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CONTINUOUS EVOLUTION OF EQUATIONS AND INCLUSIONS
INVOLVING SET-VALUED CONTRACTION MAPPINGS WITH
APPLICATIONS TO GENERALIZED FRACTAL TRANSFORMS

HERB KUNZE, DAVIDE LA TORRE, FRANKLIN MENDIVIL, EDWARD R. VRSCAY

ABSTRACT. Let T be a set-valued contraction mapping on a general Banach
space B. In the first part of this paper we introduce the evolution inclusion
& 4+ x € Tx and study the convergence of solutions to this inclusion toward
fixed points of T. Two cases are examined: (i) T has a fixed point § € B
in the usual sense, i.e., § = Ty and (ii) T has a fixed point in the sense of
inclusions, i.e., ¥ € T'y. In the second part we extend this analysis to the case
of set-valued evolution equations taking the form &+ x = Txz. We also provide
some applications to generalized fractal transforms.

1. INTRODUCTION

In [2], it was shown that given a a Banach space B and a contraction mapping
T : B — B, the initial value problem

y(t) =Ty(t) —y(t), y(0) =yo €5, (1.1)
admits a unique solution y : [0,00) — B which converges exponentially rapidly to
the unique fixed point § € B of T'. In other words, § = Ty is the unique globally
asymptotically stable solution of . The main purpose in introducing
was to produce a continuous evolution toward g, as opposed to the usual discrete
sequence of iterates y,, = T™yo that converges to 7, independent of yy. The original
motivation for such an evolution arose from a desire to perform continuous (in time)
nonlocal, fractal-like operations on images, in which B denotes a Banach space of
functions defined on a compact set X C R".

Nevertheless, the continuous evolution method of can also be applied in
other settings where discrete iteration has normally been considered, for example,
complex analytic dynamics, including (i) the iteration of rational maps and (ii)
Newton’s method (and its generalizations) in the complex plane.

In this paper, we wish to consider an extension of the evolution equation in
to the case of inclusions. Set-valued differential inclusions appear to be the
most natural way to capture and explain the level of uncertainty, the absence of
controls and the variety of available dynamics that arise in many applied disciplines,
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including physics, mechanics and engineering. The importance of inclusions, which
has been realized in the control theory literature, motivated our introduction of
the notion of an Iterated Multifunction System (IMS) as a natural extension of the
classical notion of an Iterated Function System (IFS) [5 [7].

To produce such an extension, first rewrite in the form

y(t) +y(t) =T(y(t), y(0) =yo €B. (1.2)
Now let T': B = B be a set-valued contraction mapping and consider the following
evolution inclusion,

§(t) +y(t) € T(y(t), y(0) =yo € B. (1.3)

The complexity of this inclusion is much greater than . One might think that

the way to proceed is by considering regular contractive selections. In general,

however, selections with this property are difficult to establish. It is even difficult

to guarantee the existence of Lipschitz selections. As such, we consider here only
cases in which the existence of continuous selections is guaranteed.

Later in the paper we extend this approach to the case of set-valued equations

y(t) +y(t) = T(y(®), y(0) =y € B, (1.4)
in which y : [0,00) = B is a set-valued solution and the derivative of y w.r.t time
is constructed by means of the Minkowski sum.

We end this section with a few remarks regarding that will be helpful in our
analysis. In [2], the solution of was easily accomplished by applying classical
techniques to , namely, Duhamel’s formula which leads to the equation

o) =me e [ Ty (s)ds. (1.5)

In the special case yo = g, we have y(t) = y = T'y so that (L.5)) leads to the trivial
equation,

g=ge '+ e_t/o e’ (Ty)(s)ds. (1.6)

Subtraction, followed by Minkowski’s integral inequality, etc., leads to the desired
result,

ly(®) = 71l < llyo — glle‘r V", (1.7)
where ¢p € [0,1) is the contractivity factor of 7. One may also examine this
problem in terms of semigroups, first by writing as

#(t) = Ta(t) — z(t) = (T — Da(t) . (1.8)

The existence of a unique classical solution to (1.8)) can be established using the
following result.

Theorem 1.1 ([2]). Let B be a real Banach space and T : B — B a contraction
map on B with fixed point function T. Let us suppose that T — I is a closed operator
and that the resolvent set of T — I is nonempty. Then for any initial value xy € B,
the unique solution z(t) to converges exponentially rapidly to T as t — +oo.

The paper is organized as follows. In Section [2| we provide a brief overview of
the method of Iterated Function Systems with Mappings which will be useful in
the sequel. In Section [3] we present an extension to set-valued inclusions and we
provide some results related to the convergence of fixed points. In Section [] a
different approach, involving set-valued equations in Banach spaces, is considered.
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2. ITERATED FUNCTION SYSTEMS WITH MAPPINGS AND THEIR CONTINUOUS
EVOLUTION

In general, the action of a generalized fractal transform (GFT) T : § — S
on an element u of the complete metric space (S,d) can be summarized in the
following steps. It first produces a set of N spatially-contracted copies of v and
then modifies the values of these copies by means of a suitable range-mapping.
Finally, it recombines these modified copies by means of an appropriate operator
in order to define the element v € S, v = T'u. Under appropriate conditions, the
fractal transform T is a contraction on (5,d) which, from Banach’s Fixed Point
Theorem, guarantees the existence of a unique fixed point @ = T'u.

A special case of GFT's which operate on functions are Iterated Function Systems
with Mappings (IFSM), as formulated in [4]. We consider the case in which w :
[0,1] — R and thus the IFSM acts on the Banach space

B={u:[0,1] - R,uc L?0,1]}. (2.1)
The ingredients of an N-map IFSM on B are

(1) A set of N contractive mappings w = {wq,ws,...,wx}, wi(z) : [0,1] —
[0, 1], such that [0,1] = UN ,w;([0,1]). In most practical situations, the w;
are assumed to be affine, i.e.,

wi(z) =s;x+a;, 0<s<1,0<a<1,0<s;+a;<1,i=1,2,...,N; (2.2)

(2) A set of associated functions—the so-called greyscale maps—
o ={o1,02,...,0n}, ¢ : R — R, assumed to be Lipschitz. Once again, in
most practical situations, affine maps are employed, i.e.,

Associated with the N-map IFSM (w, ¢) is the GFT operator T', the action of which
on a function u € B is given by

N
(Tu)(x) =Y dilulw; " (2))), (2.4)
i=1

where the prime denotes that the sum operates on all those terms for which w; *(x)
is defined.

Theorem 2.1. [4] T : B — B and for any u,v € B we have

day(Tu, Tv) < Cds(u,v), (2.5)
where
N
C= Z 5:/2041-. (2.6)
i=1

When C < 1, then T is contractive on X, implying the existence of a unique
fixed point @ € B such that 4 = Tu. Also, from Banach’s Fixed Point Theorem,
the sequence

Upt1 = Tuy, (2.7)

converges to @ for any initial value ug.
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Example: The 3-map IFSM on [0, 1] defined as follows,

wy(z) =052, ¢1(t) =0.66+0.2,
wa(z) = 0.4z + 0.3,  ¢o(t) = 0.25¢ +0.25, (2.8)

A quick calculation shows that the Lipschitz constant in is C' ~ 0.8922 < 1,
which implies that the fractal transform T associated with this IFSM is contractive.
In Figure |1 are plotted the functions wu(z),us(x) and ug(x) obtained from the
iteration process in with seed function ug(x) = 0. An approximation to the
attractor function @(x) is also plotted. These plots were computed over a grid of
2001 equipartition points over [0, 1]. The approximation to @ required 43 iterations
of T to achieve convergence to one part in 107°. (The computation time was only
0.003 seconds.)

Note from this figure that the iterate u(z) is a piecewise constant function. This
is a consequence of the use of the seed function ug(z) = 0 in the iteration process
involving an IFSM with affine greyscale maps. In general, from and 7 if
uo(x) = 0, then

N
uy () = Z,@i Ix,(z), zel0,1], (2.9)

where X; = w;([0,1]) and Ig(z) denotes the indicator function of a set S C [0, 1].
In this example,

ui(z) = 0.2 1jp,0.5/(%) + 0.25 Ij9.3,0.7)(%) + 0.6 [[0.4,1.0(7) - (2.10)

We now consider the continuous evolution associated with this fractal transform
T, as defined by (1.1)). It is convenient to rewrite the evolution equation in the
form

% =Tu—u, u(z,0)=uq(z), (2.11)

where the solution wu(z,t) is now expressed as a function of the spatial variable
x € [0, 1] and the time variable ¢ > 0. From the discussion in the Introduction, all
solutions u(z, t) approach the attractor function @(z) of 7' as t — oo.

In Figure [2| are plotted approximations to the solution wu(z,t) to , with
initial condition ug(z) = 0, at times ¢t = 0.1,0.5,1.0 and 2.0. The solutions were
computed over the 2001 equally-spaced gridpoints used in the previous example by
means of a simple forward Euler time-difference scheme with step size h = 0.01.
(Discretization of the time derivative of is discussed in [2] as well as in Section
3.1 of this paper.) The vertical scale of Figure [2| has been expanded somewhat from
that of Figure [1] in order to accentuate the differences between the graphs. Note
that the solution u(x, 1) at time ¢ = 1 is more “fractal-like” and not identical to the
piecewise constant solution uj(z) obtained from the discrete iteration process of
and shown in Figure |1} In other words, solutions to the continuous evolution
equation do not necessarily interpolate the iterates of the discrete evolution process.
This feature was discussed in [2].

The solutions u(x, 1) and u(x,2) in Figure |2| demonstrate an evolution of u(x,t)
toward the attractor function @(x) of T plotted in Figure Further evidence
of numerical convergence is shown in Figure where the difference functions
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FIGURE 1. Iterates ui, us and ug produced by the iteration scheme
Up+1 = Tuy, for the IFSM in the Example in the text, starting with
the seed function ug(x) = 0. The attractor function @(x) of the
IFSM is also shown.

A(z,t) = u(z) — u(x,t) are plotted for ¢ = 5,10 and 15. At ¢ = 20, the differ-
ences between u(z, 20) and @(x) are within 2 parts in 102 over all 2001 gridpoints.
(The computation time is only 0.002 seconds.)

3. SET-VALUED INCLUSIONS INVOLVING SET-VALUED CONTRACTION MAPPINGS
We now consider the following evolution inclusion,
§(8) +y(t) € T(y(E), y(0) = o € B, (3.1)
where T': B — B is a set-valued contraction mapping, as defined below.

Definition 3.1. Let (Z,d) be a metric space and T : Z = Z be a set-valued
mapping. We say that T is a contraction if there exists a ¢ € [0,1) such that the
following property holds

du(T(21),T(22)) < erd(z1, 22) (3.2)

for all z1, 20 € Z, where

dH(T(l‘l)’T(iUQ)):maX{ sup inf [la; —aqf|, sup inf Hal—a2||}

a1 €Tz, @2€Tx2 as €Ty 11E€TTY

is the standard Hausdorfl distance between sets.
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FIGURE 2. Some solutions u(z,t) to the continuous evolution
equation (2.11) where T is the fractal transform associated with
the 3-map IFSM in ([2.8)). Initial condition: u(x,0) = 0.
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FIGURE 3. A plot of the difference functions A(x,t) = a(z) —
u(x,t) for t = 5 (top), t = 10 (middle) and ¢t = 15 (bottom) for
0 < z <1, demonstrating the numerical convergence of u(z,t) to

For compact and convex sets A, B C B, it is easy to see that
drg(A,B) = sup  [supp(p, A) — supp(p, B)|,
pEB*,||pll=1
where

supp(-, 4) : B* — R given by p — sugp(a)
ac



EJDE-2014/142 CONTINUOUS EVOLUTION OF EQUATIONS 7

is the support function of the convex set A (see [I1, Ch. 13] for details on support
functions).

Theorem 3.2 ([3]). Let B be a Banach space and T : B = B be a set-valued
contraction mapping taking compact and convex values. Then there exists at least
one solution Z € B to the fized point inclusion z € T(z).

As mentioned earlier, the complexity of is much greater than that of its
counterpart in . The existence of contractive selections is, in general, difficult
to establish. It is even difficult to guarantee the existence of Lipschitz selections.
For a finite dimensional Banach space the following result holds.

Theorem 3.3. [I] Consider a Lipschitz set-valued mapping F from a metric space
to nonempty closed convex subsets of R™. Then F has a Lipschitz selection f.

The extension of this result to infinite dimensional Banach spaces is quite com-
plex and it holds if extra conditions are satisfied. The existence of a continuous
selection is guaranteed by the Michael selection theorem (see [9]).

Theorem 3.4 ([9]). A multivalued mapping T : B1 = B2 admits a continuous
single-valued selection, provided that the following conditions are satisfied:

By is a paracompact space,

By is a Banach space,

T is a lower semicontinuous mapping,

For every x € X, T(x) is a nonempty convex subset of Ba, and

For every x € X, T(x) is a closed subset of Ba.

Since all metric (and thus Banach) spaces are paracompact, we do not need to
consider paracompactness in what follows.

We now list some results which guarantee the convergence of trajectories towards
fixed points. We assume that the existence of a continuous selection can be guar-
anteed, for example by assuming that B is a Banach space and T takes nonempty
closed and convex values. We consider two possible cases for the contractive set-
valued mapping T : B = B.

Case 1: A fixed point § € B satisfying the equation § = T’y exists. Note that a
contractive set-valued mapping 7' : B = B cannot have two distinct fixed points g1
and g5 since this would imply that

191 = 2ll = du (T(51), T(52)) < crllin — 32| - (3.3)
This, in turn, implies that ¢ > 1, contradicting the hypothesis of the contractivity
of T

Proposition 3.5. Let B be a real Banach space, T : B = B be a set-valued con-
traction mapping taking nonempty closed and convex values, and v : B — B,
v(z) € T(x) for all x € B, be a continuous selection. Let y(t) : [0,+00) — B
be a continuous solution to the evolution equation

g(t) +y(t) =v(y(t), y(0) =y €B (3.4)
Suppose that there exists a § € B such that § = Ty. Then lim;—,; ||y(t) — g|| = 0.

Proof. We proceed in a manner somewhat parallel to the approach employed in [2].
Let y : [0, +00) — B be a solution to the equation

y(t) +y(t) = v(y(t)) .- (3.5)
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Multiplying both sides by e!, we obtain

e'y(t) + e'y(t) = e'v(y(t)): (3.6)
that is,
(e'y(t) = e'v(y(t)). (3.7)
This implies that
t
o(0) =wne "+ [ e ulyls) ds (3.8)
0
In the case yg = ¥, the above equation becomes
t
y=7ge " +/ e tyds. (3.9)
0
Subtracting (3.9)) from (3.8]) yields
t
W) =5 =0 - 0)+ [ U ulus) - p)ds, (3.10)
0
from which it follows that
t
ly(t) = gll < e~*llyo — 7l +/ " u(y(s)) — gl ds. (3.11)
0

For each fixed s € [0, t], we take the the supremum with respect to v € T'(y(s)) to
obtain

t
ly(®) = 7l < e lyo — | +/ e’ sup |lv—gllds
0 veT (y(s))

Sfmm—w+le*WMHme@D% (3.12)

t
SfﬂmfﬂWHv/e“WM$fMM&
0

Gronwall’s lemma then implies that for ¢ > 0,

ly(t) =5l < llyo — gllelr D" (3.13)
Since er € [0, 1), it follows that ||y(¢) — §|| — 0 as t — 0o, once again exponentially
rapidly. O

Case 2: No points g € B satisfying the fixed point equation § = Ty exist.

Proposition 3.6. Let B be a real Banach space, T : B = B be a set-valued con-
traction mapping taking nonempty closed and convex values, and v : B — B,
v(z) € T(x) for all x € B, be a continuous selection. Let § € Ty be one of its
fized points — in the sense of inclusions — and suppose that

sup sup [s—=1| <cllx—g| (3.14)
se€T(z) €T ()

for all x € B and for some ¢ € [0,1). Furthermore, let y(t) : [0,+00) — B be a
solution to the evolution equation

y(t) +y(t) = v(y(t)), y(0) =yo €B. (3.15)
Then lim;—, ;o ||y(t) — 7| = 0.
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Proof. The first part of the proof is identical to that of Proposition [3.5] and is
therefore omitted. The only difference lies in the following development,

t
ly(®) = 7l < e~"llyo — 7l +/0 " lv(y(s)) — gll ds

t
gawm—@n+/e*¢ sup sup o—Ilds  (3.16)
0 veT (y(s)) €Ty

t
<e ool e [ e - ol ds.
0
Once again, Gronwall’s lemma can be used to establish the desired result. O

Lemma 3.7. Let B be a real Banach space, T : B = B be a set-valued contraction
mapping taking nonempty closed and conver values and let y € B one of its fixed
points. Construct the single-valued map

Y(r) = @y, (3.17)
where Ilp )y is the projection of y onto T(x). Then ¢ is locally contractive at .

Proof. By computing, we have:

[¥(z) = @) = [[¥(z) =gl = d(T(2),9) < du(T(x), T(y) < clle—g[. (3.18)
]

Proposition 3.8. Let B be a real Banach space and T : B = B be a set-valued
contraction mapping taking nonempty closed and conver values. Let y € Ty be one

of its fixed points — in the sense of inclusions. Now consider the selection v : B — B
defined as follows,

Y(z) =Tpwy, (3.19)
where Ilpyy denotes the projection of the element y onto the set T(x). Suppose
that the differential equation,

9(t) +y(@) = 9(y(®), y(0) =yo € B, (3.20)
admits a solution, Vt > 0. Then lim;—, 1 |ly(t) — 7|l = 0.

Proof. Once again, the first part of the proof is identical to that of Proposition [3.5
and is omitted. We proceed with the following development,

t
ly(®) = 7ll < e *llyo — 7l +A e[ (y(s)) — gll ds
t

<et —’—i—/es_t inf v — 7|l ds
o — 7l ; UET(y(S))H yll

t
<e tlyo—7 —|—/ et su inf v—1| ds 3.21
oo =g+ [ e s nt o) (3.21)

wam—ngée*wHaww»T@»w

t
SmefMHwT/e“WM$fMM&
0

The proof then follows from Gronwall’s lemma. (]
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Since a set-valued contraction mapping has, in general, more than one fixed point
it looks reasonable to use a particular g in the construction of (3.20). The following
result states a global convergence result.

Proposition 3.9. Let B be a real Banach space, T : B = B be a set-valued con-
traction mapping taking nonempty closed and convex values. Let §j € Ty be one of
its fixed points — in the sense of inclusions — and suppose that

du(Twz,y) < cllz - (3.22)

for all x € B and for some ¢ € [0,1). Let y(t) : [0,400) — B be a continuous
solution to the evolution inclusion

y(t) +y(t) € T(y(t), y(0)=yo € B. (3.23)
Then lim;—, 4 ||y(t) — 7| = 0.
Proof. By taking any p in the dual of B, we obtain

p(y(®))" +p(y(t) < supp(p, T (y(1)))- (3.24)

Standard arguments imply that the function ¢ — supp(p, T(y(t))) is measurable,
and so we have

p(y(t)) < et / ¢* supp(p, T(y(5)))ds + e~ p(y(0)). (3.25)

Then

p(yt) —p(H) < e

e* (supp(p, T(y(5))) — p(3))ds + e~ (p(y(0)) — p(7))

t

J
<ot / e* (supp(p, T(y(s))) — supp(p, 7))ds + e~ (p(y(0)) — p(7))
<o / e d(T(y(s)), 9)ds + e~ (p(y(0)) ~ (7))
< eft/o e*lly(s) — gllds + e~ (p(y(0)) — p(¥)).
(3.26)
Gronwall’s lemma can once again be used to establish the desired result. U

3.1. Discretization. As studied in [2], employing the simple forward Euler scheme
with time step h > 0 for the derivative in leads to the discrete dynamical
system,

Ynt1 = Yn + (Tyn —yn)h, n=0,1,2,---. (3.27)
Here, yq is the initial condition. In the special case h = 1, becomes the usual
iteration procedure,

Ynt1 = Tyn, (3.28)
which necessarily converges to the fixed point § = Ty.
The continuous evolution inclusion,

y(t) +y(t) € T(y(t)), (3.29)
can also be discretized according to classical numerical schemes, including the
above-mentioned Euler scheme with time step h > 0, yielding the discrete dy-
namical inclusion,

Yn+1 — Yn € (T(yn) - yn)hv (330)
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where, once again, yo € B denotes the initial condition. When h = 1, (3.30)
becomes

Ynt1 € T(yn). (3.31)

Let us suppose that 7 is a fixed point of 7" and construct the map ¢ (z) = Iy Y.
In the special case that for each n > 1, we choose the particular point,

Yn+1 = HT(yn)g € T(yn)v (332)

that is, the projection II of § onto T'(y,), then we have a converging discrete
iteration process (see also [7]).

3.2. An application to fractal transforms. The idea of using set-valued anal-
ysis in fractal theory is recent (see [6] and references therein). In this paragraph
we introduce a set-valued extension of the classical IFSM operator which satisfies
the hypotheses of the main results presented in the previous section. Let X = [0, 1]
and B = L”(]0,1]) be the Banach space of all p-integrable functions and consider
the set-valued map 7" : LP([0,1]) = LP([0,1]) defined as

(Tf)(@) = {g € L7([0, 1) Zazf ) + B € [ 7a):
(3.33)

Bi € [91,92]} C LP([0,1])

where w; : [0,1] — [0,1] is a set of N contractive affine maps, w;(z) = s;z + a;,
i=1...N. The following results prove that T takes convex and closed values and
that it is a contraction.

Proposition 3.10. 7 : L?([0,1]) = LP([0,1]) takes compact and convex values.

Proof. Tt is easy to see that for all f € LP([0,1]) we have that T'f is a compact
subset of LP([0,1]), this follows from the fact that Tf is homeomorphic to the
compact set [y1,72] X [01,02]. To prove Tf is convex, let &1,& € Tf and A € [0, 1].
We have

Z o )+ B, (3.34)

z) = Z of* f(wi (2)) + 87 (3.35)
i=1
and then
N
A (@) + (1= Néa(@) = Y (Aaj + (1 =Naj*) f(w; " (@) +A8; + (1= A)B;™ (3.36)
i=1
which proves the thesis. ([

Proposition 3.11. T : LP([0,1]) = L?([0,1]) is a contractive multifunction if
N
Sy s/ max{, hal} < 1.

Proof. By means of some straightforward calculations,

]Z s hi(wy () + B

max
af*€[y1,y2], Br*€[01,02] af€ly, ’)’2 [3* €1[01,02]
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N
=Y o fow; H(z)) - B
i=1 p

N N
< max H a fi(w; H(x)) — a* fo(w; Yz H
et oo | 25 A0 @) =3 el e @]

N N
*k —1 *k —1
= max Q; w; (z)) — Q; w; (x
Oéf*E[’Yh’Yz]Hiz:; % fl( % ( )) ; 7 f2( % ( )) »
N
1

< (3 st/Pmax{inl, al}) 11 = fally.

i=1

which implies that T is contractive multifunction. ([

The results presented in the previous section can be applied to this set-valued
mapping.

4. ALTERNATIVE APPROACH: SET-VALUED ODES IN BANACH SPACES

A completely different alternative approach to generalizing the results of [2] is
to define a set-valued evolution equation. This can be done in two equivalent ways,
either directly as a set-valued ODE or as an ODE in a Banach space via the natural
embedding of the space of compact and convex sets as the positive cone in a Banach
space [I0]. In this section we discuss this approach.

Let B be a Banach space and K.. = {A C B : ) # A is compact and convex}.
Recall that K. is complete under the Hausdorff metric. Let $* = {p € B* : ||]p|| =
1} be the collection of all continuous linear functionals on B of unit norm. We
assume that T : B = B is a contractive set-valued function with T'(z) € K. for all
x. We also assume that T satisfies the convexity condition

A(z)+ (1 =NT(y) STz + (1= Ny). (4.1)
These conditions on 7" imply that if A € K. then T(A) ={T(a) : a € A} € K. as

well. In particular, this means that T induces a mapping T : K. — K¢ with the
same contractivity factor as T' and so there is some § € K., with T(g) = .

Definition 4.1. For a set-valued mapping 7' : R — K., we say that A € K. is

the derivative of T at tg if
. 1T =) £ ADT() _ (Tt +1). Tlho) +AR) _

h—0+ h h—0+ h

(4.2)
In this case, we write A = T"(¢o).

This is a natural extension of the notion of derivative for a function f : RP — RY
but where we now use the Hausdorff metric to measure distance. This definition of
derivative is also very naturally related to the embedding from [I0].

The idea behind this embedding is that IC.. has a natural addition (Minkowski
addition) and a natural scalar multiplication (at least for A > 0). In addition,
AMA+4+ B) =XA+ AB for all A and A\jA + XA = (A1 + A2)A as long as Ay and Ay
have the same sign. Furthermore, the Hausdorff distance on K. defines a natural
“norm” by ||A|| = du(A,{0}), since {0} is the additive identity for this semigroup.
The semigroup structure, along with the norm, is used to define the Banach space
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X in which K.. is embedded as a closed cone. The space X can be chosen so that
the closed cone has nonempty interior and we do so. Since the norm on X is given
by an extension of the Hausdorff distance between elements of IC.., the definition of
derivative in agrees with the derivative as defined in X, at least for elements
of the cone associated with KC...

Using definition [4.1] we interpret directly as a set-valued evolution equation
with initial condition y(0) = yo € Kee-

By using support functions we can convert the set-valued ODE (1.2 into a
collection of scalar ODEs. That is, for each p € §* (each linear functional p of
norm one), we have

supp(p, ¥ (t)) + supp(p, y(t)) = supp(p, T (y(t)),
supp(p, ¥(0)) = supp(p,yo0)  for yo € Kec.

Now for A, B € K., we have dy (A, B) = sup{|supp(p, A) — supp(p, B)| : p € S*}
and thus if A =T'(¢(), then we have for all p € B*,

(4.3)

Supp(p, 4) = supp(p, 7' (10)) = & (supp(p, T(0))] s, - (1.4

Thus, if we let y,(t) = supp(p, y(t)), we have the collection of ODEs (one for each
p € S*):

Yp(t) + yp(t) = supp(p, T(y(t))),  p(0) = supp(p, yo)- (4.5)
Notice that since T is contractive, x — supp(p,T(x)) is Lipschitz for all p € &*
and thus we have existence and uniqueness of solutions for for all p € &*.
However, this by itself is not enough to have existence and uniqueness of solutions
to the set-valued ODE. In order for y,(t) (as p ranges over S*) to be a collection
of support functions for some compact and convex set y(t), these functions must
satisfy some additional conditions. These conditions are not obviously true just
from being solutions to (4.5)).

However, looking at ([1.2)) instead as an ODE in the embedded Banach space X
we do have existence and uniqueness of solutions in X, and as long as these solutions
remain in the cone associated with K. we can interpret y(¢) as an element of K.
and thus y,(t) is a collection of support functions for y(t) € .. Our next result
shows that the cone K. in X is positively invariant and thus y(t) € K. for all
t>0.

Lemma 4.2. Let X be a Banach space, K C X be closed and conver andT : X — X
be Lipschitz and satisfy T(K) C K. Then the solution y(t) to

y+y=T@), y0)=y €K (4.6)
satisfies y(t) € K for all t > 0.
Proof. We know that the solution to (4.6) can be written as

y(t) = yoe ' + e_t/o e *T(y(s)) ds. (4.7)

Choose p € §* and let u = supp(p, K). Then

p(y(t) = eplyo) + e / e*p(T(y(s))) ds

0

t
<etu+4 e_t/ e *u ds
0
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=elutu(l—et)=u.

That is, p(y(t)) < u := supp(p, K) for all ¢ > 0. Since this is true for all p € §*,
this means that y(¢) € K for all ¢t > 0. O

In summary, we can either view as a set-valued evolution equation or al-
ternatively as a family of scalar ODEs, one for each “direction” p € §*.

With this framework in place, we have the following result. All the hard work is
in setting the framework.

Proposition 4.3. Let T : B — K.. be contractive and satisfy the convexity condi-
tion (4.1)). Then the solution y : [0,00) — K. of the set-valued evolution equation

y'(t) +yt) =Tu®), y(0)=yo € Kec, (4.8)
satisfies dp (y(t),7) — 0 as t — oo.

The idea of this proof is the same as the proof of [2, Theorem 1], and is omitted.

4.1. Weak* compact and convex sets. For some applications (in particular to
spaces of probability measures) it is important to be able to use weak™ compact
sets rather than norm compact sets. Since the embedding from [I0] also works in
this situation, the same framework will work. To this end, in the case where B is
separable and the dual of a Banach space, we also define Kyee = {A C B : 0 #
A is bounded, weak* compact and convex}.

Since B is separable, the weak* topology is metrizable but only on norm bounded
subsets; this is the reason for the boundedness restriction in the definition of &y cc.
We need T to preserve boundedness, so we assume that

there is some k > 0 so that whenever |A|| < & then ||T(A)|| < k as well.  (4.9)

With this, we use as our “base” space Y = {z € B : ||z|| < k} and then Q = {A C
Y : () # A is weak* compact and convex} replaces Kyee. Since Y C B is bounded,
the weak* topology on Y is metrizable and this in turn induces the Hausdorff
metric on ). Further, 2 is complete because Y is complete. Note that we also
have Q@ = {A C B : A € Kuyee, ||4|| < £}. As a subspace of X, Q is the cone
Kuwee intersected with the ball of radius s centered at 0. In particular, Q is weak™®
compact and convex.
Given all of this setup, we obtain the same result as before.

Proposition 4.4. Let T : B — Kyce be contractive and satisfy the convexity
condition (4.1) and the boundedness condition (4.9). Let yo € Kyee be such that
lyoll < k. Then the solution y : [0,00) — K. of the set-valued evolution equation

y'(t) +y®) =T(y®), v(0)=uyo, (4.10)
satisfies dp (y(t),y) — 0 as t — oo.

The collection of ODEs in ([4.5)), one for each p € S, gives a practical method for
obtaining a finite dimensional polyhedral approximation to the set-valued solution
of the evolution equation . This is especially simple in the case that B is a
Hilbert space.

The strategy is to choose finitely many p; € S,i = 1,2,..., M and solve the
corresponding scalar ODEs for each p;; call this solution y;(¢). Then define the
polyhedron P(t) to be the convex hull, co(y; (t)p;), of the points y;(t)p; € B. Since yqo
is compact, it is certainly possible to choose p; so that o(p;) closely approximates yo
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in the Hausdorff distance. In principle because y(t) is a differentiable function, it is
also possible to choose the p; in such a way that ¢o(y;(t)p;) is a close approximation
to y(¢) for all ¢ in some finite time interval [0, 7]. However, in practice it is difficult
to know a priori which p; to choose since y(t) is changing. In the example below
(using and (4.13)), the first few elements of a Haar basis for L*([0, 1]) adapted
to the IFS {w;} would work well.

4.2. An application to fractal transforms. Let X = [0,1] and B = L?([0, 1]) be
the Banach space of all p-integrable functions and K. be the space of all nonempty,
compact and convex subsets of B. Let w; : X — X,i=1,2,..., N, be affine with
the contraction factor of w; being s; and let o; € R. Then for any f € LP([0,1])
the function Y, a;f ow™! is in LP([0,1]) as well. Next choose a fixed 3 € K.
(so that B C LP([0,1]) is compact and convex) and consider the set-valued map
T : LP(]0,1]) = L?(]0, 1]) defined as

(Tf):ﬁ—kZaifow;l. (4.11)

Notice that by definition T'(f) € K. for each f € B, since T'(f) is a translate of 3.
For A € [0,1] we have

T+ (1= NT(9) = MB+ D aifowy) + (1= N(B+ D agou;’)
=AG+ (1= 0B+ e+ (1= Ng)ow; !

=B+ (A +(1=Ng)ow; "

=T\ f+ (1= N\g).

Note that A+ (1—X)5 = [ since 8 € Ke.. Thus T satisfies the convexity condition
(4.1) and so T induces a mapping T": e — Kee.

Proposition 4.5. T : LP([0,1]) == LP([0,1]) as defined in (4.11) is a contractive
multifunction if 37, s/P|og| < 1.

=114

Proof. This proof is very similar to the proof of proposition With s; the
contraction factor of w; and 1,72 selections of 3, we compute

. -1 -1
max min ||y + o, fow,  — Yo — ;g O W,
fyleﬁ'y2€6||7 §Z if i Y % ig i ”p

<D ei(fowst —gow ™),
7
< lailllfowt = gow !,
7

< (X sileal) 15 = g1l

Note that the inequality in the first line comes from choosing v5 = ;. Thus we
have our result. (]

In particular, the induced mapping T : K.. — K. has the same Lipschitz
constant of ), sil/p|ai| as T. Thus we have a unique fixed set A € K.. and the
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solution y(t) to the set-valued evolution equation (1.2)) will converge to A. As in
section 5 of [§], we can write the fixed set A of T in K., as

o0
Azﬁ—i—z Z oy Oy g Bo (W ow) o ow, ), (4.12)
n=1oe{1,2,...,N}»
where we use the notation So¢ ={go¢: g€ (}. Each set in the sum (4.12) is in
K. and the limit for the infinite sum is taken in the Hausdorff metric on ..
For a more definite example, we can take

B = Uceg,,g2)19(x) = c for all z € [0,1]} € LP([0,1]). (4.13)

Then the operator (4.11]) is related in a simple way to that in (3.33)) in that we vary
the § values but not the as. Using this choice of 3, for each g € 3, the IFSM (see

4])
Ty(f) =g+ eif ow! (4.14)

has a unique fixed point f, and the fixed set A of T' (given by ) contains all of
these fixed points. Each of these operators T,; could be thought of as a “selection”
of the operator T'. In a sense, the set-valued evolution will converge to a set which
contains all the fixed points f, for all the “selections” T, of T'. Of course, A contains
much more than just the collection {f; : g € 8}, just like the attractor of a standard
IFS contains much more than the collection of the fixed points of the individual w;.
Even though this g is one-dimensional, the limiting set A is infinite dimensional. To
see this, we just notice that T'(8) consists of functions which are piecewise constant
on the N sets w;([0,1]), T?(8) consists of functions which are piecewise constant
on the N? sets w; o w;([0,1]), etc..
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