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EXISTENCE AND UNIQUENESS OF STATIONARY SOLUTIONS
TO BIOCONVECTIVE FLOW EQUATIONS

JOSE LUIZ BOLDRINI, MARKO ANTONIO ROJAS-MEDAR,
MARIA DRINA ROJAS-MEDAR

ABSTRACT. We analyze a system of nonlinear partial differential equations
modeling the stationary flow induced by the upward swimming of certain mi-
croorganisms in a fluid. We consider the realistic case in which the effective
viscosity of the fluid depends on the concentration of such microorganisms.
Under certain conditions, we prove the existence and uniqueness of solutions
for such generalized bioconvective flow equations

1. INTRODUCTION

In this work we perform a mathematical analysis of the system of partial differ-
ential equations

—2div(v(m)D(u)) +u-Vu+Vg=—-m-x+f inQ,
divu=0 inQ,

0
—0Am+u- VerU—m =0 1in €,
8.%‘3
subject to the boundary and total amount conditions
u=0 onS,

u-n=0 onl,
v(m)[D(ujn —n- (D(u)n)n] =b; on T,

(1.2)
Ga—m —Ungm =0 on 01,

/mdxfa

This system is a mathematical model for the stationary flow induced by the
upward swimming of certain microorganisms in a fluid in the realistic situation
that the concentration of such microorganisms may affect the effective viscosity of
the fluid. The last condition in fix the total mass of microorganism as «,
which is a given positive constant.
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The flow occurs in a set 2 C R3, which is assumed to be a bounded domain with
smooth boundary 9€2; S and I are disjoint open subsets of 92 such that 9Q = SUT,
and the superficial measure of S is strictly positive.

The unknowns in the problem are the fluid velocity u, its associated pressure p
and the concentration of microorganisms m. In the previous equations, the follow-
ing are given: the fluid viscosity function v(-) > 0; the constant rate of diffusion
of microorganisms 6 > 0; the constant vector y = (0,0, 1)*, meaning that the co-
ordinate system is placed such that the gravitational force acts along the vertical.
Other given data are the following: f, the external force field; U, the average up-
ward speed of swimming of the microorganisms; «, a positive constant given total
mass of microorganisms.

As usual, the symbols V, A and div denote respectively the gradient, Laplacian
and divergence operators; u-Vu denotes the convection operator, whose component
are i-th in cartesian coordinates is given by (u-Vu); = 2321 UjU; ;. Also, D(u) =
(Vu+ (Vu)')/2 is the symmetric part of the deformation rate tensor.

Bioconvective flows have been studied by many autors along the years; here we
just mention the book by Levandowsky, Childress, Hunter and Spiegel [5], and the
articles by Moribe [§] and Kan-On, Narukawa and Teramoto [4]; the interested
reader can consult also the references mentioned in these works. Next, we briefly
comment on previously published articles that are directly related to the present
one.

Kan-on, Narukawa and Teramoto in [4] analyzed the classical bioconvective equa-
tions (i.e., the case of constant fluid viscosity) with Dirichlet boundary conditions
for the fluid velocity. By using fixed point arguments, they proved the existence of
generalized solutions; with the help of classical regularity results, they also prove
the existence of strong solutions in the case that of small enough upward swimming
speed U.

On the other hand, Lorca and Boldrini in [6] obtained results on existence and
uniqueness of weak solutions for the generalized Boussinesq equations, which are
equations governing thermally driven flows in the case that the viscosity and ther-
mal conductivity coefficients may depend on the temperature. They also considered
Dirichlet boundary conditions for the velocity and used Galerkin approximations
and fixed point arguments, together with estimates for the ”pressure” associated
to a Helmholtz decomposition of a L?-field, to prove their results.

The present work generalizes the results of Kan-on, Narukawa and Teramoto
in [] to the generalized bioconvective equations, that is, to the case where the
fluid viscosity may depend on the concentration of microorganisms. As in [4], we
prove results on existence of weak and strong solutions of problem when U is small;
we also give a result on uniqueness of weak solutions. For the proofs, we have
to adapt some of the techniques presented in Lorca and Boldrini [6] to the case
of our boundary conditions, including the estimates for the pressure associated to
a Helmholtz decomposition. We remark that one major difficulty to obtain more
regular solutions of our system of equations, as well as in the case of the generalized
Boussinesq equations, is to estimate the nonlinear terms; we are able to do this
with the help of the previously mentioned estimates for the pressure associated to
a Helmholtz decomposition.
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We finally observe that we are also analyzing the associated evolution problem;
the results of such analysis will appear elsewhere; we also remark that Climent-
Ezquerra et al. recently proved in [3] the existence of time reproductive solutions
for this same evolution problem.

2. PRELIMINARIES

Let © C R? be a bounded domain of class C3. We consider the Lebesgue spaces
LP(2), 1 < p < oo, with the usual norms |u|,; for simplicity, we just denote
|-]2 = || and the usual inner product in L?(Q) by (-,-). Form > 0and 1 < p < o0,
we consider the usual Sobolev spaces W™P(Q) = {u € LP(Q); D*u € LP(Q),V|a| <
m}, with the norm [|ul|mp = [32), <, [[D%u(t )||Lp(Q ]'/P; when p = 2, we denote,
as usual, W™P(QQ) = H™(Q). Also, Wl_%’p(aﬁ) is the space of traces on 02 of
functions in W1P(Q), equipped with the norm |’Y|W1*%fp<an> = inf{|[v]|wr.r);v €
WLP(Q),v = v on 90}; when p = 2, we denote W/22(9Q) = HY?(6Q). For
details and properties of such spaces, see Adams [I].

We will also need the following classical results.

Lemma 2.1 (Poincaré-Friedrichs inequality). Let ¥ C 9Q a portion of boundary
with strictly positive superficial measure; then there exists a positive constant Cp
depending only on Q and X such that |u| < Cp|Vul, for all u € H*(Q) such that
’U,|E =0.

Lemma 2.2. There exists a constant Cq, depending only on Q, such that |¢| <
Cal|Ve|, forall¢p € B=HY(Q)NY.

To treat the unknown velocity, we will need the following functional spaces:
being S and T" as described in the Introduction, we define the following functional
spaces

H(Q) = {ue (C*(@Q))° 1 uls =0, u-n|r =0},
H(Q) closure of H(2) with respect to norm || - |10,
where

1/2
ey = | /Q Vu:Vude] " = [(Vu, Vu) /2 = |[Vul. (2.1)

Given u : Q — R? with suitable regularity, the rate of strain tensor is defined as
D(u) = £(Vu+ (Vu)'). Let us also define

(D(w), D(v)) = /Q D(u): D(v)dz = / Z Z;‘; + 24 (3;’; + 2ar,

and thus, (D(u) =JoD (u)dz = |D(u)?.
We will also need the followmg results

Lemma 2.3 (Korn inequality [I0, p. 191]). There exists a positive constant ¢, such
that
lalla@e) = [Vu| <¢D(u)], Vue HQ).

As a consequence of this lemma, we have the following result.

Lemma 2.4. There exists a positive constant v such that [u|?> < ~v|D(u)|?, for all
uc H(Q).
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The previous results imply that the norms |Vu| and |D(u)| are equivalent in
H(Q). Next, we consider C§%,(Q) = {f € (C5°(€2))? : divf = 0}, and then we take
X(€2) = closure of Cg",(2) in (L3(Q))3.
It is well known [I1] that
(LX) = X(Q) & G(9),

with G(Q) = {¢ € (L*(Q))*,¢ = Vq, ¢ € H'(Q)}.
We will also need the following functional spaces:

J(Q) = {u e H(Q),divu = 0},
Jo(Q) = closure of J() in the norm 213).
Next, we consider the following applications:
By : Jo(2) x Jo(2) x Jo(2) — R,
By :Jo(Q) x (H'(Q))” x (H'(Q))° = R
given by

N
Bo(u,v,w)=(u-Vv,w) = /Q Z uj(2)((0v;)/(0x;)) (x)w;(z)dx,

1,7=1

N (2.2)
Ba(u.6.0) = (u-Y0,0) = [ 3" u,@)((00)/(02)) ) (a)da.
j=1
They are well defined trilinear forms with the following properties:
BO(uaV7W) = *Bo(u7W,V), Bl(u7¢7w) = 7Bl(ua/lz[}7¢)7 (2 3)

By(u,v,v) =0, Bi(u,¢,¢)=0.

Let P be the orthogonal projection from (L?(2))? onto X (). Then, we define
the operator A as the Friedrichs extension of the symmetric operator PA, with
D(A) ={ueJo(Q) N (H?*N))3 D(u)n —n- (D(u)n)n|r = 0}.

The proofs of the following results concerning this operator A can be found in
Rionero and Mulone [9, pp. 478-481].

Lemma 2.5. The Stokes operator A : X(Q) — X() defined as the Friedrichs
extension of —PA, with domain D(A) = {u € Jo(Q) N (H*(Q))3; D(u)n — n -
(D(u)n)n|r = 0}, is a selfadjoint, positive definite operator with compact inverse.

Thus (see Brezis [2]), A has a sequence {a;}$2; of eigenvalues satisfying 0 <
a1 < ag < ... and lim; ., a; = 400, whose associated eigenfunctions {Wi 21
form a complete orthogonal system in X(Q), Jo(Q) and D(A), with their natural
inner products.

The following result concerning the Helmholtz decomposition is analogous to the
one in Lemma 3.4 of Lorca and Boldrini [7]; its proof can be done similarly as in
[1.

Lemma 2.6. Let v € Jo(Q) N (H?(Q))? and consider the Helmholtz decomposition
of —Av:
—Av = Av + Vg,
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where ¢ € HY(Q) and fﬂ gdx = 0. Then, there exists a positive constants C > 0
and, for any € > 0, a associated positive constant Cy, such that

Il < ClAv| and |g| < C.|Vv|+e|Av|, Vv e D(A).

To treat the unknown microorganism concentration, we will need the following
functional spaces:

Y is the closed subspace of L?(£2) consisting of functions that are orthogonal to
the constants; i.e.,

Y ={fecL*9): / f(x)dx = 0}.
Q
We then define
B=H'(Q)nY.

Next, let P be the orthogonal projection from L?() onto Y. As before, an
operator A; can be defined as the Friedrichs extension of the symmetric operator
P(—60A), with domain D(A;) = {p € Y N H*(Q);032 — Unzp = 0 on 9Q}. The
proofs of the following results, which are similar to the ones for the operator A, can
be found in Kan-On, Narukawa and Teramoto [4, pp. 150-152].

Lemma 2.7. The operator Ay : Y — Y, defined as the Friedrichs extension of
P(—0A), with domain D(A;) = {p €Y N HQ(Q);Gg—ﬁ —Ungp =0 on 00}, is a
selfadjoint, positive definite operator with compact inverse.

From the definition of Ay, it follows that D(Ai/z) = Band (§—2UCp)'/?|Vy| <
\Ai/Qap\ < (0 +2UCp)Y?|Vy| for all ¢ € B, for this, see again Kan-On, Narukawa
and Teramoto [4, pp. 145],

Operator A; has a sequence {3;}52, of eigenvalues satisfying 0 < 8; < 3 <

. and lim; 4 B; = +00, and whose corresponding eigenfunctions {52} form a
complete orthogonal system in Y, B and D(A;), with their natural inner products;
we assume that it is normalized in Y.

We will also use the following orthogonal projections: for each n, define

P,:Y - M, = span{$1,$2, e ,$H}7
o L (2.4)
F=Pu)=) (10)s,
=1

Standard computations with the fractional powers of A;, using the previous

results, give us the following:
IVP,o| < |A)%¢| < (8 +20Cp)/?|Vy|, Ve € B, (2.5)
= 1/2 = 1
(0= 2UCP) 2V (p = Prg)| < 4120 = Pui)| < — 5 | 419
n+1

|A|, Vo e D(A).

; (2.6)

< 1/2
n+1

We will need an inequality similar to the last one, but holding for a larger set
of functions. For this, we consider the following extension of the operator Aq:
let A; be the Friedrichs extension of the symmetric operator P(—6A), but now
with domain D(A;) = {¢ € H2(Q);Hg—ﬁ — Unsp = 0 on 9Q}. By observing
that the subspace span{1} is the orthogonal complement of Y in L?(f2), and in
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particular, L*() = span{l1} @ Y, we have that A; = 0 ® A;; we conclude that

A; is a semipositive selfadjoint operator with eigenvalues {3;}22,, where 5y = 0

and its associated eigenfunction is the constant function 1; the other eigenvalues

are exactly the same ones of A;, with the same eigenfunctions. As before, we
71/2 5 7 5 5

have that |A1/ (p — Poyo)| < ﬁll/fl |A1p| for all ¢ € D(Ay), where P, is now the

L?(2)-orthogonal projection on span{1} @& M,,. For n > 1, by using the definitions
of fractional powers in terms of the eigenvalues and eigenfunctions, we see that
Al/2 (o — Poyp) = Al/2 (¢ — Pny). Finally, from the previous results, by proceeding
as before, we ﬁnally also obtain

(0 —2UCp)' ?|V (o — Pny)| < |Ag|, Ve D(A;) (2.7)

1/2
n+1

3. EXISTENCE OF WEAK SOLUTIONS
To analyze our problem, it is convenient to introduce the following change of
variables
m=m—F,
where
U
E(x) = Coexp (a3)
and the constant Cy, is chosen such that [, E(x)dz = a.

The idea behind this change of variable is the following: since —AE+U g—fs =0
and 9‘3—];: — UnsE = 0, we have that F(-) is a particular solution of equation (|1.1)
(iii) in the special case of no fluid motion, that is, when u = 0; thus, our intension
to look for solutions in a neighborhood of this special microorganism distribution.

By writing Problem (1.1 - (1.2)) in terms of variables u and 7, we obtain

—2div(v(m+ E)D(u)) + u-Vu+ V(g + EE) =m-x+f,

U
divua =0,
_ om .
—9Am—|—u~V(m+E)+U6—:O in €.
3
u=0 onlS,

u-n=0 onl,
vim+ E)[D(un—u- (D(un)n] =b; onT,

98—m—Un3m—O on 01,

/mdm*()

Next, we give the definition of a weak solution of our problem.

Definition. Let f € X (2); a pair of functions (u,m) € Jo(2) x B is called a
weak solution of (3.1)) when the following two equalities are satisfied for all (v, ¢) €
Jo(Q) X B:

2(v(m+ E)D(u),D(v)) + Bo(u,u,v) + (m - x,v) — 2/rb1VdU =(f,v), (3.2)
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__ 0¢
axg
This variational formulation is obtained, as usual, by working in a formal way.

To give an idea on how to do that, here we remark that it is obtained by using

the following computations done, by simplicity, on the original form of the first

equation. Assume that u,v € H(Q) and ¢ € C'; then we have

/Q —2div(v(m)D(w)) + Vlvdz

0(Vm,V¢)+ Bi(u,m+ E,$) —U(m,—) =0. (3.3)

:2/91/(m)D(u) : vm:-z/an y(m)D(u)n-vdS+/ gn - vdS.

o0

The third term is zero since v € H(Q) and thus v|s = 0 and v - n|r = 0. Next,
we can split Vv in its symmetric and antisymmetric parts, and observe that the
symmetric part is exactly D(v); since D(u) is also a symmetric matrix, a standard
computation then gives that we can rewrite the first term as

/ v(m)D(u) : Vvdzr = / v(m)D(u) : D(v)dz.
Q Q

On the other hand, by using the tangential and normal components at each point
of the boundary, the second term becomes

— 2/ v(m)D(u) -n vdS
- /89(1/(m)D(u)n) ‘1 (v-n)dS
- 2/ [v(m)D(u)n — (v(m)D(u)n) -n)n] - (v — (v-n)n)dS
a9

-2 /F v(m)[D(u)n —n - (D(u)n)n] - vdS

:—2/b1-VdS
r

were we have used the fact that v € H(Q) and the boundary condition on I'. Thus,

/ [-2div(v(m)D(u)) + Vq|vdz = 2(v(m)D(u), D(v)) — 2 / b; - vdS.
Q r

Analogously, the second equation in the model (already with the previous change
of variable) can be formally treated as

/—0Am¢dx+/Ua—m¢dx
Q o O

:9/VWV¢>dm—/ Ha—mqde—U/m—dx—i—/ Unsio dS.
81'3 a0

—9/VmV¢dm—U/m—dx
6333

Then we have the following result.
Theorem 3.1. Let v be a continuous function satisfying

vo = inf{v(m),m € R} >0, vy =sup{v(m),m € R} < +o0; (3.4)
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feX(Q) and § < (Cp)~', where Cp is the Sobolev constant appearing in the
Poincare-Friedrichs inequality. Then there exists a weak solution of Problem (3.1))
satisfying

D) + V72 < COE2 + B 12psso ) + VEP),
with a constant C independent of f, by and E.

Proof. We consider the following Schauder bases formed by the eigenfunctions de-

scribed in the previous section: (W7)%° for Jo(92) and (¢”)3° for B. For each n € N,
we define W,, = span{w’, 1 < j < n} and M,, = span{¢*, 1 < ¢ < n} and consider
the Galerkin approximations

n n
. —L
W= W EW,. W= dueh € M,
j=1 (=1

satisfying the following approximate problem
2(v(m" + E)D(u"), D(v)) + Bo(u",u",v)

+(m" - x,v) — Q/bﬁda = (f,7),
r

9

O(Vm™, Vo) + By (u",m" + E, ¢) — U(m", o
3

) =0, (3.6)
for all 7 € W,, and all ¢ € M,,.

Firstly, by assuming the existence of (u”,m") for all n € N (such existence will
be proved later on), we will prove that they indeed converge, along subsequences,
to a solution of our problem. To do this, it will be necessary to obtain estimates
for the gradients of the unknowns.

We set 7 = 4" in (3.5) to obtain

2(v(m" + E)D(u™), D(u™)) + By(u™,u"™,u")
3.7
+(mn-x,un)—2/blu”da:(f,u”). (8.7)
Q
By observing that Bp(u™,u”,u™) = 0 (see (2.3)) and using Holder inequality to-
gether with (3.4)), its follows that

2up|D(u™)|? < |(@™ - x,u™) + (F,u™) + 2/ byu"do|
Q

—=n n n 2 1/2 n
< [ [u"| + |£] Ju \+2c(F)(/Fb1da) D(u").

By the Sobolev embeddings, Korn, Young and Poincare-Friedrichs inequalities, we
then obtain

3 _
vo|D(u")]? < E(Cﬁv\Vm"\z + [+ 4¢* (D) b1 | F1 /2 ry)- (3.8)
Next, for each n we consider the orthogonaLprojection P,, defined in (2.4), denote
by |Q] the Lebesgue measure of Q, and take ¢ = m" + P,,(E — o/|]) to get
o|vm"|* + 0(Vm", VP, (E — a/|Q|) + B (u",m" + E,m"
(3.9)

+ Pn(E —a/|Q)) — U(m", a%g(m” + Pn(E —a/|Q)))) =0.
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Now, we observe that
Bi(u",m" + E,m" + Pp(E - a/|Q)))
= Bi(u",m" + E — o/|Q|,m" + Pn(E — a/|))

= Bi(u"; 70" + Po(E ~ ol (90), " + Pa(E ~ o/|2)) (3.10)
+ Bi(u", E — al/Q] — Py (E — af/Q]), m")
+ Bi(u", E — alQ] = Po(E — /), Po(E - o/|Q))),

We also remark that, due to the fact that (1,¢;) = 0 for all j > 1, that the
gradients of a constant is zero, and that F € D(Al), by using ([2.7)), we obtain

B _ 0
V(2 /|9 = PoE = o/ |90 = [V(E = PuB)| € oo o 4B
(3.11)

Using (3.10) in (8.9), recalling that B;(u™,m" + P,(E — o|/Q|),m" + P,(E —
a/ |Q\ see. ), suitably using Holder inequality and properties and
and the fact that z < 1 + 22 for all real z, together with the hypothesis that
0 — UCp > 0, we obtain that

1
—n |2
vm"|? < Ky (Tnﬂ + 51/2

+1

oy JIAEID@)| + Ko VER, (312)

with positive constants K; and Ky that do not depend on n.
By multiplying (3.12)) by 23 C?, adding the result to (3.8)), for n > Ny such that

3 9 1 1 [Z0)
o )am <

BNo+1 le/o2+1
we have
(D) + V"2 < C(E* + |[bulf72p) + [VEP). (3.13)

Therefore, the sequence {(u”,m")} is bounded in Jo(2) x B.

Next, since Jo(2) is compactly immersed in X(2), and B is compactly immersed
in Y, there are elements u € Jo(2),m € B and a subsequence, which for simplicity
we still denote by {(u™,m")}), such that

u” — u  weakly in Jo(€2) and strongly in X(2),
m" — m weakly in B and strongly in Y,
D(u") — D(u) weakly in (L*(Q))°,
V(m™) — V(m) weakly in (L*(Q))*.

These convergences are enough to allow us to take the limit as n — +oo in (3.5))
and (3.6]) to obtain

2(V(m+ E)D(u)7 D(W])) + B()(U.,U.,Wj)

+(m.X’Wj)_2/b1-Wjdo'Z(f,Wj)7 (3.14)
. .

B _ 0%
g(vm,vgbé) +Bl(u,m+E,¢£) - ( 3j )

for all j,£ € N.
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In fact, it is well known [I1] that with the previous convergences we obtain
Bo(u™,u",w) — By(u,u,w), VYw e Jo(Q),
Bi(u",m",¢) — B1(u,m,¢), V¢ € B.
We also note that
(v(m" + E)D(u"), D(w)) — (v(m + E)D(u), D(w’))
since
(v(m" + E)D(u"), D(w’)) = (D(u"),v(m" + E)D(w’)),
(D(u),v(m + E)D(w’)) = (v(m + E)D(u), D(w?)),
v(m" 4+ E)D(w’) — v(m + E)D(w?)
strongly in (L?(€2))Y due to the Lebesgue dominated convergence theorem.

Finally, as the {w’} and {EZ} are Schauder bases, respectively in Jo(Q2) and B,
by using (3.14)), we conclude that (u, ) satisfies (3.2)), (3.3), and thus (u, ) is the

required weak solution.

3.1. Existence of approximate solutions. It remains to prove that, for each
n € N, equations — have solutions. For this, we proceed similarly as in
Lorca and Boldrini [6].

Let W,, and M,, be as in the last section. Given any (z,§) € W, x M, we
consider the unique solution (v, ¥) € W,, x M, of the linearized equations

2(v(& + E)D(v), D(W)) + Bo(z, v, W)

+(\I/-X,Wj)—2/b1~Wjda—(f,Wj):O, (3.15)
., ) ¢ 852
OV, VE) + Bifz, ¥+ E,6") ~U(W, 57-) =0, (3.16)

for 1 <j,¢<n.

To prove that there is only one such solution (v,¥) € W, x M,,, we observe
that (3.15), constitute in fact a linear system with 2n equations for the 2n
coefficients of the expansions

v = zn:chj, U= zn:dgig.
j=1 (=1

Thus, to show the existence and uniqueness of solutions of system , ,
it is enough to prove that the only solution of its associated homogeneous linear
system, that is, the corresponding equations with by = 0 and f = 0, is the trivial
null solution. For this, let (v, ¥) be any solution of the such homogeneous system,
and c¢; and d, its corresponding coefficients as in the previous expansions. Then,
by multiplying by ¢; and by d¢, and adding in j and £ from 1 to n, we
obtain

2(w(&+ E)D(v),D(v)) + Bo(z,v,v) + (V- x,v) =0, (3.17)
O|VU[ + By (2,0, T) — U(\If, g—q’) = 0. (3.18)
€3

As Bi(z, ¥, V) = 0, by using Holder and Poincare-Friedrichs inequalities, (3.18))
becomes (§ — UCp)|V¥|? < 0. Thus, (§ — UCp) > 0 implies [VW|? = 0; i.e., ¥
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is constant; since [, Wdx = 0, we conclude that ¥ = 0. Since By(z,v,v) = 0 and
U =0, (3.17) gives 2v9|D(u)|? < 0, which in turn implies that v = 0.
Thus, for each n we have a well defined operator

T,: W, xM, - W, xM,, (3.19)

such that to each (z,§) € W,, x M, associates T(z,&) = (v, ¥), where (v, V) €
W,, x M, is the unique solution of . Moreover, since W,, and M,, are finite
dimensional vector spaces, it is rather standard to prove that 7T;, is continuous for
any chosen norms.

Next, by proceeding exactly as before in the derivation of the estimates for

(u™,m"), we obtain for system (3.15)), (3.16) the same kind of estimate as the one
in (3.13); i. e.,
IDE)? + [VE[? < CUEP + [brl| 320y + [VEI?) = RY,

with R; independent of n and (z,§) € W,, x M,,. By denoting F,, = {(z,§) €
W,, x M,; (|D(2)|? +|VE£[?) < R?}, and restricting the operator T), to such F,,. we
have a continuous operator T}, : F,, — F,, acting from a finite dimensional closed
convex set convex Fj, into itself. Brower fixed point theorem then gives us the
existence of at least one fixed point, (u,7), which is a solution of —. This
completes the proof. (Il

4. EXISTENCE OF STRONG SOLUTIONS

Here we prove the existence of solutions that are more regular than the ones
obtained in the previous section. The main difficulty for this will be to obtain the
necessary higher order estimates for the nonlinear terms present in the equations.

Theorem 4.1. Assume that by = 0, f € X() and v is a C*-function satisfying
(3.4). Then, for a small enough U, there exists a strong solution of (3.1)); that is,
there exists a pair of functions (u,m) € (Jo(Q) N HZ(Q)) x (Y N H2(Q)) satisfying

P[-2div(v(m+ E)D(n)) +u-Vu+m-x —f] =0 in (L*(Q))?,
P[-60Am+u-V(m+E)+ US—Z] =0 in L*().
Proof. We start by recalling that the L?(2)-norm of the Stokes operator A (respec-
tively the operator A;) applied to an element and the norm of Jo(Q2) N (H?(Q2))3
(respectively the norm of Y N H%(Q) ) of the same element are equivalent.

Next, we repeat the construction used in the proof of Theorem to show the
existence of approximations u”™ and m™. In the present situation, however, under
the conditions of Theorem we will show that each of the previous operators
T, admits fixed points satisfying an estimate independent of n in a more regular
space.

Since all the estimates obtained in the previous section hold true with the same
proofs, we proceed with the derivation of further H?(f2)-estimates for (v, ¥) solution
of §19- B10).

For this, we multiply by ajc;, by Bedy and add in j and ¢ from 1

to n to obtain

—2(div(v(£ + E)D(v)), Av) + By(z, v, Av) + (m - x, Av) — (f,Av) =0, (4.1)
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0(ALT, A1 0) + By(z, ¥ + B, A, 0) + U (83\1/,,41\1/) =0, (4.2)
3

again with By and B; given by .
Using the identity 2div(v(§+ E)D(v)) = v(§+ E)Av+2V' (§+ E)V({+ E)D(v)
in , we have
—(V(f + E)AV7AV) = —Bo(Z,V,AV) - (\I’ “ X AV) + (f7AV) 4
+ 2V (E+ E)V(E+ E)D(v), Av). (43)

Next, from Helmholtz decomposition, we know that there exists § € H*(2) such
that —Av = Av 4 Vg, and we have the estimate

[l < clAv]. (4.4)
Therefore, becomes
(v(€+ E)Av,Av) = —By(z,v, Av) — (U - x, Av) + (f, Av)
+2(V(E+ E)WV(E+ E)D(v), Av) — (v(£ + E)V7q, Av).

Using Korn, Holder and Poincare-Friedrichs inequalities and Sobolev embeddings,
together with (3.4]), we obtain

vo|Av|? < Co|D(2)||Av|* + Cp|ALT||Av] + |f]| AV
+ 2 (|Arg] + [VE[)|AV[*) + | (v(€ + E)V, Av)|
where v{ = sup{|v/(r)|,r € R}. Since Au € W,,, we observe that
(€ + E)VG, Av) = —(7, div(v(§ + E)Av)) = =1, (V'(§ + E)V(E + E)Av)),
and thus
((v(§ + E)Vg, Av)| < n1[gla| V(€ + E)a|Av| < evi (|Asg] + [VEL)l[gl1 Av]. (4.5)

Combining (4.4)-(4.5)), using Young and Poincare-Friedrichs inequalities, its follows
that
" 207 2
1AV < Co(| Azl + | Ang® + [VEL) [AvP + = AP + 7. (4.6)
0 0

Similarly, by using Holder, Korn and Friedrichs inequalities and Sobolev embed-
dings, from (4.2]) we obtain

0|41 0| < Co|Az* (A1 V]2 + |VE|]) + UCp|A V|2 (4.7)
Multiplying (4.6) by 0 = 2%32 (6 — UCp) and adding the result to (4.7]), we obtain
P
Vg el 9 1 el 2
;) (9 — UCP)lAV| + *(9 — UOP)|A1\I/|
4Cp 2

2
< 0(Ci(|Azf* + |Ag]? + [VED)|Av]* + ;O\fIQ) + Co| Az* (A9 + | VE}).
Since % < (Cp)™1L, there exists a positive constant Cy such that
AV + | A0 2 < Cu([|Azf* + | Aié]? + [VE[]|Av]? + £ + | Az[* (|4 0 * + |V E[D),

which implies

AV + A1 0 < Ca(| Az + | A + [VED 1AV + [ArP + [VE[) + Culf]*.
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This expression can be rewritten for a positive constant C as

(1= C(| Azl + | AyP)(| AV ]2 + | A 0[2) < C(| Al + | 4&)| VB + CIVEIL+CIE2,

(4.8)

Next, we will use (4.8) to find Ry > 0 and suitable conditions that will guarantee

that when |Az|? + |A1€|? < R3 we also have |Av|? + |A1V|? < RZ. For this, let

R3 = 1/(4C) and then take U small enough such that |VE|? < 1/(4C). Under
these choices, when |Az|? + |A1£|? < R2, inequality (4.8) implies

(1/2)(JAV® + A P [?) < (1/4)R3 + (1/64C) + CI£]* = (1/4)R3 + (1/16) B3 + CIf?,

which is rewritten as (JAv|? + [A;¥|?) < (5/8)R3 + C|f|>. Hence, when |f| <
(3/8)R3 = 3/(32C), we obtain that (JAv|? + |A;¥|> < R2, as required, and such
R; is independent of n and (z,§).

Under these conditions, we can consider again the operators T;,, but now as
continuous operators T, : G,, — G,, acting from a finite dimensional closed convex
set Gy, = {(2,&) € W,, x My,;|Az|? + |A1£|* < R3} in itself.

Now, proceeding again similarly as before, we can apply Brower fixed point
theorem for each of such operator T,; this gives a sequence of approximate solutions
(u",m") satisfying (3.5), (3.6), which are now uniformly bounded in H?*(2) . By
taking the limit as n — 400 and proceeding exactly as before, we obtain a solution
of our original problem. This proves the theorem. ([l

Remarks. To each given solution of Problem (3.1)), it is trivially associated a
solution of (|1.1)-(1.2]). Moreover, the regularities obtained for (u,7) also hold for
(u,m).

As in Temam [I1], there exists a unique function ¢ (the hydrostatic pressure) in
HY Q)N LE(Q), where L3(Q) = {h € L?(Q2); (h,1) = 0}, which satisfies

—2div(u(m)D(u) +u- Vu+m-x —f = —Vq

Finally, the positivity of the concentration established by Kan-On, Narukawa
and Teramoto in [4] also holds true for our problem, with exactly the same proof.
That is, we have

Lemma 4.2 (Positivity of the concentration). Let (u,q,m) be a solution of (1.1f)-
(1.2) given by Theorem . Then m(x) > 0 for all x € Q.

5. UNIQUENESS OF THE SOLUTION

Theorem 5.1. Assume that v(-) is a Lipschitz continuous function and that (u,mm)
is a weak solution of the Problem (3.1]) such that (|D(u)|+|A1m|+ |V E|4)) is small

enough; then such solution is unique.

Note that as before, this last requirement on |VE|4 can be attained for small
enough U.

Proof. Let (uy,m1), (ug,M2) be two weak solutions of (3.1), with m; and T in
(H?(Q)NY) and both satisfying the stated smallness condition. By denoting z =
u; — uy and ¢ = M) — Ma, then we have that z € Jo, ¢ € (H2(2) NY) and the
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pair (z, @) satisfies, for all w € Jo(Q) and ¢ € L?(Q), the following equations:
2(v(m1)D(2), D(w)) + 2((v(M1) — v(12)) D(uz), D(w))

+Bo(z,u1,w) + Bo(ug,z,w) + (¢ - x,w) =0, (5.1)

9(v907v¢) + Bl(z7m1 + E7¢) + Bl(u27(p7¢) - U(% %) =0.

By setting w =z and ¢ = —A;¢ in , we obtain
200l D(2)|? < [2((v(7m1) — v(72)) Dl(w3), D(2)) + Bo(2,u1,2) + (- 1, )
< 2C1[@loo| D(uz)[ [D(2)] 4 Co|D(z)| |D(u1)] [D(2)] (5.2)
+CpCp|Ary| |D(2)],

0
0|Arp|® < |Bi(z,m1 + E, A1p) + By (uz, 0, A1) + U(%,AW)’
3

< Co|D(2)|(| A1 | + |V EL1)|Arp| + Co| D(uz2)| [Arp]? + UCP|Arpf?,
where C is the Lipschitz constant of v(-); that is, [v(r) — v(s)| < C1|r — s|, for all
r,s € R. Thus, by taking U small enough so that § — UCp > 0, we obtain
[Arp] < [Co/(0 — UCP)|(ID(2)|(| A1 | + [V E]4) + | D(u2)| |[A1¢l),
which, under the condition that (Co/(6 — UCp))|D(uz)| < 1/2, gives
[ A1l < [Co/(0 — UCP)|(|ArT1| + | VE4)|D(z)]. (5.3)

Since |¢|oo < C|A1¢], by combining (5.2)) and (5.3]), we obtain |D(z)| < D3|D(z)],
where
Co

Dy = ——2__(C,C(|Aymy| + |VE|4)|D
’ V()(H—UCP)( 1C(J|Avma | + [VE)[D(uz)| +

CPP

(A | + [VEL))

Co
+ %w(ul)\-

When D3 < 1, we conclude that |D(z)| = 0 and, from (5.3)), that |A;¢| = 0. Since
z € Jo(Q) and p € H2() NY, its follows that z = 0, ¢ = 0 in §2; consequently,
u; = usp and My = Mo. U
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