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GLOBAL DYNAMICS FOR A DELAYED HEPATITIS C VIRUS
INFECTION MODEL

YINGYING ZHAO, ZHITING XU

ABSTRACT. In this paper, we present a delay Hepatitis C virus infection model
with Beddington-DeAngelis functional response. We first introduce five repro-
duction numbers, and then show that the system has five possible equilibria
depended on the reproductive numbers. By constructing suitable Lyapunov
functionals, the global dynamics for the five equilibria of the model is com-
pletely determined by the five reproductive numbers.

1. INTRODUCTION

To develop a better understanding of a virus dynamics in vivo, mathematical
models have played a significant role. A basic viral infection model proposed by
Perelson et al [I4) [I5] has been widely used for studying the dynamics of infections
agents such as hepatitis B virus (HBV), hepatitis C virus (HCV) and HIV, which
has the following standard form:

d%f) — X\ —dT(t) — KTtV (D),

dT(;“) = KT(O)V (1) — 6T(8), (1.1)
v o
- NOT*(t) — cV (1),

where T', T, V denote the concentration of uninfected cells, infected cells and free
virus particles. The uninfected cells are produced at a constant rate A and die at
a per capita rate d. They become infected at a rate proportional £V to the free
virus concentration. Infected cells are produced at a rate KTV, and its natural
death rate is 6T™*. Free viruses are produced by infected cells, which is described
by N6T™ and die at a per capita rate c.

Note that the immune response after viral infection is universal and necessary to
eliminate or control the disease. In most virus infections, cytotoxic T lymphocytes
(CTLs) play a critical role in antiviral defense by attacking infected cells. Let Y (¥)
be the CTL responses, Nowak and Bangham [13] formulated the following virus
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dynamics model:

d%t) — A~ dT(t) - KTV (D),
dT*(t) _ ET(#)V (t) — 6T*(t) — pY ()T*(t),
o o (1.2)
—q = NOT* (1) — eV (1),
%Et) — BT OV (t) — 4Y (1),

where infected cells are also killed via mass action kinetics by the CTL immune
response, which is described by pYT*, CTLs are produced at a rate proportional
BT*Y to the abundances of CTLs and infected cells, and die at a per capita rate
5.

In addition, antibody responses, which are implemented by the functioning of
immunocompetent B lymphocytes, also play a critical role in preventing and mod-
ulating infections. To investigate the highly complex and non-linear interaction
between replicating viruses, uninfected cells, infected cells, and different types of
immune responses (CTL and antibody), Wodarz [19] developed the following HCV
infection model:

d%t) — A~ dT(t) — KT(t)V (1),
%*t(t) = KT(H)V(t) — 6T*(t) — pY ()T (1),
d‘git) = NOT*(t) — cV (t) — gAV (1), 3
%ﬁt) = BT ()Y (1) — 1Y (1),
%it) = gA(H)V (t) — bA().

Here A denotes the concentration of antibody responses, free virus are also neu-
tralized via mass action kinetics by antibodies, which is described by gAV. The
antibody responses are activated at a rate proportional gAV to the abundances
of antibodies and free viruses, and die at a per capita rate b. All parameters are
positive constants.

Note that model ignores the intracellular delay and assumes that cells be-
come productive instantaneously once a virus contacts a cell to infection. However,
the intracellular delay may impact infection dynamics significantly. In view of this
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observation, Yan and Wang [2I] proposed the following model with delay:

d%t) = A= dT(t) — KT()V (1),
dj;(t) = kT(t — )V (t —7)e "7 — 6T*(t) — pY (£)T™(t),
% = NOT*(t) — eV (t) — A1)V (1), (1.4)
PO _ gy - v,
%ﬁ’f) — AV (1) — bA(t)

Here, the production of new virus at time ¢ depends on the population of virus and
infected cells at a previous time ¢ — 7, and only a fraction of e™*7 can survive after
the interval 7, where 1/s is the average lifetime of infected without reproduction.
Yan and Wang [21] have studied the global dynamics of system .

From system , we can see that the rate of infection of those viral dynamics
models is assumed to bilinear in the virus V and susceptible cells T'. However, the
actual incidence rate is probably not linear over the entire range of V and T'. So it
is reasonable to assume that the infection rate of viral infection model is given by
saturated infection rate, %, where ks is positive constant. In addition, because
there exists an intracellular phase of a cell and production of new virus particles.
In view of the above observation, Wang and Liu [18] considered the viral infection
model with saturation infection rate and delay as follows:

dr(t) ET(t)V (1)
T vy
dT*(t)  _ kTt —7)V(t—1)

a ¢ L+ keV(t—T)

6T (t) — pY ()T (1),

%ﬁt) = NOT*(t) — V(1) = qAV (1), (1.5)
%it) =BT (B)Y (8) =Y (®),
dA(1)

S = AWV (1) — bA(®).

By constructing Lyapunov functionals, Wang and Liu [I8] have studied the global
stability of system .

In this paper, following the line of [I8] 21], we assume that the infection rate
of the virus dynamics models is given by the Beddington-DeAngelis functional
response, %, where k1, ko > 0 are constants. Then, we obtain the following
viral infection system with a latent period 7 and Beddington-DeAngelis functional
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response:
dﬂf) =X—dT(t)— f(T(t),V(1)),
dj;;(t) — efs‘rf(T(t _ 7-)7 V(t — 7)) — §T* (t) - pY(t)T* (t),
d%ﬂ — NOT*(t) — ¢V (t) — A1)V (1), (16)
%it) = BT ()Y (t) — 7Y (t),
%ﬁ” — AWV (1) — A1),
with
FT,V) = H/:;—‘frkz‘/ k20, k20, (T,V) € R (L.7)

The functional response 4 77— Was introduced by Beddington [I] and DeAnge-
lis et al.[2]. Obviously, (1.3] i can be seen as special cases of . . Other
related works contributed to dynamlcs of the mathematical model with Beddington
and DeAngelis functional response; see, for example, [3, 5, [6], 8, 10, 12, 17, 18, 20, 22].

In this paper, we investigate the global dynamics of — by employing the
method using Lyapunov functionals motivated by Huang [5], Korobeinikov [7], Li
and Shu [9], Nakata [12], McCluskey [I1], Wang and Liu[l8], Yan and Wang [21],
et al. This paper is organized as follows. In Section 2, we show the positivity and
ultimately boundedness of the solutions for — under suitable initial condi-
tions. In Section 3, we introduce the basic reproduction number for viral infection
Ry and for response reproduction numbers Ry, Ro, R3, R4 and derive the existence
of the five equilibrium for —. The global stabilities of all equilibrium are
given in Section 4. A brief discuss section completes this paper.

2. BASIC PROPERTIES

To study the stability of equilibria and investigate the dynamic of system —
, we need to consider a suitable phase space and a bounded feasible region.
For 7 > 0, we define a Banach space by C = C([—7,0];R), the space of continues
functions mapping the interval [—7,0] into R with norm ||¢| = sup_,<p<¢ |¥(0)]
for ¢ € C. The nonnegative cone of C is defined as C* = C(|-7,0],R,), where
R} = [0,00). The initial conditions for system (1.6)-(1.7) are chosen at ¢t = 0 as
p€eCt xRy xCT xRy xRy and ¢(0) > 0. The following lemma establishes the
feasible region of the system and shows that the system is well-posed.

Lemma 2.1. Under the above initial conditions, system — has a unique
nonnegative solution, and all solutions are ultimately bounded in C x Ry x C X
R4 x Ry. Furthermore, all solutions eventually enter and remain in the following
bounded and positively invariant region:

= {(TT*VYA)eC+xR+xc+xR+xR+ HT||<)\+1 ||T*||<i+1

NI BNESN?
<—+1|Y
VI =2+ 1L Yl < e

where di = min{d,d}, do = min{~,d}, d3 = min{c, b}.

e AL [JA] <

gNOA
1
qdids | }
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Proof. For all ¢ € CT x R, x CT x R, define

A —dip1(0) — f(#1(0), ¢3(0))
e f(p1(=7), 3(=T)) = 6p2(0) — pa(0)04(0)
3

)
F(p) = Nop2(0 )—cw (0) — g5 (0)3(0)
ﬁ@z(o) (0) 4( )
9¢5(0)p3(0) *b%( )

Thus, for all p € CT x Ry x CT x Ry x Ry, F(y) is continuous, and Lipschitzian
in ¢ in each compact set inC™ x Ry xCT x Ry x R,. Hence, there is a unique
solution of system (L.6)-(1.7) through (0,¢) [, Theoroms 2.2.1 and 2.2.3]. Note
that F;(¢) > 0 Whenever © >0 and ¢;(0 ) = 0. It then follows from [I6, Throem
5.2.1 and Remark 5.2.1] that C* x Ry x CT x Ry x R, is positive invariant.
Next we show that positive solutions of (1.6))-(1.7) are ultimately bounded for

t > 0. From the first equation of ((1.6)), we obtain de—Et) < A —dT(t), and thus,
lim sup,_, . T(t) < %. Adding the first two equations, we then get

d

IO+ Tt +7)) = A= dT(t) = f(TE), V()1 -e™)

—0T*(t+7)—pT*(t+7)Y(t+7)
<A=di(T@)+T*(t+71)).

Thus, limsup,_, (T(t) + T*(t+ 1)) < i. This relation and the third equation of
(L.6) imply
d A

GV (0 = NOT* (1) = eV (1) — gAY (1) < No 7 — eV (1),

which follows that limsup, . V(¢) < JXC?A. Also, adding the second and fourth
equations of (|1.6]), we obtain

d . p R . p
@)+ EY(t)) =e Tf(Tt—7),V(t—7)) = 0T"(t) - EyY(t)
< e TRT(OV(E) — 0T*(t) — %ny(t)
A NG
< TR~ h[T () + %Y(t)].
Hence, limsup, ., (T*(t) + Y (t)) < Z{;‘sd e 5T,
Similar to the above, we also get
d q _NST () _a
&(V(t) + EA(t)) = NO&T*(t) — cV(¢) . A(t)

< NOT™(t) — ds(V (1) + = A(t))
< Nadil —dy(V(8) + gA(t)).

Then, limsup,_ . (V(t) + LA(t)) < 2. Hence, T(t), T*(t), V(¢), Y (t) and A(t)

are ultimately bounded in the bounded feasible and positively invariant region
r. O
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3. REPRODUCTIVE NUMBERS AND EQUILIBRIA

First of all, we show that system (1.6)-(L.7) has five possible equilibria. For
this, we define five threshold parameters, which are also called the reproduction
numbers.

The basic reproduction number of system - is
NAke™ s
07 C(d+ Nky)
The CTL immune reproduction number Ry for system (L.6)-(L.7) is
B NMkBe 57 ( 1 )

Y§(Nk + Ndky — kycesT) Ry/’
The antibody immune reproduction number Ry for system — is
B N2 \kge 5™ (1 B i)

be(Nk + Ndky — kycesT) Ry/’
The CTL immune competitive reproduction number R3 for system — is

AB2kbe™5T + k1g62y2esT
* 7 By6(gd + kb + kobd + Ak1g)’

The antibody immune competitive reproduction number Ry for system (1.6))-(1.7)
is

Ry

Ry

Ngb
Ry = =20
Bbe
Theorem 3.1. (i) System (1.6)-(1.7)) always has an infection free equilibrium Ey =
(3,0,0,0,0);
(ii) When Ro > 1, system (1.6)-(1.7) has an immune-free infection equilibrium

El - (T17T1*7 V17070)a

where
T - N+ ckqes™
Y7 Nk + Ndky — kycesT’
NAke™s™ 1
Ty = 1-— —
V" 8(Nk + Ndky — kycesT) ( RO)’
N2\ke™sT 1
Vi = 1——);
"7 ¢(Nk + Ndky — kyces™) ( RO)’

(iti) When Ry > 1, system (1.6)-(1.7) has an infection equilibrium with only
CTL immune responses Eo = (To, Ty, V2,Y2,0), where Ty is the positive root of the
following quadric equation:

cdky BT? + (Bed + kN + dka N6y — Mey Bc)T — A(Be + kaNoy) =0,  (3.1)

and

l’ Vo — N(H’ Y, — A —dTy —6T2*637;
B e pIesT

(iv) When Ry > 1, system - has an infection equilibrium with only
antibody immune responses Es = (T3, Ty, V3,0, Agz), where T is the positive root of
the following quadric equation:

gdkiT? + (gd + kb + kabd — N1 g)T — (g + k2b) = 0, (3.2)

Ty =
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and
e s b N(\ —dT3) — cVze®™

T = 2 A — .

5 f( 3 V3)7 VS 97 3 qV3€ST

(v) When Rz > 1 and Ry > 1, system (1.6)-(1.7) has an interior equilib-
rium with both CTL immune responses and antibody immune responses Ey =
(Ty, Ty, V4, Ya, Ay), where Ty is the positive root of the following quadric equation:

Ty =

)

gdk1T? + (gd + kb + kobd — Nk19)T — Mg + kob) = 0, (3.3)
and
. b A—dTy — 6T e’ Névg — Beb
1= asy pTies 1 Bab

Proof. (i) Obviously, the infection free equilibrium Ej always exists.
(ii) We show that (1.6)-(1.7) admits an equilibrium F; = (71,75, V41,0, 0), when
Ry > 1, which satisfies
A—dTy — f(T1, V1) =0,
e *Tf(Ty,Vq) — 0Ty =0, (3.4)
NOTY — vy =0.
From the third equation of (3.4), we obtain T} = 3% V4. Substituting this into the
second equation of (3.4)), we obtain

ET T S (3:9)
which follows from the first equation of that
A—dT) = f(T1, V) = %Vle”. (3.6)
Combining and , we obtain
e N+ ckqeT

= Nk + Ndky — krces™

Here, note that Ry > 1 implies that Nk+ Ndks —kice®™ > 0. Consequently, 77 > 0.
Putting T into (3.4)), we have

v N2 \ke 5™ )( 1 ),

= 1 —
C(Nk‘ + Ndks — kices™ Ry

which follows

T NAke™ 5" 1 1
U7 S(Nk + Ndkg — kycesT) ( RO)'
Hence, if Ry > 1, system - has an immune-free infection equilibrium
E, = (T1,T7,V4,0,0).

(iii) To find the infection equilibrium with only CTL immune responses Ey =
(To, Ty, V2, Y5,0), we consider the equations

A—dT — f(T,V) =0,
e TH(T, V) =0T —pYT* =0,
NOT* — ¢V =0,
BT*Y —~Y = 0.
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From the third and fourth equation of (3.7)), we obtain

. N6, ., Noy
Ty ==, Vo=—15=——.

PUE T e P pe
Substituting Vo = Nﬁ—? into the first equation of (3.7]), we obtain T5 satisfies (3.2)),
thus

 —bi+ /b3 + dedky BA(Be + kaN&)

N 2cdkq 3 ’

where by = Bed 4+ kNoy + dka Ndy — Ak Bc. Obviously 75 > 0. Combining the first
and second equation of (3.7)), we obtain

A —=dTy — 0T5e’

B pTyesT '

T

Y2

Obviously, A — dIy — 6T5e®™ > 0 is equal to the following inequality
k1cdye®™ + BAENe " > Bed + kN &y + MkyBe + dka N dy.
On the other hand, it follows from Ry > 1 that
k1céye’™ + BAkNe™*T o1
Bed + kN 6y + Aky Se + dkaNoy

Thus, we know that Ry > 1 implies Y5 > 0.
(iv) To find the infection equilibrium with only antibody immune responses E3 =
(T5,T%,V3,0, As), we consider the following equations:

A—dT — f(T,V) =0,

e TH(T, V) =0T =0,

NOT* —cV — qAV =0,
gAV —bA = 0.

(3.8)

From the fourth equation of (3.8)), we obtain V5 = , Substituting V3 = g into the
first equation of (3.8)), we obtain T3 > 0 satisfies (3.2]). From the second equation
of (3.8]), we obtain

e~ ST —sT

Tj = (A - dDy) = =

)
By (3.8)), we also obtain

f(T3, Vé) > 0.

N\ —dT3) — cVzes”
Ag = .
qVSeST

On the other hand, A — dT3 — % > 0 is equivalent to the inequality
k1c?be’™ 4+ N2 \gke ™™ > cN(gd + kb + kobd + Mk1g).
Obviously, it follows from Ry > 1 that

ki1c?be’™ + N2 Agke 5™
cN(gd + kb + kabd + Ak1g)

Thus, we know that Ry > 1 implies A3 > 0.
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(v) To find the interior equilibria E4; = (Ty, Ty, V4, Ys, As), we consider the
following equations:
A—dT - f(T,V) =0,

e ST (T, V) = §T* — pYT* =0,

NOT* —cV — qAV =0, (3.9)
BT*Y —~Y =0,
gAV —bA = 0.
It follows from (3.9)) that
~ b Novyg— Beb ¢
T*:—’ V:—, Aziz—R—]_.
R A A Bgb P

Thus, it follows from R4 > 1 that A4 > 0. Substituting V4 = g into the first
equation of (3.9)), we obtain T, > 0 satisfies (3.3). From the first and the second
equation of (3.9), we obtain

A —dTy —0Tje”

)¢
: pTjesT

It is not difficult to show that the inequality A — dTy — 6T} e®” > 0 is equivalent to

2
Nebe ™7 + klg(s“%e” > %5(gd T kb + kabd + My g).

Obviously, Rs > 1 is equal to A —dTy — dT;e®*™ > 0. Consequently, Yy > 0. O
4. GLOBAL STABILITY OF THE EQUILIBRIA

In this section, we consider the global asymptotic stabilities of three equilibria.
For convenience, define

glx)y=x—1—Inz, € (0,400).
>

It is easy to see that g(z) > 0 for all x € (0, 4+00) and o min g(z) =g¢(1) =0.

<z<4oo

Theorem 4.1. If Ry < 1, then the infection-free equilibrium Eg = (%70, 0,0,0) is
globally asymptotically stable in T.

Proof. Define a Lyapunov functional

Uo(t) = 1—1—117145011‘0(]01(15) + Un2(t),
where
Uua(®) = (510, Ua(t) =T (0)+ SV 0+ [ 1(000), VO

Clearly, Up(t) is non-negative definite in I with respect to Ey. Note that
dUpi(t)  T(t) —To

(A=dT'(t) = F(T(t),V(1)))-

dt  TT(t)
Substituting A = dTy to the above gives
dUOl(t)__ d e (11
a  TT(t) (T - To) (To T(t))f(T(t)’ V).
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Direct computations give

Worll) _ poe (o= (0t~ ), Vit 7)) — 37" (0) — pY ()T (1)
+ 6; (NST*(t) — eV (t) — qA(t)V (1))
+ f(T), V(L) = f(T(t—7),V(t—T))
= —pe Y (T (1) = V() = S AWV () + (7). V(1)
Consequently,
dUp(t)  d(T(t) — Ty)?
(;t T+ k1T0)7?(t) +Co(®),
where
Co(t)
_ T(t) — T ST * T
= 10O VO (1~ G )~ OT 1) = TV (e~ aA®)
B ce*TV () (1 4+ k1 T(t)) ckoe®T o
= (Bo— 1)N(l + ki T(t) + kaV(t)) N1+ kT(t) + sz(t))V )
Y (T (1) L AWV (D)

Note that Cy(t) < 0 when Ry < 1. Thus dUst(t) < 0. Let

My = {(T(t),T*(t),V(t),Y(t), A(t)) : Up(t) = 0}.

Clearly, Up(t) = 0 implies T(t) = Ty = 4. Thus, T(t) = A — dTp — f(To, V(t)) = 0,
which gives V(t) = 0. Then, V(t) = N6T*(t) = 0, which gives T*(t) = 0. Clearly,
the largest compact invariant set in Mj:
* A *

My = {(T(t)aT (t)7 V(t),Y(t),A<t)) : T<t) = EvT (t) = V(t) = Y(t) =A(t) = 0}
By the above discussion, in view of the LaSalle invariance principle [4, Theorem
5.3.1], we see that all positive solutions approach the largest compact invariant set
Ey in My. Thus, Ej is globally asymptotically stable in T'. O

Theorem 4.2. If Ry < 1 < Ry and Ry < 1, then the immune-free infection
equilibrium Ey = (Ty, Ty, V1,0,0) is globally asymptotically stable in T.

Proof. Define a Lyapunov functional

Ui(t) = e " Up(t) + Tl*g(T*(t)) + Eg(&f)) Py La@) + 6T UL ),

T N7\W B Ny
where
O f(1, 1) ¢ e 5T
Un() =10 -1~ [ 00 v = [ a(S e vien)w.
Let
T
H(T)=T-T, - W) gy 1 e (0, +00).

T f(97 Vl)
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Since
AH(T) | [(T, V)
dT ()’
we have
dH(T) dH(T) dH(T1) B
T <0 for T € (0,Ty), T >0 for T € (T1, +00), T =0.

We also have H(Ty) = 0. Then H(T') > 0 for all T > 0. Hence, U;;(t) > 0 for all
t > 0. Obviously, U;(t) is non-negative definite in I with respect to Ej.

dU11 (t) dUlz(t)
T and e

dUn(t) _ (1_ F(T1,VA) )dT(t)

First, we calculate

dt f(T@),v)/ dt ’
and
dUsa(t)  e™*7 [Tt —1),V(E-1))
dt - (5T1* (f(T(t)’ V(t)) - f(T(t - 7-)7 V(t - T))) +1In f(T(t), V(t))
e f(Ty, V1)
i (F(T@),V(t) = F(T(t—7),V(t—7))) +In m
o ()W S n V() f(T(t), V1) 0 Tt —r1),V(Et—1))
YV (t) Vif(T(t), V() T(t) f(T1, V1) '
Thus
Ol —emor (1= L) - o) - £, Ve)
+ (1 - T{Et)) (e Tf(T(t—7),V(t—7))—6T*(t) — pY (t)T*(t))
+ %(ﬁT*(t) — Y (1) + Nig@vu) ~b)A(t)
+e T (F(T@), V() — F(T(t—1),V(E—T7))) + 6T1*<ln m
o ()W n V() f(T(t), V1) In YTt —1), V(- T)))
YV (t) Vif(T(t),V(t)) T*(t) f(T1, V1)
Substituting
N2\ke™sT 1
Vi= ¢(Nk+ Nd — kycesT) ( B E)
and

A=dT) + f(Tl, ‘/1), (5€STT1* = f(Tl, ), N&Tl* =cW;
into the above gives
dUl(t) . de_ST(l + kg‘/l) (T(t) — T1)2

At 1+kTi+kVy T + i),
where
c) = (15 - J)Y )+ 1 (4 - 1)40)
S FTE- ) VE—T) V) | T, V()
0T [ S T W A
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L fmV) TV Ty (T —7),V(E- 1)
(s )

f(T@), V) TiV() T f(T1, V)
Next, we claim that Cy(¢) is not positive. In fact,
Ca(t) = 2 (Ry = DY () + g1 (Ra = DA() = 0T} [g(f{”(y)vgf))
()W V(f)f C f(T(t—1),V(t—1))
+g(T1*V(t)>+g< vlle,v1 >+9< @ F(T1, 1) )
14 VO JTOV0) VO,V
Vi f(T(t), Vi)  Vif(T(t),V(t))
=P = DY (0) + (R~ DA - 073 [o s
()W V() f(T(), V1) f(Tt—7),V(Et-1))
+9(zmve) (T )+9<T*<) v )

ko(L+ kT (1) (V () — Vi)? }
Vl(l + kT ( ) + ]{JQV( ))(1 + k?lT(t) + k)QVl) '

Clearly, C1(t) < 0 when R; <1 and Ry < 1. Hence, d%t(t) < 0. Let
My = {(T(6), T (), V(£), Y (1), A(t) : U (t) = 0}.

It can be verified from the derivative of U (t) = 0 if and only if T'(t) = Ty, V (t) = Vi,
7;1*(‘3)(‘;)1 = 1. Hence, T*(t) = T. It follows from the second and the third equation
of the model (1.6))-(1.7)) that Y'(¢) = A(t) = 0. Clearly, the largest compact invariant

set in M is

{0, 70, V(0),Y (), A1) : T(0) = Ty, T*(1) = T3,

V() =W, Y(t) = A(t) = o}.

By the LaSalle invariance principle [4, Theorem 5.3.1 5.3.1], we know that, when
Ry €1 < Ry and Ry < 1, the equilibrium Ej is globally asymptotically stable in
. O

Theorem 4.3. If Ry > 1 and Ry < 1, then the infection equilibrium Ey =
(To, Ty, Vo, Y, 0) with only CTL immune responses is globally asymptotically stable
i I

Proof. Define a Lyapunov functional as follows:

Uat) = =701 (1) + T (-0 5+pyzg(v‘/(§)> 222 (XU
)

Ty N§ g\ Y,

2 (1459 ) A1) + (0 + pY2) T Una (),

Ng 1)

where

T(t)
S A

Ualt) = [ oG gy FT0)- V).

ae,
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Obviously, Us(t) is non-negative definite in T with respect to Es.
Next we calculate the time derivative of Us(t) along the solution of system.

8- 7:
dUs(t)
dt
R f(13, V)
= (L= Sy O T = FT0,V)
+( f%ﬂ)@”ﬂT@—T%V@—T»—6TWU—pY@TWﬂ)
-¥5§$?§<1—-;2))UWHWU)—CV@)—qA@ﬂKﬂ)
+ (1= ) BT 0 =Y (0 + 3 (14 53 V) — ) Aw)
(ST, h)
FT(HTV) = FT =), V=) + 6+ pY2)T5 (5 T
*(t)V2 V() f(T(t),Va) fT(t—71),V(t—1))
T mve T rao.ve) TN T o ) )
Substituting
N=d+ (1o, Va), <70+ PYTE = [T Vi), T =1 % = 5
into the above gives
dUs(t) — de™T(1+koVo) (T(t) — Tp)*
&t I+kDtkvVes  T@ T Ca(t),
where
bg b Jo ST —7), V(E—1))
Co(t) = gN(1+5E)(v5—QA() (54 pYa)T] [ = o
. T2v2 TV T ST 7). V(E—T) )
Vo)  T3V(t)  T*(t) f(Ts,Vs)
( V@U]
t), V)
_bg o (T2, Va) T (t)V:
;‘( + n) Ry —DA() - ®+pnﬂ5{(ﬂ é;;»)*gngua
Tt —71),V(t—1))
* ( ) ( (T, Va) )
N k2(1+k1 ())( (t) — ) }
Va(1+ ki T(t) + koV())(1 + k1 T'(t) + k2Va)

Since Ry = 5‘/2, thus, when Ry < 1, Co(t) < 0. Hence, %t(t) < 0. Let
My = {(T(t)’T*(t>7V(t)’Y(t)’A(t)) : UQ(t> = 0}

It can be verified from the derivative of Uy(t) = 0 if and only if

T*(£)Va

VO =Vo i

=1, A(t)=0.
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Then, T*(t) = Ty . From the first and the second equation of the model ([1.6)-(1.7),
we have T'(t) = Ty, Y (t) = Y. Clearly, the largest compact invariant set in My is

{(T(t),T*(t), V(t),Y (), At)) : T(t) = Tp, T*(t) = T3, V() = Va,
Y (t) = Ya, A(t) = o}.

Hence the LaSalle invariance principle [4, Theorem 5.3.1] implies that the equilib-
rium FE5 is globally asymptotically stable in I' when R; > 1 and Ry < 1. O

Theorem 4.4. If Ry > 1 and R3 < 1, then the infection equilibrium E3 =
(T5,T%,V3,0, A3) with only antibody immune responses is globally asymptotically
stable in T.

Proof. Define a Lyapunov functional

Us(t) = e " Uai(t) + T3 Q(T;?) - %9(%)) FEY0)+ ;gg(ﬁg))

+ 075 Usa(t),
where

T(t) t 05T
U31(t)=T(t)—T3—/T mde, U32(t)=/t_ g(dT; FT(60).V(6)))do.

Obviously, Us(t) is non-negative definite in T’ with respect to E5. The time deriva-
tive of Us(t) along the solution of system (L.6)-(1.7) is

dU;ft(t) — 5T (1 _ m) ()\ —dT(t) — f(T(1), V(t)))

+(1- Ti)) (€T f(T(t—7),V(t —7)) = 6T*(t) — pY ()" (1))

n %(1 _ v%)) (NdT*(t) — V() — qA(t)V(t))

+ %<5T*(t) — 7)Y(t) + 4 (1 — ﬁ) (gV(t) — b)A(t)

Ng\™ At
s (1 (T3 Vs)
+ e T(FT@), V(1) = FT(E = 7),V(E= 7)) +0T5 (In FGORA
e OV VOSTOV) | T/ n) Ve )
T3V (t) Vaf(T(1), V(1)) () f (T3, V3) '

Substituting
b
A=dTs+ f(T5,Vs), €013 = f(T5,Vs), NOTy = (c+qA3)Vs, Vi = ;

in the above gives
dUs(t)  de (14 ko V3) (T(t) — T3)?

i - i hTikv, 1@ o
where
Cs(t)
2 (B [ ST V(=) V) T, V()
7 (T - YO +05 [ n == e AR TCYONTA
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(3= JE IOV T ). Ve )]

FT@),Ve)  TgVQE) T (T, V)
_ (B . [ (T3, V3) T (t) V-
5 (5T =)y =G [o(0573) + o (o)
V() f(T(),Va) T; f(T(t—T (t— 7))
+9( fro von) U FE T T )
Fa(1+ B T())(V () — V)2 |
‘/3(1—|—k]1 ( )+k‘2V(t))(1+k‘1T(t)+k‘2‘/3) ’

By Theorem [3 - (iv), we have

—by + \/b% + 4)\gdk (g + kgb) T — e 5T
2gdk, T

where by = gd + kb + kobd — M\k1g.

Obviously, it is not difficult to show that R3 < 1 is equals to A—d13—4§ %e” <0.
We then get

Y A—dl3  ~y gl
A_dT_675T253T< _7):(557'(11*_7)<07
3 ﬁe e 5657 ﬁ e 3 ﬁ >~

which follows gT?f —1<0. Then we have C5(t) < 0, if R3 < 1. Hence, %t(t) <0.
Let

Ty = (A — dT3).

My = {(T(t),T*(t), V(t),Y(t), A(t)) : Us(t) = 0}.
It can be verified from the derivative of Us(t) = 0 if and only if T'(t) = T3, V (t) =
Vs, T*‘i)(‘g’ 1, Y(t) =0. Then, T*(t) = T5. From the third equation of the model
. .7 we have A(t) = Aj. Clearly, the largest compact invariant set in Mj is

{(T(t%T*(t% V(t),Y(t),A®t)) : T(t) = T3, T*(t) = T3,V (t) = V3,
Y(t) =0, A(t) = A3}.

Using the LaSalle invariance principle [4, Theorem 5.3.1], we see that, when Ry > 1
and R3 < 1, the equilibrium FEj3 is globally asymptotically stable in T'. O

Theorem 4.5. If R3 > 1 and Ry > 1, then the interior equilibrium
E4 - (T47 T:, V47 Y47 A4)

with both CTL immune responses and antibody immune responses is globally asymp-
totically stable in T'.

Proof. Define a Lyapunov functional

Us(t) = e "Un(t) + T;9<T*(t)> + ’ +PY29<V(t)> + %g<%4t))

Tp ~Ne I\,
q pYa\ (A1) "
+ Ny (1 + T) (74) + (0 + pYy) Ty Usa(t),

where

)
vaty =10 -1y [ I Ty

Ty f(ea V4)

Ualt) = [ o( G gy 1T 0).V0) 0
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Obviously, the Lyapunov functional Uy () is non-negative definite in I" with respect

to Ey. Then the time derivative of Uy(t) along the solution of system . is
U, (¢)
dt
_ f(Ty, Vi)
=e 71— A=dT(t)— f(T(t),V(t
( f(T() ))< (1)~ 1), V(1)
+(1- = 4

e *Tf(T V(t—7)) = 6T*(t) — pY (t)T*(t))
6+pY4
TTNG (

- v‘?t)) (N(ST (1) ~ V(1) ~ e AV (1))
Y,

+ %(1 - Y(t))(ﬂ:r*(t) — Y (t) + Nig (1 + %)(gv(t) —B)A(t)
+ e (FT(®), V(1) = FT(E =), V(E=7))

TV VOSTW),VE) | TEF(T(E—7),V(E— 7))
thmrm T e ) T )

+ (6 + pYy) Ty (1n I (T4, Va)

T*(t) f (T4, Va)
Substituting
A= dT4 + f(T4, V4) e’ ((5 + pY4) (T4 V4) ]V(STZ< = (C + qA4)V4,
.7 b Novg — Beb
T =, V== Ay=—-"
e g Bab
into the above gives
dUs(t) B de™*T(1 + kaVy) (T(t) — Ty)?

dt

Cu(t),
At kGt kv 1@l
where

VW) L FTOV) L FTE -, V(- 7)
Catt) = @+ T (= 2+ T ) e v
JTLV) TV TP T —1),V(E—1)
(8- NGORANNREON )}

Vit T*(¢) f(Ty, V)
(5+PY4)T4[ ( JT1,Va)

< <>, 4>)+9(T*(t)<V§L)
+o(5 frran) ol Ty )
N k2<1+k1 <t>>< () - Va)?

Va(l+ E1T(t) + k2V () (1 + k1 T(t) + k2V4)}
Thus C4(t) < 0. Hence, %t(t) < 0. Let

My = {(T(£),T(t),V(t),Y (t), A1) : Ua(t) = 0}.
It can be verified from the derivative of Uy(t) = 0 if and only if

_ _ T (t)Va
T =Ti VO=Vi Fpa

=1,
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Therefore, T*(t) = T;. From the second and the third equation of the model ([1.6)-
(1.7), we have Y (t) = Yy, A(t) = A4. Clearly, the largest compact invariant set in
M4 is

{(T(t)vT*(t)» V(t),Y(t),A®t)) : T(t) =T, T*(t) = T4, V(t) = Vi,
Y () = Ya, A(t) = A4}.

Hence, when R3 > 1 and R4 > 1, the equilibrium FEj is globally asymptotically
stable in T by the LaSalle invariance principle [4, Theorem 5.3.1]. Thus, the proof
is complete. ([l

Discussion. Many authors had investigated the global dynamics of viral infection
models. Korobeinikov [7] studied the basic viral infection model using Lya-
punov functionals. Nowak and Bangham [I3] added the effect of CTLS immune
response to the basic virus dynamics model, which exists in many biological organ-
ism. Recently, the global dynamics for a delayed viral infection model which has
bilinear incidence rate and the saturated infection rate were analyzed by Yan and
Wang [21] and Wang and Liu [I8], respectively. They all showed that the thresh-
olds parameters work as an important parameter which determines that is globally
asymptotically.

In this paper, we assume that the incidence rate of the virus model is described
by a Beddington-DeAngelis functional responses. Then we obtained the global
dynamics of a delayed differential equations for a virus model with CTL and anti-
body immune responses. The global stabilities of the infection free equilibrium, the
immune free equilibrium, the CTL-activated equilibrium, the antibody-activated
equilibrium, and the interior equilibrium of system — have been completely
established by using the Lasalle type theorem. From Theorems we see that
the five equilibria are globally asymptotically stable when the five threshold param-
eters satisfy certain conditions. For cases where system (1.6)) has bilinear incidence
rate or the saturated infection rate; i.e., for systems (|1.4)) or , Theorems
reduce to [2I, Theorems 4.1-4.5] or [18, Theorems 4.1], respectively. Thus, our
analytic results generalize those results in [21], [18].
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