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LOCAL AND GLOBAL EXISTENCE FOR THE LAGRANGIAN
AVERAGED NAVIER-STOKES EQUATIONS IN BESOV SPACES

NATHAN PENNINGTON

ABSTRACT. Through the use of a non-standard Leibntiz rule estimate, we
prove the existence of unique short time solutions to the incompressible, iso-
tropic Lagrangian Averaged Navier-Stokes equation with initial data in the
Besov space B;’Q(R"), r >0, for p > n and n > 3. When p = 2, we obtain

;,{1271 (R™), again

with n > 3, which recovers the optimal regularity available by these methods
for the Navier-Stokes equation. Also, when p = 2 and n = 3, the local solution
can be extended to a global solution for all 1 < ¢ < co. For p = 2 and
n = 4, the local solution can be extended to a global solution for 2 < ¢ < co.
Since B3 ,(R™) can be identified with the Sobolev space H*(R™), this improves

previous Sobolev space results, which only held for initial data in H3/4 (R3).

unique local solutions with initial data in the Besov space B

1. INTRODUCTION

The Lagrangian Averaged Navier-Stokes (LANS) equation is a recently derived
approximation to the Navier-Stokes equation. The equation is obtained via an
averaging process applied at the Lagrangian level, resulting in a modified energy
functional. The geodesics of this energy functional satisfy the Lagrangian Averaged
Euler (LAE) equation, and the LANS equation is derived from the LAE equation
in an analogous fashion to the derivation of the Navier-Stokes equation from the
Euler equation. For an exhaustive treatment of this process, see [12], [13], [6] and
[B]. In [9] and [2], the authors discuss the numerical improvements that use of
the LANS equation provides over more common approximation techniques of the
Navier-Stokes equation.

On a region without boundary, the isotropic, incompressible form of the LANS
equation is given by

ou+ (u-Vu+ divrou = —(1 — a?A) " 'Vp + vAu

u=u(t,z), divu=0, u(0,z)=u(z),

(1.1)

with the terms defined as follows. First, u : I x R® — R™ for some time strip
I =[0,T) denotes the velocity of the fluid, « > 0 is a constant, p : [ x R® — R"
denotes the fluid pressure, v > 0 is a constant due to the viscosity of the fluid, and
ug : R™ — R"™, with divug = 0. Next, the differential operators V, A, and div are
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2 N. PENNINGTON EJDE-2012/89

spatial differential operators with their standard definitions. The term (v-V)w, also
denoted V,w, is the vector field with j** component Z?zl v;0;w;. The Reynolds
stress 7 is given by

= 0?(1 ) [Def() - Rot(w)

where Rot(u) = (Vu — Vu®l)/2 and Def(u) = (Vu + Vul)/2. We remark that
setting o = 0 in equation recovers the Navier-Stokes equation.

There is a wide variety of local existence results for the LANS equation in various
settings, including [12] [6l [7, [11]. In [7], Marsden and Shkoller proved the existence
of global solutions to the LANS equation with initial data in the Sobolev space
H*2(R3). In [11], this result was improved, achieving global existence for data in
the space H3/%2(R3) and local existence for initial data in the space H™/?P:P(R™).

The most significant obstacle to lowering the initial data regularity necessary to
obtain these results is the nonlinear terms. These terms are typically controlled by
the Leibnitz rule type estimate (see [3] for the original reference or Proposition 1.1
in[16]):

Ifgllaer < 1 fllaswllgllioes + ([ fllLallgll e, (1.2)

where 1/p =1/p1 +1/p2 = 1/¢1 + 1/q2, s > 0, and || - || g=» denotes the Sobolev
space norm. In this article, we obtain better regularity results by changing to the
Besov space Bj, ,(R") setting, where we have access to the following, non-standard
Leibnitz rule type result:

1f9llsy , < fllsz N9l sz (1.3)

P1,4q p2.a’

provided s; < n/p1, sa < n/pa, s1+s2 >0, 1/p < 1/p1 + 1/pa, and s = s1 +
s2 —n(1/p1 + 1/p2 — 1/p). This is Proposition [2.1] below, and can be found in [I].
This result has two advantages over equation First, equation allows
for “spreading” the regularity s between the two terms. This is not of particular
value here, since in the LANS equation the nonlinearity is of quadratic type, but it
is useful when estimating products of functions with varying degrees of regularity
(see, for example, [I0]). The second advantage (and the the one used in this article)
equation has over is that there is no requirement that s > 0 and, by
allowing s; + s2 > s, p1, p2 and p are no longer required to satisfy the Holder
condition.

This is particularly helpful when dealing with negative regularity operators, like
div(1 — a?A)~L. Specifically,

I div(r™(w) sy, < | Def(u) - Rot(u) gy

For r < 1, further estimating of this term using equation would require first
embedding back to B; ,(R"), s > 0, and then applying the equation, which “wastes”
r — 1 derivatives. Using equation , we manage to make some (though not full)
use of these r — 1 derivatives. In the statement of our local existence results below,
we will further elaborate on the benefits of equation .

The paper is organized as follows. We devote the rest of this section to defin-
ing solution spaces and stating our main theorems. In Section [2| we outline some
fundamental, known Besov space results. In Sections [3] and [4] we prove Theorems
[1-1) and [T-2] respectively, stated below. In Section [f] we prove Theorem [I.3] which
extends some of the local solutions from Theorem [.2] to global solutions. Section
[6] contains a technical result necessary for the proof of Theorem [I.3
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As mentioned above, we denote Besov spaces by B,  (R"), with norm denoted
by |- lBs, = Il ls,p,¢ (a complete definition of these spaces can be found in Section
2). We define the space

Caispqg = 1F €C(0,T) : By ,(R")) - || f

a;s,p,q < oo},
where
[ fllass,p.g = sup{t* | f(D)ls,p,q : t € (0,T)},

T>0,a>0,and C(A: B) is the space of continuous functions from A to B. We

let C.':{;S’p)q denote the subspace of C., . consisting of f such that

lim (1) =0 (in B}, (R")).

Note that while the norm | - ||g;s,p,¢ lacks an explicit reference to T, there is an
implicit T dependence. We also say u € BC(A : B) if u € C(A : B) and
Supgea llu(a)llp < oo. Lastly, setting M((0,T") : E) to be the set of measurable
functions defined on (0,7") with values in the space E, we define

T a
L(0,T) : By, (R™) = {f € M((0,T) : B}, (R")) : ( / 1@l gt) " < oo},

Finally, because the Navier-Stokes equation is globally well-posed with initial
data in L?(IR?) (see, for example, Chapter 17 in [15]), we will restrict ourselves to
the case where n > 3. We are now ready to state our two local existence theorems.

Theorem 1.1. Let 0 <7y < n/p, with p > n, and let ug € B} (R™) be divergence
free. Then there exists a unique local solution u to the LANS equation (1.1), where

u € BC([0,T) : By, (RM)) NCE, ) i poa (1.4)

.
1 <ry <ri+1, and T is a non-increasing function of ||uo| gr1 , with T'= oo if
lluo||s+ 2,4 is sufficiently small.

Similarly, with 0 < ry < n/p, p > n, and ug € B} (R™) divergence free, there
exists a unique local solution u to the LANS equation , where

we BO([0,T) : By, (R™)) N L((0,T) : B2, (R™)), (1.5)

a a
a=2/(ro =), 1 <ra <ri+1, and T is a non-increasing function of |[uo| gr1 ,
with T = oo if |lug||s+ 2,4 is sufficiently small.

Theorem 1.2. Let ug € B;’{f_l(R") be divergence free. Then there exists a unique
local solution u to the LANS equation (L.1)), where

we BC([0,T) : By R™) N CE 241200 (1.6)

Nz
max(1,n/2 —1) <r <n/2 and T is a non-increasing function of |luo|| gn/2-1, with
2,9
T = oo if ||ugl|s+ 2,4 @5 sufficiently small.
Similarly, with ug € B; {12_1(R") divergence free, there exists a unique local
solution u to the LANS equation (1.1), where
we BO([0,7) : By ™ (RM) N L*((0,T) : B 4(R")), (17)

a=2/(r—n/2+1), max(1,n/2—1) <r <n/2, and T is a non-increasing function
of [Juo|l gnr2-1, with T = o0 if |Juo||s+ 2,4 is sufficiently small.
2,9
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We pause here to address the distinction between these two results. Using
techniques like those in [5], the nonlinear term from the Navier-Stokes equation
div(u®wu) can be controlled provided the initial data has regularity at least n/p—1.
Using Proposition [2.1] we are able to control the LANS specific nonlinear term,
div(7*(u)), provided the initial data has strictly positive regularity. Thus, when
p > n, the limiting factor will be LANS specific term div(7%(u)), and we obtain
local existence provided the initial data has strictly positive regularity. For p = 2,
the limiting factor is the Navier-Stokes nonlinear term div(u ® u), and we obtain
existence provided the data has regularity n/2 — 1. We remark that this means, for
p = 2, the additional nonlinear term in the LANS equation is no longer limiting
the existence result.

Finally, we state our global existence extension.

Theorem 1.3. When n = 3, the local solutions with initial data ug € B;,/qz(Rig)
from Theorem can be extended to global solutions. When n = 4, the local
solutions with initial data uy € B%ﬁq(]R‘l), with 2 < g < oo, can be extended to global
solutions. In particular, the local solutions from Theorem can be extended to
global solutions when ug € B;/;_l(]R") = H"/?=L2(R™) for n = 3,4.

We remark that this last statement improves the result from [I1], which only
gave global existence for initial data in H3/%2(R3).

2. BESOV SPACES

We begin by defining the Besov spaces B,  (R"). Let 19 € S be an even, radial
function with Fourier transform 1/;0 that has the following properties:
do(w) >0
support ¥y C Ag 1= {ecR: 27 < |¢| < 2}
> (279 =1, forall £ #0.
jez

We then define g/;j(f) = 1po(277¢) (from Fourier inversion, this also means

Yi(x) = 29"1Py(27x)), and remark that 1, is supported in A; := {£ € R" : 2971 <
|€] < 29F1}. We also define ¥ by

V() =1-Y (9. (2.1)
k=0

We define the Littlewood Paley operators A; and S; by

J
ANif =t f, Sif= Y Aif,

k=—o
and record some properties of these operators. Applying the Fourier Transform and
recalling that 1; is supported on 271 < [¢] < 29F1 it follows that
AjAf=0, |j—kl=2
j ¥ 0
Aj(Sk-3fArg) =0 [j—k|l =4,
and, if |i — k| < 2, then

Aj(ApfAig) =0 j>k+4. (2.3)
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For s € Rand 1 < p,q < oo we define the space Bzﬁ’q(R") to be the set of
distributions such that

oo

(S aul) " < oo,

=0

Jull s

with the usual modification when ¢ = oco. Finally, we define the Besov spaces
B, ,(R™) by the norm

1fllBg,, = ¥ fllp + 1]

for s > 0. For s > 0, we define B;Sq, to be the dual of the space B, ,, where p', ¢’
are the Holder-conjugates to p, q.

These Littlewood-Paley operators are also used to define Bony’s paraproduct.
We have

Bs
Bqu

2
f9=> Sk-afArg+ > Sk-sgArf + > Arf Y Appg. (2:4)
k k k

=-2

The estimates (2.2)) and (2.3)) imply that

3 3
Aj(f9) < D Dj(Sien—sfDjeng) + > Aj(Sisn—39Ajinf)

k=—3 2 K=—3 (2.5)
+ D4 (Akf > Ak+19)~
k>j—4 =2

This calculation will be very useful in Section
Now we turn our attention to establishing some basic Besov space estimates.
First, welet 1 < g1 < g2 < 00, f1 < B2, 1 <p1 <p2 <00, 71 =72+n(1/p1—1/p2),
and r > s > 0. Then we have the following:
<
£l gz, < Clfllgpa

15z, < ClAls,

2.4

[l zzsw < A fllBy,
1 llEre2 = 1 Fll s, < IIF

These will be referred to as the Besov embedding results. Next, we record a
Leibnitz-rule type estimate. This can be found in [I], and for the reader’s con-
venience, the proof can be found in Section [7]

Proposition 2.1. Let f € B3t (R™) and let g € B2 (R™). Then, for any p such

p1,9 P2,9

(2.6)

r .
BZ,q

that 1/p < 1/p1 + 1/p2 and with s = s1 + so —n(1/p1 + 1/pa — 1/p), we have
Ifallz, < I1fls lgllsss

provided s1 < n/p1, s2 < n/p2, and s1 + s2 > 0.

Our third result is the Bernstein inequalities (see Appendix A in [14]). We let
A=(-A),a>0,and1 <p<g<oo Ifsuppf C {€ e R": |¢] < 27K} and
suppg C {£ € R : 21K, < [¢] < 27K,} for some K, K1, Ko > 0 and some integer
7, then

CYerint/p=1/D)| g, < |A¥/2g||, < C2IoHInA/P=1D] g,

e =" (2.7)
1A%2 f|lg < C2IeHImA/p= 1D £l
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Next, we establish estimates for the heat kernel on Besov spaces.

Proposition 2.2. Let 1 < p; < py <00, —00 < 81 < 89 < 00, and let 0 < g < oo.
Then

HetAf”B;;q < Ct*(82731+n/:017n/p2)/2||fHle ,

P1.4

provided 0 < t < 1.

Using the Sobolev space heat kernel estimate, we obtain, for 0 < ¢t < 1,

. , 1/a
HetAfHB52 = | « etAfHLP’z + (Z(Qjeh||2J(sg—s1)AjetAfHLp2)(I)

P2,9

. 1/q
< t(n/pl—ﬂ/p2)/2||\ll * fllLer + (Z(2331 ||etAAijHs2fsmz)q)

. 1/q
SO Sl 17 (1A * fllon))

<tz

where 0 = —(s3 — 51 +n/p1 —n/p2)/2, and we made liberal use of the fact that e*®
commutes with convolution operators. We remark that a straightforward density
argument can be used to show that, for any ¢,

sup t(sz—31+n/p1—n/;vz)/2HetAf”B;;q <e, (2.8)
0<t<T

where T' depends only on ||f||B;% .

2.1. Integral-in-time results. In this subsection we establish integral-in-time re-
sults for Besov space. The proofs are similar to those in [I1] used for the analogous
operators in Sobolev spaces. In this section, the operators I' and G are defined by

Ff = etAfa

G(f)(t) = / =92 f(5)ds.

0
We start with a result for I'.

Proposition 2.3. Let 1 < pyg < p;1 <00, 1 <g<oo, —0 < sy <81 <00, and
assume 0 < (s1 — 8o +n/po —n/p1)/2 = 1/o. Then I' maps B;? , — continuously
into L?((0,00) : By} , ) with the estimate

HFfHL"((O,oo):BSl ) < C”f”BSO

P1:91 P0o:90 ’
Also, for any e > 0,
HPf”L"((O,T):BSl <e

P1,:491

provided T is sufficiently small. The necessary T depends only on || f|| go

p[]-,fZO.

The proof is similar to [I1, Prop. 4], with two main distinctions, both due to the
differences in interpolation theory between Sobolev and Besov spaces. The first is
that we interpolate using sq instead of pg. The second difference is that we do not
require pg < o, as we did in Proposition 4 of [IT].

The remaining results in this section are for the operator G.
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Proposition 2.4. Given 1 < pg < p1 < o0, 1 < qg <00, —00 < 59 < 51 < 00,
1 <o09g<o1 <o0andl/fog—1/opr =1—(s1 —so+n/po—n/p1)/2, for any
€ (0,00], G sends L°°((0,T) : B, ) into L°((0,T) : BS* ) with the estimate

Po,qo0 P1,91

NG Loro1y:B5r , ) < Cllf oo 0,1 B30

P1.a1 P0,90)"
Proposition 2.5. 1 <pyg <p; <00, 1< g <00, —00 < sy <81 <00, and assume
1/p1 <1/o =1~ (s1 —so+n/po—n/p1)/2=. Then G maps L7((0,T) : B;° )
continuously into BC([0,T) : BS' ) with the estimate

p1,91
sup [IGA®gz1,. < Ol e o.r):510.00)

t€[0,T) P1,41

3. LOCAL SOLUTIONS IN CL_

We begin by re-writing the LANS equation as
Oy — Au + P%(div -(u ® u) + div 7%u) = 0, (3.1)

where the recurring terms are as in , with the exception that we set v = 1.
For the new terms, we set A = P*A, u ® u is the tensor with jk-component w;uy
and div - (u ® u) is the vector with j-component ), Oi(ujui). P* is the Stokes
Projector, defined as

PYw) =w— (1 —a?A)"'Vf
where f is a solution of the Stokes problem: Given w, there is a unique divergence-
free v and a unique (up to additive constants) function f such that

(1—-a?Aw+Vf=(1-a*Aw.
For a more explicit treatment of the Stokes Projector, see [I3 Theorem 4].
Using Duhamel’s principle, we write (3.1) as the integral equation
u=Tp -G -P*(div(u @ u+ 7%(u))) (3.2)
with
(Tp)(t) = ey,
where A agrees with A when restricted to P*H"™P, and

t
G-g(t) = / =94 g(s)ds.
0

We prove local existence using the standard contraction mapping method and
heavy use of the results from Section[2] We begin by defining the nonlinear operator
® by

®(u) = ePug + U(u),

where .
U(u) = / e(t_s)A(V(u))ds
0
with V' (essentially) given by
V(u) = div(u ®u) + div(l — A) " (VuVu),

where the full definition of V' involves additional terms whose behavior is controlled
by the terms shown. )

The proofs of local existence in Cy;, p  for the two cases p = 2 and p > n are

sufficiently similar that we only present the p = 2 case here. In Section[f] we address
the Integral in time case, and there we provide the details for the p > n case.
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Having set p = 2, we seek a fixed point of ® in the space

E={feBc(0,T): By "(®R") N c‘?,w

im,2,q

sup ||f - 6tAuO”n/Q—l,Zq + Hf||('r—n/2+1)/2;r,2,q < M}7
t€[0,T)

for some T, M, to be determined below. First, we show that & : F — FE, and we
have

[e(W)llp =1+ J+K,
where
I= Hem“O” (r—n/2+1)/2;r,2,q
J= sup (W) ajz-12.4 (33)

t€[0,T)
= ||\Ij(u)||(T—n/2+1)/2;r,2,q~
For I, Proposition and equation (2.8) give that
" to|lr—n 241524 < M/3, (3.4)
provided T is sufficiently small. Estimating J and K is significantly more work,

and is the focus of the next two subsections.

3.1. Estimating J. We begin by writing J < J; + J2 where

— sup ||/ (t=9)2 Qiv(u(s) ® u(s))ds] o1,

te[0,T)

= sup H/ (t=)A Qiv(1 — A)"Y(V u(s)Vu(s))dsHBg‘/qul,

te[0,T)

and for notational convenience we set a = (r —n/2 + 1)/2. Starting with J;, we
use Minkowski’s inequality and then the heat kernel estimate to get

t
Ji < sup / [t — 5| (/2D () @ u(s) |y ds,  (3.5)
te[0,7) Jo P

where 1/p =1 — r/n. By Proposition we have
[[u(s) ® u(s)|

where 1/p = 1/2 4+ 1/p (which, combined with the definition of p, implies 1/p =
1/2 — r/n) and the second inequality used equation (2.6). Substituting back into
equation (3.5 above, we obtain

5y, < Ilu(s)llsg, lu()lpe, < llu(s)l3; .

t
Ji1 < sup / |t — 5|2 u(s) @ uls)|| gy ds
te[0,T) P

< C sup / [t — 8|72 7202 u(s) |13y ds (3.6)
t€[0,T)

< C sup ||uHa;r,2 ¢~ (/2o e/ <CHu”a7‘2’q
t€l0,T)

We remark that this calculation required n/2 —r < 1 and 2a =r —n/2+1 < 1,
which are both satisfied for n/2 — 1 <r < mn/2.
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For Jy, with 1/p =1 — (r — 1) /n, we have that

Jo <

'n./2 1ds. (37)

t
sup / [t — 5|~ div (1 — A)7H(Vu(s) Vu(s))|

tef0,7) Jo
By Proposition we have
[div(1 = A)7H(Vu(s)Vu(s)) | grrz-1 < [V(ul(s))V (u(s)] grrz-2
< [Vu(s)]1pg [Vu(s)

< [lu(s)Il;

r—1
BQ,q

provided n/2 —2 <0+ (r—1) —n/2 — n/2 4+ n/p. Recalling the definition of p,
this simplifies to n/2 —=2 <r —1—-n+n — (r — 1) = 0, which holds for n < 4.
We pause here to remark that this would not follow from a more standard Leibnitz
rule estimate, since n/2 4+ n/2 # n/p. Returning to equation (3.7), we have

Jo < sup / ‘t—5| (n/2—(r— 1))/2 —2a 2a||u||BT ds

t€[0,T) (3.8)

< c sup ”u”arth (n/2=r+1)/2~(r=n/2+1)+1 < OHu”ar2qa
te[0,T) o
again provided n/2 —1 < r < n/2. Combining equations (3.6)) and (3.8)), we obtain
J< CHUHaTZq <CM2' (39)

Now we turn to K.

3.2. Estimating K. As with J, we write K as K < K; + K5, where

= sup ta||/ (=92 div(u(s) ® u(s))ds| sy

te[0,T)

= sup ta||/ (- S)Adlv A)il(VU(S)VU(S))UZS”BE,Q’

te[0,T)

where again a = (r — (n/2 — 1))/2. For K;, we have

t
Ki < sup t“/ [t — 5|~ =D/ 2) diy(u(s) @ u(s))|| o1
te[0,T) 0 2,9

<C sup t“/ [t — 5|72 u(s) | By ds (3.10)
t€[0,T)

<C sup ullgp gttt AT < Ol 410,0,4,
t€[0,T)

where p is as in the estimate of J; and we again used Proposition



10 N. PENNINGTON EJDE-2012/89

For K5, using an argument similar to that used for Jo, we have with 1/p =
1—(r—1)/n,

t
Ky < sup ta/ |t — |~ (/P22 div(1 — A) TV (u(s)V (u(5))) ]| 8
tefo,7) Jo 1

< sup t* |t—s|7(”/27”1)/2||V(u(s))V(u(s))||B;;1ds

tefo,7)  Jo ’ (3.11)
<C sup 0 / £ — 8|~/ 2 () |2, ds
te[0,T)

<C sup ||u||a;r,2,qtat (1+n/2—r)/2—(r—n/241)+1 §C||u||§;r,2,q7
telo,T

where this time the use of Proposition required n/2 — 1 < r. Combining

equations (3.10) and ( -7 we obtain

K <Cllul?,.5, < CM>. (3.12)

3.3. Finishing Theorem From equations (3.4)), (3.9) and (3.12), we have
that

()| <IT+J+K < M/3+CM?< M,

provided T and M are sufficiently small, and thus ® : £ — E. To show that ® is
a contraction, we observe that

uQu—-—vv=(u—v)Qu+v® (u—"uv),
VuVu — VoVu = V(u—v)Vu+oV(u—v),
and so, using a slight modification of equations and , we have
[®(u) = @(0)|le < CM|u—v|Eg,

which proves that ® is a contraction for a sufficiently small choice of M. This
completes the proof of the first part of Theorem[I.2} Adapting the above argument
to the p > n case proves the first part of Theorem The details necessary for
this adaptation are similar to those found in the next section.

4. LocAL soLuTIONS IN L%((0,T) : B; ,(R™))
As in Section [3] we seek a fixed point of the map
®(u) = e ug + U(u),
where .
T(u) = / e =R (V (u))ds
with V' (essentially) given by ’
V(u) = div(u @ u) + div(l — A)"H(VuVu).

We present the details for the p > n case. The p = 2 case is handled by a combi-
nation of the arguments presented here and the arguments used in Section
We begin by defining F', for a T' and M to be chosen later, as

F ={feBC(0,T) : Bl',(R") N L((0,T) : BI2,) :

sup ||f — etAUoHBT1 + Hf”L“ 72 < M},
te[0,T)
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where a = 2/(ro—r1), 1 is an arbitrarily small positive number, and 1 < ro < 147r;.
As in the previous section, we first show that ® : F' — F, and we have

[@(u)lr=1+J+K,
where

A
I=|lef UOHLa(B;?q)

J= sup [¥(u)]
te[0,T)

K =% (u)llzes2,)-
For I, Proposition 2.4 gives that
||etAu0||La(B;?q) < M/S, (41)

1
Bi’xq

provided T is sufficiently small. As in the previous section, estimating J and K is
the focus of the next two subsections.

4.1. Estimating J. We write J < J; 4+ J, where
Ji= sup | G(div(u® u)(H)] i,
tel0,T) P

Jy = sup [G(div(l —A)"(VuVu))(t)|
te[0,T)

Byly®
For J;, we use Proposition 2.5 and get
< div( ® W)l ) < 0l ooy . (12)

where 1/0 = 1—(r; —ro+ 14 2n/p—n/p)/2 = (rs — 1 +1—n/p)/2. Using
Proposition 2.1} we have

lu(s) @ u(s) g, < luls) L gz, ()l g,

Plugging back into equation (4.2]), we obtain

T 1/
< Nu®ulzoy,) < ( / ()L g, ()] )7

, (4.3)
< C sup |lu(@®)|lgr ||w]lpeigrzy < CM=,
S Oy, el asyz,)
where we used that || - ||ze < ||+ ||1e, since o < a.
For J,, again using Proposition [2.5] we have
JQ S || le(l — A>_1(VUVU)HL1(B;}(Z) S ||VuquL1(B;}qfl)' (44)
Using Proposition we have
IVu(s)Vuls) gy < VUl o < (), (4.5)

provided 1 — 1 < 2(ry — 1) —n/p (recall 73 > 1, so ro — 1 > 0). This condition
is equivalent to n/p < 2rs — 1 — rq, and since ; < n/p — 1, equation (4.5) holds.
Using equation (4.5 in equation (4.4)), we have

Ja < ||VUVU||L1(B;};1) < CHU”iz(B;?q) < C”“Hia(B;?q) <CM?, (4.6)

since 2 < a = 2/(rs — r1). So using equations (4.3]) and (4.6, we have
J < CM?. (4.7)
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4.2. Estimating K. We have that K < K; + Ky with
Ky = G(div(u ® u))l| o a1
K = [G(div(1 — A) " (VaVu))| oo ).
Using Proposition for K, we have
Ky = ||G(div(u @ u)ll e pyz,) < N divu@u)ll o grazsy < [lu@ull o7z, ), (4-8)
where 1/ —1/a=1— (rg — (ro2 — 1) + 2p/n — n/p)/2, which can be rewritten as
1/o = (ry —r1)/2 4 (1 — n/p)/2. Using Proposition 2.1} we have

lu(s) ® u(s) g, < luls) Lz, (o)l g,

Applying this to equation (4.8), we have

K < [ (olsg, Iulagz)7as)

<€ sup Ju)llsp, lellze ) < Ml < CM?,

)

(4.9)

which required 1/ > 1/a, which holds since p > n. Now we turn to Ko, where we
have .

K = | G(div(1l — A) (VuVa) |l o se) o)
< |l div(l = A) " VuVul| o gy < IVuVul Lo gri-sy, '
provided 1/0 — 1/a = 1 — (r9 — r1)/2, which implies 0 = 1. Then, by equation

(4.10) above, we have

Ky < |[VuVul p, g1y < CMP. (4.11)
Combining equations (4.3) and (4.6)), we obtain
K <CM?, (4.12)

Given equations (4.1), (4.7)), and (4.12]), we have that
®(u) < M/3+CM? < M,

provided M is sufficiently small. From here, local existence follows from the stan-
dard method.

5. PROOF OF THEOREM [L.3]

In this section we prove Theorem [I.3] and we start by proving the following a
priori estimate.

Lemma 5.1. Let f be a solution to the LANS equation such that f(t) € H*?(R™)
forallt € [a,T) for some a > 0. Then

sup [ f(®)llarz < [ f(a)]lzee
t€la,T)

We begin the proof of the Lemma by stating the following equivalent form of the
LANS equation (see [7} Section 3]):

81 — 02A)f(t) — (1 — a2 A)AF(t)

5 - ) (5.1)
= =Vp—a”(Vf(t))" - (=A)f(t) = V(1 —a”A) f(2)]
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Taking the L? product of the equation with f(t), we obtain
AN+ IVIOIE) + IV D132 + 2 Af O S T+ B+ ks, (5:2)
where
I = (V0 £(0), £ (1),
I = 2 ((V 5 AF (1), (1) + (VFO) - (=A)F(1), (1)),
I = (Vp, /(1))

An application of integration by parts and recalling that div f(¢) = 0 gives that
I3 = 0. For I, writing the expression in its coordinate form gives

L= (Y f®), f1) = 3 / Fi8)@a £ () 5 (1)

4,j=1

= 5 [ f0@ 00 = -5 [avolser -o.

i,j=1

For I, writing it in coordinates (and temporarily suppressing the time depen-
dence), we see that

B= Y o [ 10 AR+ (A, 01,

i,j=1

3
= Y 0 [ (AL @) + (AL @s, £ =0

i,j7=1

where we again used integration by parts and exploited the divergence free condi-
tion. We remark here that it is these cancellations which make it easier to control
the long time behavior of the LANS equations. Returning to equation (5.2)), we
have

o(lF D172 + IV FONZ2) < =(IVFONL2 + oI AFB)IZ2),

which, combined with Gronwall’s inequality, completes the Lemma. Note that, if
a = 0, this reduces to the well-known L? control of the solution.

Now we are ready to prove Theorem The extension arguments for the two
different local existence results from Theorem are similar, and we present here
the argument for the local solution u given in equation . First, because the
time interval of the local solution given by Theorem|[1.2|depends only on ||ug| By/2-1s

global existence will follow from a standard bootstrapping argument once we have
a uniform in time bound on ||u(t)]

B;ﬁ{ffl .
Because u € BC([0, T);’ﬁ/qz*l(]R”)), there exists an a < T such that

sup [u(t)| grrzs < 2l|uoll grrzs + sup [[u(t)]| ynsz-s. (5.3)
tel0,T) 2.9 2.9 tela,T) 29

So our remaining task is to bound the second term, and this will follow from Lemma
First, from Lemma [6.1] in the next section, we have that u(t) € B;{fH(R”)
for all ¢ > 0. From the Besov embedding results in equation ([2.6]), this means



14 N. PENNINGTON EJDE-2012/89

u(t) € H*2(R") for all ¢+ > 0, and thus Lemma [5.1| can be applied to our solution
u. Using Lemma 5.1} when n = 3, we have

sup [[u(t)ll gnz-1 < sup [Ju(t)]| g2 < [lu(a)] g
tela,T) 2.9 tela,T)

Plugging this back into (5.3)) gives the desired uniform bound on |ju(t) HBg’/f’l' For
n=4,n/2—1=1, and Lemma [5.1| provides the desired bound when ||u(t)||B;q <
lu() g1z = Hu(t)||B%,2, which holds for 2 < ¢ < c0.

For the integrable in time spaces, the only distinction in the argument is that
Lemma [5.1] only provides a bound almost everywhere, since Lemma [6.1] gives that
u(t) € B ,(R™) for almost every ¢ > 0. So, in this case, Lemma and the Besov
embedding results only give that ||u(t)| By/2t is uniformly bounded for almost all

t. However, since u € BC([0,T) : Bg){f*l(R")L continuity extends the bound to
all time.

6. HIGHER REGULARITY FOR THE LOCAL EXISTENCE RESULT

In this section we quantify the smoothing effect of the heat kernel on our local
solutions. The proof is an induction argument, similar to the one in [I1] applied
to the LANS equation (which was in turn inspired by the argument in [4] for the
Navier-Stokes equation).

Lemma 6.1. Let ug € B, (R") and let u be an associated solution to the LANS
equation with initial data ug such that
u e BC([O,T) : B;)q(Rn)) n CZ;—’I‘)/Q;SJLq’

where 0 < s —r <1 and s > 1. Then for all k > s, we have that u € C(Tk—s)/z-kp ¢

We have an analogous result for the integral in time case.

Lemma 6.2. Let k > so > s1, with so > 1, and let € be a small positive number.
Then, for k — so = so — 81 = ¢, for any solution u to the LANS equation (1.1)
where

we BCO([0,T) : B3, (R™) N L2 275)((0,T) : B2, (R™)),
we have that w € L'((0,T) : BE ,(R™)).

The proofs of the two Lemmas are similar. The rest of the section is devoted to
the proof of Lemma [6.1

Proof. We start with a solution to the LANS equation u. Then let 6 > 0 be
arbitrary, and let w = t°u. We note that w(0) = 0. Then

Oyw = S0 1y + t‘satu
=6t w4t (Au — div(u @ u + 7%(u, u)))
=6t w4 Aw — t 0 div(w @ w + 7% (w, w)).
Applying Duhamel’s principle, we obtain

t
w = ey —|—/ e s~y (s)ds
0

b [ e Bs div(uts) @ w(s) + 7 (w(s), w(s)ds
0
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Recalling that w(0) = wy = 0, and substituting w = t%u, we obtain

u=1t""° /t e(t_s)As‘s_lu(s)ds—l—t_é/t (=988 (div(u(s)@u(s)+7 (u(s), u(s))))ds.

0 0
Now we are ready to apply the induction. We have by assumption that w is
in C(T $)/2mprq’ where r > 1. For induction, we assume this solution u is also in

C(k )/ 2:kepa? and seek to show that u is in CT where 0 < h < 1is
fixed and will be chosen later. We have

Hu||Bk+h <I+Ji+ Js,
Pr,q
with I, Jp, and Jo defined by

t
I:t_é/ ||€(t_s)A86_1’U/(S)HBlgthdS
0 :

t
J1 = tf‘;/ et~ (div(1 — ®A)"H(Vu(s)Vu(s)))|| grends
0 p.q

(k4+h—7r)/2;k+h,p,q’

t
Jy =t / e85 (div (u(s) ® u(s))) | yeon ds
O pP,q

where, as usual, we have suppressed terms from 7% that are controlled by the terms
we included.

6.1. Bounding I, J;, and J5. Starting with I, we have

t
1< [ s o),
0

t
< 70l b= 258 g / |t — 5|22 (6.1)

< Cllullh—ry o p gt~ t 20 k2 /241

< Cti(k+hir)/2||'U/H(k—r)/2;k,2,qa

provided
1>h/2, -1<d—-1—(k—r)/2,
which clearly holds for sufficiently large 6. We observe that, without modifying the
PDE to include these ¢° terms, we would need (k — 7)/2 to be less than 1, which
does not hold for large k.
For J;, we have

Jy <t 5/ |t — 5|~ (h+2n/P=n/P)/2 9| div(1 A)*l(vuvu)HBk/Q ds
< ﬂ/ It — s|—<h+n/p>/235||(vuvu)HBk/,l ds
p/2.q
< / £ — s~/ 2B ([l ds

< t_(;||u||(kfr)/Q;k,p,q||u‘|(177“)/2;1,p,q/ |t _ Sl—(}L+7L/p)/286—(k—7‘)/2—(1—r)/2d8

<t §—(h+n/p)/2—(k—r)/2—(1— r)/2+1+6||u||(k P

<O 22 gl 2l o, (6.2)
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provided
o0>(k—-r)/2+(1-7r)/2, 2>h+n/p, r>n/p—1,

and we again see that this is easily satisfied by choosing ¢ large and h small. For
J2, we handle the cases p = 2 and p > n separately. For p > n, we have

t
Ja < t_é/ [t = s RS u @ ul| e ds

5

<t / [t — 5|~ 2B ]

(6.3)
e o

< t—(h+/~c—r)/2 (1+n/p—2)/2

1wl (k—n/2)

14y

< t—(h+k—r)/2||u|‘(k7n/2)/2;k,2,q|

u||0;n/2,2,q7
provided
1>h+n/p, —-1<6—(k—r)/2.

For the p = 2 case, we specialize to the case r = n/2 — 1, which is the min-
imal s allowed by our local existence theorem. The argument for larger s is a
straightforward generalization of the one presented here. Defining 1/p =1 — 1/n,
we have

t
Jy < tié‘/ ‘t o S|f(h+1+n/ﬁfn/2)/256”u ® u”B’f ds
0 p,q

t
< t—é/ ‘t—8|_(h+1+n/2_1)/286||UHB§ L2n/(n—2)d8
0 'a

t
< f‘;||U\|(k—r)/2;k72,q||u||(1—r)/2;1,2,q/ |t — 5|7 (hin/2)/2 0= (k=) /2=(1=r) 2 g g

< k=) 2= /o= =02 | sy ok 2, g ] (1) 251,24

< ¢ (htk=1)/2|

|ull (k—ny2) /20,20 1ull (1) /21,2,

(6.4)
provided

2>h+n/2, -1<é—(k—1)/2—(1—-1)/2, r>n/2-1,

which, again, are easily satisfied.

Combining equations (6.1 . . and . ) for p > n (or (6.4)) if p = 2), we have

that, for A small enough and § large enough,
I+ Jy+ Jp < Ct MR8 kg
This in turn gives
||U||B’;ﬂ;1h < Ct(lﬁhir)m||“H(2k—n/2)/2;k,2,q

which proves the desired result. We remark that § is chosen after beginning the
induction step, while the appropriate value of h is fixed by the choices of the
parameters. (Il
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7. APPENDIX: A MODIFIED PRODUCT ESTIMATE

In this appendix we prove Proposition [2.1] which can be found in Corollary
1.3.1 in [I]. Before beginning, we establish another result for the Littlewood-Paley
operators and make a slight notational change. First, we observe that, by changing
variables,

I51ze < 27¥ 1ol o < 2, (7.1)
where p’ is the Holder’ conjugate to p; i.e., 1 =1/p+1/p’. Next, we make a slight
notational change. For j > 0, we leave 1); as defined in Section @ For j =0, we

set g = U, so 1/;0 is now supported on the ball centered at the origin of radius 1/2
and Agf =g * f = ¥ x f. Then the Besov norm can be defined by

oo

. 1/q
10, = (D2 oasuls,) .

Jj=0

We are now ready to prove Proposition 23]

Proof of Proposition[2.1 We start by taking the LP norm of equation (2.5)), and
get:

3 3
1A (flle < D7 1A (Sja—sfAjrg)lee + D 118;(Sjrk-398; 1k f)| Lo
k=-3 k=-3
2
37 185 (AkF Y Aksag) s
k>j—4 =2

We first observe that, without loss of generality, we can set k = = 0 in the finite
sums and replace k > j — 4 with k > j. Doing so, we obtain

185 (f9)lLr < 1185(S;-3FD59)llLe + [185(Sj 398, e + D 14 (Akfﬁkg) e
k>j
Starting with the first term, and defining p by 1+ 1/p = 1/p + 1/pa, we have
12;(Sj-3fA;9)llr < ¥illLallA; fSj-3gllr
< CY"P || Agl| L2 | Sj—af |-
<CYP | Ajglles D> 1 AmfllL
m<j—3

< CHM AP A gl S 2P A 1,

m<j—3

where we used Young’s inequality, equation (7.1]), Holder’s inequality, and finally
Bernstein’s inequality.
A similar calculation for the second term yields

18 (8592, F)lle < CPMHPIVPAG Fllpme > 2722 || Ay g Lo
m<j—3
For the third term, we have

D12 (AefArglp) < llwslla D 1ARuA] 2o

k>j k>j
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<27 ST AL f | Arglly,

k>j
< 2 Wpm =oAL f |y 1Ak e

k>j

where 1+ 1/p=1/G+1/q and 1/q =1/p; + 1/ps.
So we have that

12 (f@)lle < 2P VD Ajgllros Y 2P| Ay fl| 1
m<j—3
—|—2j”(1/p1_1/p)||AijLp1 Z 291/P2 || A, gl Lo (72)
m<j—3
+ 2P N AL F | Akl

k>j

Multiplying (7.2) by 27(s1+s2=n(1/p2+1/p1=1/p)) and taking the I norm in j, we
obtain

1£9]

B;;’qSI-l-J-f—K,

where

I:(Z2(81+32—n/p1)jq||Ajg||%p2( 3 an/p1|\Amf||L,,l)q)1/q,
j

m<j—3
7= (S atrmnma i, (3 2 Al ))
J m<j—3
K = (@0 Y Al Angln)?)

J k>j

For I, we have

1< (Z2(81+52_"/p1)jq||Ajg||%p2( Z 2j”/p1||AmeLp1)q>

J m<j—3

< (Z(2js2”Ajg”LP2)q( Z 27n(n/p1+sl—n/pl)z(j—m)(sl—n/pl)HAmeLpl)q>

J m<j—3

—(s1—n /S l/q
<l Do 2 (3020 gl ) )
a _
<l

J
provided s; < n/p;. A similar calculation for J yields
J <z, llgl
provided s < n/py. For K, we have, using Young’s inequality for sums,
. 1/q
K = (32(30 20 Mtk | A ], 28] Axgll,)7)
J o k>j

< llgllzgs . (Do(Q0 207t A 1), )7)

J k>

1/q

1/q

|g|B52 )

s1
pr‘l 52,9

B2

$2,4

1/q
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— S S S 1/q
< llgllmg . D275 (S5 [ Awfllp,)?)
k k
< Cllfllgg gl + By

p1.a p2,q’
provided s; + so > 0. This completes the proof. O
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