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MULTIPLE SYMMETRIC POSITIVE SOLUTIONS TO
FOUR-POINT BOUNDARY-VALUE PROBLEMS OF
DIFFERENTIAL SYSTEMS WITH P-LAPLACIAN

HANYING FENG, DONGLONG BAI, MEIQIANG FENG

ABSTRACT. In this article, we study the four-point boundary-value problem
with the one-dimensional p-Laplacian

(¢, (ui)) + qi(t) fi(t,ur,u2) =0, t€(0,1), i=1,2

ui(0) — gi(ui(§)) =0, ui(1) +gi(ui(n) =0, i=1,2.
We obtain sufficient conditions such that by means of a fixed point theo-
rem on a cone, there exist multiple symmetric positive solutions to the above

boundary-value problem. As an application, we give an example that we illus-
trates our results.

1. INTRODUCTION

In this article, we discuss the existence of multiple symmetric positive solutions
to the four-point boundary-value problem (BVP) for a differential system with the
one-dimensional p-Laplacian,

(6, (W) + q; () filt,ur,ug) =0, te(0,1),i=1,2; (1.1)
u;(0) — gi(uj(§)) =0, wi(1) +gi(uj(n) =0, i=1,2, (1.2)

where ¢, (s) = [s[Pi7%s, p; > 1,0 < & < 1/2, £+ n =1, and the functions ¢;, fi,
gi, © = 1,2 satisfy the following conditions:

(H1) ¢; € L'0,1] is nonnegative symmetric on [0,1] (ie., ¢:(t) = ¢(1 —t),
t €[0,1]) and ¢;(t) # 0 on any subinterval of [0, 1];

(H2) f; € C([0,1] x [0,+00) x [0,+00),(0,4+0c0)) is symmetric on [0,1] (i.e.,
fi(t,u17u2) = fi(l - t,ul,u2), for t € [0, 1]);

(H3) g¢; € C((—00,+00), (—00, +00)) is strictly increasing, odd and satisfies the
condition that there exists m; > 0 such that 0 < g;(s) < mys for all s > 0.

Multipoint boundary-value problems for ordinary differential equations and sys-
tems arise in a variety of areas of applied mathematics and physics. The study of
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multipoint BVPs for linear second-order ordinary differential equations was initi-
ated by II'in and Moiseev [I3]. Since then, many authors studied more general non-
linear multi-point boundary-value problems by Leray-Schauder continuation theo-
rem, coincidence degree theory, the method of lower and upper solutions, monotone
iterative technique, fixed point theorem in cones and so on. We refer readers to
[3, 6l 111, 12] 211, 25l 27] and the references cited therein. On the other hand, the
existence of symmetric positive solutions of second or higher order boundary-value
problems have received more and more attention in the recent literature. The re-
sults of existence of symmetric positive solutions were obtained by some authors,
see [2, [, 15, [8, (9] 15, [16] 23, 24] 29].

In recent years, there were many works done for a variety of nonlinear second
order ordinary differential systems with different boundary conditions, see [1L [7}
20, 22], 26], 28]. However, to the best of our knowledge, there were only a few
results on the existence of multiple positive solutions to boundary-value problems
for differential systems with the one-dimensional p-Laplacian. Especially, there
were few papers on the existence of symmetric positive solutions.

Recently, Liu [I8] studied the existence of positive solutions of singular boundary
value systems with p-Laplacian,

(p(2)) + ar () f(t,2(t),y(t) =0, te(0,1),
(9p(¥) + az(t)g(t, z(t),y(t)) =0, te€(0,1),
x(0) — B12'(0) = x(1) + 612" (1) = 0,

- —

0,
y(0) — B2y'(0) =0, y(1) +d2y'(1) = 0.
By using fixed-point index theory, the existence of one and multiple positive solu-
tions for the boundary value systems under some conditions were established.

Liu and zhang [19] considered the existence of positive solutions for the nonlinear
system

(301(13/))/ + a(t)f(mvy) =0, ((P?(y/))/ + b(t)g(.%‘,y) =0, te (Oa 1)7
ap1(z(0)) — Bp1(2'(0)) =0, awa(y(0)) — Bpa2(y'(0)) =0,
ap1(z(1)) = Bpi('(1)) =0,  awa(y(1)) — Bea(y'(1)) = 0,
where 1, @9 are the increasing homeomorphism and positive homomorphism and
©1(0) = 0,2(0) = 0. They showed the sufficient conditions for the existence of
positive solutions by means of the norm type cone expansion-expression fixed point
theorem.

Recently, Ji, Feng and Ge [I4] discussed the existence of symmetric positive
solutions for the boundary-value system with p-Laplacian,

(¢p, (W) + a1 () f(u,v) =0, t€(0,1),
(¢p. (V') + a2(t)g(t,u,v) =0, te(0,1),
u(0) —au'(§) =0, wu(l)+au'(n) =0,
v(0) —au'(€) =0, v(1)+av'(n) =0,

Motivated by the above works, our purpose in this paper is to give some con-
ditions that guarantee the existence of multiple symmetric positive solutions for

boundary value systems (|1.1)), (1.2).

The main tool of this article is the fixed point index theorem in cones.
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Lemma 1.1 ([I0, [I7]). Let K be a cone in a Banach space X. Let D be an open
bounded subset of X with Dy, = DNK # ¢ and Dy, # K. Assume that A: Dy — K
is a compact map such that x # Ax for x € 0Dy. Then the following results hold:

(1) If ||Az| < ||z|l, x € ODy, then iyx(A, Dy) = 1;

(2) If there exists e € K\{0} such that x # Az + Xe for all x € 0Dy, and all
A >0, then ix(A, Dy) = 0;

(3) Let U be open in X such that U C Dy. Ifix(A, D) =1 and ir(A,Uy) =0,
then A has a fived point in Di\Uy. The same results holds if i,(A, Dy) = 0
and ik(A, Uk) =1.

2. PRELIMINARIES

Let E = C|0,1] x C[0,1], then E is a Banach space with the norm ||(u,v)| =
[ull + [[ol], where [Ju]| = max;eo,1) [ u(t) |, [Jv]] = maxieqo,y [ v(t) |-

Definition 2.1. We define a partial ordering in E. For (ui,uz),(v1,v2) € E:
(u1,u2) < (v1,v9) if and only if u;(t) < v;(t), t € [0,1], i =1, 2.

Definition 2.2. (uj,u2) € E is concave and symmetric on [0, 1] if and only if
u;(t), i = 1,2, is concave and symmetric on [0,1].

So, define a cone K C E x E by
K = {(u1,u2) € E X E: (u1,uz) is nonnegative, concave and symmetric on [0, 1]}.
For h; € L'[0,1], let (u1,us) be a solution of the BVP
(6, (u))) + hi(t) =0, te(0,1), i=1,2, (2.1)
ui(0) = gi(ui(€)) = 0, wi(1) + gi(ui(n)) =0, i=1,2. (2.2)
By integrating , it follows that

0 = 57 (An, [ mtrar)
wi(t) = wi(0) + /Ot ! (Ahi - /O hi(T)dT)ds,
ui(t) = ui(1) — /t1 ¢;i1 (Ahj - /05 h,;(T)dT)dS.

Using the boundary condition (2.2]), we can easily obtain

uwi(t) = gi 0 5! (Ahi - /O ‘ hi(T)d7'> + /0 t 5! (Ahi - /0 ) hi(T)dT)ds

n 1 s
w;(t) = —g; o ¢;i1 (Ahi —/ hi(T)dT) —/ ¢p_il (Ahi —/ hi(T)dT)dS,
0 t 0
where Ap,; satisfies (2.3).

€ U]
i © ¢y (An, —/0 hi(T)d7) + gi © ¢, (An, —/0 hi(7)dr)

or

1 s (2.3)
+/0 O (Ap, 7/0 hi(T)dr)ds =0, i=1,2.
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Lemma 2.3. If h; € L[0,1] is nonnegative on [0,1] and h;(t) Z 0 on any subinter-
val of [0, 1], then there exists a unique Ay, € (—o00,+00) satisfying (2.3). Moreover,
there is a unique op,, € (0,1) such that Ay, = [J"* hi(7)dr fori=1,2.

Proof. For any h;(t) in Lemma define
1 ¢ 1 K
Hp,(c)=gio b, (c — / hi(T)dT) +9i0 ¢, (C — / hi(T)dT)
0

0
1 s
+/ gbgil(cf/ hi(T)dr)ds, 1=1,2.
0 0

So, Hy, : R — R is continuous and strictly increasing since g; is strictly increasing.
It is easy to see that Hj,(0) < 0, Hhi(f()l hi(7)dr) > 0. Therefore, there exists a
unique Ap, € (0, fol hi(T)dr) C (—00, +00) satisfying (2.3). Furthermore, if F;(t) =
fot h;(T)dr, then F;(t) is continuous and strictly increasing on [0, 1], F;(0) = 0, and
Fi(1) = fol hi(T)dr. Thus,

0= F,(0) < A, < Fy(1) = /1 h(7)dr.
0

Therefore, the intermediate value theorem guarantees that there exists a unique
on, € (0,1) such that Ay, = [J" hi(7)d7, i =1,2. O

Remark 2.4. By Lemma if (u1,uz) is the unique solution of (2.1))-(2.2]), then
u; (1 =1,2) can be rewritten as

giod,} f;"i hi(T)dT) + fot qi);il(f;h’i hi(T)dT> ds, 0<t<oy,,

gi © ¢;il f:hL hi(T)dT) + ftl ¢;1(f;hi hi(T)d7—>ds, op, <t <1,
(2.4)

(7 (t) =

fori=1,2.

Lemma 2.5. If h; € L'[0,1], i = 1,2, is nonnegative symmetric on [0,1] and
hi(t) £ 0 on any subinterval of [0,1], then the unique solution (uy,us) of (2.1)-
(2.2) is nonnegative, concave and symmetric.

Proof. Suppose that (u1,us2) is the solution of (2.1)-(2.2)). From the fact that
(dp, () () = —hs(t) <0, i=1,2,

we know that ¢, (u}(t)) is non-increasing. It follows that u}(¢) is also non-increasing.
Thus, we know that the graph of u; is concave down on [0, 1].

It is easy to know that Hp, (foé h;(T)dr) = 0; i.e., op, = 1/2 from the symmetry
of hi(t). So, from (2.4) and for ¢ € [0,1/2], by the transformation 7 = 1 — 7, we

have
u;i(t) = gi o ¢pi1(/:/2 hi(T)dT) + At (bml(/:/Q hi(T)dT) ds

=-gi° pf(/ll/; hi(?)d?) - /Ot %}(/11/2 hi(?)d?)ds,

—S

hi(?)d?) + /1 o oo ( [ i hi(?)d?) ds

Again, let s =1 —5; then

ut) = g0, ( |

n

1/2
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n 1 s
=gio¢>;}(/ hi(T)dT) +/ ¢;1(/ hi(T)dT)ds
1/2 1—t 1/2
=u(l—t), i=1,2.

So, u; is symmetric on [0, 1].

Combining the concavity and symmetry of u;, we have u;(1/2) = maxo<i<1 u;
and u}(1/2) = 0. So, uf(t) > 0 for t € (0,1/2) and u}(t) < 0 for t € (1/2,1). It
follows that u;(0) = g(u}(£)) = —g(u}(n)) = u;(1) > 0. Therefore, u; > 0 on [0,1],
i=1,2. O
Lemma 2.6. Let (uj,u2) € K, and ¢ € (0, %), then ming<i<i—s(u1(t) + ua(t)) >
S(lluall + [luzll), t € [6,1 —4].

The proof of the above lemma uses standard arguments only; we omit it here.

Lemma 2.7. Assume that (H1)-(H3) hold. For any (ui,us) € K, define an oper-
ator

T(ur,uz)(t) = (T1(u1, uz), Ta(u1, u2))(t),
where
gi0 65 ([ an) 7,1 (), (7))
+ f! <z>;1(fj/2 () fi (7, wa (7), uQ(T))dT)d& 0<t<1/2,
9:0 61 ([} 4 (1) fi(r,a (), ua(7)) dr
+ft1 ¢;i1(f18/2 @ (7) fi(r, ul(T),uQ(T))dT)ds, 1/2<t<1,

fori=1,2. Then T : K — K is completely continuous.

Ti(ur,uz)(t) =

Proof. We first verify that T : K — K. To do so, let (uj,u2) € K. Ac-
cording to the definition of 7" and Lemma it follows (¢, (T;(u1,u2))) (t) =
—qi(t) fi(t,u1(t), uz(t)) < 0 this implies T;(u1,us2) is concave on [0,1]. Again, from
the definition of symmetry of f; and ¢;, it is easy to know that T;(u1,us2)(t) =
T;(u1,u2)(1 —t) for ¢t € [0,1/2], that is T;(u1, uz) is symmetric on [0, 1]. So, indeed
TK C K from definition

Next we show that T : K — K is completely continuous.

(1) We prove T is compact. Let U C K is a bounded subset, then there exists a
constant D > 0, such that ||(u1,uz2)|| < D for any (u1,u2) € U. By the discussion
about T; (i = 1,2) and condition (H3), for any (uj,u2) € U and 0 <t < 1/2 (the
case 1/2 <t <1 can be proved similarly), we have

ITiCus,ua)] = T, ) 5)
=500 ([ P (). ua()ir
o [Pt ([ at i) vntear)as,
< [mo( Pamar)+ | Fan [ aiyinad

X (b;il(sup{fi(t,ul,ug) 1t €[0,1], (ui,ug) € U})



6 H. FENG, D. BAI, M. FENG EJDE-2012/95

Thus T;(U) (i = 1,2) is bounded, this implies T'(U) is bounded.
Next, for any (u1,us) € U and 0 < ¢ < 1/2, we have

1/2
1T (u1, u2) || < ¢,;1(/0 @i (7) fi(T,ur (1), uz(7))dr)

1/2
g¢;1(/0 4s()dr) b Msupfi(t ua,uz) < £ € [0,1], (uy,uz) € UY).

Then T'(U) is equicontinuous; that is, T'(U) is a relatively compact set according
to the Ascoli-Arzela theorem.
(2) We show that T is continuous. Let (ugn), uén)) € U and converge uniformly
(ugo), ugo)) then
Ty(uy™, us™) (1)
n n 1
< T, u5”) (3)
_ 1/2 n n
wo¢g(&/qxﬂﬂvmik>uékﬂmﬂ
1/2 1/2 (n) (n)
o2 ot (L2 as(m) fitrul (), 0 (7))dr Yds, 0 <t <172,

9005t (o alr ﬂ&uﬁ(»ﬁ%ﬂmﬂ

+f1/2 (bpi <f1/2 qi(7) fi (T, ug )(T) u(n)(T))dT>dS, 1/2<t<1,
[mﬂbpl (ff 2 a(T dT) —|—f0 - ( s ‘(T)dT)dS}

x ¢y t(sup{ fi(t,ur,ug) : t € [0,1], (u1,u2) € U}), 0<t<1/2,

|:mi¢pi (fl/g QZ dT +f d)pl (f1/2 qz d7>d8:|
ng);il(sup{fl(t,ul,uQ) 2t €0,1], (u1,u2) € U}) 1/2<t<1.

IA

Thus, by the dominated convergence theorem, we can get the limit

nlirn T, (ugn), ugn))(t)

%o%l( a:(n)fi(rut” (r), u (r))dr)

+Jy o m(ﬁ”»umvuwvxﬁwﬂmﬂw7ogtsuz
gm¢%<ﬁm% ) fi(ryul? (1), 0 (7)) dr)

L0t (o @ (M filr w0, ul () )ds, 172 <t <1

i.e., limy oo T3 (tn, un ) (t) = Ty(ug, uo)(t). So Ty (i = 1,2) is continuous on U. It

follows that T(U) is continuous on U. Hence we complete the proof of Lemma

238 O

1/2

3. EXISTENCE OF MULTIPLE SYMMETRIC POSITIVE SOLUTIONS TO (|1.1)-(1.2)

Now for convenience we use the following notation. Let

§f1/2 - (fsl/g ‘(T)dT)dS
migpt (S22 qi(rydr) + [y opt ([22 qi(r)dr)ds

¥ = i=1,2,



EJDE-2012/95 MULTIPLE SYMMETRIC POSITIVE SOLUTIONS 7

Vi = 6%;, v = min{yi, 2}, Kp = {(u1,u2) € K ||(ur,u2)|| < p},
2, = {(ur,up) € K| min (us(t) +ua(t)) <yp},

= {(u1,u2) € K, All(ur,uo)|| < min (ur(t) +u2(t)) < vp},

§<t<1—6
fi(t,U],UQ)
S = ————— ‘u1 t+u2 € 3 PL1
fitvp,0 = mm{tergnln R I [ve, pl}
[0,p] filt,u1,uz)
1P — A0 70 2w +us € )0, p]),
fi max{trerl[g§] oo (p) it [0, o]}
t
fia = liminf in 7f( U1, U2)
(’U,17’u,2)4>0£ te[s,1-6] ¢p (ul + ug)
fl(t7u17u2)

£ = limsup (a0 := o0, or 0),

(u1,u2)—a t€[0,1] qbpi (’LL1 + u2) ’

i = Z[miqul(/:m Qi(T)dT) + /01/2 ¢;1’1 (/51/2 qi(T)dT>d8i|,
L ([ i

where i = 1,2 and (u1,us) — «a if and only if ||u|| + [Juz| — «

Remark 3.1. By (H1) it is to show that 0 < N;, M; < oo and M;y < M;; =
Mzéil = 5Nz < N;,1=1,2.
Lemma 3.2 ([I7]). The set Q, defined above has the following properties:

(a) Q, is open relative to K;

(b) Ky CQ, C Ky;

(¢) (u1,u2) € 09, if and only if mins<s<1—s(u1(t) + ua(t)) = vp;

(d) If (u1,u2) € 09, then yp < uy +ug < p fort € [6,1 —0].

We are now ready to apply Lemma to the operator T to give sufficient
conditions for the existence of multiple symmetric positive solutions to (L.1)-(1.2]).

Theorem 3.3. Assume that (H1)—(H3) hold, and suppose that f; satisfies the fol-
lowing conditions:
(H4) There exist p1, p2, p3 € (0,00), with p1 < yp2 < p2 < ps such that

F < 6 (N2, Fitypan) > 00, (OM), £ < B (N, =12
Then (1.1)-(1.2)) has three symmetric positive solutions in K.

Proof. Recall that — has a solution (uq,us) if and only if the operator T'
has a fixed point. Thus we set out to verify that the operator T satisfies Lemma
which will prove the existence of three fixed points of T" which satisfies the
conclusion of the theorem.

Firstly, we show that i (T, K,,) = 1. In fact, by the definition of T" and fi[o’pl} <
¢p, (N;), for (u1,u2) € 0K,,, we have

1T (un, u)ll = max |Ti(ur, u2)(t)] = Tius, u2)(1/2)

=g;0 ¢;’1 (/;/2 Qi(T)fi(T, ul(T), U2(T))dT>
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1/2 1/2
+/ ¢;i1</ qz‘(T)fi(T»U1(T),u2(7))d7)ds
0 s
1/2
< miqﬁgil(/ qi(T)dT oy, (plNi))
§
1/2 1/2
+/ ¢;¢1</ qi(T)dTdp, (PlNi))dS
0 s

< g\ [mi¢;1</:/2 qi(T)dT) + /01/2 ¢;1-1 (/:/2 Qi(T)dT) ds}

— & — ||(U1,u2)||’ Z: 1,2
2 2

Thus,
1T (uruz)|| = [(T1 (v1u2), To(uruz))[| = [[(T1 (uruz)|| + [ To(uruz))|| < [[(u1, u2)l,

by LemmdL.1] (1), one has ix (T, K,,) = 1.

Secondly, we show that i (T,€2,,) = 0. Let (e1(t),e2(t)) = (3,3) for t € [0,1],
then (e1(t), ez2(t)) € OK1. We claim that

(u1,uz) # T(u1,uz) + Aer, e2) = (T1(u1, uz), To(u1, uz)) + Aler, e2)
= (Tl(ul,UQ) + )\61,T2(’U,1,U2) + )\62);

that is, u; # T;(u1,u2) + Ae;, for (uq,us) € 0Q,,, A >0, i =1,2.

In fact, if not, there exist (uy,u3) € 9Q,, Ao > 0 such that (uf,u) = T'(ul, ud)+
Ao(er,e2). From Lemma and fijypy.pa] > @p; (YM;), we have

ug (t) = T;(u}, u) () + Aoei(?)
Ao Ao

1
> 8T u) + 52 = 6T(u, ud)(5) +

=3lgi0 05 ( /f 7 ) B, u(r))dr)
" /01/2 ! / e W (r), ub(r))dr ) ds| + %

- 5/51/2 %1( / - gi(7) fi(T, u?(r),u‘;(r))df)ds n %

wo [t ([ atmron o s + 2

2
1/2 1/2 Y
) s

_aeztAo g,
2
Thus u{(t) + u3(t) > vp2 + Ao. This implies that ypa > yp2 + Ao, which is a
contradiction. Hence by Lemma [L1] (2), it follows that i (T, €2,,) = 0.
Finally, similar to the proof of i1 (7', K,, ) = 1, we can obtain that iy (T, K,,) = 1.
Therefore, it follows from Lemma that 7' has three fixed points u; € K, ,
Uy € QP2 \Fpl and ug € Kp3\§p2. [l
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Theorem 3.4. Assume that (H1)—(H3) hold, and suppose that f; satisfies the con-
ditions:
(H5) There exist p1, p2, p3 € (0,00), with p1 < p2 < vyps such that

0, .
fi[’ypl,m] > ¢Pi (’YMZ)v fz[ eal < ¢pi (Nl)v fi[’ypg,p3] > ¢pi (’yMi)7 1=1,2.
Then (1.1)-(1.2)) has two symmetric positive solutions in K.

The proof of the above theorem is similar to that of Theorem we omit it
here. As a special case of Theorem we obtain the following result.

Corollary 3.5. Assume that (H1)—(H3) hold. In addition, if there exists p € (0,00)
such that

(HG) 0< fzo < (bPl(NZ)’ fi['yp,p] > d)pi(’yMi)y 0< floo < ¢p1(NZ)f i = 172-
Then (1.1)-(1.2) has three symmetric positive solutions in K.
Proof. We show that (H6) implies (H4). It is easy to verify that 0 < f0 <
¢p; (INV;) implies that there exists p; € (0,7p) such that fi[o’pﬂ < ¢p,(N;). Let
ki € (f2°, ¢p;(N;i)), then there exists r > p such that maxg<i<i fi(t, u1,u2) <

%

k,¢p, (u1 + uz) for ug + ug € [rr,00) since 0 < 2 < ¢, (N;). Let

/6i = max{oriltaglfi(t7ulau2) :0 S Uy +U'2 S 7"}7

— 61 —1 ﬂQ
> max { ¢ H(——), —— ) p}h.
& ton. (¢p1(N1) - kl) b (¢p2(N2) - kz) )
Then
Jnax filt,ur,uz) < ki, (ur +u2) + B < kidy, (p3) + Bi < dp, (Ni)dp, (p3)
for w3 + ug € [0, p3]. This implies fi[o’pd < ¢y, (N;) and (H4) holds. O

Similarly, as a special case of Theorem we obtain the following result.
Corollary 3.6. Assume that (H1)—(H3) hold. In addition, if there exists p € (0,00)
such that the following conditions hold

(HT) ¢, (M) < fio < 00, f" < 6, (Ni), 6, (M) < fioo < 00,1 =1,2.

Then (1.1)-(1.2)) has two symmetric positive solutions in K.

By an argument similar to that of Theorem we can obtain the following
results.

Theorem 3.7. Assume that (H1)—(H3) hold. In addition, one of the following two
condition holds

(H8) There exist p1, p2 € (0,00) with p1 < yp2 such that

0, .
I < 0p (N2, Sitpa pa) 2 0p (M) = 1,2
(H9) There exist p1,p2 € (0,00) with p1 < p2 such that
Fitvoron] 2 0o (M), J7 < 0 (WD) i = 1,2,
Then (1.1)-(1.2) has one symmetric positive solution in K.

Corollary 3.8. Assume that (H1)—(H3) hold. In addition, one of the following two
conditions holds

(H]-O) 0< fzo < ¢P1(Nl)’ (Z)pm(Ml) < fzoo <oo,i=1,2.
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Then (1.1)-(1.2)) has one symmetric positive solution in K.

4. EXAMPLE

Let p; = 3, q¢i(t) =2, ¢ =1,2, in (L.1) and £ = 1/3, n = 2/3, and g, satisfies
(H3) with m; = 1,4 =1,2, in (1.2]). We consider the boundary-value problem

(Jujlug) () + qi(t) fi(t,ur,uz) =0, te(0,1), i=1,2; (4.1)
w0~ g(5) =0, W)+ g(E(E) =0, i=12  (42)

where

t(1—t)(u1 4 u2)™ + 155, 0<u+v <3,
1—

fl(taulaUQ) = {

t( t).314+T100, wtu>3,

HI—t By 1< <3,
fa(t,ur, uz) = ( )(ulljw)l + To00 Su+v<

t1—1) 3% + 1505, u+v >3,

Choose p1 =1, po = 64(V6 + V2), p3 = 1500, § = . we note that

Consequently, f;(t,u1,us), i = 1,2, satisfies
Ao =025 < ¢, (V1) = 0.60, L =05 < ¢, (V1) = 0.60,
fl[,),p%m] =0.05 > (;51,1 (’yMl) = 0.047 f2['YP2aP2] =0.06 > qf)pl ('yMl) = 0.04,
Forsl — 053 < ¢, (V1) = 0.60, 7 =0.35 < ¢, (V1) = 0.60.

Then all the conditions for Theorem [3.3/hold. Thus, (1.1)-(L.2) has three symmetric
positive solutions in K.

Acknowledgements. The authors would like to thank the anonymous referee for
his or her helpful suggestions.
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