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ASYMPTOTIC STABILITY OF SOLUTIONS TO ELASTIC
SYSTEMS WITH STRUCTURAL DAMPING

HONGXIA FAN, FEI GAO

ABSTRACT. In this article, we study the asymptotic stability of solutions for
the initial value problems of second order evolution equations in Banach spaces,
which can model elastic systems with structural damping. The discussion is
based on exponentially stable semigroups theory. Applications to the vibration
equation of elastic beams with structural damping are also considered.

1. INTRODUCTION

The study of elastic systems with damping seems to have been initiated by Chen
and Russell [I] in 1981. They considered the linear elastic systems with structural
damping,

i(t) + Bu(t) + Au(t) =0, 1)
u(0) =z, (0) = yo .
in a Hilbert space H with inner product (-, -), where A (the elastic operator) and
B (the damping operator) are unbounded positive definite self-adjoint operators in
H. Let z; = AY?u, x5 = 1, we get the equivalent first-order linear systems

i r1\ 0 A1/2 1\ I T
dt \z2) ~ \-AY? —B)\2)  "Pla)’
11(0) = Al/zfﬂo, 172(0) =1%Y0-
Chen and Russell [I] proved that

0 A1/2
b (0 )

generates an analytic semigroup on W = H & H, if some additional conditions are
satisfied. In the same paper, they pose the following conjecture proved by Huang
[9, 10]: Let D(B) D D(A'?); then either of the following conditions (1) and (2)
implies that Lp generates an analytic semigroup on W:
(1) p1(AY%z, ) < (Bx,z) < po(AY?x,z) for all z € D(AY?) or (not, in
general, equivalent)
(2) p1(Az,z) < (B%z,2) < pa(Ax, z) for all x € D(A)
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for some p1,p2 > 0 with p; < ps. In addition, the semigroup generated by Lp is
exponentially stable.

But these results do not contain the case B = pA, which could possibly appear
in engineering applications. For this situation, Massatt [16] shows that if B = pA

with p > 0, then
0 1
%= (—A —pA>

generates an analytic semigroup which is exponentially stable.

Huang [I1] investigated the more widely used linear elastic systems with
damping B related in various ways to A"‘(% < a < 1), so that the Cy-semigroups as-
sociated with them are analytic and exponentially stable. Meanwhile, the spectral
property and some fundamental results for the analytic property and the exponen-
tial stability of the semigroups associated with the systems were discussed. Then
other sufficient conditions for Lg generates an analytic semigroup were discussed
in 5l [6] 8, @), 10, 11, 12] and the references therein.

Recently, the present authors [5] studied the linear second-order evolution equa-
tion

i(t) + pdu(t) + o *u(t) =0, t>0,

w(0) = 20, (0) = yo, (12
in a frame of Banach spaces, which can model the elastic systems with structural
damping. New forms of the corresponding first-order evolution equations were
introduced and sufficient conditions for analyticity and exponential stability of the
associated semigroups were given.

In [7] and [6], existence results of mild solutions for the elastic systems with struc-
tural damping were established by the fixed point theorems and monotone iterative
technique in the presence of lower and upper solutions, respectively. However, the
theory of the elastic systems with structural damping remains to be developed.

In this paper, we concentrate on the asymptotic behavior of solutions for the
linear elastic systems with structural damping

i(t) + pdu(t) + o *u(t) = h(t), t>0,

| (1.3)
u(0) =z, @(0) =yo
and the semilinear elastic systems with structural damping
i(t) + pata(t) + o %u(t) = f(t,u(t)), t>0, a4

u(0) =z, ©(0) = yo,

W

in a Banach space X, where means d/dt, p is the damping coefficient; &7 :
92(#) C X — X is a sectorial operator and —«/ generates an analytic and ex-
ponentially stable semigroup S(¢)(t > 0) on X; f € C(J x X,X), zg € 9(&),
Yo € X.

2. PRELIMINARIES

Definition 2.1 ([]). A semigroup T'(t)(t > 0) on a Banach space X is called
exponentially stable if there exist constants 6 > 0, M > 1 such that

|T(t)|| < Me™%, t>0.
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First we present a simple result on the asymptotic behavior of mild solutions for
the inhomogeneous initial value problem of the first-order linear evolution equation

u'(t) = Au(t) + h(t), ¢>0,

u(0) = z. 21)

Lemma 2.2 ([I7, Page 119, Theorem 4.4]). Let pn > 0 and let A be the infinitesimal
generator of a Co-semigroup T(t)(t > 0) satisfying | T(t)]] < Me #. Let h be
bounded and measurable on [0, +00). If

lim h(t) =9,

t——+o0
then, u(t), the mild solution of (2.1)) satisfies
lim wu(t) = —A"'b.

t—+o0
Next we recall some basic facts and conclusions on the elastic systems (1.3)) and
(1.4), which can be found in [B [7] in order to prove our main results.
Since 7 is a sectorial operator on X. It follows from the definition that there

exist o € (0, %) and K > 0 satisfying

Sa = {Mlarg A < 5 +a} C p(—a), (2.2)
K

M+ )< ——, NeX,. 2.3

10T +2) 7! < (2.3)

For the second-order equation
ii(t) + pu(t) + o u(t) = h(t), t>0,

it has the decomposition

0 0
(g—l—al,;z{)(&—i-agﬂ)u:h(t), t> 0.
Let 5
8—1; + ool u = v(t),

which means v(0) = yo + 0297x¢ := vo. Then the elastic systems (1.3) can be
transformed into the following two abstract Cauchy problems in X:

ov
a“r()'lﬂfv—h(t), t>0, (2.4)
v(0) = v
and 5
U
5 + o du=uv(t), t>0, (25)
u(0) = xp,
where
o1 +o09=p, o109=1. (2.6)

Lemma 2.3 ([5]). Let o : 2(«/) C X — X be a sectorial operator, if the damping
coefficient p > 2cosa, then —o19/, —o9f generate analytic and exponentially
stable semigroups on X, where « is defined in (2.2) and 01,09 are specified in

25).
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For the convenience of the reader, throughout this paper we assume that —o .o/
and —oy.47 generate analytic and exponentially stable semigroups S1(¢)(t > 0) and
Sa(t)(t > 0) on X, respectively. By Deﬁnition there exist constants §; > 0, d9 >
0 and M; > 1, M5 > 1 such that

IS1 (B < Mye™8tt, [Sy(B)] < Mpe™®st, >0, (2.7)
Definition 2.4 ([7]). Let o7 : 2(«/) C X — X be a sectorial operator, p > 2cos «,

and f : J x X — X be a continuous function, zg € (&), yo € X. A continuous
solution of the integral equation

u(t) = Sa(t)xo + /o Sa(t — s)S1(s)vg ds

+/0 /O Sa(t — 5)Si(s — 7) £, u(r))dr ds

is said to be a mild solution of the initial-value problem (|1.4), where « is defined

in [2:2).
3. MAIN RESULTS

In this section it is our aim to introduce the asymptotic behavior of solutions for
the elastic systems (1.3]) and (1.4]), which can be given by the following theorems.

Theorem 3.1. Let o : (/) C X — X be a sectorial operator, the damping
coefficient p > 2cosa, where « is defined in (2.2), xo € D2(), yo € X, h :
[0,400) — X is continuous. If

lim h(t) = b,

t——+oo
then, the mild solution u(t) of the initial value problem (1.3) satisfies
lim wu(t) = .o b

t——+oo

Proof. Since S1(t) (¢t > 0) is exponentially stable on X. By Definition and
Lemma the mild solution v(t) of the initial-value problem (2.4)) satisfies

, ligl v(t) = (01.97) D (3.1)
Similarly, since Sa(t)(t > 0) is also exponentially stable on X. By Definition 2.1

Lemma and (3.1), the mild solution u(t) of the initial value problem (2.5))
satisfies

. . —1 -
i u(t) = (o22/)7" lim o(t)
= (029) (o1 /) 7'D (3.2)
1
= 2.
0109
Combining this fact with (2.6]), it follows that lim;_, ;o u(t) = o/ ~2b. O

We now show that if the semigroups S1(¢)(t > 0) and Sa(¢)(¢ > 0) are expo-
nentially stable on X, then, we can choose the constants 61, d2 in satisfying
0 < &1 < do. If, on the contrary, let 61 = d5 := § and let 6 = &’ + 6", where &’ > 0,
6" > 0, then for all ¢ > 0, we have

1S2(t)[| < Mze™?",
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1S1(8)]| < Mye 0 = Mye= O+t = pe=0te™0"t < Mye %t

It is evident that § > &’ > 0. Hence, in what follows, we always assume that the
constants §; and d, in satisfying 0 < §; < do.

Next we establish the globally asymptotic stability result of the zero solution for
the initial value problem .

Theorem 3.2. Let of : (/) C X — X be a sectorial operator, the damping
coefficient p > 2cosa, where « is defined in (2.2), xg € (), yo € X, f :
[0,400) x X — X is continuous and satisfies the following conditions:

(H1) There exists L > 0, such that
||f(t,’U,2) - f(tvul)” < L”u? - ulHa te [Oa +OO), uy, ug € X,

(H2) f(t,0) =6 (0 is the zero element of X) for t > 0.

01(62—0
(H3) 0 < L < 27z5pt)

Then the mild solution u(t) of the initial value problem (1.4) satisfies
lim w(t) = 6.

t——+o0

Proof. By assumption (H1) and [7, Theorem 4], the initial value problem (1.4) has
a unique global mild solution u(t), then by the semigroup representation of the mild
solution, u(t) satisfies the integral equation

u(t) = Ss(t)z0 + /0 So(t — 5)S1 (s)vo ds

t s (33)
-l-/ / Sa(t —s)S1(s —7) f(r,u(r))drds, t>0.
o Jo
Using this, we conclude that
t
[u(®)]] < [[S2(t)ol| + ||/ Sa(t — 5)S1(s)vo ds|
0
. (3.4)
+H/ / So(t —5)S1(s — 7) f(r,u(r))dr ds||, t=>0.
0o Jo
From the inequality , it follows that
[1S2(t)aoll < [1S2 () |llvoll < Mae™*"[larg| < Mae ™o (3.5)
and
¢ t
| [ Satt=s)Sitspeads] < [ 1ate = s)Ia(s) el ds
t
SM1M26762t||U0||/ 027008 g (3.6)
0

<« MiMa|voll —s,¢
— 99— 01
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By assumption (H2) and (2.7), we have
H/ / Sa(t = 5)S1(s = 7) f(7,u(r))dr ds|
S/0/0 182t = $)|[1S1(s = TIL£(r, u(r)) || dr ds
- /ot /0 152t = $)1llS1.(s = DS (7, u(7)) = f(7. 0) || dT ds (3.7)
+/ot /0 152(t = $)I1S1(s = DI f (7, 0)lldr ds

t s
< LMy Mye" / (6x=00s / 7 ||u(r) | dr ds.
0 0

From integration by parts, we get

t s
/e<52*51>8/ 7 ||u(r)||dr ds
0 0
_ 1 /t d[e(%2701)s] /S N7 |Ju(T)||dT
02 =01 Jo 0
1 ot [* s L s
— 2—01)t 1S ds — 28 d
g e [ s s = [ e uts)) s

1 t
< 76(52_61”/ % ||lu(s)|| ds,
< (e at)]

and therefore

t
}|/ / So(t—8)S1(s—7) f(r,u(r))dr ds|| < —=2 LM1M2 *W/ % ||u(s) ds. (3.9)
0
Together with , -, and . thls gives

_ My My||vol| LM M, _ e
nmwnswﬁe&wmm+—§—%%ﬂf5”+<5i52 [ et ds,
2 1 2 1 0

(3.8)

t > 0. Hence
M7 Ms||v LMy M-
O < Mg + Ml IV [ vy, 020
0y — 01 02 — 61 Jo
According to Growall inequality, we obtain that
My Ma||vo|
09 — 01

LM1 M2 +

Jew==a"" t>0.

e lu(t)]| < [Ma|zoll +

Which means

MlMQ“’U()H]e(LMlMZ 751)]5

B < [M. 5251
fu()] < [Malool + =2

t> 0.

)

By the assumption (H3), we have
LM M,
02 — 01
This implies u(t) — 0 as t — +oo. Consequently, the zero solution is globally
asymptotically stable and it exponentially attracts every mild solution of the initial-

value problem (|1.4)). O

— 01 <0. (310)
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4. APPLICATIONS

In this section, we will apply the abstract results in Section 3 to the vibration
equation of elastic beams with structural damping, to obtain the results of asymp-
totic stability of mild solutions.

The vibration state of an elastic beam with structural damping, whose two
ends are simply supported, can be described by the initial-boundary value problem
(IBVP)

et — QUgat + Ugzaw = h(x,t), x € (0,1), t >0,
w(0,¢) = u(1,¢) =0, ¢>0,
Upz(0,8) = uge(1,8) =0, ¢>0,
U(I, 0) = QO(I)7 ut(xv 0) = ¢(I)’ T e (07 1)7
where ug.., denotes the elastic effect, u,,; is the damping term, p = 4 is the
damping coefficient and the non-homogeneous term h(z,t) be defined by

222¢2
I S 0) 1 ) t Z 07
h(z,t) = T3 (0.1)
2/3, r=0,t>0.

(4.1)

(4.2)

Let I = [0,1] and choose X = LP(I)(2 < p < 40). Define a linear operator
o P(A) CX— X by
D) = WP(I) "W P(I), u=—Au, (4.3)

where A is the Laplace operator acting on functions on the interval I. Choosing
a = arccos2/5 € (0,7/2), by [, & is a sectorial operator for the region >

defined by ([2.2).
Let h(t) = h(-,t), then the problem (4.1) can be rewritten into the abstract form

ii(t) + 4e/u(t) + o *u(t) = h(t), t>0,
u(0) =, a(0) =1

Theorem 4.1. Let 2 < p < 400, for every ¢ € W*P(I) N Wy? and ¢ € LP(I),
the mild solution u(t) of the equation [@.1) satisfying lim;_ 4o u(t) = A722.

(4.4)

Proof. By setting p = 4 and a = arccos2/5, it is easy to verify that the damping
coefficient p satisfies p > 2cosa. From ({.2)), it follows that h(t) is continuous on

[0, +00) and limy—;o h(t) = 2. Hence by Theorem the mild solution u(t) of

the equation (4.I) satisfying lim_, o u(t) = A722. O

In what follows, we consider the nonlinear vibration equation of elastic beams
with structural damping, namely the following initial-boundary value problem

Uty — Uppt + Ugggr = %sinu(m,t), z € (0,1), t >0,
u(0,t) =u(l,t) =0, t>0, (4.5)
Uz (0,8) = uge(1,8) =0, >0,
u(z,0) = ¢(x), wu(z,0)=9(x), =e(0,1),

Let u(t) = u(-,t), f(t,u(t)) = 1sinu(:,t). Then the initial-boundary value problem

(4.5) can be rewritten to the Cauchy problem of the second order evolution equation
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in the Banach space X
i(t) + 4t u(t) + o *u(t) = f(t,u(t)), t>0,
u(0) = ¢, u(0) =1,
where &7 is defined in and &7 is a sectorial operator for the region ¥, (a =
22)

arccos 2/5) defined by (2.2). We assume that ¢ € Z(«7) and ¢ € X, Then the
equation (4.6)) has the following decomposition form
0 0

(7+0.1"Q{)(§+0-2°Q‘()u:f(t7u(t))a t>07
u(0) = ¢, w(0) =1,
where o1 = 2 — /3, 05 = 2+ /3 are defined by (2.6).

It is well-known [8, [I7], —« generates an analytic and exponentially stable
semigroup S(t)(t > 0) satisfying

[SH)|| <et, t>o0.

(4.6)

(4.7)

By Lemma [2.3] and the characterization of the infinitesimal generators of Cp-
semigroups, —o1.%/ and —o9.4/ generate analytic and exponentially stable semi-
groups S1(¢)(t > 0) and S (t)(t > 0) respectively, which satisfy

1S: ()|l = [|S(oit)|| < e 7, t>0, i=1,2.
Now take M1 = My =1, 81 = 01 = 2 — /3 and §y = 02 = 2 + /3, we obtain that
1

81(05 — 61)
2 < "ML =43 - 6. (4.8)

Theorem 4.2. Let 2 < p < +oo, for every ¢ € W2P(I)N Wol’p and v € LP(I),
the mild solution u(t) of the equation (4.5)) satisfying ||u(t)||, — 0 ast — oo.

Proof. By p =4 and a = arccos2/5, we can easily obtain that the damping coef-
ficient p satisfies p > 2cosa. Since f(z,t,u(x,t)) = §sinu(z,t) is continuous on
[0,1] x [0,400) x X and satisfying

1 1
ol tou)| = leosua )] < 5. (@.tw) €0, x [0.400) x K (49)
f(z,t,0) =sin0=0, (z,t) €[0,1] x [0, 400). (4.10)
From (4.9)), for uq,us € X, we have
1
|[f(z,t,ug) — f(z,t,ur)| < §|uz —uy|, (z,t)€10,1] x [0, +00). (4.11)
Which implies
1
| f(t,u2) — f(t,ur)llp < §||U2 —ullp, t€[0,4+00), ur,us € X. (4.12)

Then assumptions (H1) and (H2) hold. According to (4.8) and (4.12)), we obtain
that (H3) is satisfied. Hence by Theorem we conclude that the mild solution
u(t) of (4.5)) satisfying lim; 4o u(t) = 0, which implies |lu(t)|, — 0 as t —
~+00. O
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