L al\x—f|+b1|y—y|, iftE[O,to]
ta ) - t7 ’ S — — . 21
it 2.9) ~ H(LFT) {@m—w%HMy—m,IHEHmH, (2.)
o Ajlz —Z|+ Bily — 7|, ift€0,to]
ta ) - t) ’ S — — . 22
|fa(t 2, y) — f2(t,7,7)] {A2$—$|+Bz|y—y|7 it e [to 1], (2.2)

for all z,y,7,7 € R.

In what follows we denote by A, := = llo ‘[l 7+ 1, Bg =T H%l[llﬂ + 1.

Theorem 2.1. If f1, fo satisfy the Lipschitz conditions , ) and the matriz

a1toAa  bitoAa
AltoBﬁ BltOBﬁ

My == [ (2.3)

converges to zero, then problem (1.1)) has a unique solution.

Proof. We shall apply Perov’s fixed point theorem in C[0,1]? endowed with the
vector norm || - || defined by

l[ull = (llll; l[yl)

for u = (z,y), where for z € C[0, 1], we let

121l = max{|z[cfo,u0), 12l cfto,11 -
We have to prove that T is contractive, more exactly that
|T(u) = T(@)[| < Mo||u— |

for all u = (x,y),u = (7,y) € C[0,1]? and some matrix My converging to zero. To
this end, let v = (z,y),u = (7,7) be any elements of C[0,1]2. For t € [0,t,], we

have
1 (2, y)(t) — Ta(Z,5) ()]

= [i—imelal + [ flss)y >m—;ﬁwﬁhlﬁ@mW@m
<lt—m _la[ ]Ila |+/ | f1(s,2(s), y(s)) — f1(s,T(s),7(s))|ds.

Thus, using (L.3),
algr — g1 < llell - lgr — Galeo,to)
and therefore by (1.4), we obtain the following evaluation:

Ll 91~ Blotoc + [ (@rla(s) =25+ bly(s) - 7))

(2.4)
= = of1]]
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Now, taking the supremum, we have

1Ty (z,y) — T1(T, )| clo,t0]
[leell

< M _ 0 g tole — = bitoly — Tlcio.co)-
S T a9~ Sileol + artole = Zlcp. + bitoly =Tl

Also

0(t) — Gt |</|flsx (5)) — fi(s,7(s), 7(s))ds
< / (ar|(s) — T(s)] + balu(s) — 5(s) ) ds

< artolz — Tlopo,10) + bitoly — Ylco,o)
which gives
l91 — F1lcio,e0) < artolr — Zlcqo,t0) + b1toly — Flejo,e0)- (2.5)
From (2.4) and (2.5), we obtain
IT1(z,y) — T1(Z, )| co,t0)
(0% _ _
< (7” ! 0|4|[1]| + 1) (artolz — Flopo,6,] + brtoly — Flepo.eo)) (2.6)
= Aaarto|r — Z|opo,t0) + Aabitoly — Flcpo,to)-
For t € [to, 1] and any 6 > 0, we have
Ty (z,y)(t) — Ta(Z,7) ()]

<l—em 1”\|a 3+ [ ilor(6)u(s) — Fal 051 505Dl

/ [F1(s,z(s),y(s)) — f1(s,T(s),y(s))|ds.
Hence, (1.4) gives
T (z,y)(t) — T1(T,7)(1)]

[l _ _
< (m + 1) (a1t0|m - x|C[0,t0] + b1t0|y - y|C’[0,t0])

+ / (5, 2(5), () — F1(5,7(5),5(s))\ds.

The last integral can be further estimated as follows:

[ (s, 2(),0()) — f1(5,7(5),5(s)Ids
< [ (azla(s) ~7(s)| + baluls) — 7(s) s

to
¢
=as [ |z(s) —Z(s)|-e
to

79(57&)) . 69(87t0)d8

t

by [ () = (s)]- ) et g
to
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b
< %ee(t—to)nx —T||ot) + 22

< 0 ee(t_tO)Hy—?HC[tOJy

Thus
T3 9)(6) ~ Ty(@. )] < Anrtole — Flego) + Aubitoly — Tlego
as _ — b - y
n ?ee(t )|z — | cjg.1) + geg(t Ny =l

Dividing by e?(*=*0) and taking the supremum when ¢ € [to, 1], we obtain

171 (2, y) — T (T, 9) | cleo,) < Aaartolr — F|opo,t0) + Aabitoly — Tlcqo,to)
az — ba _ (2-7)
+ ng - xHC[to,l] + g”y - y|\0[t0,1]~

Now and (2.7)) imply
ITy(2,9) = TL(@. 7| < (Aataty + )||$—$||+(A blto+ Sy -7l (28)

Similarly,

Agy By
T2, y) — To(7, y)|| < (BgAirto + *)Hff—xII + (BgBito + )Hy gl (2.9)
Using the vector norm we can put both inequalities (2.8] , ) under the vector
inequality
[T (u) = T(@)|| < Mpllu—ull,
where

My = [Aaa1to +9%  Aubitg+ 2 ]

BgAity + & BgBito+ 3
Clearly the matrix My can be represented as My = My + M7, where

w-[f 1]

Since My is assumed to be convergent to zero, from Lemma [I.1] we have that M
also converges to zero for large enough 6 > 0. The result follows now from Perov’s
fixed point theorem. O

(2.10)

3. NONLINEARITIES WITH GROWTH AT MOST LINEAR. APPLICATION OF
SCHAUDER’S FIXED POINT THEOREM

Here we show that the existence of solutions to problem (1.1} follows from
Schauder’s fixed point theorem when fi, fo, instead of the Lipschitz condition,
satisfy the more relaxed condition of growth at most linear:

otz y)| < § el bulyl Fen ifE € [0t (3.1)
T B a2|x|—|—b2\y|—|—02, ifte [to,l],
Aule| + B if ¢ e [0, ¢
ot )] < 4 4B CL EE B (32)
A2|I|+Bz|y|+02, ifte [to,l}

Theorem 3.1. If f1, fo satisfy (3.1)), (3.2) and matriz (2.3) converges to zero, then
(1.1) has at least one solution.
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Proof. To apply Schauder’s fixed point theorem, we look for a nonempty, bounded,
closed and convex subset B of C’[O 1)? so that T(B) C B. Let z,y be any elements
of C[0,1]. For t € [O,to] using and (L.4), we have

gll/ﬁsx ())ds|

T3 ) (0] = |

1
< I llalgl]l +/ (ar]z(s)] + bily(s)| + c1)ds (3.3)
1= ofl] 0
< Mol l91]cto,t0] + artolzlco,e0] + b1tolylcro.ee) + crto-
= [T aff] e “ “

Also
(1< [ ilo.x(5)w(o) s

géumun+mwm+qms

< arto|z|co,,) + brtolylcro,e) + cito,

which gives

lg1lcto.60) < artolz]oo,t) + bitolylero.r) + cito- (3.4)
From ({3.3)) and (3.4)), we obtain
o] ~
T; < (——+1 t byt
1T (. y)lcro,t) < (‘1 —a[1]] + 1)(axto|z|cio,t) + bitolylcoro,t,)) + 1 (3.5)
= artoAa|T|c(0,t0] + bitoAalylcro.te] + €1,
where ¢; := ¢1tgAq. For t € [tg, 1] and any 6 > 0, we have
Ty (z,y)(t)| = artoAalz|clo,e0] + brtoAalylcro,t,) + €1
t
+ [ (aala(s)| + aly)] + 2 )ds
to
< artoAalzlcpo.te) + b1toAalylcio) + 1 + (1 —to)ee
t
+ ag |z(s)] - e~ 0(s—t0) . o0(s—t0) gg
to
t
+ by [ |y(s)|-e 0t . flsto) g
to
< artoAalz|cpo,te) + bitoAalylcio,] + co
a _ b
+ e o + 5 € llepmo.n,
where ¢y := & + (1 — tg)co. Dividing by e?®~*) and taking the supremum, it
follows that
1T3(z, y)llofro,1) < artoAalzlcio o) + brtoAalylcpo,b]
a by (3.6)
+ ?269(15 to) ||9C||Ct0,1] + gea(t t0)||y||c[t(,,1] + co.

Clearly, (3.5) and (3.6) give

1T (9 < (arto Ao+ )Hx||+(b1toz4 +? )||y||+Co, (3.7)
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where ¢y = max {¢1,¢p}. Similarly,
A2 B2 ~
IT2(z, y)|l < (AstoBs + —F)llzll + (BitoBs + =)yl + Co, (3.8)
with Cp = max{61,00}7 where C = CitoBgs and Cp = Cy + (1 —t9)Cy. Now
(3.7) and (3.8) can be put together as

(e = 51+ )

where the matrix My is given by (2.10) and converges to zero for a large enough
6 > 0. Next we look for two positive numbers Ri, Ry such that if ||z|| < Ry, ||ly|| <
Ry, then || Ty (z,y)|| < Ry, [|[T2(z,y)|| < Rz. To this end it is sufficient that

b -
(a1toAq + %)Rl + (bitoAq + g)Rg +co < Ry

A B -
(AitoBs + %)Rl + (BytoBg + 72)1%2 +Cp < Ro,
Ry o Ry
D1 <
wi) &) <[]

)2 g)

Note that I — My is invertible and its inverse (I — My)~! has nonnegative elements
since My converges to zero. Thus, if B = {(x,y) € C[0,1]? : ||z|| < Ry, |ly|| < Rz},
then T'(B) C B and Schauder’s fixed point theorem can be applied. O

(3.9)

or equivalently

whence

4. MORE GENERAL NONLINEARITIES. APPLICATION OF THE LERAY-SCHAUDER
PRINCIPLE

We now consider that nonlinearlities fi, fo satisfy more general growth condi-
tions, namely:

wit,fule), it € [0,to]

it = {w<t>ﬁ1<u|e>, if £ € [fo, 1], "
wo(t, lule),  ift € [0,

Faltol = {w)@(mex if £ € [fo, 1], "

for allu = (x,y) € R2, where by |u|. we mean the Euclidean norm in R?. Here w1, wo
are Carathéodory functions on [0, tg] x R, nondecreasing in their second argument,
v € L'[tg, 1], while 31, 32 : Ry — R, are nondecreasing and 1/3;,1/82 € L} (R.).

loc

Theorem 4.1. Assume that (4.1), (4.2) hold. In addition assume that there exists
a positive number Ro such that for p = (p1, p2) € (0,00)?,

1 [ho 1 1 o 1
[ ertt ol = o and o [t plo)de = iy ol < Ro
P1 Jo A 0

« P2 B
(4.3)

/R OO ACEYAG) (T)‘iT e > /t 0 v(s)ds, (4.4)

and
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where R* = [(Aq foto wi(t, Ro)dt)* + (Bg foto WQ(t,Ro)dt)2]1/2. Then has at
least one solution.

Proof. The result will follow from the Leray-Schauder fixed point theorem once we
have proved the boundedness of the set of all solutions to equation u = AT'(u),
for A € [0,1]. Let u = (x,y) be such a solution. Then, for ¢ € [0,%¢], also using

condition (|1.3)) and (1.4), we have
[2(t)] = [ATi (2, y)(2)]

= Aaelal + [ Al ()i

el t

< |1_a[1]|gl|0[0,t0]+/0 |f1(s,2(s),y(s))|ds (45)
[l fo

< (m + 1)/0 w1 (s, |u(s)|e)ds

to
:Aa/ wr (s, [u(s)])ds.
0
Similarly,
to
0] < By [ wnls. fu(o)])ds. (4.6)
0

Let p1 = [x|cjo,t]» P2 = [¥lc(0,t0)- Then from (4.5), (4.6)), we deduce
to
o< A [l fu)l)ds
0

to
p2 < By [ nls. fu(o)])ds.
0
By (4.3)), this guarantees
|p|e < RO- (47)
Next we let ¢ € [to, 1]. Then

lz(t)] = [ATh (2, 9)(1)]

< Aa/o 0w1(37R0)ds+ |f1(s,2(s),y(s))|ds

< Ao [ ento Bo)ds + [ (51 (e
=: $1(1)
and similarly
ly(®)] < Bﬂ/o 0 wa(s, Ro)ds +/t V(8)Ba2(|u(s)le)ds =: da(t).
Denote 9(t) := (¢2(t) + ¢3(¢))'/2. Then
¢1(t) = v(t)Br(lu(t)]e)
¢y (t) = v(t)Ba(lu(t)]e)

V()81 (4 (1))

(BB (1))). (48)

<
<
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Consequently,
Wt = ¢1(t) 91 (t)wJ(;)cbz(th(t)
o1(t) Pa(t)
<5t S Be) + (0 2 - Bu(0)
<O [Br((2) + B2(¥(1))]-
It follows that . (s) .
w L0 + ) = / le)ds

Furthermore, using (4.4]) we obtain

[~ [ s [rtas< [T (49)
— < 75ds§/*ysds</ -_— 4.9

w(te) Bi(T) + Ba(T)) ~ Jy, to R Bi(T) + Ba(7)

Note that ¢ (tg) = R*. Then from (4.9) it follows that there exists Ry such that

Y(t) < Ry,
for all ¢ € [tg,1]. Then |z(t)] < Ry and |y(t)| < Ry, for all ¢ € [tg, 1], whence
2|t < Bay o Ylop, < B (4.10)
Let R = max{Ro, R;}. From (4.7), (4.10) we have |z|c(o,1) < R and |y|cjo,) < R
as desired. ]

Remark 4.2. If wy(t,7) = 70(t)Bo(7), then the first inequality in implies that
Bo(1) < e+ ¢ for all 7 € Ry and some constants ¢ and ¢; i.e., the growth of
is at most linear. However, §; may have a superlinear growth. Thus we may say
that under the assumptions of Theorem the growth of fi (¢, ) in u is at most
linear for ¢ € [0, %] and can be superlinear for ¢ € [tg,1]. The same can be said
about fo(t,u).

In particular, when o = 3 = 0, problem (1.1)) becomes the classical local initial
value problem

z' = fl(t,fE,ZJ)
y' = ftazy) (ae tel01]) (4.11)
z(0) = y(0) =0,

and our assumptions reduce to the classical conditions (see [7, [12]) and Theorem
gives the following result.

Corollary 4.3. Assume that
it )| < v(@0)Bu(lule),  [f2(t,w)] < v(8)B2(|ule)

fort € [0,1] and u € R%, where v € L'[0,1], while 81,52 : Ry — R, are nonde-
creasing and 1/31,1/B2 € L}, .(Ry). In addition assume that

0o dr /1
————— > [ ~(s)ds.
/o Pi(7) + B2(7) ~ Jo )
Then problem (4.11)) has at least one solution.

A result similar to the above corollary was given in [10].

Remark 4.4. Since the trivial solution satisfies the boundary conditions, the solu-
tion given by Theorem [{.1] might be zero.
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5. NUMERICAL EXAMPLES

In this section, we give some numerical examples to illustrate the existence results
from Sections 2 and 3.

Example 5.1. Consider the initial value problem

' Ly _
2'(t) =014 1T+ sin(2x(¢)) =: f(z,y)
2
y'(t) =01+ gl—lf’l—y;?(t) cos(2x(t)) =: g(z,y) (5.1)

w0 = [ 7 e, (0) = / ey,

for t € [0, 40].
We have that

1/2
MM=A u@%zﬁaszzémwzé

Consequently, to = 1/2, A, =2 = Bg and

(a1 by
%‘Qla)

However,
1
qp (& L 2IEn), BV3 _
£,neER ox 2 £,nER 8y 32
) 4 a ) \/g
\gf;n)léf—fh, |g(€17)|§7:B1
ener Oz 3 enek Oy 4
and then
1 3v3
My = i \3/25
R

has the eigenvalues A1 = 0, Ay = 0.9330---. From Theorem problem (j5.1) has

a unique solution, see Figure

The exact solution is approximated by the Matlab package Chebpack [15] and
verified by the ode45 solver of Matlab (i.e. ode45 is applied to with the initial
conditions z(0), y(0) given by Chebpack).

Example 5.2. Consider the initial value problem
r_ Yy —
' =—-0.9x — 1.82_‘_7332 +90 := f(z,y)

zy
24 22

y =—02y—1.8 + 750 := g(z,y) (5.2)

1/2 1/2
£(0) = / w(s)ds, (0) = / y(s)ds,

for t € [0, 1].
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257
x(t)
2.0 1
151
//
t
Lol y(t)
0.5+
t
0.0 ; ; ; ; ; ;
10 20 30 40

FIGURE 1. The Chebpack z,y solutions of the problem (5.1)). The
numerical errors for the nonlocal boundary conditions are bcl and
bc2

We consider

_ (a1 by
MO_(Al Bl).

‘We have
T V2
ls—=!<
24z 4
so that the matrix
0.9 0.6364
Mo = < 0 0.8364>

has the eigenvalues Ay = 0.9, Ao = 0.8364. From Theorem problem (5.2) has
at least one solution. Let us denote

1/2 1/2
bel(zo, yo) = o —/ x(s)ds, be2(xo,y0) = yo — / y(s)ds
0 0

where x(s) and y(s) are obtained by integrating the differential system with
initial conditions z(0) = x, y(0) = yo. In Figure [2] approximated zg, yo, shows
the numerical contour lines of bel(xg,yo) = 0 (solid line) and of be2(zg,yo) = 0
(dashed line). Their intersections give the initial conditions for which the solutions
z(s), y(s) approximate the nonlocal conditions from (5.2). We have in that region
three intersection points 1,2, 3 corresponding to three different solutions, which are
improved by fsolve from Matlab to

initl = [11.7467173136538 167.2358959061741];
init2 = [3.6799740768135 156.9860214200612];
init3 = [0.1962071293693 152.5406128950519].
Taking these values as initial conditions for a Matlab solver for differential systems,

we obtain the corresponding three numerical solutions of (5.2) represented in Figure
with an accuracy about 107 in nonlocal conditions.
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170
40 1
160 ¢ 71 ()
201
150 +
0 0.5 1.0
10
0.5t
51
z3(t)
0 — 0 +
0.5 1.0 0.5 1.0

FIGURE 2. Contour lines of bcl(xg,yo) = 0 and of be2(xq,yo) = 0.
The solutions of problem (5.2)) in example
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