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GROWTH AND OSCILLATION OF DIFFERENTIAL
POLYNOMIALS GENERATED BY COMPLEX DIFFERENTIAL
EQUATIONS

ZINELAABIDINE LATREUCH, BENHARRAT BELAIDI

ABSTRACT. The main purpose of this article is to study the controllability of
solutions to the linear differential equation

fP+ARF=0 (k>2).
We study the growth and oscillation of higher-order differential polynomials

with meromorphic coefficients generated by solutions of the above differential
equation.

1. INTRODUCTION AND MAIN RESULTS

In this article, we assume that the reader is familiar with the fundamental results
and the standard notations of the Nevanlinna’s value distribution theory [0l [13]. In
addition, we will use A(f) and A(f) to denote respectively the exponents of con-
vergence of the zero-sequence and distinct zeros of a meromorphic function f, p(f)
to denote the order of growth of f. A meromorphic function ¢(z) is called a small
function with respect to f(z) if T(r,¢) = o(T(r, f)) as r — 400 except possibly
a set of r of finite linear measure, where T'(r, f) is the Nevanlinna characteristic
function of f.

Definition 1.1 ([7, [13]). Let f be a meromorphic function. Then the hyper-order
p2(f) of f(2) is defined as

. loglog T'(r,
pg(f):hmsupig lg ( f)
r—+oo ogr

Definition 1.2 ([6l, [I0]). The type of a meromorphic function f of order p (0 <
p < 00) is defined as

7(f) = limsup I f)

r——+o00 r
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Definition 1.3 ([4, 13]). Let f be a meromorphic function. Then the hyper-
exponent of convergence of zeros sequence of f(z) is defined as
loglog N (r, %)

Xo(f) =i
2(f) im sup Tog 7

b

where N (r, %) is the counting function of zeros of f(z) in {z : |z| < r}. Similarly,

the hyper-exponent of convergence of the sequence of distinct zeros of f(z) is defined
by

_ loglog N (r, &
A2(f) = limsup #
r— o0 log r

where N (r, %) is the counting function of distinct zeros of f(z) in {z : |2| < r}.

For k > 2, consider the complex linear differential equation

0+ A=) f =0 (L1)

and the differential polynomial
9r = def W + der fOD 4 b dif + dof, (1.2)
where A and d; (j =0,1,...,k) are meromorphic functions in the complex plane.

Chen [5] studied the fixed points and hyper-order of solutions of second order
linear differential equations with entire coefficients and obtained the following re-
sult.

Theorem 1.4 ([5]). For all non-trivial solutions f of
"+ A(z)f =0, (1.3)
the following statements hold:
(i) If A is a polynomial with deg A =n > 1, then
n+2

M —2) = olf) = 52

(i) If A is transcendental and p(A) < oo, then
A(f = 2) = p(f) = oo,
Aa(f = 2) = pa(f) = p(A).

After him, Wang, Yi and Cai [I2] generalized the precedent theorem for the
differential polynomial gr with constant coefficients as follows.

Theorem 1.5 ([12]). For all non-trivial solutions f (1.3)), the following statements
hold:
(i) If A is a polynomial with deg A =n > 1, then
n+2

Mos = 2) = o) = =

(i) If A is transcendental and p(A) < oo, then
Ags —2) = p(f) = oo,
Aa(gr — 2) = p2(f) = p(A).

Theorem A has been generalized from entire to meromorphic solutions for higher
order differential equations by Liu Ming-Sheng and Zhang Xiao-Mei [11] as follows:
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Theorem 1.6 ([I1]). Suppose that k > 2 and A(z) is a transcendental meromorphic
function satisfying

A
O(0e, A) = liminf 72 =5

Then every meromorphic solution f % 0 of satisfies that f,f', f",..., f®)
have infinitely many fixed points and
XD —2) = p(f) =+00, (1=0,1,....k),
Xeo(fPD —2)=pa(f)=p (G=0,1,....k).
Let £(G) denote a differential subfield of the field M(G) of meromorphic func-

tions in a domain G C C. If G = C, we simply denote £ instead of £(C). Special
case of such differential subfield

=6>0, p(A)=p<+oo.

Lp41,, ={g meromorphic: py11(g) < p},
where p is a positive constant. Laine and Rieppo [9] investigated the fixed points

and iterated order of the second order differential equation (|1.3) and obtained the
following result.

Theorem 1.7 ([9]). Let A(z) be a transcendental meromorphic function of finite
iterated order p,(A) = p > 0 such that 6(c0, A) = § > 0, and let f be a transcen-
dental meromorphic solution of equation . Suppose, moreover, that either:

(i) all poles of f are of uniformly bounded multiplicity or that

(ii) é(o0, f) > 0.
Then pp1(f) = pp(A) = p. Moreover, let

Plfl=P(f, f',.... f™) = it (1.4)
j=0

be a linear differential polynomial with coefficients p; € Ly11,, assuming that at
least one of the coefficients p; does vanish identically. Then for the fized points of
P[f], we have A\p41(P[f] — 2) = p, provided that neither P[f] nor P[f] — z vanishes
identically.

Remark 1.8 ([9, p. 904]). In Theorem in order to study P[f], the authors
consider m < 1. Indeed, if m > 2, we obtain, by repeated differentiation of ,
that f(k) = qeof +au1f’s 0, o1 € Lpt1,p for k= 2,...,m. Substitution into
yields the required reduction.

The main purpose of this paper is to study the growth and oscillation of the
differential polynomial generated by meromorphic solutions of equation .
The method used in the proofs of our theorems is simple, and different, from the
method in Laine and Rieppo [9]. Before we state our results, we define the sequence
of functions ¢ ; ( =0,...,k—1) by

= Oég’j,1+04i_17j_1, for i = 1,...,k—1, (1 5)
e O/O,jfl — Aak—l,j—ly fori=20 '
and
d;, fori=1,...,k—1, (1.6)
;0 = .
27 Vdy — dyA, fori=0.
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‘We define also

00,0 010 oo Q10
Q.1 1,1 ce Ak—1,1
h=| . . (1.7)
Q0 k—1 Ol k=1 --- Ok—1k—1
and
P(z) = Cop + Crp' + -+ + Cr_y Y, (1.8)
where C; (j = 0,...,k — 1) are finite order meromorphic functions depending on

a; j and ¢ # 0 is a meromorphic function with p(¢) < co.

Theorem 1.9. Let A(z) be a meromorphic function of finite order. Let d;(z)
(j =0,1,...,k) be finite order meromorphic functions that are not all vanishing
identically such that h £ 0. If f(z) is an infinite order meromorphic solution of

(1.1) with p2(f) = p, then the differential polynomial (1.2) satisfies
plgs) = p(f) = o0

and
p2(95) = p2(f) = p-

Furthermore, if f is a finite order meromorphic solution of such that

p(f) > max{p(A), pld;) (G =0,1,....k)}, (1.9)
then

plgr) = p(f)-

Remark 1.10. In Theorem [1.9] if we do not have the condition h # 0, then the
conclusions of Theorem [I.9] cannot hold. For example, if we take dj, = 1,dy = A and
dj=0(=1,...,k—1), then h = 0. It follows that g; = 0 and p(g¢) = 0. So, if

f(#) is an infinite order meromorphic solution of (1.1), then p(gs) = 0 < p(f) = oo,
and if f is a finite order meromorphic solution of (|1.1)) such that (1.9) holds, then

plgr) =0 < p(f).
Theorem 1.11. Under the hypotheses of Theorem let p(z) #Z 0 be a meromor-

phic function with finite order such that ¥(z) is not a solution of (L.1). If f(z) is
an infinite order meromorphic solution of (1.1|) with p2(f) = p, then the differential

polynomial satisfies
Mgr —¢) = Mg — @) = p(f) = o0,
X295 — @) = Xa(gr — ) = p2(f) = p.

Furthermore, if f is a finite order meromorphic solution of (L.1)) such that

p(f) > max{p(A), p(¢),p(d;) (i =0,1,....k)}, (1.10)
then
Mgs — @) = Mgs — @) = p(f)-
Corollary 1.12. Let A(z) be a transcendental entire function of finite order and

let dj(z) (j =0,1,...,k) be finite order entire functions that are not all vanishing
identically such that h £ 0. If f £ 0 is a solution of (1.1)), then the differential

polynomial satisfies
plgs) = p(f) = oo,
p2(g5) = p2(f) = p(A) = p.
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Corollary 1.13. Under the hypotheses of Comllar’y let o(z) #£ 0 be an entire
function with finite order such that 1(z) £ 0. Then the differential polynomial (1.2)
satisfies

Mgy —©) = Mgy —¢) = p(f) = oo,
X295 — @) = Xalgr — ©) = pa(f) = p(A).

Corollary 1.14. Let A(z) be a nonconstant polynomial and for j = 0,1,... )k
let dj(z) be nonconstant polynomials that are not all vanishing identically such that

h#£0. If f £ 0 is a solution of (1.1)), then the differential polynomial (1.2)) satisfies
deg(A) + k
olag) = plf) = LBDEE

Corollary 1.15. Let A(z) be a transcendental meromorphic function of finite order
p(A) > 0 such that 6(oco, A) =6 > 0, and let f £ 0 be a meromorphic solution of
(1.1). Suppose, moreover, that either:

(i) all poles of f are uniformly bounded multiplicity, or

(ii) d(oo, f) > 0.
Let dj(z) (j = 0,1,...,k) be finite order meromorphic functions that are not all
vanishing identically such that h £ 0. Then the differential polynomial satis-
fies p(gy) = p(f) = oo and p2(gs) = p2(f) = p(A).
Corollary 1.16. Under the hypotheses of C’omllary let p(z) £ 0 be a mero-
morphic function with finite order such that 1(z) #Z 0. Then the differential poly-

nomial satisfies
Mgy — @) = Mgy —») = p(f) =
Xa(gr — @) = Xalgr — @) = p2(f) = p(A).

2. AUXILIARY LEMMAS

oQ,

Lemma 2.1 ([I, B]). Let Ag, A1,...,Ax_1,F £ 0 be finite order meromorphic
functions. If f is a meromorphic solution of the equation

FO 4 A fE D 4 A+ Agf =F (2.1)
with p(f) = +oo and pa(f) = p, then f satisfies
AMS) =) = p(f) = +o0,
Ao (f) = Xa(f) = p2(f) = p.
The following lemma is a special case of the result due to Cao, Chen, Zheng and
Tu [2].

Lemma 2.2. Let Ag, Ay,...,Ap_1, F Z 0 be finite order meromorphic functions.
If f is a meromorphic solution of (2.1) with

max{p(4;) (j =0,1,....k = 1), p(F)} < p(f) < +0o0,
then
Af) = A(f) = p(f)-

By using similar proofs as in [8 Propositions 5.1 and 5.5], we easily obtain the
following lemma.

Lemma 2.3. For all non-trivial solutions f of (L.1)) the following statements hold:
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(i) If A is a polynomial with deg A =n > 1, then
n+k

(i) If A is transcendental and p(A) < oo, then
p(f) =00 and pa(f) = p(A). (2.3)

Lemma 2.4 ([I]). Let A(z) be a transcendental meromorphic function of finite
order p(A) > 0 such that 6(co,A) = § > 0, and let f # 0 be a meromorphic
solution of (L.1). Suppose, moreover, that either:

(i) all poles of f are uniformly bounded multiplicity, or
(ii) é(o0, f) > 0.

Then p(f) = o0 and pa(f) = p(A).

We remark that for & = 2, Lemma was obtained by Laine and Rieppo in [9].
Using the properties of the order of growth and the definition of the type, we easily
obtain the following result which we omit the proof.

Lemma 2.5. Let f and g be meromorphic functions such that 0 < p(f), p(g) < o0
and 0 < 7(f),7(g9) < co. Then

(1) If p(f) > p(g), then

T(f +9) =71(fg9) = 7(f). (2.4)
(ii) If p(f) = p(g) and 7(f) # 7(g), then
p(f +g) = p(fg) = p(f) = p(g) (2.5)

Lemma 2.6 ([6]). Let f be a meromorphic function and let k > 1 be an integer.
Then

(k)
f7> — (. f),

where S(r, f) = O(logT(r, f) + logr), possibly outside of an exceptional set E C
(0, +00) with finite linear measure. If f is of finite order of growth, then
[k

m(r, T) = O(logr).

m(r,

3. PROOFS OF MAIN RESULTS

Proof of Theorem[I.9 Suppose that f is an infinite order meromorphic solution of
(1.1) with p2(f) = p. By (1.1)), we have

F0 = Ay (3.1)
which implies
gr = def® + i f 4 dof = diy fOTY 4 (do — diA)f. (3.2)

We can rewrite this euqality as

k—1
95 = > _aiof, (3.3)
1=0
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where «; ¢ are defined in ([1.6). Differentiating both sides of equation (3.3) and
replacing f*) with f*) = —Af, we obtain

k—1 k—1 k—1 k
5= Telaf® + T ol = S afaf + Yo 10/
=0 =0 =0 =1

k—1 k—1
= agof + Zag,of(i) + Zai—l,Of(i) +op—1,0f®)

i=1 i=1
k—1 . (3.4)
=agof + Z(aé,o + oi1,0)f — ap_10Af
i=1

k—1

= (ag,o + O‘i—l,O)f(i) + (0/070 — O[k_LoA)f,
1

-
Il

We can rewrite the above equality as
k—1
g;c = Zai,lf(i), (35)
i=0
where

(3.6)

o o+ i1, fori=1,...,k—1,
i1 — / .
agpo — Aag-1,0, fori=0.

Differentiating both sides of (3.5 and replacing f*) with f*) = —Af, we obtain
k—1 kol ' k-1 4 k '
g} = Za;’lf(ﬂ + Zai,lf(z—H) = Za;,lf@ + Zaifl,lf(z)
i=0 i=0 i=0 i=1

k-1 k-1
=ap f+ > i fD 4+ aiafY +apo1af®

i=1 i=1
b1 (3.7)
=ap.f+ Z(OZ;J +ai11) Y —apo1 1 Af
i=1
k-1

=) (g +aim1 ) fD + (afy — 11 4)f
1

o
Il

which implies that
k-1
g}/ = Zai’gf(l), (38)
i=0

where
S o)y + a1, fori=1,...,k—1,
2 = .
apy — Aag_11, fori=0.

By using the same method as above we can easily deduce that

k—1
g](cj) B Zal}j.f(i)) j:OaL""k_l’ (310)
=0
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where
O[ZJ = a%vj_l—’—ai*l’j*l? fOI‘Z:: ].,...,k—l’ (311)
apj—1 — Aag_1j-1, fori=0
and
di’ f ‘:13"'7173*17
Qg0 = or Z (312)
’ do — dipA, fori=0.
By (3.3)-(3.12), we obtain the system of equations
g = apof +arof +-+ap_10f*Y,
g = aorf+arsf + o+ gy fED,
9}/ = a0,2f+o¢1,2f’_|_..._|_ak_172f(k71)’ (3'13)
ki —
9} n_ oo k—1f + al,k—lf' IS ak—l,k—lf(k 1)
By Cramer’s rule, and since h #Z 0 we have
gf 1,0 Qk—1,0
/
1 gy 11 k-1,
T=%] S (3.14)
(k—1)
gf Q-1 .- Qf—1k—1
Then
f:Cng'i-Clg}+...+Ck71g§ck—1)7 (3.15)

where C; are finite order meromorphic functions depending on «; j, where «; ; are

defined in (3.11)).
If p(gs) < 400, then by (3.15)), we obtain p(f) < +oo, which is a contradiction.

Hence p(gy) = p(f) = +o0.

Now, we prove that pa(gs) = p2(f) = p. By , we have pa(gs) < p2(f) and
by (B.13), we have pa(f) < p2(gy). This yield pa(gr) = p2(f) = p-

Furthermore, if f is a finite order meromorphic solution of equation such
that

p(f) >max{p(A),p(d]) (] :Ovlvvk)}’ (316)
then
p(f) > max{p(e;;):i=0,...,k—1,j=0,....,k—1}. (3.17)

By (3.2) and (3.16) we have p(gf) < p(f). Now, we prove p(gf) = p(f). If
p(gf) < p(f), then by (3.15) and (3.17), we obtain

p(f) < max{p(C;) (j =0,....k = 1), p(gs)} < p(f)
and this is a contradiction. Hence p(gs) = p(f). O

Remark 3.1. From (3.15)), it follows that the condition h # 0 is equivalent to the
condition gy, g%, g%, - ,gfkfl)
phic functions of finite order.

are linearly independent over the field of meromor-
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Proof of Theorem|1.11] Suppose that f is an infinite order meromorphic solution

of equation (L.1)) with pa(f) = p. Set w(z) = gy — ¢. Since p(p) < oo, then
by Theorem we have p(w) = p(gy) = oo and pa(w) = p2(gs) = p. To prove

AMgs — @) = Mgy — ) = 00 and Xa(g5 — @) = Xa(gy — @) = p we need to prove

Aw) = A(w) = oo and Az(w) = Aa(w) = p. By g5 = w + ¢ and (3.15]), we obtain

f=Cow+Crw' + -+ + Coyw* 4 y(2), (3.18)
where
$(2) = Cop + C1¢p/ + -+ + Cr_ap* 1. (3.19)
Substituting in , we obtain
2k—2
Croaw® =D + 3 " gl = —(p®) 4+ A(2)y) = H, (3.20)
i=0
where ¢; (i =0, ...,2k—2) are meromorphic functions with finite order. Since ¥(2)

is not a solution of (L.1), it follows that H # 0. Then by Lemma we obtain
Aw) = AMw) = oo and Aa(w) = Xo(w) = p; 1. e., A(gr —¢) = Mgy — ¢) = o0 and

A2(g5 — ) = Xa(gr —9) = p.
Suppose that f is a finite order meromorphic solution of (1.1f) such that (1.10)
holds. Set w(z) = gy — ¢. Since p(¢) < p(f), then by Theorem we have

p(w) = plgs) = p(f). To prove Ags —¢) = Mgy — ) = p(f) we need to prove

AMw) = A(w) = p(f). Using the same reasoning as above, we obtain

2k—2

Comrw® ™D 4 3 g™ = —(v® + A(x)p) = F,

i=0
where Ci_1, ¢; (i = 0,...,2k — 2) are meromorphic functions with finite order
p(Cr-1) < p(w), p(¢i) < p(w) (i =0,...,2k —2) and
¥(2) = Cop + C1¢/ + -+ + Cro1p*™ D, p(F) < p(w).

Since 1(z) is not a solution of (1.1)), it follows that F' # 0. Then by Lemma
we obtain A(w) = AMw) = p(f); i. e, Mgy — @) = Mgy — ¢) = p(f). O

Proof of Corollary[1.1]} Suppose that f # 0 is a solution of (1.1). Since A is

a nonconstant polynomial, then by Lemma we have p(f) = W, which
implies that

p(f) > max{p(A),p(d;) (j=0,1,...,k)} = 0.

Thus, by Theorem we obtain p(gf) = p(f) = W. a

Proof of Corollary[1.15, Suppose that f # 0 is a meromorphic solution of (1.1))
such that: (i) all poles of f are uniformly bounded multiplicity, or that (ii) §(co, f) >
0. Then by Lemma we have p(f) = oo and p2(f) = p(A4). Now, by using

Theorem we obtain p(gs) = p(f) = oo and pa(gy) = p2(f) = p(4). O
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4. DISCUSSION AND APPLICATIONS

In this section, we consider the differential equation
"+ AQ2)f =0, (4.1)

where A(z) is a meromorphic function of finite order. It is clear that the difficulty of
the study of the differential polynomial generated by solutions lies in the calculation
of the coefficients a; ;. We explain here that by using our method, the calculation
of the coeflicients «; ; can be deduced easily. We study for example the growth of
the differential polynomial

gr=f"+f"+r+r (4.2)

‘We have
gr =aoof +arof +asof”,

gy =aonf+aif +asf”, (4.3)
gf = aoaf +onaf +agaf”
By (1.6) we obtain

1 fori=1,2
“o= ’ o 4.4
i,0 {1—147 for i = 0. (4.4)
Now, by (3.6) we obtain
1 = %0 + 10, fori=1,2
4,1 a670 — AO&Q,O’ for i = 0.
Hence
G0 = g — Aagg = —A' — A,
a1 =alg+age=1—A4, (45)

Ck2’1 = Ck1270 + 041,0 =1.
Finally, by (3.9) we have
Ozgl + o1, fori=1,2,
;0 = ’ .
’ O‘B,l — Aoz 1, fori=0.

So, we obtain
a2 =0y — Aagy = —A" — A" — A,

Q12 = 0/171 + agy = —24" — A, (4.6)

’
Q22 = Qy +a11 = 1- A

Hence
r=0=Af+f 4"
gy = (A —A)f+1—-Af +f", (4.7)
gf = (A = A = A)f+ (24" = A) ' + (1= A)f"
and
1-A 1 1
AT A A 24— A 1-A 9

=34 — A— AA — AA" + A% — A% 4 2(A')? + 1.
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Suppose that h # 0, by simple calculations we have
Agf+ (=1 =24")g) + (1 — A+ 24" + A%)gs
f= h
and by different conditions on the solution f we can ensure that
plgr) = p(f" + 1"+ [+ ) = p(f)-

Turning now to the problem of oscillation, for that we consider a meromorphic
function ¢(z) # 0 of finite order. From (4.9)), we obtain

= Aw"” + (=1 = 2A"w" + (1 — A+ 24" + A%)w

h
where w = gy — ¢ and

A" + (=1 =24 + (1 — A+ 2A" + A2
p(z) = A e h( )¢, (4.11)

(4.9)

+ Y(z), (4.10)

Hence

A
“w”" + Ciw’ + Cow + 1, (4.12)

=3

where

1424’ 1—A+24" + A2
Oy = +h = +h + _

Substituting (4.12)) into (4.1)) , we obtain
A 5 : i 3
ﬁw”+;¥w“=—wU+Aww,

where ¢; (i =0,...,4) are meromorphic functions with finite order. Suppose that
all meromorphic solutions f # 0 of (4.1]) are of infinite order and pa(f) = p. If
w # 0, then by Lemma we obtain

Mg =) = Mg — ) = p(f) = +o0, (4.13)
Xa(g7 = 9) = Xalgr — @) = p2(f) = p. (4.14)
Suppose that f is a meromorphic solution of (4.1)) of finite order such that

p(f) > max{p(A), p(¢)}.
If ) 4+ A(2)) # 0, then by Lemma [2.2] we obtain

Agr =) = Mgr —») = p(f)-
Finally, we can state the following two results.

Theorem 4.1. Let A(z) be a transcendental entire function of finite order satisfy-
ing 0 < p(A) < 00 and 0 < 7(A) < oo, and let d;j(z) (j =0,1,2,3) be finite order
entire functions that are not all vanishing identically such that

max{p(dj) (j=0,1,2, 3)} < p(A).
If f is a nontrivial solution of (4.1)) , then the differential polynomial

g5 = dsf® +do f" + di f' +dof (4.15)

satisfies

p(gr) = p(f) =
p2(95) = p2(f) = p(A).

o0,
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Theorem 4.2. Under the hypotheses of Theorem let o(z) £ 0 be an entire
function with finite order. If f is a nontrivial solution of (4.1)), then the differential
polynomial gy = dzf®) + dof" +dyf' + dof with d3 # 0 satisfies

Mgy —©) = Mgy — ) = p(f) = oo, (4.16)
Aa(g5 — @) = Xalgr — @) = pa(f) = p(A). (4.17)

Proof of Theorem[{.1 Suppose that f is a nontrivial solution of (4.I). Then by
Lemma [2.3]
p(f) =00, p2(f) = p(A).

First, we suppose that d3 # 0. By the same reasoning as before we obtain that

H, H, H,
h=|Hs Hy Hs|,
H; H, Hy

where Hy = dy — d3A, Hy = dy, Hy = do, H3 = d6 - (dg + dé)A - dgAl, Hy =
do + d/l —d3A, Hy = di + dl2, Hg = dg — (d1 + Qdé + dg)A — (dg + dg)A/ — dgA”,
Hy = 2dy + d} — (ds +2d3) A — 2ds A', Hy = do + 2d, + d — dsA. Then

h:@%m@+mmm@a%%%-mmgﬁﬂm@ﬁ+Mﬂwg
+ dodzdg — 2d0d3d/2/ + dldgdg + dldgdlll + dgdgdg + Qdodédg + ledlldé — 4d2d6d
+ 2dody dly + 2dzdydy — dydydly + dydydy + dodydy — dodldy — dadydy
+@%%—ﬁ—wﬁyﬂ%%F—M@}J%@f—@%—ﬁ%—%%@A

U

%(Mwﬂyﬁ%@%fm%%+wﬂﬁ}4@@%+m%£
-wmw}&m%%+mmwyﬁ%m@+%£—ﬁ@+£a—M%QA
+(@@%+%@@—@%@—d%ﬁA”+@@@%—3@@+&@&—M@QAA
+@yﬂm@@fwﬁwgﬂ@@@f@@%fMﬁwg
+wm%&ﬁ¢+mu%ﬁ+w@gw@@ﬁ
— d3 A3 + 2dyd3(A)? — dod3 AA” — 3dodydy — dodrd — dodady — 2dodfyds
+ dydldl + dodhyd! — dodldlf + d3 + 2do(d})? + 3d3d) + 2dy(d))?
+didy + djdly — 2dvdyd), + dodydy — dodsdy — diddy.

Finally, if d3 =0, d2 =0, d; =0 and dy # 0, we have h = d3 #Z 0. Hence h # 0.
By d3 #0, A # 0 and Lemma we have p(h) = p(A), hence h # 0. For the

cases (i) d3 =0, dy £ 0; (i) d3 = 0,d2 = 0 and d; # 0, by using a similar reasoning
as above we obtain h #Z 0. By h # 0, we obtain
1197 di do
fzfgl do—l—d/l—dgA d1+d/2 ,

f
M\gt 2dy + di — (dy + 24 A — 2d3 A" dy + 2d} + df — ds A

which we can write )
/= E(Dogf + D1g + Dag}), (4.18)
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where
Do = (d1d2 — 2dods + 2dydly + dodly — 3dsd, — dsdli + 2d’2d'3)A
+ (2d1d3 + 2d3d’2)A’ + A2Q2 4 3dod, — 2dydy + dodt — did!
—2didl, + dydy — dydy + d2 + 2(d})?,
D, = (d1d3 — 2dad, — dg)A +dod! — dody — 2dyd!, + 2dady — dydl,
Dy = dyd3 A + di — dod} + dydh — dods.

If p(gs) < 400, then by (4.18)), we obtain p(f) < +oc, and this is a contradiction.
Hence p(gy) = p(f) = +o0.

Now, we prove that ps(g7) = p2(f) = p(A). By [&15), we obtain p2(gs) < pa(f)
and by we have pa(f) < p2(gy). This yield pa(gr) = p2(f) = p(A). O

Proof of Theorem[/.3 Suppose that f is a nontrivial solution of ([4.1). By setting
w =gy — ¢ in (4.18), we have
1

f= E(Dow + Dyw' + Daw”) + 4, (4.19)

where . )

D D D
p=—2 T e 208 (4.20)
Since d3 # 0, then h # 0. It follows from Theorem that gy is of infinite order
and p2(gr) = p(A). Substituting (4.19) into (4.1), we obtain

D ~
T2w(5) + ;@w(z) = —(111(3) + A(2)Y),

where ¢; (i =0, ...,4) are meromorphic functions with finite order. First, we prove
that ¥ # 0. Suppose that ¥ = 0, then by we obtain
Dy¢"” + D1¢’ + Do = 0 (4.21)
and by Lemma we have
p(Do) > max{p(D1), p(D2)}. (4.22)

By (4.21]), we can write

1 /

Dy = —(Ds% + D, 2.

P ¥

Since p(y) < oo, by Lemma [2.6| we obtain
T(r,Do) < T(r,D1) +T(r,D2) + O(logr).
Then
p(Do) < max{p(D1), p(D2)},

which is a contradiction with (4.22). It is clear now that ¢ # 0 cannot be a solution
of (4.1) because p(¢)) < co. Then, by Lemma [2.1| we

AMw) = Mw) = Mgy — ) = Mgy —¢) = p(f) = o0,
Ao(w) = Ao (w) = Aa(gr — @) = Aalgr — ) = p2(f) = p(A).



14 Z. LATREUCH, B. BELAIDI EJDE-2013/77

Acknowledgments. The authors would like to thank the anonymous referees
for their valuable suggestions and helpful remarks. This research is supported
by ATRST (Agence Thématique de Recherche en Sciences et Technologies) and
University of Mostaganem (UMAB), (PNR Project Code 8/u27/3144).

REFERENCES

[1] B. Belaidi; Growth and oscillation theory of solutions of some linear differential equations,
Mat. Vesnik 60 (2008), no. 4, 233-246.

[2] T. B. Cao, Z. X. Chen, X. M. Zheng, J. Tu; On the iterated order of meromorphic solutions
of higher order linear differential equations, Ann. Differential Equations 21 (2005), no. 2,
111-122.

[3] Z. X. Chen; Zeros of meromorphic solutions of higher order linear differential equations,
Analysis 14 (1994), no. 4, 425-438.

[4] Z. X. Chen, C. C. Yang; Some further results on the zeros and growths of entire solutions of
second order linear differential equations, Kodai Math. J. 22 (1999), no. 2, 273-285.

[5] Z.X. Chen; The fized points and hyper-order of solutions of second order complex differential
equations, Acta Math. Sci. Ser. A Chin. Ed. 20 (2000), no. 3, 425432 (in Chinese).

[6] W. K. Hayman; Meromorphic functions, Clarendon Press, Oxford, 1964.

[7] K. H. Kwon; Nonezistence of finite order solutions of certain second order linear differential
equations, Kodai Math. J. 19 (1996), no. 3, 378-387.

[8] I. Laine; Nevanlinna theory and complex differential equations, de Gruyter Studies in Math-
ematics, 15. Walter de Gruyter & Co., Berlin-New York, 1993.

[9] I. Laine, J. Rieppo; Differential polynomials generated by linear differential equations, Com-
plex Var. Theory Appl. 49 (2004), no. 12, 897-911.

[10] B. Ya. Levin; Lectures on entire functions. In collaboration with and with a preface by
Yu. Lyubarskii, M. Sodin and V. Tkachenko. Translated from the Russian manuscript by
Tkachenko. Translations of Mathematical Monographs, 150. American Mathematical Society,
Providence, RI, 1996.

[11] M. S. Liu, X. M. Zhang; Fized points of meromorphic solutions of higher order Linear
differential equations, Ann. Acad. Sci. Fenn. Math. 31 (2006), no. 1, 191-211.

[12] J. Wang, H. X. Yi, H. Cai; Fized points of the l-th power of differential polynomials generated
by solutions of differential equations, J. Syst. Sci. Complex. 17 (2004), no. 2, 271-280.

[13] C. C. Yang, H. X. Yi; Uniqueness theory of meromorphic functions, Mathematics and its
Applications, 557. Kluwer Academic Publishers Group, Dordrecht, 2003.

ZINELAABIDINE LATREUCH
DEPARTMENT OF MATHEMATICS, LABORATORY OF PURE AND APPLIED MATHEMATICS, UNIVERSITY
OF MOSTAGANEM (UMAB), B. P. 227 MOSTAGANEM, ALGERIA

E-mail address: z.latreuch@gmail.com

BENHARRAT BELAIDI
DEPARTMENT OF MATHEMATICS, LABORATORY OF PURE AND APPLIED MATHEMATICS, UNIVERSITY
OF MOSTAGANEM (UMAB), B. P. 227 MOSTAGANEM, ALGERIA

E-mail address: belaidi@univ-mosta.dz



	1. Introduction and main results
	2. Auxiliary lemmas
	3. Proofs of main results
	4. Discussion and applications
	Acknowledgments

	References

