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SEMICLASSICAL SOLUTIONS FOR LINEARLY COUPLED
SCHRODINGER EQUATIONS

SITONG CHEN, XIANHUA TANG

ABSTRACT. We consider the system of coupled nonlinear Schrédinger equa-
tions

—2Au+ a(z)u = Hy(w,u,0) + p(a)v, z€RY,

—e2Av + b(z)v = Hy(z,u,v) + p(z)u, xRN,

u,v € HY(RN),

where N > 3, a,b, u € C(RY) and Hy,, H, € C(RN xR2,R). Under conditions
that ap = infa = 0 or by = infb = 0 and |u(x)|? < Ba(x)b(zx) with 6 € (0, 1)
and some mild assumptions on H, we show that the system has at least one

nontrivial solution provided that 0 < e < g9, where the bound g is formulated
in terms of N,a,b and H.

1. INTRODUCTION

In this article, we study the existence of semiclassical solutions of the system of
coupled nonlinear Schrédinger equations

—&2Au+ a(x)u = Hy(z,u,v) + p(z)v, xRV,
—e2Av + b(z)v = Hy(z,u,v) + p(z)u, xRN, (1.1)
u,v € HY(RY),

where z := (u,v) € R?, N >3, a,b,u € C(RY,R) and H, H,, H, € C(RY xR? R).
Systems of this type arise in nonlinear optics [I].

In the past several years, there are many papers about the semiclassical solutions
of the nonlinear perturbed Schrodinger equation

—2Au+V(z)u = f(x,u), ue H'(RY)

under various hypotheses on the potential and the nonlinearity (see [2} 6, [7, 12} T3]
141 16, [19] 221 25]).

However, by Kaminow [I7], we know that single-mode optical fibers are not really
“single-mode”, but actually bimodal due to the presence of birefringence. And
recently, different authors focused their attention on coupled nonlinear Schrodinger
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systems (see [3], [, 8, @] [10, 111 [I8]) which describe physical phenomena (see, e.g.,
[T, 5, 05]).
In a recent article, [§], Chen and Zou studied the system of nonlinear Schrédinger
equations
—e?Au+ a(x)u = f(u) + pv, = €RY,
—2Av +b(z)v = g(v) + pu, =€ RV, (1.2)
w,v>0 InRY, wuveH"RY),
where N,a and b are the same as in (1.1). Under the assumptions
(i) there exists a constant ag > 0 such that a(z), b(x) > ap and 0 < p < ao;
(i) f,g € C(RN,R) and lim,_ {2 = 99 — o
(iii) there exists a constant pg € (1,2* — 1) such that

f(s) 9(s)

limsup — < +o00, limsup —= < 4o0;
s——+00 sPo s—+o00 sPo
. . . S f(t)d . s g(t)d
(iv) either limsup,_, o Iy j;(zt) ! = 400 or lim SUD; 4 oo Jo gs(zt) L= .

They proved that has a positive solution for sufficiently small € > 0 and all
w € (0, u1] for some py € (0, ap).

Obviously, if ag = 0, their arguments become invalid due to the fact that 0 < u <
ap can not be satisfied. To the best of our knowledge, the existence of semiclassical
solutions to system , under the assumption of ag = infa =0 or by = infb = 0,
has not ever been studied by variational methods. In addition, as the nonlinearity is
non-autonomous and dependent on u and v, the problem will become more complex.

Motivated by [8, 20} 24] 26], we shall choose the case ay = infa = 0 or by =
inf b = 0 as the objective of the present paper.

Before presenting the main results, we introduce the following assumptions.

(A0) a(z) > a(0) = 0, b(z) > 0 and there exist ag,by > 0 such that the sets
Ago = {z € RN 1 a(x) < ag} and By, := {z € RN : b(x) < by} have finite
measure;

(A1) there exists a constant § € (0,1) such that |u(z)[* < Oa(z)b(z), for all
x € RYN:

(BO) a(x) > 0, b(z) > b(0) = 0 and there exist ag,bg > 0 such that the sets
Ago = {z € RN 1 a(x) < ag} and By, := {z € RN : b(x) < by} have finite
measure;

(H1) there exist constants p € (2,2*) and C' > 0 such that

|H(z,2)| < C(|2] +|2P), V(z,z) € RN x R?

(H2) H,(x,z2)-z=o0(]2]?), as |z| — 0, uniformly in z € RV ;

H3) lim,| o ‘H‘(Zm"f)‘ = oo uniformly in z € RY;

(H4) there exist ¢o > 0, Top > 0 and ¢ € (2,2*) such that

H(’I7U7O) > Co|u|q’ Vr € RNa u € [7TOaTO]

and

2
—274-N —1/2 (N + 2)wn

h H(\ h,0)de > —— 2

u wen ( x,u/h,0)dx > IN{ =2V’

for all h > 1, A > 1, u > hTp; here and in the sequel, wy = meas(B1(0)) =
27N/2 INT(N/2);
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(H4’) there exist ¢g > 0, Tp > 0 and ¢ € (2,2*) such that
H(CL’,O,U) > CO'”‘qv Vz € RN? vE [7T07T0]
and
2
—2;4-N ~1/2 (N? + 2)wn
h H(\ 0,v/h)de > —————
‘ |z|<h ( ©.0,0/h) x_2N(1—2*N)2’
forall h > 1, A > 1, v > hTy;
(H5) H(x,z) = §H.(x,2) -z — H(z,2) > 0 for all (z,2) € RY x R?, and there
exist ¢; > 0 and k > max{1, N/2} such that
H,(x,z)-z _ (1—6)mg
>
2> — 3

= [H.(2,2)  2|" < er|o| ™ H(z, 2),

where mg := min{ag, by };

(H6’) there exist ¢g > 0 and ¢ € (2,2*) such that H(z,u,0) > colul? for all
(z,u) € RN x R;

(H6”) there exist ¢g > 0 and ¢ € (2,2*) such that H(z,0,v)
(z,v) € RN x R.

Remark 1.1. It is easy to check that (H6’) and (H6”) imply (H4) and (H4’) with

Vv

colv|? for all

0 N? +2 /(a2

07 Log(1—2-N)2
respectively, but (H4), (H4’) can not yield (H6’), (H6”). We give the following
nonlinear example to illustrate it. Let

)

H(z,u,0) = (Ju® + [v]*) In(1 + Jul + [v]).
Clearly, H satisfies both (H4) and (H4’) with
N2 +2
In(l1+7) = ———,
2(1—2-N)
but neither (H6’) nor (H6”).

Example 1.2. Let ¢ € (2,2*). Then it is easy to see that following two functions
satisfy (H1)—(H3) and (H6’):

H(w,u,0) = aslul? + aslol?,  H(z,u,v) = (@) (jul® + [o2) ",
where a;,as > 0 and ¢ € C(RY) with 0 < infgny ¢ < supgw ¢ < +00.

Since (¢ —2)N — 2¢q < 0, we can let hg > 1 be such that

(¢ — 2wy { N? +2(N +2) }‘1/(H>h[(q—zwv—zq}/(q—m
2Nq(geo)*/ (12 L(N +2)(1 —27N)? ’
(1 . e)nm(()Zﬁ—N)/Q
3rc1(v2ev0) N
where 79 and 72+ are embedding constants, see (2.1) and (2.2)). If a and b satisfy
(A0), we can choose Ag > 1 such that

sup  |a(z)] < hg?, YA> Ao, (1.4)
AV/2 || <2ho

(1.3)
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if @ and b satisfy (B0), we can choose Ao > 1 such that

sup  [b(z)| < hg?, YA > Ao (1.5)
AL/2|z|<2hg

Letting e=2 = A, (1.1)) is rewritten as
—Au+ Ma(x)u = A\H, (z,u,v) + Mu(z)v, xRN,

—Av 4+ \b(z)v = \H, (2, u,v) + Ap(z)u, =RV, (1.6)
u,v € HY(RY).
Let
B3(:) = 5 [ (VU + V0P + dafo)fuf + Ab(a) o) do

(1.7)
- A H(z,z)dx — )\/ wx)wde, 2z = (u,v).
RN RN
Obviously, the solutions of are the critical points of ®,1/2(2); the solutions
of are the critical points of ®(z).
We are now in a position to state the main results of this paper.
Theorem 1.3. Assume that a, b, u and H satisfy (A0), (A1), (H1)-(H5). Then

or0<e< A2 1.1) has a solution z. = (u.,v:) such that
f 0 ) )
(=0 mg™ "
31 (20 70) Y
1 — g)em@e—N)/2
H(z,z:)dx < ( )'m

)

0< @571/2 (Za) <

0 N
RN = 3ra(yv)N
Theorem 1.4. Assume that a, b, p and H satisfy (A1), (B0), (H1)-(H3), (H4),
(H5). Then for 0 <e < )\61/2, 1.1) has a solution z. = (ue,ve) such that
(1= 0)mg™ "
3t e (y2:70) Y
(1- e)nméQK—N)/Q N
H(x,z.)dx <
RN (&, 2) 3re1(y2:70) Y
Theorem 1.5. Assume that a, b, u and H satisfy (AO), (A1), (H1)—(H5). Then
for X > Xo, (1.6) has a solution zy = (ux,vy) such that

k. (26—N)/2
(1 - 0)rm{ N

0< @571/2(25) <

9

0< ®y(z)) < AN/2,
)\( )\) = 3501(72*70)]\/
1 — 0)em@r—N)/2
H(z,zy)dx < ( )"m ~ AN/2,
RN 3rc1(72+70)

Theorem 1.6. Assume that a, b, p and H satisfy (A1), (B0), (H1)-(H3), (H4"),
(H5). Then for A > Ao, (1.6) has a solution zy = (ux,vy) such that

k. (2k—N)/2
(1 - 0)rm{ N

Al*N/Q
3% et (o= y0) N ’

0< CI))\(Z)\) <

1 — 0)em@r—N)/2
/ H(z,zy)dx < ( )"m ~ AN/2,
RN 3%c1(v270)
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The rest of the article is organized as follows. In Section 2, we provide some
preliminaries and lemmas. In Section 3, we give the proofs of Theorems [1.3

2. PRELIMINARIES

Let

E={(u,v) € H(R") x H'(RY) : /]RN[a(ac)|u|2 + b(z)|v]*] dz < oo},

1/2
Izl a+ = {/ [|Vu|2 + )\a(x)|u\2 + |Vv|2 + )\b(;v)|v|2] dx} , Vz=(u,v) €E.
RN

Analogous to the proof of [23, Lemma 1], by using (A0) or (B0) and the Sobolev
inequality, one can show that there exists a constant 79 > 0 independent of A such
that

||Z||H1(]RN) < ’YOHZ”)\JH Vz € .E7 A > 1. (21)

This shows that (E,| - ||x¢) is a Banach space for A > 1. Furthermore, by the
Sobolev embedding theorem, we have

12lls < vsllzllar@yy <vs0llzliag,  Vze B, A>1,2<s <27, (2.2)
here and in the sequel, we denote by || - ||s the usual norm in space L*(R™Y).
In view of the definition of the norm || - |[x4, we can re-write @5 in the form
1
Dy(z) = szH?\T - )\/ H(z,z)dzx — )\/ p(x)uvde, VzeE. (2.3)
2 RN RN

It is easy to see that ®) € C1(E,R) and
(D) (2),2) = /RN [Vu - Vi + Vo - Vo + da(z)ut + Ab(z)vd] dz
_a /R H(, 2)i+ Hy (2, 2)7] da (2.4)
- )\/RN () (ui + vi)] de, Yz = (u,v), 7 = (,5) € E.

As in [20], we let

hio’ |‘T| S hOa
N-—-1
I@) = L[l — (2ho) ™), ho < |a] < 2ho, (25)
0) |.’17| > 2h0

Then ¥ € H'(RY), moreover,

Nsz
2 _ 2 4y < N—4 9.
Vol = [ |99 ar < g ey (26)
2w _
91 = [ 10 de < i (27)

Let ex(z) = 9(A\'/2z). Then we can prove the following lemma which is used for
our proofs.
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Lemma 2.1. Let H(z,z) >0, for all (z,z) € RV x R2. Suppose that (A0), (A1),
(H1)—(H4) are satisfied. Then

w  (2k—N)/2
(1= 0)smi~™/

sup{®,(sex,0): s >0} < M=NZ 0 yx > A, (2.8)

35c1(y2+70) Y
Proof. From (H4), (L.3)), (L.4) ,(1.7), (2.5)), (2.6) and (2.7)), we obtain
D, (sey,0)
2
= i/ (|Vexl? + Aa(z)|ex|?) dz — )\/ H(z,sey,0)dx
2 RN RN

2
— \l-N/2 [%/ (|V19|2 +a(>\71/2x)\19|2)dx _ H(/\fl/2x,519,0) dx
RN RN

2
— S -
<NV 913 sup Ja(A ) (2:)

|z|<2ho

—/ HOY22,5/hg, 0) dx}
[z|<ho

_Nj2[S° _
< NNVl + ol - |

H(/\fl/zx,s/ho,O) dx},
|z|<ho

Vs >0, A > A,

2
SUVOR+hg21019) ~ [ HO 0, 5/ho,0)do

2 2 .
s 2, 2oz N H2)wn Ny
< S UIVIllz +ho ™[9]z ~ mho ] <0, Vs>hoTo, A= Ao
and
2
SUVOIE+bg2108) = [ OV, 5/ho,0)do
lz|<ho
82 _ CowWN _
< ZIV0I3 + g2 0]3) - X aony
< (@=2)(IVIII3 + hg*[9]3)*/ @2 011
- Qq(chwhé\f*q)z/(qu) (2.11)
(g = 2)wn { N? +2(N +2) }q/(‘ﬂ)h[(q—zw—zq]/(q—z)
= 2Ng(ge)?/ =2 L(N +2)(1 - 27N)2 0
1 — 0o 2r—N)/2
:( Sy ~— V0<s<hoTy, A=A
3%e1(v2-70)
The conclusion of Lemma [2.1] follows from (2.9), (2.10) and (2.11). O

We can prove the following lemma in the same way as Lemma [2.1]

Lemma 2.2. Let H(z,z) > 0 for all (z,2) € RN x R2. Suppose that (A1), (BO),
(H1)-(H3), (H4’) are satisfied. Then

K 2k—N)/2
(1 — 0)rm "

AN2 0y > . 2.12
3KC]('Y2*'YO)N 5 = N0 ( )

sup{®,(0,sey) : s >0} <
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Applying the mountain-pass lemma without the (PS) condition, by standard
arguments, we can prove the following two lemmas.

Lemma 2.3. Let H(z,z) > 0 for all (x,z) € RN x R%. Suppose that (A0), (A1),
(H1)-(H4) are satisfied. Then there exist a constant dx € (0,supg>q Pa(sex,0)] and
a sequence {z,} C E satisfying

Da(zn) = dx, (1@ (20)] 2+ (L + [[znll5t) — 0. (2.13)

Lemma 2.4. Let H(x,z) >0 for all (z,z) € RN x R2. Suppose (A1), (BO), (H1)-
(H3), (H4") are satisfied. Then there exist a constant dx € (0,supg>q ®A(0, sex)]
and a sequence {z,} C E satisfying

Ox(zn) = dx, |24 (2n)llE (1 + [[2nll5t) — O (2.14)

Lemma 2.5. Suppose that (A0), (A1), (H1)-(H5) are satisfied. Then any sequence
{zn} C E satisfying (2.13) is bounded in E.

Proof. We argue by contradiction for proving boundedness of {z,}. Suppose that
l|znllxt — c0. Let Z, = 2z /||znllxt = (@n, ). Then ||Z,|[x+ = 1. In view of (A1),
we obtain

2)\/ (X )y Uy da < 20X Va(z)b(z)|t, o, | da

Ry RY (2.15)

< 0)\/ [a(z)a2 + b(2)v2] dx < 6.
RN

If
0 := limsup sup / 2,2 dz = 0,
B(y,1)

n—oo yeRN

then by Lions’ concentration compactness principle [21] or [27, Lemma 1.21], 2,, —
(0,0) in L¥(RY) for 2 < s < 2*. Set

2n - H (2, 2,) < (1-9
|2 |? N 3

Hence, from (A0) and the Holder inequality it follows that

)\/ ‘HZ(LG)znldx
Q

Q, = {xE]RN: )mo}’ D = Ay, U By,.

W lzall3
HZ y<n) "t Anl )~
:A/ L@lezdx
< 1= 0)Amo / 5 da
1—6)A 1—6)A
< w/ \2n|2dx+w/ 15,2 dz (2.16)
3 RN\D 3 D
1-0, (1 — 0)Amg[meas(D)]V/(N+1
<~ Eldy + [ ]
3 3
o ([ e ag) O
D

= 1T70 +o(1).
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From ([2.3)), (2.4) and (2.13)), there holds

dy+o(1) =X\ H(z, zp) dz. (2.17)
RN
Let " = k/(k — 1), then 2 < 2’ < 2*. By (H5), (2.17) and the Holder inequality,
one obtains

)\/ |H2(x,zn2)  Zn| dr
RN\Q, HZnHAT

= |Hz(x,zn)-zn\|~
RN\, |2n |

[ = W ([ ppa)

< A(cl /]RN\Qn H(z, zn) dx) 1/K(/]RN |2, |2 dx) e

< ATV [erdy + o(1)]V 5|23, = o(1).

Combining (2.17) with (2.18) and using (2.4)), (2.13) and (2.15)), we have
Hzn”?\f — (@ (2n), 2n)

14+0(1) <
[EN
H .
[ Moz Eml oy s, da
RN [1zn 134 RN (2.19)
Hz s<n) " ~n Hz s <) " <n
9/ Mdmﬂ/ M@ 20) 2l g, g
2 ||Zn||>¢ RN\Q,, ||Zn||>¢
14260
< g +o(1).

This contradiction shows that d > 0.
Going to a subsequence if necessary, we assume the existence of k, € Z~ such

that fBuW(’f") |Zn|?dz > 2. Let wy,(z) = Z,(2 + ky); then
5
/ lwy,|*dz > —. (2.20)
Biyw(0) 2
Now we define Z,(x) = z,(x + k), then 2,/||zx]|xt = w, and ||wn||fql(RN) =

||2n||§{1(RN). Passing to a subsequence, we have w,, — w in H}(RY), w, — w in
Li (RN), 2 < s < 2* and w, — w a.e. on RY. Obviously, (2.20) implies that
w # (0,0). For a.e. z € {z € RY 1 w(z) # (0,0)}, we have lim,,_, |2,(z)| = oo.
Hence, it follows from (H3), (2.3)), (2.13)), (2.15) and Fatou’s lemma that

1 (0]
0= lim 1ol +02( )y A(Z;)
n—ee Hzn”,\T n—oeo ||Zn||>¢
1 H kn, Zn L
= 1im [2)1%03, —)\/ anﬁdxm/ @i ]
n—oo |2 I A RN
1 0 H k’na A’I’L
SL—)\/ liminf(x—’:iﬂmnﬁdx:—oo.
5 A f R

This contradiction shows that {||z,[/x+} is bounded. O
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We can prove the following lemma in the same way as Lemma [2.5]

Lemma 2.6. Suppose that (A1), (B0), (H1)-(H3), (H4’), (H5) are satisfied. Then
any sequence {z,} C E satisfying (2.14)) is bounded in E.

3. PROOFS OF MAIN RESULTS

In this section, we give the proofs of Theorems

Proof of Theorem[I.5. Applying Lemmas and we deduce that there
exists a bounded sequence {z,} C E satisfying (2.13]) with

(1 . Q)Nm(()QK_N)/Q

dy < MZN2Z 0 yx > . (3.1)

3rc1(v2+70) Y

Going to a subsequence, if necessary, we can assume that z, — z) in (E, || - ||xt)
and @) (z,) — 0. Next, we prove that z) # (0,0).

Argulng by contradiction, suppose that z) = (0,0), i.e. z, — (0,0) in E, and so
— (0,0) in L (RN), 2 < s < 2* and 2, — (0,0) a.e. on RY. Since D is a set
of finite measure, there holds

1
=l = [l et [l de < gl o) 62

For s € (2,2%), it follows from ({2.2)), (3.2) and the Holder inequality that

lzally < zall3® =@ 72z 52 72/
" . e N (3.3)
< (72*70)2 (s—2)/(2 2)()\m0) (2*—s)/(2 2)”2””%_’_0(1).
According to (3.2]), one can obtain that
H.(x, 2y
/ H, (x,2,)  zndz = A TZP |n|2dx
z
" 3.4
9)>\m0 -0 2 ( )
< fﬂ Zn3 < 5 Iznll3s + o(1).
By (2.3), (2.4) and (2.13)), we have
1
D\ (2,) — 5(@3\(%)7 Zn) = A H(x, zp) do = dy + o(1). (3.5)

RN
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Using (H5), (3.1)), (3.3) with s = 2x/(x — 1) and (3.5)), we obtain

)\/ H,(x,z,) zpdx
RN\Q,,

H,  Zn)  Zn|\ F 1/k
([ (R ) T
RN\Q,, |2n |
(’72*70)2'2*(572)/3(2*72))\(61/
RM\Q,,

X (Amo) 229/ )| 2 4 o(1)
Ci/fi(72*70)N/N)\lfl/ndi/*’v(AmO)fﬂz*,S)/S(Q*iz) ||zn||§\T " 0(1)

1/k N/k
&’ (12:7) - 1w
- 1m(2/<_N)/2n P\(N 2)/2d)‘] ||Z”H§\T+O(1)
0

IN

1/k
H(zx, zn) dx)

(3.6)

IN

e} r0) ¥ (1= 0y
= mé2/{7N)/2n 3501(72*70)1\7
1-0
= TnznniT +o(1),
which, together with (2.4]), (2.13) and (3.4)), yields
o(1) = (P (2n), 2n)
= |lzall?: = A H.(z,z,) - zpde — 2) w(x)upv, de
AT
RN R

N

|2nll34 + o(1)

Y%

(1- 9)Hzn||§\4r - )\/ H,(z,2,) - 2 da — )\/ H,(x,2,) - zndx
Q, RN\Q,

1-46
> L0 o).
Consequently, it follows from (2.3]) and (2.13)) that

140
0<dy= lim ®y(z) < % lim_[|zu]|2, =0,

n—oo

since H(z,z2) >0, V(z,z) € RY x R%. This contradiction shows 2z, # (0,0). By a
standard argument, we easily certify that ®(zx) = 0 and ®x(2)) < dx. Then zy
is a nontrivial solution of ([1.7]), moreover

d 2 (o) = Ba(ea) — 3B 20 = [ Mz @)

O

Proof of Theorem[I.6. Applying Lemmas and we deduce that there
exists a bounded sequence {z,} C E satisfying (2.14)) with
K 2k—N)/2
(1-9) m(() )/ AL-N/2
351 (v2-70) Y

The rest of the proof is the same as Theorem [1.5] so we omit it. (]

dy < . VA Ao

Theorem[I.3]and [[.4)are direct consequences of Theorem[I.5|and [I.6] respectively.
We omit their proofs.
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