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BOUNDS FOR SOLUTIONS TO RETARDED NONLINEAR
DOUBLE INTEGRAL INEQUALITIES

SABIR HUSSAIN, TANZILA RIAZ, QING-HUA MA, JOSIP PECARIC

ABSTRACT. We present bounds for the solution to three types retarded non-
linear integral inequalities in two variables. By doing this, we generalizing
the results presented in [3} [I2]. To illustrate our results, we present some
applications.

1. INTRODUCTION

In the study of the qualitative behavior for solutions to nonlinear differential and
integral equations, some specific types of inequalities are needed. The Gronwall
inequality [5] and the nonlinear version by Bihari [I] are fundamental tools in the
study of existence, uniqueness, boundedness, stability of solutions of differential,
integral, and integro-differential equations. For this reason, several generalizations
of the Gronwall inequality have been obtained, see [2] [3], 4, [6] [7) [8] (0] 10} [T, 12, T3]
14, 15]. Retarded integral inequalities have played an extensive role in the study of
partial differential and integral equations.

In Section [2]of this article, based on the assumptions (A1)—(A3) below, we derive
explicit bounds for the solutions to three types inequalities of retarded nonlinear
integral equations in two variables. In Section[3] the bounds are applied for proving
the global boundedness of solutions to the initial boundary-value problems. We stud
the following three inequalities:
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2. MAIN RESULTS

Let R be the set of real numbers, Ry : [0,00); let g, t1, S0, 81 be real numbers
such that I := [tg,t1); J := [s0,51). Denote by C*(M,N), the class of all i-times
continuously differentiable functions defined on the set M to the set N, 1 <i<n
and C°(M,N) = C(M, N). The first order partial derivatives of a function z(z,y)
defined on R? with respect to z and y are denoted by Diz(x,y)(= 2.(z,y)) and
Dyz(z,y)(= zy(x,y)) respectively. To prove our main results, we first list the
following assumptions:

(A1) a,b: 1 x J — (0,00) are nondecreasing in each variable;

(A2) p,w € C(R4+,R,), where ¢ and w are strictly increasing and nondecreasing
functions respectively with ¢(0) = 0; ¢(t) — 0o as t — oo and w > 0 on
(0,00);

(A3) let a; € CY(I,1) and B; € C*(J,J) be non-decreasing with «;(t) < ¢ on I
and G;(s) < son J;

(A4) let u, fi,gi,h; € C(I x J,Ry), 1 < i < n and ¢ € C(R4,R;) a non-
decreasing function such that ¢(r) > 0 for r > 0;

(A5) let ¢1,¢02 € C(Ri,R;) be nondecreasing functions with ¢1(r) > 0 and
¢2(r) > 0 for r > 0.

Theorem 2.1. Assume conditions (A1)—(A4) and relation hold. Then
ult, ) < @ (GTHETH(W(e(t, 5)) + b(t, 5)D(t, 5)))), (2.1)

for all (t,s) € [to,Ts) x [s0,S3) provided that ¢=',G=1, U=t are the respective
inverses of ¢, G, U, and (T3,S3) € I x J is arbitrarily chosen on the boundary of
the planar region: | = {(t,s) € I x J}, provided that the following three relations
hold:

U(c(t,s)) +b(t,s)D(t,s) € Dom(¥™1),
U1 (U (c(t, 5)) + b(t, s)D(t,s)) € Dom(G™1), (2.2)
G 1 (U1 (U(c(t,s)) + b(t, s)D(t,s))) € Dom(p~ 1),

where

T'ZT()ZO,

o P(971(p))’



EJDE-2014/256 NONLINEAR DOUBLE INTEGRAL INEQUALITIES 3

N dl
q"”:/mw(walmw el

noopea(t) pBi(s) y
Z/ / filz,y)[1+ / gi(m,n)dndm]dydz.
=17« a;i(to) /B

i(to) i (s0) i(s0)
n Oéb(t) BL(S

c(t,s) := G(al(t,s +thZ/ : : hi(u,y) dy du.
(to i(so

Proof. By Assumption (A2) and mequahty ., we have

Bi(s)
olu:5)) < alT.9) +HT.5) / | / Ot ) [ )t )
(to) (s (2.3)

—|—/ / gi(m,n)w(u(m,n)) dndm) + hz(ac,y)} dy dx
a;(to) ¥ Bi(so)
for all (¢,s) € [to,T] x J, T < T5. Denote the right hand side of (2.3 by n(t, s),

then obviously 7(t, s) is positive and non-decreasing function in each variable such
that n(tg, s) = a(T, s). Then, (2.3)) is equivalent to

u(t,s) < o~ (n(t, 5)). (24)
m(t, s)
n Bi(s)
HT.5) D el / [ (00,9 [ o) ) (a0, )
()
¥ / gl m)w (u(m, ) dndm) + (e (0), )] dy
i(to) JBi(s0)
n Bi(s)
HT) 3 el / 7 e, [, ™ ) 90)
)

which 1mphes
Bi(s)

m(t, ) < 6~ (nlt,5)b(T 5 Za /ﬁ

/ / (m, ) (o~ ((m, n))) dn dim) + he(oa(t), )] dy.
i(to) /3(30

(s0)

(2.5)
Then, (2.5)) is equivalent to
Mt (tv S)
o' (n(t, 5)))

n

Bi(s)
<UT9) S ollt) /ﬁ [, e 0.)

ai(t)
w0 gtmmte o, w)dn dm) + hie(0).)]
ai(to) J s (50)



4 S. HUSSAIN, T. RIAZ, Q.-H. MA, J. PECARIC EJDE-2014/256

for all (¢,s) € [to,T] x J. Replace t by v then integrating from ¢y to ¢ with respect
to v and making change of variable on right hand side of the above inequality and
using the definition of G, we have

a;(t) Bi(s)

G(n(t,s)) < G(n(to,s)) +b(T, s) Z/ hi(u,y) dy du
tO) i 50)
aa(t) 51(3 1
/ (wle™ (n(u.9))
i—1 Y @i(to) /Bi(s0)
/ / (e~ (n(m, n))) dn dm) dy du
O(I(to) (So
a;(T)
< G(a(T,s))+b(T,s) / / (u,y) dy du
a;(to) i(s0)
2.6
(l,(t) ﬁ7(s) 1 ( )
oI, s) / (w(e ™ (n(u.v)))
a;(to) 7 Bi(so)

{(m,n)w(o  (n(m,n n.dm u
Jr/‘3‘1(%)/1(30 gl( ’ ) (90 (77( ) )))d d )dyd

n ai(t) pBi(s)
< C(T2) (T8 / | Rt )

i(to) 7 Bi(s0)

/ / i, n)w(™ (7(m, n))) dn dm) dy du.
Ch(to) L(SO

Denote the right hand side of (2.6]) by I'(¢, s), then obviously I'(¢, s) is positive and
non-decreasing function in each variable such that T'(¢g, s) = ¢(T, s). Then, (2.6) is
equivalent to

n(t,s) < G7HL(L, s)). (2.7)
<s

By the fact that a;(t) < t and S;(s) for (t,s) € I xJ, 1 < i < mn, and
monotonicity of I', w and ¢!, we have

n Bi(s)
L1(:5) =T ) 3l /ﬁ e, ) lentt) )

/al(to)/ (s0) (m, n)w (¢~ (n(m, n))) dn dm)dy

Bi(s)

(T, 5) Za ' / Fiaa(t), 9) (w(e ™ (n(t,9))

Bi(s0)

— \

):
/ (to) /( m n ((P 1(T](t7y)))dndm)dy

n Bi(s)
< (T, s)w(p™ (GTHI(, 5)))) Z o (t) / filai(t),y)

ai(t) ry
X (1 +/ / gi(m,n)) dn dm)dy.
o Bi(so)

i(to)
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Then, (2.8]) is written as
Ft (t7 5)
w(w’l(G’l(F(t 5))))

) D‘l(t
b(T, s o / 1 —|—/ / (m,n)dndm) dy
Z Bi(so) (to) 7 Bi So) )

Replace t by ¢ then integrating from ¢y to ¢ with respect to ¢ and making change
of variable on right hand side of the above inequality and using the definition of ¥,
we obtain

W(D(t,5)) < V(e(T, 5)) + BT, 5)D(t, 5). (2.9)
A combination of (2.4)), (2.7) and (2.9)) yield the desire result (2.1]). O

Theorem 2.2. Assume conditions (A1)-(Ab5) and relation hold. Then
o if $1(r) > d2(log(r)), we have
u(t,s) < @~ (GTHH (I (LT, ) + (T, 5) DIt 5))))), (2.10)

for (t,s) € [to, T1) x [s0,51),
e if ¢1(r) < ¢2(log(r)), we have

u(t,s) < o NG (Hy ' (J5  (J2(AT, 5)) + (T, 8)D(t, 5))))), (2.11)
for all (t,s) € [to,T2) X [sq,S2), provided that <,071,G*1,Hj_1 and Jj_1 are the
respective inverses of ¢, G, H; and Hj; let (Tj,5;) € I x J be arbitrarily chosen on
the boundary of the planar region R; := {(t,s) € I x J}, j € {1,2}, provided that
the following four relations are satisfied

J;(&(T, s)) +b(T,s)D(t,s) € Dom(J; ™),

T (5@ 5)) + BT, 5)D(t, 5)) € Dom(H;),

H; (J; (T (@(T, ) + (T, $)D(t, 5))) € Dom(G),

J J

G (H; ' (J7 (i (AT, 5)) + b(T, 5)D(t, 5)))) € Dom(p ™),

(2.12)

where

ai(t)  rBi(s)
c(t,s) = H;j(G(a(T), s)) erTsZ/ / hi(u,y) dy du,

T

ro 05(P” ( ~H(s)’

" ds
W= |, ey 22

Proof. By condition (A2) and inequality (L.2), we have
(Xi(t) Bz(é
plult.s) <o) +0T) 3 [ ] olu@) | fla)
ai(to i(so

x by (u(z, ) (w(u(z, y)) + / N /  ailmmwCan, ) dn )

+ hi(w,y)62 (log(u(x, ))) | dy da

Hj(r) =

(2.13)
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for all (¢,s) € [to,T] x J, T < Tj. Denote the right hand side of (2.13) by ©(t, s),
then obviously ©(t, s) is positive and non-decreasing function in each variable such

that ©(to,s) = a(T,s). Then (2.13) is equivalent to
u(t,s) < 1 (O(t, s)). (2.14)

By the fact that o;(t) < t and B;(s) < s for (¢t,s) € I x J, 1 < i < n, and
monotonicity of ¢, ¢!, ©, we have

Bi(s)

O:(t,s) = b(T, s Za /ﬂ1(60) U(ai(t)7y))[fi(ai(t)ay)¢1(u(ai(t)=y))

i(t) ry
w(u i(m,n)w(u(m,n)) dndm
x (1 /m/m@g‘ Yw(u(m, n)) dn dm)
+hi(ai@),y)@(log(u(ai(t),y)))}dy

Bi(s)
< W(T, 5)b(p (Ot 9)) Za / [tes. st O @)
a;(t)
« ({1 (O " /( (m, n)w(u(m,n)) dn dm)

+ hm(t),y)@(log(so*(@(ai(t),y))))} dy,
(2.15)
for all (¢,s) € [to, T] x J. From (2.1F)), we have

@t(t, S)
A Cl(2 8)))
Bi(s)

<bTSZoz /ﬁ(so)

(t)
/ / (m,n)w(u(m,n)) dndm)
t(]) S(])

+ il >,y)@(logw-l(e(ai(t),y>>>>]dy

[fi(ai (1), 9)1 (9™ (O(ai(t), y) (wlp ™ (B(ai(t), )

Replacing t by v then integrating from ¢y to ¢ with respect to v and making change
of variable on right hand side of the above inequality to obtain

(673 (t) Bz (5

G(O(t, ) < G(a(T)s)) + b(T, s) / o Lo ) fz (u,9)01(¢™" (O(u,y)))

< ol O + / o gt ) dnim)

+ hi(u,y)¢2(log(p~ (O (u, y))))} dy du
(2.16)
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When ¢4 (u) > ¢2(log(u)), by -, we have

ﬁ(s
G(O(t,5)) < Gla(T, ) +b(T,5) Y / " / (O(,9)))

Bi(so)

x [fxu,y)(w(sfl(e(u,y)))

* /“ to /y s0) gi(m,n)w(e™1(8(u,y))) dndm) + hi(u,y)] dy du.

(2.17)
Denote the right hand side of (2.17) by A(t, s), then obviously A(t,s) is positive
and non-decreasing function in each variable such that A(tg, s) = G(a(T,s)). Then

(2.17) is equivalent to

O(t,s) < G (A(t, s)), (2.18)
Ae(t,s)
T Yol [ enle Ol ) [0l Ol )
Bi(s0)
1 m,n)dndm hi(a; d
+/(t0/(so) ) dndm) + hi(a(t), )] dy
Bi(s)
< H(T. )l (G Za't [ et
wlo NG (A (m,n)dndm
% w(e (G (A 1+/(t0/(50 )

+ halai(t), )| dy.
(2.19)
From , we have
At(t, 5)
¢1(<P’1(G’1(A(t 8))))

Bi(s0)
1 +/ / (m,n) dndm) + hi(i(t), y) | dy,
(t() S0

Replacing ¢ by v then integrating from ¢y to ¢ with respect to v and making change
of variable on right hand side of the above inequality and using the definition of
H;, we obtain

Hy(A(t,s))

< H\(G(a(T' ) + b(T,5) > /
i=1v%

Bi(

fz w, y)w(e” (G (A(u,y))))
(to) Y Bi(so)

u y
x(1+/ / gi(m,n) dndm)—i—h uy}dydu
a;(to) Y Bi(s0)
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a;(t) ﬁl(s
<ET.s)+b(T,s Z / w(p™ (G (A, ))))
tO) i SO)
1 + / / gi(m,n)dn dm) dy du. (2.20)
ai(to) v Bi(so)

Denote the right hand side of (2.20)), such that ©(to,s) = Hy(G(a(T,s))). Then
(2.20) is equivalent to

A(t,s) < HTY(O(t, s)). (2.21)
By the fact that «;(t) < ¢, 5;(s) < s for (¢
of w, ™! and m, we have

,8) € I x J, 1<4i<n,and monotonicity

Bi(s)

Bu(t, ) = (T, s Za 0 [ et pule (G Al )

Bi(so0)
a;(t)
1+/ / gi(m,n) dndm)dy
ai(to) Y Bi(so)
o n B (2.22)
ST, s)w(e™ (G (H; (@(LS)))))Z%(U/Q( )fi(ai(t)vy)
i=1 i(s0
a;(t)
(1+ / gi(m,n) dndm)dy.
a;(to) JBi(s0)
From ([2.22)), we have
O:(t, 5)

w(e HGHH (Ot 9))))

n

<b(T,5) Y al(t) /ﬁ " . (14 / " /B y(s i) dndm )y

i=1 i (so0) i(to)

Replacing t by v then integrating from ¢y to ¢ with respect to v and making change
of variable on right hand side of the above inequality and using the definition of
J1, we obtain

J1(6(t,s)) < J1(&(T,s)) + b(T, s)D(t, s) (2.23)
As T < T is arbitrary, a combination of (2.14)), (2.18)), (2.21)) and (2.23]) yield
u(t, s) < wfl(Gfl(Hfl(J_l(Jl(N( ,5)) +b(T,5)D(t,5)))))-
When ¢1(u) < ¢2(log(u)), by (2.16), we have

G(O(t,5))
n Bi(s)
< Ga(T,5)) + (T s Z / " gl N [ﬂ(u )2(108(5 ™ ({1 )
x (w(p™? )+ /1“0) /,61 SO) Jw(u(m,n)) dndm)
+ i, )62 log(i5 (O (u,y))) | dy du
n a;i(t) B S)
< G(a(T, 5)) + b(T, s) z/ N /( [t @)
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" /c:(to /?j(so) gi(m,n)w(u(m,n))dndm) + hi(u,y)}@(@_l(@(“’y))) dy du

Similarly to the above process from (2.17) to (2.23), for T < Ty, and as T is
arbitrary, we have

u(t,s) < ¢ NG (Hy ' (Jy  (J2(eT, 5)) + (T 5)D(t, 9))))).
O

Theorem 2.3. Suppose that (A1)~(A5) hold and that L, M € C(R%,Ry) are such
that
0 < L(t,s,u) — L(t,s,v) < M(t,s,v)(u—v),

for u >wv. If u(t,s) is a nonnegative and continuous function on I x J satisfying

, then we have
u(t, s) < W*I(Gfl(‘l’fl(‘l’(G (t.s))

/az(t) ﬁl(s ) )

b(t, s) (u,y,0)dy du

a;(to) i So) (224)
O‘l(t /B’L(S

+b(t,s) / M (u,y,0 dydu})))
(to) i (s0)

for all (t,s) € [to,Ty) % [50,54) provided that =1, G=Y, W~ are the respective
inverses of ¢, G, ¥, and (Ty,S4) € I x J is arbitrarily chosen on the boundary of
the planar region, Ry := {(t,s) € I x J}, provided that the following three relations
are satisfied:

A(t,s) == |W(G(alt,s)) + b(t, s) / / L(u,y,0)dy du)
i=1 v ai(to) JBi(so)
n al(t /61(3
+b(t, s){D(t, s) +Z/ / M (u,y,0 dydu}} € Dom(¥~1)
g t()
2.25)
U (A(t,s)) € Dom(G™Y), G YT (A(t,s))) € Dom(p ) (2.26)
Proof. From assumption (A1) and the inequality (1.3), we have
n ai(t) ,Bi(s)
otutt ) a9 +uT9 Y [ ot [t wiatep)
T Yy -
+/ / gi(m,n)w(u(m,n)) dndm)
ai(to) J/Bi(so)
+ hi(w,y) Lz, y,w(u(e,y)| dy de,
(2.27)

for all (t,s) € [to,T] x J, T < Ty. Denote the right hand side of (2.27) by (¢, s),
then obviously B(t,s) is positive and non-decreasing function in each variable,

PB(to,s) = a(T, s). Then, is equivalent to
u(t,s) < ¢~ (P, ). (2.28)
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By the fact that «;(t) < t and Bi(s) < s for (¢,8) € I x J, 1 < i < n, and
monotonicity of 3, *1, gb, we have

0,9)) [ filai(0), ) (w(w(as(t), 1))

/(to /5(50 (m, n)w(u(m, n)) dndm)

+ ha(en(t), y) L (1), y, wlu(es(t), y)) | dyel(t)
n Bi(s)
<o By [

/ / (m, m)w (o (B(m, m))) dn.dm) + hi(a(t), y)
i(to) (So
X Lai(t), g wle™ (Blaa(t), v))| dy ().

(2.29)
From , we have
Pi(t, s) =[P -1 4
sty <X [ [pe e we o)

/(to)_/ﬁ(SO (m, n)w(e™! (P(m, n))) dndm)

+ hilas(t), ) Llea(t), y, w(e ™ (Blas(t), )] dy o (®),

for all (t,s) € [to,T] x J, T < Ty. Replace t by v then integrating from ¢y to ¢
with respect to v and making change of variable on right hand side of the above
inequality and using the definition of G, we have

Bi(s)
G(P(t, ) < Ga(T,s)) +b(T,5) S / N / | [l ) (o™ (B(0)))

—i—/az(to)/l(so)gi(m,n)w(@ LB (m,n))) dndm) + hi(u,y)
x {L(u,y,0) + M(u,y, O)M(cpﬂ(m(u’y)))}} dydu

i(T)
< G(a(T,s))+b(T,s) / / hi(u,y)L(u,y,0)dy du
Bi(so)

(to)

(5)
/ / (u,y)(1 —|—/ / (m,n)dndm)
a;(to) Z(GO) (to) 1(g0)

+ M(u,y, 0>} w(p™ (Plu,y)) dydu
(2.30)
Denote the right hand side of by Q(t, s), then obviously Q(t, s) is a positive
and nondecreasing function in each variable such that Q(to, s) = G(a(T),s)). Then,
(2.30) is equivalent to

PB(t,s) < G HA(t, s)), (2.31)
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D‘t(T)
Q(to, ) = G(a(T, 5)) + b(T. 5) / / L(u,y,0) dy du,
o2} z(So

i(to)

Bi(s ) a;(t)
Qi(t,8) = b(T, s Z/ fl a;(t / / gi(m,n)dndm)
Qg i (s0)

i (s0) (to)

+M(m(t%y,oﬂw(wl@(az( ), )))dyel (t)
ﬁi(s) (2.32)

< W(T, s)wle~ H (G (P, ) Z/ fza@ . Y)

i (s0)

1 —l—/ab(t / SO) (m n)dndm) + M(a;(t), y,O)]dya (t).

Then, is written as
Dt(t, S)
w(e=H(GTHPB(E,9))))

Bi( s) ai(t) Y
oI ) Z/ )(”/ /,3( )gi(m,n)dndm) (2.33)

5 (s0) i(to)

+ M (oi(t), y, 0)} dyao(t)

Replacing ¢ by v then integrating from ¢y to ¢ with respect to v and making change
of variable on right hand side of (2.33)) and using the definition of ¥, we obtain

a;(T) Bi(s )
(Q(t,s)) < W(G(a(T) ) + b(T, s) L(u,y,0) dy du)
ai(to) 7(‘30)
+ (T, s) / / M (u,y,0 dydu}.
a;(to) i(s0)
(2.34)
A combination of , and yield inequality . O

Corollary 2.4. Suppose (A2)—(A4) are satisfied. If p > q¢ > 0 and ¢ > 0 are
constants such that:

W(ts) St p) /( /( )| ol ) (wlu(z, )
(2.35)
i(m, n)w(u(m,n))dndm) + h;(x, dy dx,
*Li(m/l(s@g( Juw(u(m, n) dn dm) + hi(,v)] dy
then
u(t,s) < 7/ WH(W, (mo(t 8)) (p— q)D( s)), (2.36)

mo(t,s) = T4 (p — q) / / (u,y) dy du,
ai(to) i(s0)

U, (r) = r>rg >0,
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Proof. Denote the right hand side of (2.35) by Z(¢,s), then obviously Z(¢,s) is
positive and non-decreasing function in each variable such that Z(¢g, s) = ¢. Then,
(2.35) is equivalent to

u(t, s) < /=2(t, s), (2.37)
Et(t, S)

=p3el0) [ [0 a0 0 welao.)

Bi(so0)

/al(to /7(50 (m,n)w(u(m,n))dndm) + hi(ai(t),y)uq(ai(t),y)}dy (2.38)

Bi(s)

<pZa /ﬁ

/ozl(to /7(50 (m, mju( E(m’”))d”dm+hi(04i(t)7y)}dy,

o EEO Y [Feslt). ) (w(VE0D,9)

for (¢, s) € [to,T] x J. Then, (2.38)) is equivalent to

m”za ),

az(f)
/ / (m,n)w(/Z(m,n)) dndm) + h;(a;(t),y)|dy .
a;i(to) 7(30)

Bi(s)
()[ﬂ-(ai() y)(w(Y/E(ei(t),9)

Replacing ¢ by v then integrating from ¢y to ¢ with respect to v, making change
of variable on right hand side of the above inequality and by using that mg(¢, s) is
non-decreasing in each variable, for ¢ < T, we have

a;(t)

n Bi(s)
e=a)/p < P=D/1 4 (p— q) Z/ / fl u, y) (w(/Z(u,y))
i=1"

i(to)
u y

+ / / gi(m,n)w({/=Z(m,n)) dndm) + hi(u,y)} dy du
O‘z(tO) 4 90)

n o (t) ﬁz(s)
<m0(Ta8)+(P—Q)Z/(t)/( | (w(3/Zw,9))
7;— Qg 0 (S0

u y
+/ / gi(m,n)w({/Z(m,n)) dndm) dy du
a;i(to) Y Bi(so)

Denote the right hand side of (2.39) by 7(¢,s), then obviously «(t,s) is positive
and non-decreasing function in each variable such that v(to,s) = mo(7T,s). Then,
(2.39) is equivalent to

(2.39)

E(t,5) < [t )] 77 (2.40)
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aL(t)
/ / (m,n)w({/Z(m,n))dndm)dy
to) i 80)

" (2.41)

_qza/ﬁ filau(),

i (s0)

+ / Y / o gim /) dncm)

to)

~—
<
~—
—~
g
—~
Sl
|
Q
2
—~
2
—
o~
~
<
~
~

Then, (2.41]) is written as

lyt(ta 8)
w( "/t 8))

ﬂz(s) a;(t) Yy
(p—gq Za / 1+/ / gi(m,n)dndm>dy.
Bi i (s0)

(So) tO)

Setting t by [ then integrating from ty to ¢t with respect to [, making change of
variable on right hand side of the above inequality and using ~(to,s) = mo(T, s),
and the definition of ¥,, we have

V. (y(t,8) < Vu(y(t,s) + (p— @) D(t, 5). (2.42)

A combination of (2.37)), (2.40)), and (2.42)) yield the desire result (2.36). O

Remark 2.5. e Fora(t,s)=c, b(t,s) =1, ¢(zx) =2, =0=h;, 1 <i<n.
Then Theorem [2.1| reduces to [3, Theorem 2.2].
e Fora(t,s) =c, b(t,s) =1, ¢(z) =, g; =0, 1 <i < n. Then Theorem [2.1]
reduces to [3, Theorem 2.3].
eForg=1¢9,=0,1<i<n, corollaryreduces to [3, Corollary 2.4].
e For g; =0, 1 <i < n, Theorem reduces to [12], Theorem 1].
e For g; =0,1 <4 <n, and w =1, theorem reduces to [12] Theorem 2].

3. APPLICATIONS

In this section, we apply the inequalities established above to achieve the bound-
edness of partial integro-differential equations, with several retarded arguments, of
the form

9,
%(Z (tv S)Zt(ta 5))

:FPﬁJ@—uwﬁ—m@m“qAWJMms—m@» (3.1)

/t /S Qt,s,0,71,2(t = 11(t), s — k1(8)), ..., 2(t = 1x(t), s — l{:n(s)))dadr},
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and

Dy (D1p(2(t,5)))
- F[t,s,z(t L)y s —ki(8))s s 2t — L), 5 — kn(s)),

/tt / Qt,s,0,7,2(t — 11 (), 5 — k1 (), ., 2(t — ln(t), s — kn(s)))do dr],

(3.2)
with the given initial boundary conditions

z(t,s0) = a1(t), z(to,s) = aa(s), ai(to) = az(so) =0, (3.3)

where F' € C(I x J x R",R), Q € C((
az € CHJ,R) and I; € CY(I,R), k; €
t—1Li(t) >0, t—1;(t) € CYI, 1), s —
ki(s) <1 and li(to) = ki(s0) =0,1 <4

J)x (I xJ)xR"R), a; € C'(I,R),
(J,R) are nonincreasing and such that
ki(s) > 0, s — ki(s) € CL(J, J), li(t) < 1,
n, for (t,s) € I x J; letgoeCl(R R) be
()]s let o(e(t, 5)) = (a1 (£) +(as(s))

<
an increasing function such that ¢(Ju|) < |¢
and

1
M; = - N, = - 1<i<n. 3.4
TR T () T T k() t=n (34)

The following theorem deals with a boundedness on the solution of (3.2).
Theorem 3.1. Assume that F': [ x J x R™ x R® — R is a continuous function

for which there exist continuous nonnegative functions f;(t,s), gi(t,s) and hi(t,s),
1<i<n, for (t,s) € I x J such that:

‘F(tvsaulﬁ s 7un7j)| < b(t78) Z¢(|ul|)[fl(tvs)w(|ul|) + ‘.7‘ + hi(t7 8)] (35)

|Q(t, 5,01, V2, u1, Uz, . .., un)| < gi(t, s)w(|ug).

If 2(t, s) is a solution of (3.2) with conditions (3.3), then

|z(t, s)| < 8071(G (\Il (\I]( (t,)) + b(t, 5) /¢(t0 / i (so0)
(0 [ )

(éo)

(3.6)

where,
filu,v) = MiNifi(u +Li(m), v + ki(p)), 91 u,v) = MiNigi(u +1i(0), v + ki(7)),
#i(t) 1111(5
¢(t,s) = G(p(e(t,s))) + b(t, s) / (u,v)dv du,

i(to)

hi(u,v) = MiNihi(u + li(m),v + kz(P))
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Proof. 1t is easy to see that the solution z(t,s) of the problem (3.2) with (3.3)
satisfies the equivalent integral equation

p(z(t,s))
= (e(t, s)) /t/ uvzu—h (u),v —k1(v)),...,z(u—l,(u),v — k,(v)),

//quaTzu—ll()v—kl( ),

2w — Ly (1), v — k(v )))dodT}dvdu
(3.7
By modulus properties and condition (3.5)), equation (3.7)) has the form

lp(2(t,9))]

< lp(e(t, s))] +b(t, s) /t: /o

z(u — Ly (u),v — k,(v)), /tu ' Q(u,v,0,7,z(u — 1 (u),v — k1 (v)), ...,

F U,U,Z(’LL— ll(u)av - kl(v))a“w

2w — Ly (1), v — kn(v )))dadr} dv du
< lo(e(t,s) |+m/t/sz ).p — ki(p))(fi(m. p)
m —li(m),p — ki(p))])

/to / gi(o, Tyw(|z(o — Li(0), 7 — ki(7))[)dr do)

+ hi(m,p)|p(z(m — li(m),p — ki(p)))[ldp dm
(t)  pi(s)

<|so<ts|+btsZMN/(t)/ i))

%i(so)

x (fi( ¢z( ) ( >wz< ) + Ki(p) (w(lz(¢s(m), ¢i(p))])

/ / MiNigi(6i(0) + Li(0), i(7) + ki(r))
¢i(to) Ji(so)

w(|z(di(a), ¥i(1)))dpi(T) ddi(0)) + hi(pi(m) + Li(m), i (p)
+ki(p)o(|2(¢i(m), ¥ (p))l))} dipi(p) di(m)

which implies

(12t 9))
N opoi(t)  pils) _
<lotet Nl b9 Y [ otk mw=e )

(to i(s0)
+/¢( )/w( )?i(517771)w(|Z(51»771)|)d771 dé1) + hi(8,m)(|2(8,m)|)) |dn ds
to S0

(3.8)
Now an immediate application of inequality (2.1)) to (3.8 yields the desired result
B9). O
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Theorem 3.2. Assume that F': I x J x R" x R® — R is a continuous function
for which there exist continuous nonnegative functions f;(t,s), gi(t,s) and hi(t,s),
1<i<n, for (t,s) € I x J such that:

|F(t787u17 s vun’j)| < Z ‘ullq[fZ(tvs)wGuZD + |J| + hi(tvs)]a

i=1
(3.9)
|Q(t7 S§,0V1,V2,U1,U2, ... 7u’ﬂ)| S gZ<t7 S)’LU("LLZ‘D,

|af(t) + a(s)] < ¢
If 2(t, s) is a solution of (3.1) with the condition (3.3), then

a;(t) ﬁ(s
ult ) < [0 W olt ) + (0= 0) Y [ / (
@ilto) /Bi(s0) (3.10)

z y
X (1 —|—/ / gi(m,n) dndm) dy dz)]Y/ P~
ai(to) /Bi(so)

where
Filu,0) = MiN; fi(u + 1 (), 0+ ki(v)),  Gi(u,0) = M;N;gi(u+ (o), 0 + ki(7)),

hi(u,0) = MNh(u+l ), 0+ ki(v)),
%(9)
mo(t,s) = cP=D/P 1 (p — q) / / i(u,y) dy du
i(to) Jbi(s0)
Proof. Tt is easy to see that the solution z(t,s) of (3.1) with (3.3) satisfies the
equivalent integral equation

P :a’f(t)—l—ag(s)—i—p/t /SF[u,v,z(u—ll(u),v—kl(v)),...,

z(u—ln(u),v—kn(v)),/tu )”Q(U7U7J,T,Z(u—ll(u)7v_kl(qj))"”’ (3.11)

z(u =l (u),v — kp(v)))dodr]dv du
By modulus properties and condition (3.9), equation (3.11]) has the form
|27 (t, 5)|

<cinf []r
/to / Qu,v, 0,7, 2(u — Ly (), v — k1 (v)), - ..,

z(u =l (u),v — kn(v) )dO’dT} ‘ dv du

uvzufll()vfkl( ),y 2w =l (u), v — kn(v)),

<c +p/t / (u = Li(w),v = k() |7 fi(u, v) (w(]z(w = l;(w), v = ki(v))])

0 =1
+ /to /50 gi(o, T)w(|z(o — l;(0), 7 — ki(7))|)dT do)

+ hi(u,v)|z(uw = l;(u), v — k;i(v))|?|dv du
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®i(t) bi(s)

< c+pZMN / (w), Pi(0)|* fi(Pi(u) + li(u), i(v) + ki(v))

¢i(to) S 50)

éi(u)
<l e+ [ / I(SO)MNQz(@( o) + (o), u(r)
o ka (1)w(2(64(0), ()i (1)1 (0) + ha(0(w) + (), i (v)
o Ri(0))I(2(6s(w), i) s (v)de (u)
Pi(s

Z/¢(t)/( )Hz(é’n)|q'fi(5”7)(w(|z(5’77)|)

w

| /\

—i—/ / Gi(81, m)w(|2(81, 1)) dnuddy) + hi(6,m)|2(8,1)|%]dn dé
'L(f()) [ r"0)

Now an immediate application of inequality (2.36]) to above inequality yields the
desired result (3.10). O

Acknowledgments. The authors are very grateful to Prof. Julio G. Dix and
to the anonymous referees for their helpful comments for improving the original
manuscript. The corresponding author’s research is supported by the University
Scientific and Technological Innovation Project of Guangdong Province of China
(Grant No. 2013KJCXO0068).

REFERENCES

[1] I. Bihari; A generalization of a lemma of Bellman and its application to uniqueness of
differential equations, Acta Math Acad Sci Hunger, 7(1956), 71-94.

[2] W. S. Cheung; Some new nonlinear inequalities and applications to boundary value problems.
Nonlinear Anal. 64 (2006), no. 9, 2112-2128.

[3] Y. J. Cho, Y. H. Kim, J. Petari¢; New Gronwall-Ou-Lang type integral inequalities and their
applications, J. ANZIAM, 50 (2008), 111-127.

[4] F. Dannan; Integral inequalities of Gronwall-Bellman-Bihari type and asymptotic behaviourof
certain second order nonlinear differential equations, J. Math Anal Appl., 108 (1985), 151-
164.

[5] T. H. Gronwall; Note on the derivative with respect to a parameter of the solutions of a
system of differential equations, Ann. of Math., 20 (1919), 292-296.

[6] O. Lipovan; A retarded Gronwall-like inequality and its applications, J. Math Anal Appl.,
252 (2000), 389-401.

[7] Q. H. Ma, E. H. Yang; Some new Gronwall-Bellman-Bihari type integral inequalties with
delay, Periodica Mathemaica Hungarica, 44 (2002), 225-238.

[8] Q. H. Ma, J. Pecari¢; On some new nonlinear retarded integral inequalities with iterated
integrals and their applications, J. Korean Math. Soc., 45 (2008), No. 2, 331-353.

[9] B. G. Pachpatte; On new inequalties related to certain inequalities in the theory of differential
equations, J. Math Anal. Appl., 189 (1995), 128-144.

[10] B. G. Pachpatte; On some new nonlinear retarded integral inequalities, J. Inequal Pure Appl
Math., 5 (3)(8) (2004).

[11] J. Patil, A. P. Bhadane; Some new nonlinear retarded integral inequalities and applications,
Bulletin of Marathwada Mathematical Society, 14(1) 2013, 56-70.

[12] W. S. Wang; Some generalized nonlinear retarded integral inequalities with applications, J.
Inequal Appl., 2012, 31 (2012).

[13] W. S. Wang; A generlized retarded Gronwall-like inequality in two variables and applicaions
to BVP, Appl Math Comput., 191 (2007), 144-154.

[14] W. S. Wang, C. X. Shen; On generalized retarded inequality with two variables, J. Inequal
Appl., 9(2008).



18 S. HUSSAIN, T. RIAZ, Q.-H. MA, J. PECARIC EJDE-2014/256

[15] W. S. Wang; Some new nonlinear Gronwall-Bellman-type integral inequalities and applica-
tions to BVPs, J. Appl Math Comput., (2010).

SABIR HUSSAIN
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ENGINEERING AND TECHNOLOGY, LAHORE PAK-
ISTAN

E-mail address: sabirhus@gmail.com

TANZILA RIAZ
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ENGINEERING AND TECHNOLOGY, LAHORE PAK-
ISTAN

E-mail address: tanzila.ch@hotmail.com

QING-HUA MA (CORRESPONDING AUTHOR)
DEPARTMENT OF APPLIED MATHEMATICS, GUANGDONG UNIVERSITY OF FOREIGN STUDIES,
GUANGZHOU 510420, CHINA

E-mail address: gdghma@21cn.com

J. PECARIC
Facurry OF TEXTILE TECHNOLOGY, UNIVERSITY OF ZAGREB PIEROTTIJEVA 6, 10000 ZAGREB,
CROATIA

E-mail address: pecaric@element.hr



	1. Introduction
	2. Main Results
	3. Applications
	Acknowledgments

	References

