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EXISTENCE OF SOLUTIONS TO FRACTIONAL-ORDER
IMPULSIVE HYPERBOLIC PARTIAL DIFFERENTIAL
INCLUSIONS

SAID ABBAS, MOUFFAK BENCHOHRA

ABSTRACT. In this article we use the upper and lower solution method com-
bined with a fixed point theorem for condensing multivalued maps, due to
Martelli, to study the existence of solutions to impulsive partial hyperbolic
differential inclusions at fixed instants of impulse.

1. INTRODUCTION

The theory of differential equations and inclusions of fractional order play a
very important role in describing some real world problems. For example some
problems in physics, mechanics, viscoelasticity, electrochemistry, control, porous
media, electromagnetic, etc. (see [16, B1]). Recently, numerous research papers
and monographs have appeared devoted to fractional differential equations, for
example see the monographs of Abbas et al [7], Kilbas et al [22], Lakshmikantham
et al [24], and Malinowska and Torres [28], and the papers of Abbas and Benchohra
[2, 5], Abbas et al [T}, [6], Belarbi et al [8], Benchohra and Ntouyas [10], Kilbas et al
[20], Kilbas and Marzan [21], Semenchuk [32],Vityuk and Golushkov [34], and the
references therein.

The method of upper and lower solutions has been successfully applied to study
the existence of solutions for fractional order ordinary and partial partial differential
equations and inclusions. See the monographs by Benchohra et al [9], Heikkila and
Lakshmikantham [15], Ladde et al [26], the papers of Abbas and Benchohra [3] [4],
Benchohra and Ntouyas [I0] and the references therein.

This article deals with the existence of solutions to impulsive fractional order
initial value problems (IVP for short), for the system

(Cngu)(%y) € F(x,y,u(x,y)), if (z,y) € Jk; k=0,...,m; (1.1)
u(al,y) = u(zy,y) + Ie(ulzy,y), ifyel0b], k=1,...,m;  (1.2)
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u(@,0) =p(x), z€0,d,
u(0,y) =v(y), ye(0,0, (1.3)

where Jo = [0,z1] X [0,0], Jx := (z,zke1] X [0,8], & = 1,...,m, O = (z4,0),
k=0,...,m, ab>0,0=(0,0), “Dj is the fractional caputo derivative of order
r=(ry,r) € (0,1] x (0,1],0=2p <21 <+ < Ty < Tppy1 =@, F: I xXR" —
P(R™) is a compact valued multivalued map, P(R"™) is the family of all subsets of
R™ I : R" - R"™, k= 1,...,m are given functions, ¢ : [0,a] — R™, ¢ : [0,0] — R"
are given absolutely continuous functions. Here u(z;,y) and u(z, ,y) denote the
right and left limits of u(x,y) at @ = xy, respectively.

In this article, we provide sufficient conditions for the existence of solutions for
the problem —. Our approach is based on the existence of upper and
lower solutions and on a fixed point theorem for condensing multivalued maps, due
to Martelli [29]. The present results extend those considered with integer order
derivative [9, [T} 18] 19, 25, B0] and those with fractional derivative and without
impulses [21].

2. PRELIMINARIES

In this section, we introduce notation and preliminary facts which are used
throughout this paper. By C(J) we denote the Banach space of all continuous
functions from J to R™ with the norm

[wlloo = suplw(z, y)],
(zy)et
where || - || denotes a suitable norm on R™. As usual, by AC(J) we denote the

space of absolutely continuous functions from J into R™ and L!(J) is the space of
Lebesgue-integrable functions w : J — R™ with the norm

a b
el = / / (e, 9)l| dy de.
0 0

Definition 2.1 ([34]). Let r = (r1,73) € (0,00) x (0,00), § = (0,0) and u € L*(.J).
The left-sided mixed Riemann-Liouville integral of order r of u is defined as

1 £y
u)(x,y) = ———— x—8)" "y — )2 Lu(s, t) dt ds.
To)e) = gy |, @=9m =0 (s
In particular,
x oy
(ISu)(z,y) = w(z,y), (IJu)(z,vy) :/ / u(s,t) dtds; for almost all (z,y) € J,
0o Jo

where o = (1,1) For instance, Iju exists for all 71,72 € (0,00), when u € L'(.J).
Note also that when u € C(J), then (Iju) € C(J), moreover

(Tgu)(z,0) = (Lu)(0,y) = 0; = €[0,al, y €[0,0].
Example 2.2. Let \,w € (—=1,0) U (0,00) and r = (r1,7r2) € (0,00) X (0,00), then

Irx)\yw — F(l + /\)F(l + W) xA+r1yw+r2
o D1+ A7r)D(1+w+ry) ’

for almost all (z,y) € J.

By 1 — 7 we mean (1 —r1,1 —ry) € [0,1) x [0,1). Denote by D2, := ai—;y, the
mixed second order partial derivative.
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Definition 2.3 ([34]). Let r € (0,1]x (0,1] and v € L'(J). The Caputo fractional-
order derivative of order r of u is defined by the expression

“Dyu(z,y) = (IHD2 u)(z,y)

tu s t)
I‘(l — )1 —73) / / (z — ) — 1) dt ds.

The case 0 = (1, 1) is included and we have
(Dgu)(x,y) = (“Dfu)(z,y) = (D7, u)(z,y), for almost all (z,y) € J.
Example 2.4. Let \,w € (—1,0) U (0,00) and r = (r1,r2) € (0,1] x (0, 1], then

F(l + )‘)F(l + w) ,%‘)\_Tl w—"To
T+ A— )01 +w— 1) v o

Let a; € [0,a], 2% = (a1,0) € J, J, = [a1,a] X [0,], 71,72 > 0 and r = (r{,72).
For u € L'(.J,,R"), the expression

T -t ’ y:rfsrlfl — )2 (s S
) = iy [ [ @97 0= 0 s as

is called the left-sided mixed Riemann-Liouville integral of order r of w.

Dyaty” = for almost all (z,y) € J.

Definition 2.5 ([34]). For u € L'(J.,R") where D u is Lebesque integrable on
[k, Tkr1] X [0,0], k = 0,...,m, the Caputo fractional-order derivative of order r
of u is defined by the expression (D7, f)(x,y) = (I1 "D3,f)(z,y). The Riemann-
Liouville fractional-order derivative of order r of w is defined by (DI, f)(z,y) =

(DgyIiJrr )({E7y>

We need also some properties of set-valued Maps. Let (X, || - ||) be a Banach
space. Denote P(X) = {Y € X : Y # 0}, Pa(X) = {Y € P(X) : Y closed},
Pp(X) = {Y € P(X) : Y bounded}, Pp(X) = {Y € P(X) : Y compact} and
Pepev(X) ={Y € P(X) : Y compact and convex}.

Definition 2.6. A multivalued map T : X — P(X) is convex (closed) valued if
T(x) is convex (closed) for all z € X. T is bounded on bounded sets if T(B) =
UzepT(z) is bounded in X for all B € Pp(X) (i.e. sup,epsup er |yl <o0). T
is called upper semi-continuous (u.s.c.) on X if for each xg € X, the set T'(xg) is
a nonempty closed subset of X, and if for each open set N of X containing T'(z),
there exists an open neighborhood Ny of zy such that T(Ng) € N. T is lower
semi-continuous (l.s.c.) if the set {x € X : T(z) N A # 0} is open for any open
subset A C X. T is said to be completely continuous if T'(B) is relatively compact
for every B € P,(X). T has a fixed point if there is z € X such that z € T(z).
The fixed point set of the multivalued operator T will be denoted by FixzT. A
multivalued map G : X — P, (R") is said to be measurable if for every v € R”, the
function x — d(v, G(z)) = inf{|jv — 2| : 2 € G(x)} is measurable.

Lemma 2.7. [I7] Let G be a completely continuous multivalued map with nonempty
compact values, then G is u.s.c. if and only if G has a closed graph (i.e. u, — u,
Wy, — w, Wy, € G(uy,) imply w € G(u)).
Definition 2.8. A multivalued map F': JXR"™ — P(R") is said to be Carathéodory
if

(i) (z,y) — F(z,y,u) is measurable for each u € R™;
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(ii) u+— F(z,y,u) is upper semicontinuous for almost all (z,y) € J.
F is said to be L'-Carathéodory if (i), (ii) and the following condition holds;
(iii) for each ¢ > 0, there exists 0. € L*(J,R;) such that
1F(z, g, u)llp = sup{[[f[| : f € Fla,y,u)}
< oc(z,y) orall|u| <cand for ae. (z,y) € J.

For each u € C(J), define the set of selections of F' by
Spu ={we L'J) :w(z,y) € F(x,y,u(z,y)) ae. (z,y) € J}.

Let (X,d) be a metric space induced from the normed space (X, || -||). Consider
Hy:P(X)xP(X)— R, U{occ} given by

H;(A, B) = max{sup d(a, B),supd(A,b)},
acA beB

where d(A,b) = inf,c 4 d(a,b), d(a,B) = infpep d(a,b). Then (P (X),Hy) is a
metric space and (P (X), Hy) is a generalized metric space (see [23]). For more
details on multi-valued maps we refer the reader to the books of Deimling [12],
Gorniewicz [13], Graef et al [I4], Hu and Papageorgiou [17] and Tolstonogov [33)].

Lemma 2.9 ([27]). Let X be a Banach space. Let F : J x X — Pep co(X) be an
L'-Carathéodory multivalued map and let A be a linear continuous mapping from
LY(J, X) to C(J,X), then the operator

Ao Sp: C(J, X) = Pepeo(C(J, X)),
ur— (Ao Sp)(u) :=A(SFu)
is a closed graph operator in C(J,X) x C(J, X).
Lemma 2.10 ([29]). (Martelli) Let X be a Banach space and N : X — Py oy (X)

be an u. s. c. and condensing map. If the set @ = {u € X : AN(u)
N(u) for some A > 1} is bounded, then N has a fized point.

3. MAIN RESULT
To define the solutions of problems —, we shall consider the Banach
space
PC = {u :J = R":ue C(Jg);k=0,...,m, and there exist u(z ,y)
and u(xz,y); y€[0,0], k=1,...,m, with u(z, ,y) = u(a:k,y)},
with the norm

lullpc = sup |u(z,y)|.
(z,y)eJ

Definition 3.1. A function v € PC' N U} AC(Ji) whose r-derivative exists on
Ji is said to be a solution of (L.I)-(L.3) if there exists a function f € L'(J) with
f(z,y) € F(z,y,u(w,y)) such that u satisfies (°Dy, u)(z,y) = f(z,y) on Ji, k =
0,...m and conditions , are satisfied.

Let z,z € C(J) be such that
Z(lL’,y) = (Zl(x7y)722(xay)v' . .,zn(x,y)), (xay) € J’

and
Z(:L',y) = (21(x7y)722(xay)7 B 'azn(x’y))a (x,y) €J
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The notation z < zZ means that
zi(x,y) < Zi(x,y) fori=1,... n.

Definition 3.2. A function z € PCNUP_,AC(Jy) is said to be a lower solution of
(T.1)-(1.3)) if there exists a function f € LY (J) with f(z,y) € F(x,y,u(z,y)) such
that z satisfies
(“Dg,2)(z,y) < flz,y,2(z,y)), on Ji;
2w,y) < 2 y) + k(22 ,),  ify €[0,0], k=1,...,m;
2(x,0) < p(z), z €[0,al;
2(0,y) <¥(y), y<[0,0];
2(0,0) < (0).
The function z is said to be an upper solution of (1.1))-(1.3) if the reversed inequal-
ities hold.
Let h € C(Jg), k=1,...,m and set

p(x,y) =) +9(y) —¢0), (z,y) €J.
For the existence of solutions for problem —, we need the following lemma.
Lemma 3.3 ([4]). Let ri,r2 € (0,1] and let h: J — R™ be continuous. A function
u s a solution of the fractional integral equation
1, Y) + tomeesy Jo Jo (@ = 8) Ty — )2 h(s, ) dt ds;
Zf (xvy) € [val] X [Ovb]a
k - -
(. y) + Zizé(fi(u(% y)) — Li(u(z;,0)))
+m et Ja, Ji @i — )"y — t)2 " h(s, t) dt ds
+7F(T1)1F(T2) f;k Ji(@—s)" "y — t)"2 " h(s, t) dt ds;
if (x,y) € (xg, xp41] X [0,0], k=1,...,m,
if and only if u is a solution of the fractional IVP
CDru(x7y) :h(l',y), (l‘,y) € Jka
u(zyl,y) = ulzy,y) + Ie(u(zy,y), ye[0,b], k=1,...,m
To study problem (1.1))-(1.3)), we first list the following hypotheses:
(H1) F:J X R™ = Pep p(R™) is L'-Carathéodory;
(H2) There exist v and w € PC N AC(Jg), k = 0,...,m, lower and upper
solutions for the problem (1.1))-(1.3)) such that v(z,y) < w(x,y) for each

(z,y) € J;
(H3) For each y € [0, b], we have

u(w,y) =

v(xZ‘,y) < min I (u) < max Ii(u) < w(zy,y),
u€v(z,,y)w(z, ,y)] u€v(zy,y)w(z, ,y)]

with k=1,...,m.

Theorem 3.4. Assume that hypotheses (H1)-(H3) hold. Then problem (1.1])-(1.3)
has at least one solution u such that

v(z,y) <ulz,y) <w(x,y), forall (z,y) € J.
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Proof. We transform problem (1.1)-(L.3) into a fixed point problem. Consider the
modified problem
(“Dg,u)(z,y) € F(z,y,9(u(x,y))), if (z,y) € Jp, k=0,...,m; (3.1)
u(ad,y) = u(zyg,y) + gz, y ulzy ), ify€[0b], k=1...m
u(z,0) = ¢(x), = €[0,a], u0,y) =1(y);y €[0,b], ¢(0) =(0),
where g : PC' — PC be the truncation operator defined by

AA
w w
W N

v(z,y), ulz,y) <ov(r,y),
(gu)(z,y) = u(@,y), v(z,y) <ulz,y) <wz,y),
w(@,y), wlz,y) <uz,y).
A solution to (3.1)-(3-3) is a fixed point of the operator N : PC' — P(PC) defined

h € PC: h(z,y) = p(z,y)
2 0car<aTklg(y y ulzy,y))) — Ii(g(xy,, 0, u(zy, 0))))

N(u) = T . .
+m §O<€/’c<$ fx:,l foy(xk — )"y — )27l f(s,t) dtds
ey Jag Jo (2= 8) Ty — )27 f(s, ) dt ds,
where
f € Sk

={f € Spyq : f(@,y) > filw,y) on Ay and f(z,y) < fo(z,y) on Ao},
Ay ={(z,y) € J 1 u(z,y) <v(z,y) <w(z,y)
Az ={(z,y) € J 1 u(z,y) < w(z,y) <u(=,y)

h
h
Skt =1 € L'(J) : f(2,y) € Flz,y,g(u(x,y))), for (z,

y) € J}.
O
Remark 3.5. (A) For each u € PC, the set S’Eg(u) is nonempty. In fact, (H1)
implies there exists f3 € Sp 4(u), S0 We set
[ = fixa, + faxa, + faxas,

where x4, is the characteristic function of A;; i =1,2,3 and
A3 = {(QIJ,y) €J: ’l)($7y) < U((E,y) < w($7y)}

Then, by decomposability, f € S Fog(u)-

(B) By the definition of g it is clear that F(.,.,g(u)(.,.)) is an L!-Carathéodory
multi-valued map with compact convex values and there exists ¢ € C(J,Ry) such
that

' (z,y, g(u(z,y))|lp < ¢(z,y); for each (z,y) € Jand v € R™.
Set
¢" = sup ¢(x,y).

(z,y)ed
(C) By the definition of g and from (H3) we have

w(zt,y) < L(g(an, v, u(zr, v) < w(),y); y € [0,b; k=1,...,m.
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From Lemma and the fact that g(u) = u for all v < u < w, the problem of
finding the solutions of the IVP — is reduced to finding the solutions of
the operator equation N(u) = u. We shall show that N is a completely continuous
multivalued map, u.s.c. with convex closed values. The proof will be given in
several steps.

Step 1: N(u) is convex for each u € PC. If hy, hy belong to N(u), then there exist
fi,f2 € S}’g(u) such that for each (z,y) € J we have

(hiw)(w,y) = play) + Y ulg(ay g, ulzy ,y) = Ilg(zy .0, ulzy ,0))))

O<zp<x

_ Tl 1 _ T‘Q*l )
+I‘(r1 / / T — S) (y—1) fi(s,t)dtds

0<w <z

+F(7’1)F(7"2)/xk/0 (x—8)" "y —t)" " fi(s,t) dtds.

Let 0 < £ < 1. Then, for each (z,y) € J, we have
(Eh1 + (1 = &h2)(z,y)
— o)+ S Wlgar,vulr. ) — S (klgler,0, u(ey,0)

O<zp <z O<zp<x

T / / 7‘1 1 y_t)Tz—l
F(Tl 0<z <z’ Tk-1

[éfl(s t) €) fals, )] dtds
7,1 T2 / / x—s r1 1 —t)T2—1[§f1(87t)+(1—§)f2(s,t)} dt ds.

Since Sll, g(u) 18 cOnVex (because F has convex values), we have
¢

Ehi+ (1 —&hy € G(u).

Step 2: N sends bounded sets of PC into bounded sets. We can prove that N(PC)
is bounded. It is sufficient to show that there exists a positive constant ¢ such that
for each h € N(u), u € PC one has |h||oc < ¢. If h € N(u), then there exists
fest such that for each (z,y) € J we have

Fg(u)
(hu)(z,y) = ple.y) + D (Ilglzy y.ulzy,9)) — Ie(g(zy,0,ulzy ,0))))
O<zp <z
T (r) F(Tl O<Ik<z/ / Tl y o t)TQ_ f(57 t) dtds

$) Ty — )2 f(s,t) dt ds.
oo L] e (s, ) d s

Then, for each (x,y) € J we get

[[(hu)(z, )l = [l (2, y)] +2Zyrg[g>§](llv(xz7y)|l7 lw(z, y)lI)
k=1 ’
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B L

4+
F(rl O<z <z

7"1¢* T2 / /

Thus,

ulloo < [[plloc + 2 Zyrg[gg](llv(wﬂy)n, [w(a, y)ll) +
k=1 ’

Step 3: N sends bounded sets of PC' into equicontinuous sets.
(2,92) € J, 1 < T2, y1 < y2 and B, =

EJDE-2014/196

)2t dt ds

)1y — )2 dt ds.

2a71 b2 (b*

T+ )0+ 1) b

Let (71,91),

{u € PC: [lull« < p} be a bonded

set of PC. For each u € B, and h € N(u), there exists f € S},_g(u) such that for

each (z,

[(hu) (72, y2) —

y) € J we have

h(u)(r, vl

< lp(res91) — w2, y2)ll + Z(ka(g(sz y1 u(@y 1))

k=1
_Ik( (l'kvaa (xk7y2

/:rk 1 /y1 (xg — )™~ 1[(y 7t)rz,1 — 7t)T271]

||f(8,t)\| dt ds

m

+W2ijl/ylyz(mk5)hl(yz -

072 £ (s, )] dt ds

Y1
/ / Ty — 8)1 Mgy — )2 — (ry — ) (g — 1))
7“1 7"2

x|f (s, f)\ldtds

yz
e [ [
Tl T2 T1 Y1
1
iy
L(r)T(r2) "
Y1 1
+ —— Ty —8) —
rm)r(rz)/ﬁ [ o

<l y1) — (2, y2) ||

6= f (s, )| dt ds
t)"2 | f (s, ) dt ds

67 £ (s, )] dt ds

+ Z(Hlk(g(-r];,yl,U(xl;,yl))) - Ik(g(x]:a yQ,U(x;,yQ)))H)

k=1

¢* i or v ri—1 _ ro—1 _ _ ro—1 s
+WZ// (= )" (g — 07— (g1 — ) ded

+ ST ,i/ [

)

yo — )2 Ldtds
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y2

_

L(r1)T(r2)

¢ )y 1(yg —t)”z_1 dtds
7”1 7‘2

+*/ /o
T1 Y1
(b / / Ty —8) H(yo — )2t dt ds
L(r)C(re) Y1

L . _ r1—1 _ p\re—1
+r<r1>r<r2>/ﬂ /o (r2 = o)™ (g =)™ dbds

9

Y1
/ (72 =) "My =) = (1 —8)" My — 1) dt ds
o Jo

As 7 — 1 and y; — y2, the right-hand side of the above inequality tends to zero.
As a consequence of Steps 1 to 3 together with the Arzeld-Ascoli theorem, we can
conclude that N is completely continuous and therefore a condensing multivalued

map.

Step 4: N has a closed graph. Let u, — ux, h, € N(uy) and h, — h,. We need
to show that h. € N(u.). h, € N(u,) means that there exists f, € S},_g(un) such

that, for each (x,y) € J, we have

(@, y) = wlw,y) + Y (Te(g(ay v, un(zy ) — In(g(y 0, un 2y, 0))))

O<zp <z

+ T'(r1)T(rs) Z / / (=)™ 1 (y =)=~ Lo (s,t)dtds

O<zp<x

rl 1 _ ro—1
7’1 712 / / t) fn (37 t) dt ds.

We must show that there exists f, € S},ﬂg(u*) such that, for each (x,y) € J,

h*(xay) = /j,(ZL',y) + Z (Ik(g(x;a y»U*(xz:vy))) - Ik(g(xlza O»U*(T/E»O))))

O<zp<zx

T TG0T() Z/ /xk‘S“1y—t>”*lf*<s,t>dtds
O<zp<z 0

i L[ e e s ars

Now, we consider the linear continuous operator A : L'(J) — C(J) defined by

f=Af)(z,y),
AP (@y) = > Telglay v, ulay, ) — Ilg(zy, 0, ulxy ,0))))

O<wk<as

*m / / )y — )72 f (s, 1) d ds

0<:Ek <z

s)" Ty — )27 f(s,t) dt ds.
o // 2 (s, ) dhds

From Lemma it follows that Ao S}; is a closed graph operator. Clearly we have

|[fae) = n@ = D2 Ueloer youn(er 1) = Lulg(er 0 un(ay . 0))]

0<zp<zT
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— @y =y = Y Tloar .y, v) - Llglar 0, ular, 0))]|

O<zp <z

)lr (r2) 2 / / (z =) "y = )" fals, ) = fuls, )] dt ds

1<z <xT
+7 z— )" "y — )27 | fu (s, t) — fiols, t)| dtds — 0,
i B AR UE s TACT R O
as n — 00. Moreover, from the definition of A, we have

ho(z,y) =z y) — Y Telg(zy, v un (@, ) — Ie(g(zy, 0, un(2;,0))))

O<zp<x
A(S%?,g(un)>
Since u, — uy, it follows from Lemmathat, for some f, € A(S’}T,g(u*)), we have
ho(@,y)u(e,y) = D (Ie(g(@y v, ua (g, ) = Tn(g(a .0, w2y, 0))))

O<zp <z

- )1Fr2 > / /xk—S” Yy =)™ fu(s, t) dtds

O<zp<zx
* W / /0 (x =) Yy — )" fuls, t) dtds,  (x,y) € J.

From Lemma [2.7] we can conclude that N is u.s.c.

Step 5: The set Q = {u € PC : Au = N(u) for some A > 1} in bounded. Let
u € Q. Then, there exists f € A( Fg(u)) such that

Nu(w,y) = pla,y) + D (Ilg(wy v, ul@y,y) — Ilg(ey,0,u(zy ,0))))

O<zp <z
+ Z / / (zg —8) Ly — )2 f(s,t) dt ds
Tl TQ O<zp<z

+P<n)F<r2)//o (=) "y — )= f(s,t) dt ds.

As in Step 2, this implies that for each (z,y) € J, we have
2a7‘1 bT2 ¢* -~
L(ry+)(re +1)

This shows that € is bounded. As a consequence of Lemma [2.10} we deduce that
N has a fixed point which is a solution of (3.1)-(3.3) on J.

Step 6: The solution u of — satisfies
v(z,y) <u(z,y) <w(z,y), forall (z,y) e J.
Let u be the above solution to —. We prove that
u(z,y) <w(z,y) forall (z,y) € J.

[ulloo < ltlloo +2 yrg[gg](llv(xi,y)IL w(af, ) +
k=1 ’

Assume that u — w attains a positive maximum on [z}, ;] X [0,b] at (T,7) €
[:v;,:c,;“] x [0, 0], for some k =0, ..., m; that is,

(u = w)(@, ) = max{u(z,y) —w(z,y) : (v,y) € [z, 2,,,] x [0,0]} >0,
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for some k£ =0, ..., m. We distinguish the following cases.
Case 1. If (zg,7) € (x:,z,;_l) x [0, b] there exists (z},y*) € (x;:,x,;_l) x [0, D]
such that

[ulz, y") —wlz,y")] + [u(zy, y) —w(ag,y)] - [u(r, y7) — w(zg, y")]

<0, for all (2.9) € (il x ("} U ({wh) x b)), 4
and
u(z,y) —w(z,y) >0, forall (z,y) € (z},Tx] x (y*,b]. (3.5)
By the definition of g, one has
‘Dyu(z,y) € F(z,y,w(z,y)), forall (x,y) € [x},ZTk] X [y*,b]. (3.6)

An integration of (3.6), on [z}, ] x [y*,y] for each (z,y) € [z}, Tx] x [y*,b], yields
u(z,y) + u(ff:k,y ) = u(@,y") — u(zi,y)

= I’(ﬁ ) / / x— )1y — )2 f (s, t) dt ds,
where f(x, ) € F(x y,w(z,y)). From and using the fact that w is an upper
solution to we get
u(z,y) + u(mk’ y) —ulz,y") —ulzg,y) < w(w,y) +wzg,y") —w(z, y") —w(zg,y),
which gives
u(z,y) — w(z,y)
< ful,y*) = wla, y")] + lu(er, y) — wler, v)] = [uler, y*) —wlzg, y")).
Thus from , and we obtain the contradiction
0 < fu(z,y) —w(z,y)] < [u(z,y") —wz,y")] + [u(zr,y) — w(zg, y)]
— [u(zy, y") —w(z,y™)] <0, forall (z,y) € [zg, T] x [y", 0].
Case 2. If 7, ::z:,j, k=1,...,m, then
w(z, ) < Iu(g(ay,ulzy, 7)) < w(zl,7),
which is a contradiction. Thus
u(z,y) <w(z,y), forall (z,y) € J
Analogously, we can prove that
u(z,y) > v(z,y), forall (z,y) € J.
This shows that problem — has a solution u satisfying v < u < w which is

solution of (|1.1))-(1.3).

(3.7)

(3.8)
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