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EXISTENCE AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS
TO THE GENERALIZED DAMPED BOUSSINESQ EQUATION

YINXIA WANG

ABSTRACT. We consider the Cauchy problem for the n-dimensional gener-
alized damped Boussinesq equation. Based on decay estimates of solutions
to the corresponding linear equation, we define a solution space with time
weighted norms. Under small condition on the initial value, the existence and
asymptotic behavior of global solutions in the corresponding Sobolev spaces
are established by the contraction mapping principle.

1. INTRODUCTION

We study the Cauchy problem of the generalized damped Boussinesq equation
in n space dimensions

U — alugy — 206Au, — aA3u + BA%u — Au = Af(u) (1.1)

with the initial value
t=0: wu=ug(x), ur=ui(z). (1.2)
Here u = u(z,t) is the unknown function of x = (z1,---,2,) € R” and ¢ > 0,

a,b,a, 3 are positive constants. The nonlinear term f(u) = O(u'*?) and 6 is a
positive integer.
The first initial boundary value problem for

Uy — alAugy — 20Au; — aA3u + BA%u — Au = YA (u?) (1.3)

in a unit circle was investigated in [I6], where a, b, a, 8 are positive constants and ~
is a constant. The existence and the uniqueness of strong solution was established
and the solutions were constructed in the form of series in the small parameter
present in the initial conditions. The long-time asymptotics was also obtained in
the explicit form. In [I], the authors considered the initial-boundary value problem
for in the unit ball B C R3, similar results were established. It is well-known
that the equation is closely contacted with many wave equations. For example,
the equation (which we call the Bq equation)

Utt — Ugy + Uggrer = (u2)wwa
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which was derived by Boussinesq in 1872 to describe shallow water waves. The
improved Bq equation(which we call IBq equation) is

Ut — Ugy — Uggtt = (u2)rT

A modification of the IBq equation analogous of the MKdV equation yields
Utt — Ugy — Ugxtt = (ug)zm

which we call the IMBq equation (see [3]). is a higher order wave equation. In
[8], we considered the Cauchy problem for the Cahn-Hilliard equation with inertial
term. Combining high frequency, low frequency technique and energy methods,
we obtained global existence and asymptotic behavior of solutions. Wang, Liu
and Zhang [13] investigated a fourth wave equation that is of the regularity-loss
type. Based on the decay property of the solution operators, global existence and
asymptotic behavior of solutions are obtained. For global existence and asymptotic
behavior of solutions to higher order wave equations, we refer to [2]-[3] and [6]-[15]
and references therein.

The main purpose of this paper is to establish global existence and asymptotic
behavior of solutions to 7 by using the contraction mapping principle.
Firstly, we consider the decay property of the following linear equation

g — alugy — 206Auy — aA3u + BA%u — Au = 0. (1.4)
We obtain the following decay estimate of solutions to (|1.4)) associated with initial

condition (|1.2)),
_n_k_1
10kl < OO+~ 553 (fuoll 1 + lurll = + luollross + s flz=) (L5)
(h<s+2),

10k (D)2 < C(L+ )T (Jluoll g + luall g2 + ol sz + ) (1.6)
(h < s) Based on the estimates and , we define a solution space with
time weighted norms. Then global existence and asymptotic behavior of classical
solutions to 7 are obtained by using the contraction mapping principle.

We give notation which is used in this paper. Let .%[u] denote the Fourier
transform of u defined by

(&) = Flu] = /n e Ty (z)dx,

and we denote its inverse transform by % 1.

For 1 < p < oo, LP = LP(R™) denotes the usual Lebesgue space with the
norm || - ||». The usual Sobolev space of s is defined by HS = (I — A)=%/2Lp
with the norm || f|lms = [[(1 — A)*/2f||L»; the homogeneous Sobolev space of s is
defined by H; = (—=A)~%/2LP with the norm 1 flles = [(—A)3/2f||L»; especially
H*® = H$, H* = H3. Moreover, we know that H; =LPN H; for s > 0.

Finally, in this paper, we denote every positive constant by the same symbol C
or ¢ without confusion. [-] is the Gauss symbol.

The article is organized as follows. In Section 2 we derive the solution formula
of our semi-linear problem. We study the decay property of the solution operators
appearing in the solution formula in section 3. Then, in Section 4, we discuss the
linear problem and show the decay estimates. Finally, we prove global existence
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and asymptotic behavior of solutions for the Cauchy problem (1.1)), (1.2]) in Section
5.

2. SOLUTION FORMULA

The aim of this section is to derive the solution formula for problem (1.1), (1.2).
We first investigate the equation ([1.4]). Taking the Fourier transform, we have

(1+ al¢*) s + 20|82 + (alg]® + BIEI* + |¢]*)a = 0. (2.1)
The corresponding initial value are
t=0: a=1ay(§), w=1u(s). (2.2)
The characteristic equation of is
(1 + al€*)X* + 2b[¢*A + alg|® + Ble* + [¢]* = 0. (2.3)

Let A = AL (§) be the corresponding eigenvalues of , we obtain
_ —blEP £ lglv/ -1~ (a+ B — b)) — (o + ap)l€[* — aalg]®

A+(§) T aleP (2.4)
The solution to the problem (2.1)-(2.2) is given in the form
where
G(&t) = m(e’\+(§)t — M@ (2.6)
+ - —
and .
(e 1) = At _ Aty .

We define G(x,t) and H(z,t) by
Glz,t) = FZGE D)), H(wt)=F [H(ED)(),

respectively, where .# ! denotes the inverse Fourier transform. Then, applying
F~1 to (2.5), we obtain

u(t) = G(t) *uy + H(t) * up. (2.8)
By the Duhamel principle, we obtain the solution formula to (1.1)), (1.2)),

w(t) = G() ur + H(t) % uo + /0 Glt— 1)« (I — aA) I Af(W)(r)dr.  (2.9)

3. DECAY PROPERTY

The aim of this section is to establish decay estimates of the solution operators
G(t) and H(t) appearing in the solution formula (2.8).

Lemma 3.1. The solution of problem , satisfies
EPA+IEP) A, )P +an (&, 1) < Cem O (g (1+ €% i (€) P +]a1 () ), (3.1)

for £ € R™ and t > 0, where w(&) = %
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Proof. Multiplying (2.1)) by @; and taking the real part yields
1d (
2 dt
Multiplying (2.1)) by @ and taking the real part, we obtain
1d
2dt

L+ algl)lael® + (alg]® + BlE[* + [€)]a]*} + 2b[¢[* | |* = 0. (3-2)

{bl¢?lal* +2(1+alg[*) Re(ard) } + (al€|® + BIEN* + [€1*)|al* — (1+al¢?)|a]* = 0.
(3.3)

Multiplying both sides of (3.2) and (3.3)) by (1 + a|¢|?) and b|¢|? respectively, sum-
ming up the products yields

d
£E+F:0, (3.4)
where
1
E=50+ alé®)?lal® + (1 4 ale?) (alg)® + BlE[* + €17 |al* + b*[¢]*|al®
+blE*(1 + alé]?) Re(aa)
and

F =0bl¢[*(alg]® + BIEI" + [€*)al* + bl (1 + alé]*)la .
A simple computation implies that
C(1+[¢*)?Ey < E < C(1+ [¢*)?Ey, (3.5)
where
Eo = [§](1 + [€]*)]af* + ||,
Note that F > ¢|¢|*Ey. It follows from that

F>cw()E, (3.6)
where
5 2
“0 = g

Using (3.4) and (3.6, we obtain

L Et (@B <.

dt
Thus E(&,t) < e “@O!E(£,0), which together with (3.5) proves the desired esti-
mates (3.1)). Then the proof is complete. (Il

Lemma 3.2. Let G(&,t) and H(E,t) be the fundamental solution of (LA) in the
Fourier space, which are given in (2.6) and (2.7), respectively. Then we have the
estimates

EP(L+ EP)NGE ) +1Ge(& 1) < Cem @)t (3.7)
and

P+ EP)HE ) + | Ho(& 1)) < CLEP(L + [€[7)e ! (3-8)

for £ € R™ and t > 0, where w(&) = %
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Proof. If Go(§) = 0, from (2.5)), we obtain

A€ t) = GE)u(E),  w(&,t) = Gu(& 1) (€).

Substituting the equalities into (3.1) with 4o(§) = 0, we obtain (3.7). In what
follows, we consider @;(£) = 0, it follows from (2.5]) that

a(e,t) = H(E t)io(€), (&, t) = Hy(€,t)tio(€).

Substituting the equalities into (3.1]) with @;(€) = 0, we obtain the desired estimate
(3.8)). The Lemma is proved. ([l

Lemma 3.3. Let k>0 and 1 < p < 2. Then we have

n

|G () * llr2 < C(1+ 1)~ EGmDTE27D g|| i+ Ce™![0F D612, (3.9)
|ORH (1) % 6|2 < C(1+ 1)~ EGmDH552) ||| 4+ Ce™ |02 (3.10)
105G (1) * $ll e < CO+1)"BGDTEED 6]+ Cem |0k 2, (3.11)

|ORHy () # ¢ll e < C(1+6)FGmDTERED 6] 4 Ce™! |05 2g]| 2 (3.12)

|05G(#) * (I — ) Agll e < CO+ 55D gl 11+ Ce™ |0k gl| e, (3.13)

105G (t) + (I — ad) ' Agll < C(1+ ) EFE g 11 + Ce|[0kgl| 2, (3.14)

where (k — 2);+ = max{0,k — 2}.
Proof. Firstly, we prove (3.9). By the Plancherel theorem and (3.7]), we obtain
105G (t) * 622

=/ |€\2k|é(€af)|2|<lg(€)|2df+/ E1PFIG(E, )26 dg
[€I<Ro

|€]>Ro

<C €2k =26l G(e) 2dg
[€1<Ro

veeet [ JePrgP ) P
[€1>Ro

; 2 1/q
< C”|§|_l¢(§)”i‘”/</|£l<R |£|(2k—2+21)qe—cq|€| tdg)

+ Ce o2+ |3,

(3.15)

where Ry is a small positive constant and % + i =1, 1% + = = 1. It follows from

Hausdorfl-Young inequality that
13 1
EIT' ) o < CN(=A) "2 |- (3.16)

By a straight computation, we obtain

(/ m(2k—2+2l)qe—cq|g|2td£)1/" < O(1 + )~ Gth=14D)
|€I<Ro

1
q

(3.17)
<c( _i_t)f(n(%f%)Jrkal).

Combining (3.15), (3.16) and (3.17) yields (3.9).
Similarly, using (3.7) and (3.8)), respectively, we can prove ([3.10))-(3.12).
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In what follows, we prove (3.13). By the Plancherel theorem, (3.7), and
Hausdorff-Young inequality, we have

105G (#) * (I — aA) "' Ag]7

— [ ePRIGE OPIE+ ale) g
[€]<Ro

[ PG ORI+ 1) o P
[€]=Ro

<c €[22 elEt 36 2de 1 Ce ! / 1€[2+]9(6)|2de

I€]<Ro 1€1=Ro

~ —clg)? —c
< C3(6) 2 / EPR2eeIeP e 1 Cemt |9 g 2
[€]<Ro

<O+ )" EDg| Ty + Ce|0yg]1 2.

where Ry is a small positive constant. Thus (3.13]) follows. Similarly, we can prove
(3.14). Thus we have completed the proof of lemma. O

4. DECAY ESTIMATE FOR SOLUTIONS TO THE LINEAR EQUATION

Theorem 4.1. Assume that ug € H*t2(R™") N H; Y(R™), uy € H¥(R™) N Hy %(R")
(s > [§] +5). Then the classical solution u(x,t) to (L.4) associated with initial
condition (1.2)), which is given by the formula (2.8), satisfies the decay estimates

n

l08u(®)lzs < CO+ )55 E (ol o + el + luollzzess + un o) (4.1)
fork <s+2,
192 (D)2 < C(L+ )T (Jluoll g + luall g2 + ol sz + e | re) (4:2)
for h <s,
1o u(t) e < CO+1)™FF % (o -1 + sl -2 + ol v + s 1r2) (4.3)
form <s+1—[3]
Proof. Firstly, we prove . Using and , we obtain
105 u(t)]| 2
<05 G(t) % wr]| 2 + C||OF H(¢) * uo| 2

_n_k_ 1
SO+t 17272 ([luoll g + lluall g2 + luollmev> + fluallz2)-

Similar to the proof of (4.1), using (3.11) and (3.12), we can prove (4.2). In what
follows, we prove (4.3). Using (4.1) and Gagliardo-Nirenberg inequality, it is not
difficult to get (4.3). The Lemma is proved. O

5. EXISTENCE OF GLOBAL SOLUTION AND ASYMPTOTIC BEHAVIOR

The purpose of this section is to prove the existence and asymptotic behavior of
global solutions to the Cauchy problem (1.1, (1.2). We need the following Lemma,
which come from [4] (see also [17]).
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Lemma 5.1. Let s and 6 be positive integers, § > 0, p,q,r € [1,00] satisfy % =
% + 2L andlet k € {0,1,2,--- ,s}. Assume that F(v) is a class of C* and satisfies

0L F(v)] < Cpslv|®T17Y u| <6, 0<i<sl<6+1
and
0L F ()] < Crs, 0| <6,1<s,0+1<L.
Ifve LPNWHkIN L™ and ||v]|p~ < 6, then

IE@)llwer < Crgsllvllwrallvlce oz

103 F(0)]|L- < Crsll 0ol zallvllzollol 7=, ol < k.

Lemma 5.2. Let s and 6 be positive integers, 6 > 0, p,q,r € [1,00] satisfy % = I%—!—

%, and let k € {0,1,2,--- ,s}. Let F(v) be a function that satisfies the assumptions
of Lemma[5.1 Moreover, assume that

|05 F (v1) — O5F (v2)] < Cs([oa| + )™= oy — vy, Juy| <6, [vg] <.
Ifvi,vo € LPAWHRINL® and ||v1||p~ < 8, ||v2|lL~ < 6, then for |a| < k, we have
103 (F'(v1) — F(v2))| -
< Crs{(107vi e + [0 v2l[La)[lv1 — v2| e
+ (lorllze + llvall o) 105 (01 = v2)ll Lo }(lvallzee + lvallz=)’~"

Based on the estimates (4.1)-(4.3]) of solutions to (1.4]) associated with initial
condition (|1.2)), we define the following solution space

X = {u € C([0,00); H*T2(R™)) N C*([0,00); H*(R™)) : |Jul|x < oo},
where
lullx =sup{ > (1+5)FT 245 ku()|re + Y (1 + )55 [0bun(t)] 2},
t20 3t h<s
For R > 0, we define Xp = {u € X : |Jul|lx < R}. For m < s+ 1— [5], using
Gagliardo-Nirenberg inequality, we obtain
O ut)l| = < C1+8)~E+E+2) |lu x. (5.1)

Theorem 5.3. Assume that ug € H*t2(R™) N H; '(R™), uy € H¥(R™) N H %(R")
(s > [2] +5) and integer 0 > 2. Let f(u) be a function of class C**2 and satisfy
Lemmas 51l and[52. Put

Eo = |luoll -+ + lluall g2 + lluoll zro+> + [l | 22+
If Ey is suitably small, the Cauchy problem (1.1)-(1.2) has a unique global classical

solution u(z,t) satisfying u € C([0,00); HST2(R™)), u; € C([0,00); H*(R™)), uyy €
L>([0,00); H*72(R™)). Moreover, the solution satisfies the decay estimate

[0Fu(t)|| > < CEo(1+1¢)" %7373, (5.2)

08w (t)|| 2 < CEo(1+1)~ 351 (5.3)
fork<s+4+2and h <s.
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Proof. Define the mapping
U(u) = G(t) xuy + H(t) *ug + /t Gt —71) % (I —ad) 'Af(u(r))dr. (5.4)
Using —, , Lemmaand , for k < s+ 2 we obtain
107 ()| 2
< Cl05G(t) x ur|| 2 + ClOFH (1) * uo| 2
+C /Ot |0FG(t —7) % (I —aD) " Af(u(r))||p2dr

n__k

_n_k_1 _
< C(l +t) 472 2(||u0||H;1 + Hu1||H;2) + Ce Ct(||UO||HS+2+|\u1|\Hs)

/2 )
+C/ (Lt —7) i 5 d | f(w)|prdr
0

+C [ (1+t—-71)"%
/2

t
e / e~ 198 f () | 2
0

~3|08 f(u)|| prdr

Het2+Jur|lms)

t/2

+C/ (L4t =)~ 53 |ul| 2a |Ju)| SLdr
0
t - t

+0 [ (=) E okl dreC [ e ok ol e
t/2 0

n

k 1 —
< CO+ )75 (Juo |l o + llunl-2) + Ce (luoll e+ 11

t/2
+CORH! / (A+t—7) 3757514 7)"EFD (A 4 1)~ ETDEDgr
0

t

+COR! / (L+t—7) 751+ 1) 2k (14 )= (EFDODgr
t/2

HS) + R9+1}.

(1+)5T252| 050 (u)|| 2 < CEy + CROH. (5.5)
It follows from (5.4)) that
¢
U(u)y = Gy(t) * up + Hy(t) * ug —|—/ Gi(t —7)* (I —aA) 'Af(u(r))dr. (5.6)
0
Using (3.11)-(3.12), (3.14) Lemma 5.1 and (5.1)), for 2 < s we have
107 @ (w)e]| 2
< CllOyGe(t) * ur]| 2 + Cll07 Hy(t) + uo| 2

—l—C/O 102G (t —7) % (I — aA) " Af(u(r))||p2dr
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_E_E_ _
< O+ 64 (uoll g + llusll =) + Ce™ (luoll s + un <)
/2
+0/ (Ut — ) 5 f(w)| padr
0

t
v [ =)0k )| pdr + c/ e=<t=) |3 F(u)| o7
/2 0

< O+ 5 (uoll g + unll ) + Ce(uollzresa + s 1r-)
t/2 n h
+c/ (L4t —7) 552, ul 42t
0
t

+C (1+t—T)’%’lllahullpzIIUHLooldT+0/ ~CD Ol ull e dr
t/2

<O+ 572 (ol oo + luall =) + Ce™ (ol ro+2 + [l || )

t/2
+OR9“/ (It —r) 35114 )" (1 4 1)~ GHDO-Dgy
0

t
+CR! / (I+t—7) 3 A+ 7) 2 (14 7)=(BF2EO-Dgr
t/2

t
+CR9+1/ e (14 1) EE TN (1 4 ) (B H)0qr

0
<CO+ ) F 5 Y (luoll g + lluall g2 + lwollzresa + [lun | o) + ROF13.
Thus
n h
(1+ )52 0M W (u)|| 2 < CEy + CROHL. (5.7)
Combining (5.5)), (5.7) and taking Fy and R suitably small yields
[¥(u)]lx < R. (5.8)

For w,u € Xg, by using , we have
t
U(a) —U(u) = /0 Gt —7)* (I —al)'Alf(a) — f(a)]dr. (5.9)

Using (5.9)), (3.13]) and Lemma (5.1), for k < s+ 2 we obtain
1059 (@) — V(@) 2

< [ 10kGe =)+ (1= at) AL (@) — F(@))ladr
0
t/2 n k 1
<c [Tast-n @) - @) dr
0

o | (1+t—ryf‘ﬂWﬁf@)—f@DMpdT

+c/ B8 (f(@) — (@) z2dr

t/2 " &
30/ (U4t — ) 35 (e + a2l — al e
0

x(lllz + [laf )"~ dr
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¢ n 1

+0 [ (o= n) 0k + 10k - al e
/2

+(all + llz2)0 (@ - D2} (el + lall)?~ s
t

s [ eI (0kall s + 04l o) - al
0

(il + ] =08 (@ D)l (il + <)

t/2 | i
< CR9||ﬁ—ﬂ||X/ (1+t—7) 53 3(147)"GT2lgr
0
t
+CR9||11_@||X/ (I4t—7) 173 (1 47)" GO+5 gy
t/2

t
HCORa—alx [ e 014 7) GHE0rEr s
0
SOR'(L+4)" 475 3 la—alx,
which implies
(1483245 0k (W (a) — (@))||2 < CR’|la— 1l x. (5.10)
Similarly for A < s, from (5.6, (3.14) and (5.1), we have

107 (@ (@) — (@)l 2 S/O 102Gt —7) % (I — al) " A[f(@) — f(@)]] r2dr

t/2

t
+C t/Q(l +t =) 103 (f(a) — f(@))prdr

t
e / e~ DA (£(@) — f(@))] podr

n

<CRY(1+)"% 3 Ya—al|x,

which implies

(L+ ) T3 98 (U (@) — W(a)) |2 < CRO|la — alx. (5.11)
Using (5.10)), (5.11)) and taking R suitably small yields
. _ 1.
|9 (@) - w(@)x < jlla - alx. (5.12)

From (5.8) and (5.12), we know that ¥ is strictly contracting mapping. Conse-
quently, we conclude that there exists a fixed point u € Xp of the mapping ¥,
which is a classical solution to (|1.1)), (1.2). This completes the proof. O

Acknowledgements. The author would like to thank the anonymous referee for
his/her comments and suggestions. This work was supported in part by grants
11101144 from the NNSF of China, and 201031 from the Research Initiation Project
for High-level Talents of North China University of Water Resources and Electric
Power.



EJDE-2012/96 EXISTENCE AND ASYMPTOTIC BEHAVIOR 11

REFERENCES

[1] S. Lai, Y. Wang, Y. Wu and Q. Lin; An initial-boundary value problem for a generalized

Boussinesq water system in a ball, Int. J. Appl. Math. Sci. 3 (2006), 117-133.

[2] Y. Liu and S. Kawashima; Global existence and asymptotic behavior of solutions for quasi-

linear dissipative plate equation, Discrete Contin. Dyn. Syst. 29 (2011) 1113-1139.

[3] Y. Liu and S. Kawashima; Global existence and decay of solutions for a quasi-linear dissipa-

tive plate equation, J. Hyperbolic Differential Equations 8 (2011) 591-614.

] T.T.Liand Y. M. Chen; Nonlinear Evolution Equations, Scientific Press, 1989, (in Chinese).
| V. G. Makhankov; Dynamics of classical solitons(in nonintegrable systems), Physics Reports,

A review section of Phys. Lett.(Section C) 35(1) (1978), 1-128.

[6] S. Wang and H. Xu; On the asymptotic behavior of solution for the generalized IBq equation

with hydrodynamical damped term, J. Differ. Equ.252 (2012) 4243-4258.

[7] S. Wang and F. Da; On the asymptotic behavior of solution for the generalized double diper-

ston equation, Appl. Anal. in press.

[8] Y. Wang and Z. Wei; Global existence and asymptotic behavior of solutions to Cahn-Hilliard

equation with inertial term, Internationl Journal of mathematics, accepted.

| Y. Wang; Global existence and asymptotic behaviour of solutions for the generalized Boussi-

nesq equation, Nonlinear Anal. 70 (2009) 465-482.

[10] Y. Wang; Global existence of classical solutions to the minimal surface equation in two space

dimensions with slow decay initial value, J. Math. Phys. 50 (2009) 103506-01-103506-01-14.

[11] Y. Wang; Ezistence and nonexistence of global solutions for a class of nonlinear wave equa-

tions of higher order, Nonlinear Anal. 72 (2010) 4500-4507.

[12] Y. Wang and Y. Wang; Global existence of classical solutions to the minimal surface equation

with slow decay initial value, Appl. Math. Comput. 216 (2010) 576-583.

[13] Y. Wang, F. Liu and Y. Zhang; Global existence and asymptotic of solutions for a semi-linear

wave equation, J. Math. Anal. Appl. 385 (2012) 836-853.

[14] Y. Wang and Y. Wang; Global ezistence and asymptotic behavior of solutions to a nonlinear

wave equation of fourth-order, J. Math. Phys. 53 (2012) 013512-01-013512-13.

[15] Z. Yang; Longtime behavior of the Kirchhoff type equation with strong damping on R™, J.

Differ. Equ. 242 (2007) 269-286.

[16] Y. Zhang, Q. Lin and S. Lai; Long time asymptotic for the damped Boussinesq equation in

a circle, J. Partial Dif. Eqs. 18(2005), 97-113.

[17] S. M. Zheng; Nonlinear Evolution Equations, Monographs and Surveys in Pure and Applied

Mathematics, 133, Chapan Hall/CRC, 2004.

YINXIA WANG

SCHOOL OF MATHEMATICS AND INFORMATION SCIENCES, NORTH CHINA UNIVERSITY OF WATER
RESOURCES AND ELECTRIC POWER, ZHENGZHOU 450011, CHINA

E-mail address: yinxial117@126.com



	1. Introduction
	2. Solution formula
	3. Decay Property
	4. Decay estimate for solutions to the linear equation
	5. Existence of global solution and asymptotic behavior
	Acknowledgements

	References

