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POSITIVE ALMOST PERIODIC SOLUTIONS FOR
STATE-DEPENDENT DELAY LOTKA-VOLTERRA
COMPETITION SYSTEMS

YONGKUN LI, CHAO WANG

ABSTRACT. In this article, using Mawhin’s continuation theorem of coinci-
dence degree theory, we obtain sufficient conditions for the existence of positive
almost periodic solutions for the system of equations
n
mm=m@h@7%mmﬁyrX:%Nmqu@mquwmﬂ,
J=1,5#

where r;,a;; > 0, a;; > 0(J # 4, 4,5 = 1,2,...,n) are almost periodic func-
tions, 7; € C(R™T1 R), and 7;( = 1,2,...,n) are almost periodic in ¢ uni-
formly for (u1,...,un)T € R™. An example and its simulation figure illustrate
our results.

1. INTRODUCTION

Proposed by Lotka [14] and Volterra [I8], the well-known Lotka-Volterra models
concerning ecological population modeling have been extensively investigated in
the literature. When two or more species live in proximity and share the same
basic requirements, they usually compete for resources, food, habitat, or territory.
In recent years, it has also been found with successful and interesting applications
in epidemiology, physics, chemistry, economics, biological science and other areas
(see [3L B, 6]). Owing to their theoretical and practical significance, the Lotka-
Volterra systems have been studied extensively [7, [8, 9], 10, [15]. To consider periodic
environmental factors, it is reasonable to study the Lotka-Volterra system with both
the periodically changing environment and the effects of time delays. Li [I1] studied
the state dependent delay Lotka-Volterra competition system by using coincidence
degree theory:

ﬂi(t) = ul(t) ’/‘i(t) — aii(t)ui(t) — Z CLij (t)uj (t — Tj (t, U1 (t), e ,un(t)))] s (11)

j=1.j#i
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where i = 1,2,...,n, u;(t) stands for the ith species population density at time ¢,
r;(t) is the natural reproduction rate for the ith species, a;; represents the effect of
interspecific (if i # j) or intraspecific (if ¢ = j) interaction.

Virtually all biological systems exist in environments which vary with time, fre-
quently in a periodic way. Ecosystem effects and environmental variability are very
important factors and mathematical models cannot ignore, for example, year-to-
year changes in weather, habitat destruction and exploitation, the expanding food
surplus, and other factors that affect the population growth.

Since biological and environmental parameters are naturally subject to fluctu-
ation in time, the effects of a periodically varying environment are considered as
important selective forces on systems in a fluctuating environment. Therefore, on
the one hand, models should take into account the seasonality of the periodically
changing environment. However, on the other hand, in fact, it is more realistic
to consider almost periodic system than periodic system. Recently, there are two
main approaches to obtain sufficient conditions for the existence and stability of the
almost periodic solutions of biological models: One is by using the fixed point theo-
rem, Lyapunov functional method and differential inequality techniques (see [2},[12]);
the other is by using functional hull theory and Lyapunov functional method (see
[16, [17]). To the best of our knowledge, there are few papers published on the
existence of almost periodic solutions to almost periodic differential equations done
by the method of coincidence degree theory [16-18] and no published papers consid-
ering the almost periodic solutions for non-autonomous Lotka-Volterra competitive
system with time delay by applying the method of coincidence degree theory.

Motivated above, we apply the coincidence degree theory to study the existence
of positive almost periodic solutions for the state dependent delay Lotka-Volterra
competition system under the following assumptions:

(H1) ri,ai >0, ai; > 0(j # 4, 4,5 = 1,2,...,n) are almost periodic functions,
7; € C(R"1 R), and 7;(t,u1,...,u,) (i = 1,2,...,n) are bounded and
almost periodic in ¢ uniformly for (u1,...,u,)" € R™.

The result obtained in this paper is new, and our method can be used to study

other population models.

2. PRELIMINARIES

Let X, Y be normed vector spaces, L : Dom L C X — Y be a linear mapping and
N : X — Y be a continuous mapping. The mapping L will be called a Fredholm
mapping of index zero if dimker L = codimIm L < 400 and Im L is closed in Y.
If L is a Fredholm mapping of index zero and there exists continuous projectors
P:X — Xand Q:Y — Y such that InL = ker L,ker@Q = ImL = Im(J — @),
it follows that the mapping Lpom rnkerr : (I — P)X — ImL is invertible. We
denote the inverse of that mapping by Kp. If Q is an open bounded subset of
X, then the mapping N will be called L-compact on Q if QN (£2) is bounded and
Kp(I — Q)N : Q — X is compact. Since Im @ is isomorphic to ker L, there exists
an isomorphism J : Im @ — ker L.

For convenience, we introduce the Mawhin’s continuation theorem [4] as follows.

Lemma 2.1 ([4]). Let @ C X be an open bounded set and let N : X — Y be a
continuous operator which is L-compact on Q. Assume that

(1) Ly # ANy for every y € 902 NDom L and \ € (0,1);
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(2) QNy # 0 for every y € 0Q Nker L;
(3) deg{JQN,QnNnkerL,0} #0.

Then Ly = Ny has at least one solution in Dom L N .
For f € AP(R,R™) we denote by

A(f) = {)\ ER: lim ~ /T F(s)e™™ ds # o}
0

T—oo T

and

m

mod(f) = {an)\j:nj €Z,meN, \; EA(f),j:l,Q,...,m}
j=1

the set of Fourier exponents and the module of f, respectively.

Suppose that f(t,¢) is almost periodic in ¢, uniformly with respect to ¢ €
S. E{f,e,S} denotes the set of e-almost periods for f with respect to S C
C([—0,0],R™), l(e,S) denotes the length of the inclusion interval and m[f] =

limy_ o = fOT f(s)ds denote the mean value of f. Set

X=Y=Vael,,

where

Vi ={y=(21,22,...,3,)" € AP(R,R™) : mod(y) C mod(F)Vpo € A(y) satisfies
kol > a}

and

Va={y=(@1(t),....,2a(t) = (k1,....kn)", (k1,...,kn)" €R"},
where F' = (F|, Fy, ..., F,)T. Fori=1,2,...,n,
Fi(t, @) = ri(t) — aii(t) exp{e;i(0)}
= Y ait)exp{p;(— 7t 01(0),...,9a(0)},
j=1,j#i

Y= (Qolﬂ P25 San)T € C([*CT, 0}7 Rn)v 0 = maXi1<j<n sup(t,u)ERxR"{Tj(tv u)} and
« is a given positive constant. Define the norm

[yl = sup |y(t)| = sup max {|z;(t)[}, y € X(or Y).
teR teR 1<i<n

The following lemma will play an important role in the proof of our main result.

Lemma 2.2. If f € C(R,R) is almost periodic, to € R. For any ¢ > 0 and
inclusion length I(€), for all t1,ts € [to,to + I(€)] := ;). Then for allt € R, the
following two inequalities hold

to+l(e)

() < f(t) + / F/(s)] ds + (2.1)
g0+l(£)

() > f(ts) - / ()] ds —e. (2.2)
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Proof. For any t € R, there exists 7 € E{f, e} such that t € [to — 7,t0 — 7 + I(€)].
Thus, ¢ + 7 € [to,to + I()]. So we can obtain

t+T1 t

ft) = f(t1) = t f(s)ds = f'(s)ds + f'(s)ds

t1 t+7

t+1
g/ F(s)]ds + | £t + 1) — £(8)]

t1

t0+l(6)

g/ 1F/(s)] ds + .
to

Hence, (2.1) holds.

Similarly, we have
t+7 t

f(t) = f(ta) = t f(s)ds = f'(s)ds + f'(s)ds

to t+7

t+1
2—/ F(s)]ds — |f(t+7) — £(2)]

to

t0+l(6)
z—/ /()] ds — .

to

Thus, (2.2)) holds. The proof is complete. O

3. MAIN RESULTS
By making the substitution
ui(t) = exp{z;(t)}, i=1,2,...,n,
Equation is reformulated as
i (t) = i (t) — ai; (t) exp{z;(¢)}

n

— > ay(t)exp{z;(t — it exp{ar(t)}.. .. exp{za(t)})) } -

J=Lj#i

(3.1)

Lemma 3.1. X and Y are Banach spaces endowed with the norm | - ||.

Proof. If {y,} C Vi and y, converges to yp, then it is easy to show that yy €
AP(R,R™) with mod(yp) C mod(F'). Indeed, for all |A\| < o we have

lim l/T (s)e” ™ ds =0
T—oo T 0 Yn e

Thus
1T o
li = —1iAS —
7, e ds=o.

which implies that yg € V7. One can easily see that V; is a Banach space endowed
with the norm || - ||. The same can be concluded for the spaces X and Y. The proof
is complete. (I

Lemma 3.2. Let L : X — Y such that Ly = 3. Then L is a Fredholm mapping of
index zero.
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Proof. Clearly, ker L = V5. It remains to prove that Im L. = Vj. Suppose that
¢ € InL C Y. Then, there exist ¢y, = (¢{,0?, ... ¢\"T € ¥} and ¢y, =
( gl), 52), ce g’”)T € V5 such that

¢ = dv, + dv,.
From the definitions of ¢(t) and ¢y, (t), we deduce that [*¢(s)ds and [ ¢y, (s) ds
are almost periodic functions and thus ¢y, (t) = (0,0,...,0)T := 0, which implies

that ¢(t) € V3. This tells us that
ImL C V.

On the other hand, if p(t) = (¢1(t),...,0n(t))T € V1\{0} then we have fg w(s)ds €
AP(R,R™). Indeed, if XA # 0 then we obtain

im 2 [ [ emas)erar= X omm L[ e
1m — S S|e = —— l1im = S)e S.
T Jy L)y 7 AT T Jy 7

It follows that . .
A[/o @(s)ds—m(/o w(s) ds)} = A(p).

/Otgo(s)ds—m(/ottp(s)ds) eVicX

Note that fg o(s)ds — m(fot ¢(s)ds) is the primitive of o(t) in X, so we have
©(t) € Im L. Hence, we deduce that Vi C Im L, which completes the proof of our
claim. Therefore, Im L = V.

Furthermore, one can easily show that Im L is closed in Y and

Thus

dimker L =n = codimIm L.
Therefore, L is a Fredholm mapping of index zero. The proof is complete. O
Lemma 3.3. Let N : X - Y, P: X —- X, Q :Y — Y such that Ny =
(Gry,Gay,...,Goy)T, y = (x1,22,...,0,)T € X, where, fori=1,2,...,n,t € R,
Giy(t) = ri(t) — ai(t) exp{z;(t)}

n

- Z a;;(t) exp {xj (t — 7 (t, exp{z1(t)}, ... ,exp{xn(t)})) },

=1
Py=m(y), y €X, Qz =m(z), and 2 € Y. Then N is L-compact on Q, where
is any open bounded subset of X.

Proof. The projections P and @ are continuous such that Im P = ker L and Im L =
ker Q. It is clear that

(I-Q)Vo={0} and (I-Q)Vp=W.
Therefore, Im(I — Q) =V; = Im L. In view of
ImP=%erL and ImL =ker@ =Im(I —Q),

we can conclude that the generalized inverse (of L) Kp : InL — ker P N Dom L
exists and is given by

Kp(2) :/()tz(s)ds—m[/otz(s)ds]



6 Y. LI, C. WANG EJDE-2012/91

Thus
QNy = (Hyy,Hay,..., Hyy)",
Kp(I —Q)Ny = fly(t)] — Qf[y(t)],
where ,
flu®] = [ (Ny(s) - QNy(s))ds
0
and

Hiy =m|[Gy| = m[ri(t) — a;i(t) exp{z;(t)}
3 ay)exp {a;(t — 7t explei (0}, .. ,exp{xn(t)}))}}
=14
for i = 1,2,...,n. QN and (I — Q)N are obviously continuous. Now we claim
that Kp is also continuous. By our hypothesis, for any ¢ < 1 and any compact
set S C C([—0,0],R™), let (e, S) be the inclusion interval of E{F,e,S}. Sup-
pose that {z,(t)} € ImL = V; and z,(t) uniformly converges to zo(t). Since
fo zn(s)ds € Y (n=0,1,2,...), there exists p, (0 < p < ¢) such that E{F,p, S} C
E{fo zn(s)ds,e}. Let I(p, S) be the inclusion interval of E{F,p, S} and

| = max{l(p, 9), I(z, S)}.
It is easy to see that [ is the inclusion interval of both E{F g, S} and E{F,p,S}.

Hence, for all ¢ ¢ [0,1], there exists . € E{F,p,S} C E{fo zn(s)ds, e} such that
t 4+ 7¢ € [0,1]. Therefore, by the definition of almost periodic functlons we observe
that

¢
H/ zn(s)dsH

0

t
:ig]g’/ Zn(S)dS|
t t+71¢ t+71¢

< sup ‘/ Zn(s ds —|— sup ‘(/ ()ds—/ (s)ds)—i—/ zn(s)ds‘

te0,l] t¢10,1] 0 0

t+7¢
<2 sup‘/zn ds—&—sup‘/zn ds—/ (s)ds‘
te[0,l] t¢Z[0,1]

< 2/ 2 (s)] ds + e.
0

(3.2)

By applying (3.2 ., we conclude that fo s)ds (z € Im L) is continuous and conse-
quently Kp and Kp(I — Q)Ny are also contmuous

From (3.2]), we also have that fo s)ds and K p(I Q) Ny are uniformly bounded

in Q. In addltlon we can easily conclude that QN () is bounded and Kp(I—Q)Ny

is equicontinuous in Q. Hence by the Arzela-Ascoli theorem, we can immediately

conclude that Kp(I — Q)N () is compact. Thus N is L-compact on Q. The proof

is complete. ([

Theorem 3.4. If (H1) holds and the following conditions are satisfied:
(H2) m[r;] >0,i=1,2,...,n
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(H3) Z?:l m[a,-j] >0,1=1,2,...,n.
(H4) The system of linear algebraic equations

= Zm[aij]vj, i=1,2,...,n (3.3)

has a unique solution (vi,v3,...,vi)T € R™ with v} >0,i=1,2,.

Then (1.1) has at least one positive almost periodic solution.

Proof. To apply the continuation theorem of coincidence degree theory, we set the
Banach spaces X and Y the same as those in Lemmaand the mappings L, N, P, Q
the same as those defined in Lemmas [3.2] and [3.3] respectively. Thus, we can obtain
that L is a Fredholm mapping of index zero and N is a continuous operator which is
L-compact on . It remains to search for an appropriate open and bounded subset
Q.
Corresponding to the operator equation Ly = ANy, A € (0,1), where y =
(r1,22,...,7,)T, we obtain, for i = 1,2,...,n,
n
@(t) = )\|:7"i(t) — a;i(t) exp{zi(t)} — Z aij (t)
j=1,j#i (3.4)

x exp {xz;(t — 7;(t,exp{z1 (1)}, ..., exp{zn(t)})) }] .

Suppose that y € X is a solution of (3.4) for a certain A € (0,1). For any ¢ € R,
we can choose a point 7 —tg € [[,2]] N E{F,p,S), where p(0 < p < ¢) satisfies
E{F,p} C E{y,e}. Integrating (3.4) from ¢y to 7, we obtain

/ [ass(s) expi(s))

Z s) exp {x]( 7i(s,exp{z1(s)},... ,eXp{x”(s)})) }} ds (3.5)

/Tz dS-i—’/ (s ds‘</\/ ri(s)ds+e, i=1,2,...,n

Hence, from and (| -, we obtain
/ jd:(s)| ds < A / ri(s)ds + A / [aii(s) expfai(s)}
to to t

0

+ Z a;;(s) exp {mj (s —7j(s,exp{zi(s)},... ,exp{xn(s)})) }} ds

j=1.#i
< 2)\/ ri(s)ds+¢e < 2)\/ ri(s)ds+1:=4;,, i=1,2,...,n
to to
Therefore, for 7 > to + [, we can easily have

to+1
/ GOldt < A =12 .n

to
Denote

0 = max sup x;(t 0 = min inf z 1=1,2,...,n
1§i§nt€£ i(t), 1<i<n teR i(t), Ty
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In view of (3.4)), for i = 1,2,...,n, we obtain

miri) = m|as(t) expfa: (1))

n 3.6
+ Z a;j(t) exp {xj (t — 7 (t, exp{x1(t)}, ... 7exp{xn(t)})) }} . (3.6)
J=1.5#i
From , one has
mlr;] > Zm[a”] exp{0}, i=1,2,...,n,
j=1
or ]
mlr;
0<In Z?:l mlag]’ 1,2,...,n.
Consequently, by Lemma for any ¢ > 0, there exists a £ such that
to+1
nl) o€+ [ nolde< @+ o)+ 4,
fo (3.7)
<In nm[ri] +144;, i=12,....n

Similarly, we obtain

m(r;] < { i m[aij]} exp{f}, i=1,2,...,n,

<.
Il
—

SO

i1=1,2,...,n.
By Lemma for any ¢ > 0, there exists a n’ such that

. t0+l _
auwzmmg—/ i (O] dt > (0 — ¢) — A,
: t]° (3.8)
miT;
M A1 =12, 0.
Zj:l mlai;]

It follows from (3.7)) and (3.8)) that for i =1,2,...,n,

>1In

sup |z;(t)]
teR
< max{’lnz% + (A +1) )mz% - (Ai+1)‘} — M, (3.9)

Clearly, M;(i = 1,2,...,n)) are independent of the choice of A\. Take M =
maxi<;<n{M;} + K, where K > 0 is taken sufficiently large such that the unique
solution (v, v3,...,v:)T of system satisfies ||(vf,v5,...,v5)T|| < M. Next,
take

Q= {y(t) = (’lj‘l(t),l‘g(t), cee 7xn(t))T € X: HIL’” < M}a
then it is clear that (2 satisfies condition (1) of Lemma [2.2] When y € 0Q Nker L,
then y is a constant vector with ||y|| = M. Hence

QNy = (Hlya HZy, cee Hny)T # 03
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where
n
Hyy = m[Giy] = m[r;] — Zm[aij] exp{z;},i=1,2,...,n,
j=1

which implies that condition (2) of Lemma is satisfied. Furthermore, take
J : Im @ — ker L such that J(z) = z for z € Y. In view of (H4), by a straightforward
computation, we find

deg{JQN,QNker L,0} = sgn{(—1)"[det(m(a;;))]e=1"" } # 0.

Therefore, condition (3) of Lemma holds. Hence, Ly = Ny has at least
one solution in Dom L N Q. In other words, has at least one almost peri-
odic solution x(t), that is, has at least one positive almost periodic solution
(u1(t),...,un(t))T. The proof is complete. O

4. AN EXAMPLE AND SIMULATION
Consider the Lotka-Volterra system
a(t) = u(t)[3 — cos V2t — (3 — cost)u(t) — (2 +sint)v(t — 71 (t, u(t), v(t)))],
b(t) = v(t)[2 — sin V3t — (1 —sint)v(t) — (3 — cos V2t)u(t — m(t, u(t), v(t)))],

where 7; € C(R3 R) (i = 1,2) are almost periodic in ¢ uniformly for (u,v)? € R2.

One can calculate that m[ri] = 3, mlre] = 2, mla11] = 3, mfage] = 1, m[ai2] =
2 mlag1] = 3. Tt is easy to check that (H1)—(H4) are satisfied. By Theorem
3.4} Equation has at least one positive almost periodic solution (u(t),v(t))T.
We take 71 (t, u(t),v(t)) = exp{sin v/2v(t) + cos v3u(t)} cost and 7o(t, u(t),v(t)) =
exp{sin v/3v(t) + cosu(t)} sin v/2t. Figure [1|shows the numerical simulation which
illustrates the effectiveness of our results.

0 20 40 60 80 100
time t

FIGURE 1. Population density for the two species u, v
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