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ELECTROMAGNETIC TRANSMISSION PROBLEMS WITH A
LARGE PARAMETER IN WEIGHTED SOBOLEV SPACES

JORGE ELIECER OSPINO

ABSTRACT. We present an a priori estimate for an electromagnetic transmis-
sion problem in unbounded exterior domains in R3. We consider Maxwell’s
equations in two sub-domains, the bounded interior representing a conduct-
ing material (metal) and the unbounded exterior representing an insulating
material (air). The behavior of the solution at infinity is described by means
of families of weighted Sobolev spaces, so-called Beppo-Levi spaces [1I]. We
prove the existence and uniqueness of the solution.

1. THE ELECTROMAGNETIC TRANSMISSION PROBLEM

Let Q°d be a bounded region in R? representing a metallic conductor and 'S :=
R3\Qcd. Let latter represents the air. The parameters g, g, o denote permittivity,
permeability, and conductivity in Q4. We assume o = 0 in Q. All fields are time-
harmonic with frequency w. As in [I3] we neglect conduction currents in the air
and displacement currents in the metal. Thus we consider

curl E —iwpgH =0, in Q9UQ®  (Faraday’s law),

. 1.1

curl H 4 (iweg —o)E=J, in QYUQ® (Ampere’s law), (1)
where E denotes the electric field, H the magnetic field and J the electric current.
Across the interface ¥ the tangential components of both E and H must be contin-

wous; i.e. Ef = E§!, H = H$!. Furthermore the Silver-Miiller radiation condition
is assumed to hold at infinity (see (1.2) below).

Following Peron [17] we introduce a large parameter p = ,/-Z- > 0 and set

= +/to/€0, e(p) = i(lQis+(1+l’p2)1ch), and F = ixJ. Then, defining X = x/|x]|,
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equation (1.1) and the Silver-Miiller radiation condition become
cwlE, —ikpH, =0, in QUQS (Faraday’s law),

1 s
curl H, +ire(p)E, = —F, in Q“UQ*® (Amper’s law),
iK

- 1 . . s s
H,xXx—-E,| = o(ﬁ), as |x| — oo (Silver-Miiller radiation condition).
X

The first two equations in reduce to 2
i curlcurl E, — k%¢(p)E, = F, in Q“UQ",

setting H, = ﬁ curl E,. The Silver-Miiller radiation condition at infinity becomes

lcurlE, x X —E,| = 0(%), as |x| — oo. (1.3)

Peron [I7] considers problem in a bounded domain € which is split into the
conductor 2°¢ and the insulator ¥, with either Dirichlet or Neumann condition.
In our case €2 is unbounded and the boundary conditions are replaced by the Silver-
Miiller decay condition at infinity. Problem may be analyzed using Hfoc(Rs)
spaces or Beppo-Levi spaces. The reader is referred to Costabel and Stephan [5] and
Giroire [8] for applications of these spaces to boundary value problems involving
the Laplacian operator. Nedelec [14] uses of Hj . spaces for the study of problems
in electromagnetic theory. Let

L2(QY) = (L2(QY))? .= {u: Q4 SR / lul?dz < oo},
Qed

1/2
Hu||L2(ch):(/ ufde) .
Qed

H(curl, 2°Y) = {u € L2(Q°) : curlu € L*(Q°)},
H(div, Q) = {u € L}(Q°) : divu € L?(Q°Y)},

with norm

Let also

with norms

||u||%-l(curl,QCd) = | CUTIUH%ﬂ(ch) + Hu”%ﬂ(ch)’

”u”%—l(div,ch) = || div 11||2L2(ch) + HUH%Z(ch)v
respectively. As in [I7] we define

X (Q°Y) = H(curl, Q°4) N H(div, Q°9),
with norm
||u||§<(ch) = cur1u||i2(ch) + diVu||2L2(ch) + ”u”iZ(ch),

and

X7(Q) = {ueX(Q9) :[n-u] =0, on X},

Xn(Q) = {ueX(Q4) :[nxu =0, on ¥},

X7 (29, p) = {u € H(curl, %) : £(p)u € H(div,Q), [n-u] =0, on T},
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X n (2% p) = {u € H(curl, Q) : £(p)u € H(div, ), [n x u] =0, on T}.
with norm
[ullx e,y = [l curlul[fs geay + | div(e(p)w) |72 (qeay + [[allf2(qeays

Note that X7 (21), Xn(Q2°4), X7(2°, p) and X (02, p) are Hilbert spaces. Also
let ® denote the space of all C*°-functions defined in R?® with compact support and
D' its topological dual space (space of distributions, see [I8]).

In what follows we define several spaces of distributions which turn out to be
Hilbert spaces. For detailed proof of the corresponding facts the reader is referred
to [2, [6 1] and [I4], Section 2.5.4].

For x € R3, let £(||x||) = /1 + 27 + 23 + 23, and

W (curl, R?) = {u € ®'(R?) : £(||x|)) "'u € L?(R?), curlu € L*(R?)},
W(div,R?) = {u € ®'(R?) : £(||x||)"*u € L*(R?), divu € L*(R?)}.

Note that W (curl, R?) and W (div, R?) are Hilbert spaces equipped with the norms
[l (curt.ey = | curlullEe sy + [1€(11xID " allEe gs),
and
[l (aiv ey = I divullZe sy + €)™ allE gs)-
Furthermore we will use the space
X(R?) = W (curl, R*) N W (div, R?),
subject to the norm
[ullgsy = Il cwrlullfeza) + | div a7z gs) + [€(01%]) " ullfzgs),
and
Xr(R?*) = {u e X(R* :[n-u] =0, on X},
Xn(R?) = {u e X(R?) :[nxu] =0, on X},

X7(R?, p) = {u € W(curl,R?) : ¢(p)u € W(div,R?),[n-u] =0, on ¥},
Xn(R3 p) = {u € W(curl,R?) : e(p)u € W(div,R*),[n x u] =0, on X},
Xrn(R3, p) = {u € W(curl,R?) : e(p)u € W(div,R*),[n x u] = [n-u] =0, on T},

with norm
||u||§§TN(R3,p) = Curlu”i?(n@) -+ diV(€(P)u)||2L2(R3) + |\E(HXH)_1UH%2(R3)~

Note that X7(R3), Xy (R?), X7(R3, p), and Xy (R3, p) are Hilbert spaces. For m
in NU {0} and k in Z, we define

L7, (R*) :={u:R* - R*:Va € N% 0 < |a| < m, £(||x])*=""*u e L2(R%)},
with norm

)|a\7m+k

lallez | may = (] ul|L (),

where L2, (R?) = (L2, ,(R%))".
Next we extend [I2] Theorems 1.2.16 and 1.2.17] for unbounded domains.
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Lemma 1.1. Let F € L2(R3). Let E, and H, in L?(R®) be a solution to (1.2).
Then, E,,H, € W (curl,R?) if and only if Ef)d,sz € H(curl, Q) and EipS,HipS €
W (curl, ) and [n x E,]s, =0, [n x Hy]x, = 0, where [u]y, = u!® —u°d denotes the
Jump across 2.

Proof. “=7 If E,,H, € W(curl, R?), then by definition Ezd,H;d € H(curl, Q°4)
and E, H? € W(curl, Q*). Thus for u, = E, or u, = H,, we have

/ v - curluyde = / v - curl uzddx + / v - curlujdz,
QeduQis Qed Qis

u, - curlvde = u;d -curl vdx + u; - curl vdz,
QedQis Qed Qis

for all v € W(curl, R?).
In Q°d, integrating by parts (see [12, Theorem 1.2.17]) gives

and

d d _ d
/ch [v - curlugidz —ui® - curl vde = /E[n x (nxup?)] - (nx v)ds.

where
n x (n x u;d) =n(n- ucpd) - u‘;d(n -n) =n(n- uzd) - uf,d.
Thus
[n X (n x u;d)} ‘(nxv)=[n(n- uf)d) - u;d] (nxv)= —ugd “(nx V),
and
—uf,d ‘(nxv)=v-(nx ucpd).
Hence

v - curl u;ddx = / u;d -curl vdx +/ v (nx ucpd)ds.
ch ch Z

Let Bg be a ball with radius R > 0 containing Q°d. Let Qp = Br N Q. Hence
INr =0BRrUX.
In the domain Qg, we have, integrating by parts, (see [12], Theorem 1.2.17]),

/ v-curluifdxz/ uf-curlvdm—/v(nxuf)ds—i—/ v-(nxup)ds. (1.4)
Qr Qr = OBRr

Due to the Silver-Miiller radiation conditions (see (1.3]))

\ v (nxup)ds| < / v|[n x uf|ds
3BR aBR

g/ [vin ]| sin 6]ds
OBRr

Hence, in (|1.4) taking the limit as R — oo, we have

/ v - curluydr = / u, - curl vdr — / v (nxu;)ds.
Qis Qis Z

Thus

/ v -curlu,dxr = / u, - curl vdz +/ v (n x uf,d —1n x uy)ds,
QCdUQiS QCdUQiS E
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yielding
/v-(nxu‘;d—nxuf)ds:o,
b

and therefore [n x u,]s = 0.

“< If B HY € H(curl, Q°4), Ef HPY € W(curl,Q*), [n x E ] = 0, and
[n x H,]s = 0. Then for v € W(curl, R?) and u, = E, or u, = H,, integrating by
parts,

u,, - curl vdz
chuQis

= / u;d -curlvdz + / uif -curl vdz,
Qed Qis

= / V- curlu;dd:r +/ V- curluipsdx +/ v (n X u;d —n X uips)ds.
Qed Qis >

cd

Hence n x u;

—n X uipS = 0 implies

/ u, - curlvdr = / v -curlu,dz.
chUQis QCdUQis

O

Our next Lemma adapts [I7, Lemmas 2.7 and 2.8] for exterior domains in
weighted Sobolev spaces.

Lemma 1.2. Let F € W(div,R?). Let E, and H, in L?(R?) solutions of (L1.2).
IfE, H, € W(curl, R?), then e(p)E,,H, € W(div,R?), [n- (¢(p)E,)]s = 0, and
[n-H,]s = 0. Furthermore,

1

div(e(p)E,) = —— divF, divH, =0 in L*(R%).

K
Proof. If F € W(div,R?) and E,, H, € L*(R?) are solutions of (L.2), then applying
divergence operator in (|1.2)), we have

1
div(e(p)E,) = == divF, divH,=0 inL*(R%),
K
and (p)E, € W(div,R?), H, € W(div,R?). Now, for u, = £(p)E, or H,, we

have

/ ¢ divu,dr = pdivailde + [ ¢divulds,
QedyuQis Qed Qis

/ u, - Vodr = / uS! - Vodz + / u? - Vodr,
QedyQis Qed Qis

for all ¢ € V = HZ () UWE(Q®). In Q4. integrating by parts (see [IZ, Theorem
1.2.16)),

- ¢ div u;ddx = /ch u;d -Vdr — /E(n : UZd)¢ds-

Let be a ball Br with radius R > 0 containing Q°d. Let Qp = Br N Q. Hence
00r = 0Br UX. In the domain Qg, we have, integrating by parts, (see [12]
Theorem 1.2.16]),

¢ divuydr
Qr
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:/QR uif-v¢dx+/z(n~ui;)¢d5—/ (n-u})ods

OBRr
- / ul® . Vodr + / (n- uif)gi)ds - / (n- [ui,S + Ui,s x n])pds,
Qr 5 0Br

where, if ulf = e(p)E,, Uy = —e(p)H, orif uy = H,, Uy = E, and n:[U} xn] = 0.
Due to the Silver-Miiller radiation conditions (see (1.3))

B

/ n-[uipS+Uip'an]~¢ds—>O asR — oo.
OBRr

Hence

¢ divulde = /

Qis

ui)s -Vodzr + /E(n . uif)qi)ds.

Qis
Altogether we have

/ (ZSdiVllpdl':/ up.v¢d$+/(n~ui§—n~u;d).¢d5
QedyQis QedyQis >

/E(n-uif—n~uf,d)-¢>d8:0,

for all ¢ implies [n-u,]s = 0. O

then

For E,,E' € W(curl,R3) := {E € W(curl,R?) : E € L2(R%)}, set

by(E,, E) = /

1 _ _
(f cwrlE, - curl B — k%¢(p)E,, - E/) dzx. (1.5)
Qedyis

i
Proposition 1.3. If F € L?(R®), E,,H, € L*(R?) satisfy (1.2, then, E, €
W (curl, R?) and for all E' € W (curl, R?),
bp(Ep,E’):/ F-Edz. (1.6)
QedyQis

The proof of Proposition is a minor modification of the proof [I7, Proposition
3], and is left for the reader.

Proposition 1.4. If E, € W(curl,R3) satisfies (1.6)), then E, satisfies (in the
sense of distributions):

curlcurl E, — H2Ep = pFS, in Q8
curlcurl E, — k2(1 4+ ip*)E, = uF, in Q4 (1.7)
mxE)s=0, mxculE)|y=0, onX,

with Silver-Miller condition

~ 1
|curlE, x X —E,| = O(W)’ as |x| — oo,
X
On the other hand, if E, solves (L.7), then
1 .
—cwlcwlE, — k%c(p)E, =F, in Q4 UQ", (1.8)
L

1 .
div(e(p)E,) = —— divF, in Qdu s, (1.9)
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Proof. We follow the proof of [I7, Proposition 2.15] to show that E, satisfies the

first two equations in (|1.7).
Taking E’ € ®'(R3) with support in Q° as test function in (1.6]) and using

/ curl E, - curl E'dz = (curl curl E,,, E') i,
QLdUth

we see that the first equation in (1.7)) is satisfied. Taking E’ € ®’(R3) with support
in Q¢ as test function in (1.6)) and using

/ curlE, - curl E’dz = (curl curl E, E') gea,
QedyQis

we see that the second equation in (1.7) is satisfied. By Lemma the third
relation (L.7)) holds.

Let Bgr be a ball with radius R > 0 containing Q. Let Q = Q°d U (Q* N Bg).
Hence 9(2 N Br) = X UOBg = 99, for all E,H € H(curl, ),

/ curlE-H - E - curl H)dz = (n x E,H,)sq, (1.10)
Q
where H, = (n x H) x n. From the first equation in (1.7) we have curl E® &

H(curl, O N Bg). Applying formula (1.10) in Q N Br to E = curl EipS and H =
E’ € H(curl, ), we have

/ curl E;S - curl (E)sdx
QisNBRr (1.11)

= / curl curl EipS - (E)isdz + (curl EipS X n, (E’)f)a(Q;SOBR).
QisNBRr
Applying formula (T.10)) in Q°¢ to E = curl E‘;d and H = E’ € H(curl, 2), we have

[ e B cunl e
N TRcd (1.12)
= /ch curl curl Ede - (E’)eddz + (curl E;d X, (E/)$d>z-

In (L.11)),
(curl EX x n, (E)®) 5(0unpy) = (cwrl EF x n, (E)¥)g + (curl Ej; xn, (BN 5,

Applying Silver-Miiller radiation condition yields
[(curlEP x n, (E')®)sp,| = |/ curl EX x n - (E)¥ds|
OBRr

< / |curl B x n||(n x E') x n|ds
OBRr

g/ | curl E¥||n|| sin 61 ||n||n x E'|| sin 6, |ds
OBRr

< Ci| curl EX||n||E'|| sin 65| ds

OBRr

< Cy| curl EP||E'|ds
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Then, by the dominated convergence Theorem,

/Qis curl EipS - curl (E/)isdx

- | | (1.13)
= /Qis curlcurl E - (BY)8dzx + (curl Ej) x n, (E')7)s.
From and ,
/ curl E, - curl E/dz
QeduQis
= / curlcwrlE, - E'dz + ([cwrl E, x n]s, E] ),
QeduQis
for all E' € W (curl,R?). From and the first two equations in (1.7),
([curlE, x n]s, E )5, =0,
which proofs the fourth equation in . O

Next we consider a regularized version of problem (1.6). Namely: We consider
finding E, € X7(R?, p), such that, for all E/, € X7(R?, p),

1 _ _ _
/ (f curl E, - curl B, + adiv(e(p)E,) - div(z(p)E}) — £2e(p)E, - E;) dz
QedyuQis M

= <f7 E/p>’
(1.14)

where
= (€ 2NN SYIRY TR
(f,E,) = /chUQis (F -Ef, — = divF - dlv(a(p)E’p))d:lc7 (1.15)

and where o > 0.

The next theorem, extends [I7, Theorem 2.21] (see also Costabel et al. [4]), which
corresponds to Peron’s theorem [I7, Theorem 2.21] and is its modification for an
unbounded exterior domain and weighted spaces.

Theorem 1.5. There exists a > 0, independent of p, such that if E, € X7 (R3, p)
is a solution of (1.14)(1.15) for F € Wq(div,R?), then
1 i
div(e(p)E,) +  divF =0, in Q“UQ". (1.16)
K
Furthermore E, and H, = —L_curl E, satisfy Mazwell’s equations (1.2)).

wWweQ

Proof. Let us define the operator A?Ep) from W{(R3) to W{(R?) mapping ¢ to
div(e(p) V), where div(e(p)Ve) € WE(R3)’ defined for any ¢ € W§(R3) by

/ e(p)Vy - Vipdz.
QedyQis
see [I7, Theorem 2.21]. Defining the domain of A?Ep) by
D(AL,) = {p e W5(R*)| div(e(p) V) € L*(R%)},

Vo € X7 (R3, p) for ¢ € D(Aé\ép)).
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Let E, satisfy (1.14). Choosing E' = V¢ with ¢ € D(AY

E(p)), (1.14) gives

[ (@dive(p)E,) - dvE@IVP) - (B, - Tp)ds
Qedunis (1.17)

- / (F Vg — — divF - div(a(p)Vap))dm.
QedyQis K
Since e(p)E,, F € Wy(div,R?) and ¢ € W}(R?) we have
/ —k*e(p)E, - V)dx :/ —r*e(p)E, -W)da:—i—/ —r*e(p)E, - V)dz.
R3 Qed Qis
Green’s formula in Q°4, yields

| B, oo = [ i div(ep)E,) - P)dz + [ wn (0B, TF)dS.
Qcd Qcd >

Let Bg be a ball with radius R > 0 containing Q°¢, with Qg = 0Br U X. Let Qg
be as above. Integrating by parts,

[ —reoB, Voo = [ @ dvE@E,) Pt [ wne (B )RS,
e e - (1.18)
and

/12n~ ©v)ds = mzn- ©)ds /<;2n- »)ds.
/a e B, / ((P)E,)P)ds + / ((P)E,)P)d

> OBRr
As in the proof of Lemma applying the Silver-Miiller condition (see (1.7))),

/ k’n- (e(p)E,)pds — 0, as R — oo,
OBRr
Hence, by (T.15),
| (0B, - Voo
Qis

— [ wdiveB,) wo— [ W G()B,TE)ds — [ wn- cp)B,)pds = .
Qis > >

for all ¢ € D(AY 1) yielding [n- (¢(p)E,)] = 0 on . Now

(p)

/F.wdx:/ F-de—i—/ F . Vods,
R3 Qecd Qis

Green’s formula in Q°9, yields

/ F - Vodr = 7/ divFoad:vf/(n~F)¢ds.
Qed Qed b

Again, we choose R > 0 such that By contains Q°d. Using again that Q' =
UR>0 Qg and that 0Qr = 0Br U X.

Applying the divergence theorem to F = ixcurl H — k%¢(p)E in Qg, and the
Silver-Miiller condition, we have

/ (n-F)pds — 0, as R— oo.
OBrR

Hence

/ F-vTodxz—/ divF-@der/(n-F)@ds.
Qis Qis E
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Then, we have

/}R3 —k2e(p)E, Vgp)dl’*/ n2div(€(p)EP)'¢dx+/Z/‘E2n‘[5(P)EP]¢d5

R3
:/ k% div(e(p)E,) - pda
R3

and

/F~V7<pdz:f/ divF - @dzx.
R3 R3

Similarly, according to there holds
[, (0o, - divGITe) + 5 divF - div(G) )
— k*(p)E, - Vo —F- ch) =0.
Then
[, (0o, - v GIT7) + 5 dvF - div(G) )
+ k2 div(e(p)B,) B+ divF - @) dz = 0.
Therefore, for all ¢ € D(Aé\ép)),
/ﬂ@ (Aiv(e(p)B,) + 5 divF) - (adiv(Z(p)Ve) + 575)de = 0. (1.19)

The sesquilinear form associated with the operator fAé\g ) is uniformly coercive
on W§(R3), because (see Giroire [S])

Re </R3 Ve V(‘Odl) = “p|W1(]R3) = C”‘Pllwl(Re) (1.20)
Next, we follow again Peron [I7] and examine the real non-zero eigenvalues A of
—AN e
e(p)’

— AN, P =Xp IR’ (1.21)

which, after integration by parts, gives

/ e(p)Vy - Vpdr = )\/ v - pde.
R3 R3

Now 0) gives A > C and we take o > 0 large enough such that %2 < C. Then
2
“~ is not an eigenvalue of A Consequently - implies

div(e(p)E,) + ? divF =0, inR®.
This way, from (1.14) and (1.15)),

1 _
/ (—curlEl, curl B, — x(p)E, E’)d —/ F-Bdr.
R3 \M R3

for all B/, € Xp(R?, p).
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We define H,, from Faraday’s law by H, = - curlE, in R®. Then from
Proposition 2, it follows that

TWEQ — — _
/]Rs ( ¢ ewrl Hy B — (), B} )dz = /Rs F-E)dz,
for all E/, € Xr (R3, p), implying

1
curlH, + ike(p)E, = —F, in R3.
ik

O

Remark 1.6. An easy modification of the proof of the Theorem 1 shows that there
exists 8 > 0, independent of p, such that if E, € Xy (R3, p) is a solution to

/ (l cuwrl E, - curl B/ + S div(e(p)E,) - div(e(p)E/,) — k%e(p)E, f;) dz = (f,E}),
R3

7
(1.22)
and (1.15)) for some F € W (div,R?), then

1
div(e(p)E,) + - divF =0, in R®. (1.23)
K

L_cuwrlE, solve (I.2). This results corresponds di-

Furthermore, E, and H, = Toss

rectly to [I7, Theorem 2.22].

In this part, we give a variational formulation for the term ¢, € V, with
V = HH Q) UW{(Qy4), (see [16, Chapter 2] and [15]), which appears in the de-
composition of the electrical field, to see Theorem [2.I} Again, we extend the ideas
of Peron [I7] to prove Lemmas 1.7 and |1.8|for the unbounded exterior domain. Our
Lemma corresponds to [I7, Lemma 2.33] and gives the appropriate setting for
an unbounded exterior domain.

Lemma 1.7. Let E, € Xp(R3, p) satisfy (1.14)-(L.15) for F € Wy (div,R?), and
let (W, ) € WEH(R?) x V with divw, = 0 given by Theorem[2.1 Then, ¢, solves
the variational problem: Find ¢, € V, such that for all ) €V,

- 1 _ 1 _
/ e(p)V, - Vipdr = — / divF - ¢dx + fipz/ W, - n|nids. (1.24)
R3 K® Jrs H by

Proof. Due to Theorem there exists an unique couple (w,,p,) € W§(R3) x V
such that E, = w, + V,. Thus we have

/ e(p)Ve, - Vipdz = / e(p)E, - Vipdr — / e(p)w, - Vpdz, Vi € V.
R3 R3

R3
Then, since e(p)E, € Wy (div, R?), there holds

[ 0B, Tods = [ av(c(o)E,) - as.
RJ

R3
so, due to Theorem [T.5]

_ 1 _
/ e(p)E, - Vipdx = = divF - ¢dz.
R3

R3
Next, we have

[ o, Vide = [ clp)ow, T+ [ e(p)w,  Tida,
R3 Qis

Qed
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and, by integration by parts,

[ e, Fide = [ div(e(o)tw, e — [ (&(p)w, - myis.
cd cd »
Let By be a ball with radius R > 0 containing ©2°¢. We have
[ etoyw, - ide = [ div(etp)w,)ide + [ (c(o) s, -m)ids
R R

b
—i—/ (e(p)*w, - n)Pds.
dBnr
Applying the Silver-Miiller condition,
/ (e(p)*w, - n)hds = / (e(p)[w, — W, x n] -n)hds — 0 as R — oo,
BBR aBR
Hence

/ elp)*w, - Vida = / div(e(p)*w,)bda + / (=(p)"w, - n)ids.
le le

b
Thus

[ o, Vids = [ divteloyw,)ido+ [ (=(0)" - (o) )w, - nls s
R3 R3 b

Since divw, = 0 in R3, we obtain (1.24)) because (see (1.2))

is L.
e(p)® —e(p) = —;zp?

Analogously we obtain the following counterpart of [I7, Lemma 2.34].

Lemma 1.8. Let E, € Xy(R3,p) solution of (1.22)-(L.15)) associated with F €
W(div,R?), and let (w,,¢,) € Xy(R?) x V given by Theorem . Then, @, is
solution of following variational problem: Find ¢ €V, such that for all ¢ €V,

- 1 _ 1 _
/ e(p)Vy - Vipde = —2/ divF - odx + fz'pQ/ W, - n|ntds. (1.25)
R3 K= Jrs K b

2. DECOMPOSITION OF VECTOR FIELDS AND COMPACT EMBEDDING IN
WEIGHTED SPACES

In this section we collect the tools needed in the proof of our a priori estimate
(Theorem , namely a vector Helmholtz decomposition in R? and a compactness
results (Lemma for the embedding in weighted spaces.

First we consider the vector potential of divergence-free vector fields and present
results for a Helmholtz decomposition by Girault [6]. The weighted Sobolev spaces
used here were introduced and studied by Hanouzet in [9]. For any multi-index «
in N2, we denote by 0 the differential operator of order a:

olel

Then, for all m in N and all £ in Z, we define the weighted Sobolev space
Wi (Q®) = {v € D' (V) :Va e N?, 0 < |a| <m, O(r)lel=mtkgey, L2(Q%)},
(2.1)

o~ with |a| = a1 + as + as.
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which is a Hilbert space with the norm:

m . N 1/2
ol = { D2 160) 0030 g }
|a|=0

Hence
Wo(2®) = LX(Q®), W2, (R®) = L§ _;(R?).
For all n € Z, P,, denotes the space of all polynomials (in three variables) of degree
at most n, with the convention that the space is reduced to zero when n is negative.
We denote by P, is the subspace of all harmonic polynomials of P,,, again with

the convention that the space is reduced to zero when n is negative. For all integers
k >0, we define the following subspace of (Py)?,

Gr:={Vq:q € Prs1}.

Note that Gy = R3. The following result is based on the paper by Girault [6]. In
the case of a bounded domain, there are two classical orthogonal decompositions
of vector fields: a decomposition in L? and a decomposition in Hg (cf. for example
[7]). The following theorem establishes the analogue of the decomposition in L? for
vector fields in R®. Let

V(RY) = {v € W (R : divy = 0},
Cp = {curlq 1q € (Pk+1)3}’

with the usual convention that Cx = {0}, when k < 0, observe that Cy = R3 = Gy.
In addition, for all kK > 1, G C Cy, but the inverse inclusion is false.

Theorem 2.1 (Girault [0, Theorem 5.1]). Let the integers m and k belong to Z
and let u be a vector field in W, (R?)3.
(1) If k <1, u may be decomposed as

u= Vp+curl®, (2.2)

where ® 1s unique n Vzii(Rg)/C—k—l and p is uniquely determined by u and ®

n W%i}c(R‘j)/R, or Wﬁi}c (R3) if k =0 or 1. They satisfy the bounds:

||‘I>||ngii(ﬂa3)3/c,k,1 + ||p||w:i;(u§3)/m < CH“HW;;;M(RS)S, (2.3)

with the convention that the quotient norm of p is replaced by ||p||WmH(R3) when

k=0 orl.
(2) If k > 2 has the decomposition (2.2) with a unique p in Wﬁi}c(Rs) and
a unique @ in V;”J,lv(ng) if and only if u is orthogonal to Cyp_o (for the duality

paring). The analogue of (2.3)) holds:
||(I)||W;’;ii(R3)3 + ||pr;;Ll€(RS) < CHUHW:ZM(W)S, (2.4)

(8) When both m and k belong to N, the decomposition is orthogonal for the
scalar product of L?(R?).

Now, this part is concerned with compact embedding in weighted Sobolev spaces
for unbounded domains, and is based on Avantaggiati and Troisi [I]. Let © be an
unbounded domain of R”, satisfying the cone property, and § € C°(Q), a positive
continuous function divergent for |x| — oo, satisfying also:
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(1) There exist two open and separated subsets 21 and Q5 of R™, such that
Q=0,UQ, and
5(X) <1, Vx € Ql, §(X) >1, Vx € Q.
We will put also, Qg = Q.
(2) For each xg € Q;,7=0,1,2, let
Ai(XO) = Qz N {X : |X - X0| < 5(X0)}

We assume that there ¢; and ¢y are two positive constants independent of
Xo and x, and

Cl(s(Xo) < (5(X) < 026(){0), Vx € Ai(Xo),
(3) If p;(x,x0) is the characteristic function of the set A;(x¢), then the inequal-
ities
c30"(x) < / wi(x,X0)dxo < cs0™(x), Vx € A;(x0),
hold, where c3 and ¢4 are two positive constants independent of x.
If s, A€ Rand 0 < p < 0o, we will denote by Z’S’/\(Q) the space of the functions
u(x), such that &°( g )Au € LP(Q), with norm

1482
20 o = 18" () (2.5
H“'U;A(m = (1+52) ull e (). :
If s,A € R, r € Ny and p € (1,00), we will denote by W{?(Q2) the space of the
distributions u on €, such that 0%u € E’S’HQH ,(Q) for [a| <7, with norm
- 1/p
lellwrg = | DoI0%lt, o] (2:6)
Pt : :
We observe that W{{(€) is continuously embedded in
WQI}C#H)&T(Q), for k<r,7>0,t€[-77] (2.7)

Therefore,
WoR(Q) = L ().

We have also L§ _(Q) = Z%Ll(Q).
The next theorem is due to Avantaggiati and Troisi [I, Theorem 6.1].

Theorem 2.2. There are real numbers s, \,r,p, where r € Z and p > 1, such
that for each non-negative integer k < r, for each real number T > 0, and for each
t € (—7,7), the injection
) k,
Wsrf\)(ﬂ) - Ws+€c—r+t,)\+7—(Q) (2.8)
is compact.

As a consequence of the above results, we have the following Lemma.

Lemma 2.3. The emmbeding of PH'(R?) into L3 1 (R?) is compact.
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Proof. First, we observe that by definition EQ_M(Q) =L§ () = WE121(Q) On
the other hand choosingt =s =A=k=0,7=r=1,p=21in gives the
compact embedding W0102(Q) cC W3121(Q) Hence WolOQ(Q) CC L§ () where
we can set 2 = R3.

Furthermore ¢ € PHY(R?) := {p = (', ¢°1) : ' € WE(Q¥), o4 € HY(Q)},

due to the definition of W, gives that Vi € L? and hence Vi € Eg,o withs =A=0
in (2.5)). Therefore, ¢ € W0102(Q) with r =1, p =2, s = A = 0 in (2.6) because
with s = A =0 = |a|, r = 1 there holds

_ _15—1 ¥
by taking § proportional to v/1 + x2. |

3. A PRIORI ESTIMATE FOR THE ELECTRICAL FIELD

Next we give an existence and uniqueness result for the solution of —.
The proof uses an a priori estimate. The ideas of this section are based on those of
Peron [3], I7], but using compactness results for the embedding of weighted spaces
with unbounded domains. This is a crucial difference of our proof compared to
Peron’s proof. An alternative proof may be obtained using [10, Theorem 2.1].

For the rest of this article we assume the following condition.

Spectral hypothesis: We assume 2 is not an eigenvalue of the limit problem.
That is, we assume that if Eg € W (curl, Q") is such that for all E’ € W (curl, %),

/ (curl Bg - curl B/ — k?Eg -E)dz =0, nxE=0 onx, (3.1)
Qis
then Eg = 0.

Now, we can formulate our main theorem of this section.

Theorem 3.1. Under the spectral hypothesis (3.1]), there exists a constant pg > 0,
such that for all p > po, problem (L.14)-(1.15) admits an unique solution E, €
Xrn(R3, p) for F € Wo(div, R3), satisfying

[l Epllyz sy + [1div(e(p)Ep)llLz ey + [Eolluz | sy + ol EpllLz(oe)

< O|F[|w(div,r3)>
(3.2)
with a constant C > 0, independent of p.

The proof of the above theorem is given in various steps, below. The estimate
(3.2) is based on the a priori estimate (3.3)).

Theorem 3.2. If (3.1) holds, then there exists a constant py > 0, such that, for
all p > po, if B, € Xrn(R3, p) satisfies (1.14)-(L.15) for F € Wy (div, R?), then

1Bsllrz , ®s) < ClF(wiaiv.rs), (3.3)
where C' > 0 is a constant independent of p.

Proof. The proof is similar to the one given by Peron [I7, Theorem 2.35]. Here we
use a compact embedding of PH'(R?) into L _;(R?) where

PH'(R?) = {p: ¢ € (WH(Q*))?, o0 € (' (@)},



16 J. E. OSPINO EJDE-2013/248

Let E, € X7n(R3, p), be a solution of (L.14)-(1.15)). For ® € Xrn (R?, p),

1 _ 2 _
/ (; cwlE, - curl @ + adiv(e(p)E,) - div(e(p)®) — %Ep@)dx
R3

1 —
— —ip? / E,®dx (3.4)
H Qed

= / (F - S divF- div(a(p)cp))dm.
R3 K
By Theorem [I.5] there holds
1
div(e(p)E,) + — divF =0, in R
K
For ® € X7 (R3, p),
/ (curl E, - curl ® — x*E,®)dz — ip? /
R3 Q

for all ® € X7 (R?, p). Just as in Peron [17] we prove the theorem by contradic-
tion argument, but we crucially apply a compactness result for the embedding in
weighted Sobolev spaces by Avantaggiati and Troisi [1].

Since Peron [I7] considers only bounded domains, he can, in contrary, apply
standard embedding arguments (Rellich’s theorem). Suppose that exists a sequence
{F,, }n>1 in W(div,R?) with p, — oo, [|[F,, lw(divgs) =1, Fp, -n=0in X, and
such that for the corresponding solutions E,, € Xy (R3, p,,) satisfy

E,®dx = u/ F - ®dx, (3.5)

cd R3

Jim |[Ep, [l 23,,) = 00
Letting E,, = (||E,, | w(aivzs)) 'E,, we have
IEp, [wiaives) =1, lim ||y, [wiaivzs) = 0. (3.6)
With & = Epn, equality becomes

| curlEp, ||%2(R3) - H2||EPnHig)_l(R3) - iP%HEaniz(ch) = ,U'(FpnvEPn)Lgﬁl(RS)'

(3.7)
Taking imaginary parts we have
PiHEPn %2(ch) = _IU’Im(FPn’EPn)Lg’?l(R:’)' (3.8)
By the Cauchy-Schwartz inequality we obtain,
|Im(Fpn7Epn)Lg’_1(]R3)| < ||Fpn||W(div,R3)||Epn||W(div,R3)~
Hence (3.6)) yields
Jim |[Ep, [[L2(qeay = 0. (3.9)
Also, taking real parts in ,
| curlEp, (122 rsy — #°1|Ep, Hig‘il(RS) = nRe(F), Ep )1z (ro): (3.10)

Hence due to Cauchy-Schwartz inequality and (3.6]), there are constants Cy and Co
independent of n, such that

[curl Ep, [f2rs) < C1 + CollFy, Lz @s)- (3.11)

Therefore, {curl Epn}nzl is bounded in L§ _; (R?).
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Let (W, , ¢p,) € W§(R?) x V, (for definition of V see [16, Chapter 2] and [15]),
be given by Girault [6, Theorems 3.2 and 5.1], such that
E), =%, + V@, divw, =0, iR’
and N
W, [lwa(ms) < Cll crlEp, [|L2(rs), (3.12)

where C' > 0 is a constant independent of n. Therefore, {W,, },en is bounded in

WE(R3). According to Lemma and (1.16), ,, satisfies
. = 1 ~ - 1 _ —
/ e(p)V@,, - Vibdr = 7/ divF,, ~¢daj+7ip2/ W,, - n|sthds.  (3.13)
R3 K JRs o by

for all ¥ € V.
Let po > 0 and the constant C,, > 0 be given by [16, Theorem 3] and [I5}
Teorema 1]. We set §, = 1+ ip2. Then there exists ng € N, such that for all

n > ng we have |§,| > po. Note that div f‘p" and W, - n verify the hypotheses of
[16l, Theorem 3] and [I5, Teorema 1]. Also, problem (3.13) is coercive on V. Hence
the solution of (3.13) belongs to PH?(R3) and there holds

1G5 2 ey + 185, Iy < G (11 B lng ey + 900 iy

for any n > ng. Thus {V@,, },>1 is bounded in PH'(R?), and {]T]pn}nzl is
bounded in H(Q°4) U (W§(0))°,
According to Lemma the embedding of PH'(R?) in L _, (R?) is compact.

This implies that there exists a subsequence {Epn tn>1 and E € L§ 1 (R?), such
that

E, ~E in (PH'R%)’, E, —E inLJ_,(R% (3.14)

By (3.6), we have
IBllz s =1 (3.15)

To obtain a contradiction, we show that E = 0in Q% UQ9 Due to ,
|E[|L2(qea) = 0. Hence

E=0, inQ (3.16)
Next, we take ® € X7n(R?, p) with support in Q. Then n-® =0, n x ® =0 on
¥ and due to , we have

(curlE,, , curl ®)rz () — w*(E,,, D)z (o) = 1(Fp, Pz (e (3.17)
Letting n — oo in (3.17) and using (3.14) we obtain
(curl E, curl Pz (i) — k2 (E, )z (ae) =0. (3.18)

Now ({3.1]) gives E= 0, in Q*, and therefore E= 0, in R3, which is a contradiction
to (3.15]) and therefore (3.3]) holds. O

Now with the help of Theorem [3.2] we can prove Theorem

Proof of Theorem[3.. Let po > 0 be given by Theorem [3.2] Let us assume E,
satisfies (1.14)-(1.15). Then E, satisfies (3.5) and taking ® = E, we obtain

[ curl Ep |2 ra) — ’42||Ep||igﬁl(u§3) —ip?|Bp[lf2(qeay = H(F. Ep)rz o). (3.19)
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Taking real and imaginary parts as in the proof of Theorem [3.2] we obtain the a

priori estimate (3.2]) from (1.16) and

PIE,lIL2 ey < C1l|F [lw(div,rs), (3.20)
[ curl Epllrzrs) < C2|F|lw (aiv,r2)- (3:21)

Next, note that the a priori estimate (3.2)) implies the injectivity of the solution
operator to the variational problem Therefore to show existence of the
solution it suffices to demonstrate that this operator is surjective. We introduce
the sesquilinear form c, defined by

cp(EpE)) = /

. (% curl B, - curl E7 + adiv(e(p)E)) - div(a(p)E;))dx. (3.22)
R

for all E,,E/, € X7(R? p). The bilinear form ¢, is coercive on X7 (R?, p). By
the Lax-Milgram Theorem there exist a bounded linear operator M such that
¢p(Ey, E,) = (ME,, E)). Since the embedding I,(E,) = ¢(p)E, for E, € X7(R?, p)
from Xr(R3, p) into X7 (R3, p)’ is compact. Hence M—£21, is a Fredholm operator.
In particular, it is surjective if and only if his adjoint M* — KZI; is injective where

Iy =e(p)l,. Let c, be the sesquilinear form associated with the operator c,; i.e.,
1 — - —
(B, E)) = / (- curlB, - cwrl B + adiv(E()B,) - div(=(o)E)) )z, (3.23)
R3 M

for all E,, E/, € Xp(R?, p).
As in Theorem an a priori estimate for M* — KZ2I; is proven, yielding its
injectivity. Hence M — k2] o is a subjectivity of the operator. Proving the Theorem.
O
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