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HOLDER CONTINUITY OF BOUNDED WEAK SOLUTIONS TO
GENERALIZED PARABOLIC p-LAPLACIAN EQUATIONS II:
SINGULAR CASE

SUKJUNG HWANG, GARY M. LIEBERMAN

ABSTRACT. Here we generalize quasilinear parabolic p-Laplacian type equa-
tions to obtain the prototype equation

ur — div (g(‘DuDDu) =0,
|Dul
where g is a nonnegative, increasing, and continuous function trapped in be-
tween two power functions |[Du|90~1 and |Du|91~1 with 1 < go < g1 < 2.
Through this generalization in the setting from Orlicz spaces, we provide a
uniform proof with a single geometric setting that a bounded weak solution is
locally Holder continuous with some degree of commonality between degener-
ate and singular types. By using geometric characters, our proof does not rely
on any of alternatives which is based on the size of solutions.

1. INTRODUCTION

This article is intended as a companion paper to [I2], which proved the Holder
continuity of solutions to degenerate parabolic equations satisfying a generalized
p-Laplacian structure. Here, we examine the same question for singular equations,
but we refer the reader to [12] for a more detailed description of the history of this
problem.

Our interest here is in the parabolic equation

ug — div A(z, t,u, Du) =0 (1.1)

when there is an increasing function g such that
A(xat7u7£) 6 > OOG(|§|)’ (123‘)
|A(z, t,u, §)| < Crg([¢]) (1.2b)

for some positive constants Cy and Cp, where G is defined by

Glo) = | " g(s) ds,
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and we assume that there are constants gy and g; satisfying 1 < gg < g1 such that
90G(0) < ag(0) < 9:1G(0) (1.3)

for all ¢ > 0. For the most part, we are only concerned here with the case that
g1 < 2, but some of our results do not need this additional restriction, so we
shall always state it explicitly when it is used. Our results generalized those of
Ladyzhenskaya and Ural’tseva [15] and Chen and DiBenedetto [2 B], who proved
Holder continuity under the structure conditions

A(Ivtau7£) f > CO|£|pa |A(JC,U, €)| < Ol‘ﬂpil (14)

with p = 2 and p < 2, respectively. The structure is contained in this model as
the special case g(s) = sP~1, in which case we may take gg = g1 = p, but we consider
a class of structure functions ¢ much wider than that of just power functions. In this
way, we obtain a uniform proof of Holder continuity (with appropriate uniformity
of constants) for all p € (1,2] at once under the structure condition as well as
a proof of Holder continuity under more general structure conditions.

In [12], we have discussed our approach for a generalization of the case p > 2, so
we concern ourselves here with the points relevant to the generalization of the case
p < 2. It is known that solutions of this problem generally become zero in finite
time when p < 2 (see [7, Sections VII.2 and VIIL.3] for a more complete discussion
of this phenomenon) but not when p = 2 (because of the Harnack inequality, first
proved by Moser [19]), so our proof needs to take this behavior into account. In
addition, [8, Section 4] gives a Holder exponent which degenerates as p approaches
2; the proof must be further modified for p close to 2 if the Hélder exponent is
to remain positive near p = 2. Our method manages the whole range 1 < p < 2
uniformly for p away from 1. Although, as the authors point out in [9], this method
is more complicated analytically, it does handle the whole range easily and it is
quite simple geometrically.

We use the definition of weak solution given in [I2], which we now present. For an
arbitrary open set 2 C R™*!, we introduce the generalized Sobolev space W1 (),
which consists of all functions u defined on €2 with weak derivative Du satisfying

// G(|Du|) dx dt < co.
Q
We say that u € Cioe(Q) N WHE(Q) is a weak supersolution of (T.1)) if

OS—// ucptdxdt—i—// A(z,t,u, Du) - Do dx dt
Q Q

for all ¢ € C1(£2) which vanish on the parabolic boundary of Q; a weak subsolution
is defined by reversing the inequality; and a weak solution is a function which is
both a weak supersolution and a weak subsolution. In fact, we shall use a larger
class of ¢’s which we discuss in a later section.

Our method of proof uses some recent geometric ideas of Gianazza, Surnachev,
and Vespri [10], who gave a different proof for the Holder continuity in [2 [3]. While
[2) 3] examine an alternative based on the size of the set on which |u| is close to its
maximum, the method in [I0] use a geometric approach from regularity theory and
Harnack estimates. Here, we use this geometric approach along with some elements
of the analytic approach in [3].

The proof is based on studying two cases separately. FEither a bounded weak
solution w is close to its maximum at least half of a cylinder around (zg,tg) or not.
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In either case, the conclusion is that the essential oscillation of u is smaller in a
subcylinder centered at (zg,to). Basically, our goal is reached using the geometric
character of u with two integral estimates, local and logarithmic estimates ,
63).

In the next section, we provide some preliminary results, mostly involving no-
tation for our geometric setting. Section [3] states the main lemma and uses that
lemma to prove the Holder continuity of the weak solutions. The main lemma is
proved in Section [4 based on some integral inequalities which are proved in Section

Gl

2. PRELIMINARIES

Notation. (1) The parameters go, g1, N, Cp, and C; are the data. When we
make the additional assumption that g; < 2, we use the word “data” to denote the
constants gg, N, Cy, and Cf.

(2) Let K} denote the N—dimensional cube centered at y € RY with the side
length 2p, i.e.,

KY .= RMN Lyt < pl.
p={r €RT: max [of —y'| <p}

(Here, we use superscripts to denote the coordinates of x; we’ll use subscripts to
indicate different points.) For simpler notation, let K, := Kg. We also define the
spatial distance | - |o by

_ —_ i 0
|2 = Yloo = max |z* —y'|.

In fact, all of our work can be recast with the ball
— N .
BY={zeRY iz —y| < p},

where |z — y| is the usual Euclidean distance, in place of K} with only slight
notational changes. There is no significant reason to use cubes rather than balls in
the degenerate case, but the method used in [2 [3] requires that cubes be subdivided
into congruent smaller subcubes, and the corresponding decomposition for balls is
much more complicated. In this work, no such decomposition is needed.

(3) For given (z9,ty) € RV*1, and given positive constants 6, p and k, we say

Ty p(0) := okQG(%)’l,

Qi1(0) := K3° x [to — Tk, o),
Q1 (6) = QL2(6).
The point (z,to) is called the top-center point of Qif’lf‘) (6). We also abbreviate

Tk p =T p(1), Qi?,;to = i?,;to(l), Qrp = Qr,p(1).

Geometry. We refer the reader to [12] for a discussion of our choices of notation,
but we do recall that if w is any function defined on an open set {2, then for any
positive number w and any (g, tp) € €2, there a number R such that

Zo,to
Q4R C Q.
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Useful inequalities. Because of the generalized functions g and G, we are not
able to apply Holder’s inequality or typical Young’s inequality. Here we present
essential inequalities which will be used through out the paper, all of which were
proved in [12].

Lemma 2.1. For a nonnegative and nondecreasing function g € C[0,0), let G be
the antiderivative of g. Suppose that g and G satisfy (1.3). Then for all nonnegative
real numbers o, o1, and o2, we have

(a) G(0)/o is a monotone increasing function.
(b) For 8> 1,

p*G(o) < G(Bo) < 5 G(o).
(¢) For0 < g <1,

B7G(o) < G(fo) < *G(0).

(d) 019(02) < 019(01) + 029(02).
(e) (Young’s inequality) For any € € (0,1),

o19(02) < €79 g1G(01) + €91G(02).

Lemma 2.2. For any o > 0, let

Then we have

for any B > 1.

Our next result concerns some inequalities about integration of a function over
various intervals. We shall use these inequalities in the proof of the Main Lemma.
This lemma is probably well-known, but we are unaware of any reference for it.

Lemma 2.3. Let f be a continuous, decreasing, positive function defined on (0, 00).
Then, for all § and o € (0,1), we have

/f6+sds< / F(6+s)d (2.1)
If, in addition, for all 8> 1 and o > 0, we have

Bf(Bo) = f(o), f(Bo) < f(o), (22)
then, for all § € (0,1), we have

5 9 o
/0 fO+s)ds < T Im(1/3) intgf(d + s)ds. (2.3)
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Proof. To prove (2.1), we define the function

1 o
F(o) :0/ f(5+5)ds—/ f(d+s)ds.
0 0
Since
1
Fi(o)= [ f6-+5)ds— f(5+0)
0
and f is decreasing, it follows that F” is increasing so F' is convex. Moreover
F(0)=F(1) =0,

so F(o) <0 for all o € (0,1). Simple algebra then yields (2.1)).
To prove (2.3), we first use a change of variables to see that, for any j > 1, we
have
246 36 5
f(0+s)ds = f((j+1)5+a)da:j/ f((G+1)d+js))ds.
Jé 0 0
Since (j +1)d +js < (j +1)(6 + s) and f is decreasing, we have
246 s
f(0+s)ds Zj/ F((G+1)(6+s))ds
0

jo

and then (2.2)) gives

jo

256 . Py
J
/J f((HS)dSZjﬁ/o f(6+ s)ds.

We now let J be the unique positive integer such that 277 < § < 2!~/ and we take
j=2"withi=0,...,J — 1. Since j/(j + 1) > 1/2, it follows that
s 2i+1s
/ f(6+s)ds§2/ f(o+s)ds.
0 21§
Since
2+l

P J—1
f(é—i—s)ds:/o f(5+8)d8+2/_6 f(6+s)ds,
i=0 72"

275
0

we infer that
276 1 5
FG+s)ds > [1+ §J]/ F(5+s)ds.

0 0

The proof is completed by noting that J > In(1/5) and that

276

1
/ f(O+s)ds > f(0+s)ds.
0 0
(Il

Note that condition (2.2)) is satisfied if f(0) = o~P with 0 < p < 1, in which case
this lemma can be proved by computing the integrals directly.
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3. BASIC RESULTS AND THE PROOF OF HOLDER CONTINUITY

In this section, we prove the Holder continuity of solutions of for singular
equations (that is, equations with g1 < 2) and for degenerate equations (that is,
equations with go > 2). Our proof is based on some estimates for nonnegative
supersolutions of the equation, and these estimates will be proved in the next
section.

Our Main Lemma states that a nonnegative supersolution v of a singular equa-
tion is strictly positive in a subcylinder if u is near to the maximum value in more
than a half of cylinder.

Lemma 3.1 (Main Lemma). Let w and R be positive constants. Then there are
positive constants § and i, both less than one and determined only by the data such
that, if u is a nonnegative solution of (1.1)) in

Q = Qsuon(’)
with g1 <2, and
QN {u< Y <30l (31)
then
essinfo u > pw, (3.2)

with Q = Quw,R/Q'

We shall prove this lemma in the next section. Here we show first how to infer
a decay estimate for the oscillation of any bounded solution of ([1.1)).

Lemma 3.2. Let Cy, C1, go, 91, p, and w be positive constants with Cy < C1 and
1 < go £ g1 < 2. Then there are positive constants o and A, both less than one and
determined only by data such that, if u is a bounded weak solution of in Qu.,p
with
essoscq,, , U S w,
then
ess0SCQ,, , U < Ow. (3.3)

Proof. We begin by taking § and u to be the constants from Lemma [3.1] and we set

1 (2—g0)/
0_:1_”7 )\:7(&) 90 gol
4 \o

From the proof of Lemma it follows that p < 1/4, so p/o < 1. We also
introduce the functions w; and us by

wy =u— inf u, Uy =w—uj. (3.4)
w,p
It follows from Lemma [2.1|(b) that
ow\2 ., 0w\ -1 wy—1
3(—) G(— <W?G(=),
(E)a() " cwa(®)
and hence the cylinder Q from Lemma is a subset of Q. , provided R = p/2.
There are now two cases. First, if

Q0w < )| < Sl
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then we apply Lemma [3.1] to u; and hence

essinfg uy > pw.
Since

ess Supg U1 < w,
it follows that

essoscg u = essoscg U1 < (1 — p)w = ow.
On the other hand if )
w
QN {u < §}| 2 §|Q|7

then )
w

and an application of Lemma to us implies once again that

IN

essosco U < ow.
Since 4\p/o < 1, we infer from Lemma [2.1](c) that
9 OWN—1 9~ rdpw, —1
ow)*G(— < (w)*G(—) .
(w?6(5) " < ()G ()

Since A < 1/4, it follows that Qsw, »p is a subset of the cylinder Q from Lemma
and (3.3]) follows. O

For any real number 7 and any function u defined on an open subset Q of RV+1,
we define

U
ITle = W? (3.5a)
where
U = essoscq u. (3.5b)

With this time scale, we define the parabolic distance between two sets such Ky
and Co by
distp(Kq; Ke) == inf max{|z — y|eo, [t — slc}-
(z,t)EX,
(y,5)EK2, s<t

(Note that, strictly speaking, this quantity is not a distance because it is not sym-
metric with respect to the order in which we write the sets. Nonetheless, the
terminology of distance is useful as a suggestion of the technically correct situa-
tion.)

The proof of [I2] Theorem 2.4] immediately yields a modulus of continuity in
terms of G and a Holder continuity estimate.

Theorem 3.3. Let u be a bounded weak solution of with in Q, and
suppose 1 < go < g1 < 2. Then wu is locally continuous. Moreover, there exist
constants v and o € (0,1) depending only upon the data such that, for any two
distinct points (x1,t1) and (x2,t2) in any subset Q' of Q with distp(Y'; 0,) positive,
we have

|z1 — 2| + |ty —tzlc;)a

— <
[u(z1, t1) “(”32@)'*7[]( dist p (5 9pQ2)

(3.6)
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In addition (with the same constants),

|x1—xﬂ++uanwxﬂm»—mPMau1—tﬂ”“})a

[u(as, ) — u(z, t2)] < U ( (TR

(3.7)

For initial regularity, we have the following variant of Lemma Note that this
lemma is essentially the same as [7} Proposition IV.13.1] (the result is mentioned
only indirectly in [3]), but the proof is much simpler. To simplify notation, we
define the cylinders

zo.to " k-1
CR0) = K5 x (o, to + 0RG () 1), Qia(0) = QERO),

and we set Q;R = zR(l). With vy the constant from Proposition and U a
given constant, we also define Qr(U) to be the cylinder QF »(v0/9).

Lemma 3.4. Let Cy, C1, go, g1, p, and w be positive constants with Cy < Cy and
1 < go < g1. Suppose also that u is a bounded weak solution of (1.1]) in Qip with

ess 0SCoH+ U < w.
w,p
Then there is a constant A € (0, 1), determined only by data, such that

essoscot, U <, (3.8a)

where
, 5
w' = max{gw, 3ess0SCx, x {0} U} (3.8b)

Proof. We begin by setting
Wo = eSS OSCk, x {0} U-

If w < 3wp, then w’ = 3wy. We now perform some elementary calculations to show
that Q:f, 2 C Qj;’p if A is small enough. First, since w < w’ and A < 1, we can use
Lemma c) to infer that

w Aw w' W’
G() < (U)%G(Tp) <ANG(3).
If A\ <919 then we have
w 1w
G() =56(5,)
Since wg < w, it follows that w > %w’ and therefore
— 1 Wy —1
2G g 1 > / 2G dl ,
26() " 2 Jwrac®)
SO )
2G(9) 7 > Whre()
26(9) " 2 WG
Hence A < 971/9 implies that QI,7 p C QF , and therefore is valid.

If w > 3wy, we take 1y be the constant from Proposition [£:4] This time, we set
R = £p, and we note that QI/MR(VQ) C QF ,- To proceed, we define

ulzu—essianJr u, Uy =w — Uq,
w/3,2R
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and we set k = w/3.
We consider two cases. First, if

2
eSS SUP g, x {0} U1 < 39 (3.9

then u; > k on Kog x {0}. We then apply Proposition to up in Q;:2R(l/0) to
infer that

. k
essme;R(VO) uy > 5

It follows that

5
eSS OSCot (1) U <w-— 5= 6(4}. (3.10)

If (3.9) does not hold, then some straightforward algebra shows that
eSS SUPf, 1, x {0} U2 < gw,

so we can apply Proposition to ug, again obtaining (3.10)).

To see that (3.10)) implies (3.8), we examine separately the cases w’' = %w and
w' = wp. In both cases, we see that A\p < Rif A < %

In the first case, we observe that A < 1 implies that 5/(6)A) > 5 > 1. If, in
addition,

§ 4& 1/90
As 6( 25 ) ’
we conclude that
w 6\ go -, DW dvy ., dw
G(;) < (g) G(a) < EG(E)’

and hence Qi/, a C Q$ () in this case. Combining this observation with (3.10)
gives (3.8).

In the second case, we observe that w’ > %w, so A < % implies that

w AWy go W'
6(%) < ()ra()
If also 5
QP19
A< ()7
Then we have
w AW go W
G =(5)76(5)
5A go (.Ul
<(yra)

1,5\2 W
<35 VOG(/Tp)

since (5/6)%/9 > 1/17. Tt follows again that QI/,Ap C Q;R(Vo) and hence we obtain
(3-8). Combining all these cases, we see that the result is true with

A =min{=, =(—2)Y9%}

since 97190 > 1/9. O
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From this lemma, we infer a continuity estimate near the initial surface. We
recall from [I8] that B is the set of all (xo,t9) € OpS2 such that, for some positive
numbers 7 and s, the cylinder

KTQ,:U X (to,to + S)

is a subset of 2. We also define the initial surface B2 of 2 as in [I2] to be the set
of all (zg,t9) € BQ such that K, x {tx} C 9p2 for some 7' > 0. As noted in [12],
B’ need not be the same as BQ.

For (z9,t0) € B'Q and w > 0, we write dist(xq, to) for the supremum of the set
of all numbers r such that Q' C @ and K% x {0} C 9pQ.

Theorem 3.5. Let u be a bounded weak solution of in Q, and suppose 1 <
go < g1 < 2. Suppose also that the restriction of u to B'S) is continuous at some
(zo,t0) € B'Q2. Then u is locally continuous up to (xg,to). Specifically, if there is
a continuous increasing function @ defined on [0, distg(xo,to)) with ©(0) =0,

%@(27") < a(r) (3.11)

for all r € (0,distg(zo, t0)/2), and with
|u(zo,to) — u(w1,to)| < &(|wo — 1))

for all x1 with |zg — x1] < distp(x to), then there exist constants v and a € (0,1)
depending only upon the data such that, for any (z,t) € Q with t > to, we have

|zo — x| + [to — t|G)C“
dist g(wo, to)
+ 3w (’y‘l‘o — l‘|o¢ + ’YdiStB(Jio,to)lia‘to - t‘%) .

[u(o,to) — u(z,t)] < ’YU( (3.12)

Proof. We start by taking wg = U and py = distg(xo, to). If (x,t) & QF %0t then

wo,pP0

the result is immediate for any o as long as v > 1. With A as in Lemma we
set ¢ = 5/6, and

e = min{ A, 30(2_90)/%}.

If (z,t) € QF-"0t then we define p, = A\"py. We also define w/, for n > 0

wo,pPo
inductively as w], |, = max{3w/,, 3w*(pn)}, and we set

+,z0,t
Qu = QL.
It follows from Lemma that essoscg, u < w}, but this estimate must be
improved. To this end, we set
5 -
Wy = Mmax { (é)nwo, Sw(pn,l)},
and infer from the proof of [I2Z, Theorem 2.6] that w], < w,, for n > 0. Hence
€ss 0sCq,, U < Wy

As before, we assume that x # x¢ and t # tg, so there are nonnegative integers n
and m such that

Pn+1 < [T — Zloo < P,
and

w -1 Wy —1
w;HG( ’”*1) <to—t| <wZG(=2) .
pm+1 pm
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With a; = logy /5(5/6), it follows that

5 n 2 — fo%S) ai - - ].
Gy < (At=)™, o) < 6(le0 - ol

Moreover, if we set 3 = e(2790)/9% and &, = ™wy, it follows that &, 1 < Wri1s
so (as in the proof of Theorem 2.4)

lto — tle > 8™ po.

For ap = loggz o, we infer again that

to—1 a

5, < (| 0 |G> 2w0
Po

In addition, for a3 = logz A (which is in the interval (0, 1]), we infer that

[to — th)"‘f’

pm = ( Bpo

Therefore,
B(pm) < @(ph=lto —117)-

And the proof is complete by combining all these inequalities and taking o =
min{ay, ag, az}. O

As in [I2 Theorem 2.5], condition (3.11]) involves no loss of generality in that any
modulus of continuity for the restriction of u to B’ is controlled by one satisfying
this condition.

4. PROOF OF THE MAIN LEMMA

Throughout this section, u is a bounded nonnegative weak solution of with
(1.2). The proof of Lemma is composed of four steps under the assumption that
u is large at least half of a cylinder @, 2r. First, Proposition@ gives spatial cube at
some fixed time level on which w is away from its minimum (zero value) on arbitrary
fraction of the spatial cube. From the spatial cube, positive information spread in
both later time and over the space variables with time limitations (Proposition
and Proposition . Controlling the positive quantity 6 > 0 in T} ,(6) is key
to overcoming those time restrictions. Once we have a subcylinder centered at
(0,0) in Q. 4r with arbitrary fraction of the subcylinder, we finally apply modified
De Giorgi iteration (Proposition to obtain strictly positive infimum of u in a
smaller cylinder around (0, 0).

4.1. Basic results. Our first proposition shows that if a nonnegative function is
large on part of a cylinder, then it is large on part of a fixed cylinder. Except for
some minor variation in notation, our result is [7, Lemma 7.1, Chapter III]; we refer
the reader to [12] Proposition 3.1] for a proof using the present notation.

Proposition 4.1. Let k, p, and T be positive constants. If u is a measurable
nonnegative function defined on @ = K, x (=T,0) and if there is a constant vy €
[0,1) such that

QN {u <k} < (1-m)lQ],

1%
e (—T,—2 ! T)

-1

then there is a number
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for which
v
{z e K, u(z,n) <k} <(1- —21)|Kp|.

Our next proposition is similar to [7, Lemma IV.10.2].

Proposition 4.2. Let v, k, p, and 0 be given positive constants with v < 1. If
g1 <1, then, for any € € (0,1), there exists a constant § = 6(v, €, 0, data) such that,
if u is a nonnegative supersolution of (L.1) in K, x (—7,0) with

He e K, :u(z,—7) <k} < (1—-v)|K,| (4.1)
for some
< 0(6k) G( p) : (4.2)
then

Hz e K, :u(z,—t) <k} < (1—(1—e)|K,|
for any —t € (—7,0].
Proof. The proof is almost identical to that of [I2], Proposition 3.2]. With ¥ defined
as
k
v =" )
P\ TT Ok —(u—k)_ /)

we note that §k|¥’| < 1. It follows that

| D¢
\I//

(W2G (=) < (0k[W'))* 7% (3k) > G (9K DC])

<o 9 (0k)°G (?) .

Arguing as in the proof of [12], Proposition 3.2] (and noting that 29* > 1) then
yields

// h(w2)|\p||x1/’|2G(‘D<|)dxdt
—r Ik, ||
<290k (5%(In2)?) (j In2)o 9" | K|
H(j*(In2)%)
jln2

< 2910 o 9 |Kp|
for any s € (0, 7). This inequality is the same as [12], (3.4)].

Since the remainder of the proof of [12], Proposition 3.2] is valid for the full range
1 < go < g1, we do not repeat it here. O

Our next step should be a proposition concerning the spread of positivity over
space analogous to [12, Proposition 3.3]; however, because we need a much stronger
result here, we defer its discussion to the next subsection. Instead, we present a
modified DeGiorgi iteration with generalized structure conditions , which was
proved as [12] Proposition 3.4]. Basically, our Proposition is equivalent to [7,
Lemmata I11.4.1, I11.9.1, IV.4.1]. We point out in particular that [7, Lemma IV.4.1],
which is the same as [2, Lemma 3.1], follows from our proposition by taking 6 = 1,
k=w/2™ and p = (2™F! Jw)~P)/PR.
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Proposition 4.3. For a given positive constant 0, there exists vy = vo(0, data) €
(0,1) such that, if u is a nonnegative supersolution of (L.1)) in Qg 2,(0) with

{(z,1) € Qr.2o(0) : uw,t) <k} < v0|Qr2p(0)] (4.3)

for some positive constants k and p, then

N |

essinfq, (o) u(z,t) >

We also recall [I2, Proposition 3.5], which will be critical in our proof of initial
regularity.

Proposition 4.4. There exists vy € (0,1), determined only by the data, such that,
if u is a nonnegative supersolution of (L.1) in Qx 2,(6) with

[{(@,6) € Quay(8) s ulw, 1) < K} < 2 [Quay(6)] (4.4a)
for some positive constants k, p, and 0 and if
u(z, =Tk 2,(0)) > k (4.4b)
for all x € Ky, then
essinfre, x (7 .,,(0),0) U = g

4.2. Expansion of positivity in space. Throughout this subsection, v, vy, p,
and k are given positive constants with v, vy < 1. Also, to simplify notation, we set
k2, k-1
T=(=)G(=—) .
(5)6(s)
We assume that  is a nonnegative supersolution of (1.1 in K5, x (=T, 0) such
that

{z € Kap tu(z,t) < 2} < (1= v)| Koy (4.5)

N |

for all t € (—T,0).

We wish to prove the following proposition, which is a generalization of [7]
Lemma IV.5.1]. In fact, this lemma is not the complete first alternative as de-
scribed in that source; we single it out as the crucial step in that alternative.

Proposition 4.5. Let v € (0,1) and vy € (0,1] be constants. If g1 < 2 and if u
is a nonnegative supersolution of (L.1) in Ko, x (—=T,0) which satisfies (4.5, then
there is a constant 6* determined only by v, vy, and the data such that

0%k
{z € K, : u(x,t) < 7}‘ < VK| (4.6)
for allt € (=T1,0), where
k2, ky-1

Our proof follows that of [7, Lemma IV.5.1] rather closely with a few modifica-
tions based on ideas from [I7), Section 4]. In addition, our proof shows much more
easily that the constants in [7, Chapter IV] are stable as p # 2.

Our first step is as in [7, Section IV.6]. We show that u satisfies an additional
integral inequality, which is the basis of the proof of Proposition Before stating
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our inequalities, we introduce some notation. For positive constants x and § with
k < k/2 and § < 1, we define two functions @, and ¥, as follows:

@R (14 8k —s
(o) = /0 é(t%)n_s)ds, (4.82)
V(o) =[5 55&‘2}“_ 5 (4.8b)

We also note that there are two Lipschitz functions, ¢; defined on Ky, and (o
defined on [—T, 0], such that

¢1 = 0 on the boundary of K, (4.9a)
Cl =1in Kp, (49b)
1
|DGi| < F in Ko, (4.9¢)
{z € Ky, : (1(x) > €} is convex for all € € (0, 1), (4.9d)
G(-T) =0, (4.9¢)
CQ =1on (7T1,0), (49f)
y 2.2 .k
0<¢ < (E> G(;) on (=T,0). (4.9g)
Let us note that it’s easy to arrange that ¢4 > 0 and that
1 k2 , k-1 ke , k-1
—>(z)G(=—=) —-(3)G(-) .
L rag) - dreld)
Since Lemma [2.1[b) implies that
k k k
G(—)>29G(=—) > 2G(=—),
&)z 6L 2 00(8)

we infer the second inequality of (4.9g)).
Also, we introduce the notation D~ to denote the derivative

D™ f(t) = limsup w
h—0+t h
With these preliminaries, we can now state our integral inequality. Our proof
of this inequality is essentially the same as that for [7, Lemma IV.6.1]; the new
ingredient is a more careful estimate of the integral involving (; (which we denote
by I4). In this way, we obtain an estimate which does not depend on p — 2 being
bounded away from zero, which was the case in [7 (6.9) Chapter IV].

Lemma 4.6. If g1 <2 and if u is a weak supersolution of (L.1) in Ky, x (=T,0)
satisfying (4.5)), then there are positive constants v and 7o, determined only by v,
vy, and the data such that

D_( D, (u(x, )¢z, t) da?) + ’yo/ W90 (u(x,t))((x,t) de < | Ka,| (4.10)
K, Kap
for allt € (-=T,0), where
4= 90/(90 = 1). (4.11)
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Proof. With
. (14+0)r—(u—r)_
= 2

9

we use the test function
(A +0)k—(u—k)-)
G(u*)
in the weak form of the differential inequality satisfied by u to infer that, for all
sufficiently small positive h, we have

L+1L<I3+ 14

with

n- |
K

By (u(w, 1))C (1) dar — / By (u(w, t — h))CI (it — h) da,

2p Ksp

N 1
b= [ [ wnpu-n-enag—

—h JKs,

o

I; = q/t DC(I‘,T)ACq_l(m, T) (1 + (S)H - (U — Fé)f dx dT,

t—h JK,, G (u*(z,7))
t
I, = q/ / @, (u(x, 7))z, )¢ (2w, T) da dr,
t—h KQP
and A evaluated at (z, 7, u(z,7), Du(z, 7)) in Iy and I3. We now use ([1.2a)) and the
first inequality in (|1.3) to see that
! G(|D(u — k) (z,7)|)
I, > C -1 / Uz, T ’ dx dr.
2 0(90 ) o h KQPC ( ) G(U*({L‘7T))

Also, (L.2B) and Lemma [2.1]e) (with oy = (¢C1/Co)|D¢(z,7)|pu*(z,7), 02 =
[D(u— k) (x,7)], and € = ((,7)(g0 — 1)/(291)) imply that

(1+0)k—(u—k)-

qDC(I,T) ! A($7T7U7Du)<q71(‘r,7—) G(u*(x 7_)) S Jl + J2
with
_ o =1 rq—g1 G(@(C1/Co)| D¢ pu*)
Jr=g] (ﬁ)g e Glu) )
g2 = 5Colgn ~ 1 AL,

From our conditions on ¢ and because ¢ > 2 > g1, we conclude that there is a
constant 71, determined only by data, such that J; < 71, so

1
I3 < y1h| Ky, + 512~

Next, we estimate ®,. Since k < k/2 and ¢ € (0,1), it follows that, for all s €
(0, (u— K)_), we have (1 + §)k — s < 2k and hence

G((l—l—g)p/i—s) ((1+g;:u—5)2G(/;).

Y
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It follows that
k

. (u) < 4k2G(p

o1 - k\—1
) / [(146)k —s] ' ds = 4I<:2G(;) W, (u),
and therefore
I, < 16q/ / u(z, 7))¢1 @, 7) do dr.
t—h J K,

Combining all these inequalities and setting

2, ) CUD =)@ ))
Igl/tthpc 7) dvd

G(u(x,7))
Iy = / / u(z,7))C4 Y x, 7) de dr
t—h J K,
yields
1
Il + 500(90 — 1)]21 S ’ylh|K2p‘ + 16qI41. (412)

Our next step is to compare
t
Iy = / CUx, 7))V (u(z, 7)) dx dr
t—h sz

with I5;. To this end, we first use Lemma with ¢ = ({, v = (u — k)_, and
p = go to conclude that there is a constant v determined only by the data and v
such that, for almost all 7 € (¢t — h,t), we have

¢, ) U (u(x, 7)) dz < 72p% ¢, 7)| DV (u(z, 7)) do.  (4.13)
K3, Kap
(Of course, we have multiplied (5.4) by ¢(7) here.) Now we use the explicit ex-
pression for ¥, to infer that
Du—kr)_(x,7 Du—k)_(z,7
Do) = PO DR (2.7)]
2u*(x, T) u*(x,T)
Whenever |D(u — k)_(x,7)| < u*(z,7), we conclude that
PP | DV (u(z, 7))[7 <1

and, wherever |D(u — k)_(x,7)| > u*(x,7), we infer from Lemma [2.1| that

90 u(x,T))]%° G(ID(u = k) (2,7)])
p%|D¥, (u(z,T))|% < Gu*(z,7))

It follows that, for any (x,7), we have
G(D(u— k) (x,7)])
Gu*(z,7))
Inserting this inequality into (4.13]) and integrating the resultant inequality with
respect to 7 yields

PP |DW s (u(x, 7))[% < 1+

Iz < y2(l21 + h|K2p)).
By invoking (4.12)), we conclude that

L + 700(90 — 1) < (71 + 700(90 - 1))h|K2p| + 16q14;:.

We now note that

U, ()70 = (U0 (u)¢) M,
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so Young’s inequality shows that
U (u)¢hh < W (u)(? 4271
for any ¢ € (0,1). By choosing ¢ sufficiently small, we see that there are constants
o and v such that
Il + "}/0]2 S ’yh|K2p|
To complete the proof, we divide this inequality by h and take the limit superior
as h — 0T, O

Our next step is to estimate the integral of (¢ over suitable N-dimensional sets
with ¢ defined by (4.11). Specifically, for each positive integer n and a number
d € (0,1) to be further specified, we define the set

K, n(t) ={z € Ky, : u(z,t) < 6"k}
and we introduce the quantities
1
A= [ Catde, Vo= swp Ao
|K2p| Kpn(t) —-T<t<0

We shall show that, for a suitable choice of ¢ (which will require at least that
6 < 1/2) and n, we can make Y, small. In fact, based on the discussion in [7]
Section 7 Chapter IV], we shall find ng and 6 so that Y,,, < v. In fact, our method
is to estimate A, 1(t) in terms of Y,, for each n.

We first estimate A, (¢) if

D*( gq(x,t)%k(u(x,t))dx) > 0. (4.14)
Ko,

(This is the case [7, (7.5) Chapter IV].) Our estimate now takes the following form.

Lemma 4.7. Let v and vy be constants in (0,1). If (4.14) holds, then there is a
constant oy, determined only by v, vy, and the data, such that § < &g implies that

Anyi(t) < v (4.15)
Proof. On K, ,+1(t), we have
(1+0)67k
\I/ n = 1
k(@) = [
(1+6)57k
>1
= [(1 F0)onk — (0n 1k — 5%)_]
Lt
25

It follows that

1+6\9
(m 7) (e, t) dx < U, 1) Wsnp,(u(z, 1)) da.
20 Kpnt1(t) Kpnt1(t)

By invoking (4.10) and (4.14)), we conclude that

1+0N\—
/ o tyde < 2 (= 2) .
Kpnt1(t) 0 20
By choosing g sufficiently small, we infer (4.15]). O

Our estimate when (|4.14) fails is more complicated, as shown for the power case
in [7, Section IV.8].
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Lemma 4.8. Let v and vg be constants in (0,1). There are positive constants 01
and o < 1, determined only by v, vy, and the data, such that if

1)‘*( gq(x,typénk(u(x,t))dx) <0 (4.16)
Ko,

for some § € (0,01) and if Y,, > v, then
Api1(t) < oYy, (4.17)

Proof. In this case, we define

t, = sup {7’ e (-T,t): D7< Cq(I,T)(I)gnk(U(LE,T))dI) > O}

K,

(and note that this set is nonempty). From the definition of ¢, we have that

¢z, t)Psnpu(z,t)de < Cl(x, ty)Psnpu(z, ty) da. (4.18)
Ko, K,

It follows from Lemma [4.6] and the definition of ¢, that

Cq(x’ t*)qjggku(xv t*) de < C‘K2P|a
sz

with C' = 7/70. Now we set
K. (s)={x € Ky : (u—0"k)_(x,t,) > sd"k}
for s € (0,1), and
Ii(s) :/ ¢z, ty) de.
K. (s)

As in the proof of Lemma [4.7] we have that

140
OJ Jte)) > In ——
seau, 1)) 2 -0
S0 5
1+ —90
< _— . .
h@)_o(m1+§_s) K| (4.19)
Moreover, if x € K,(s), then
u(z,ty) < (1 —8)0"k < 5"k,
and hence K,(s) C K, n, so
I(s) < Y,|Ks,|. (4.20)

We now define
Sy = [1 — exp ( — (?)1/5]0)] (1+494,),

with 0. € (0,1) chosen so that s, < 1. Since Y,, > v, a simple calculation shows
that

146 —90 1
In—— < -Y, 4.21
C(an*s) =gn (4.21)
for s > s, provided § < 6.
Next, we set
I, = CUm, ts)Psng (u(z, ty)) do

Kgp
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and use Fubini’s theorem to conclude that

"k n
_ X{(smk—u)+>s} (L +0)0"k — s)
I, = Cq(%t*)(/ (143)5"k—s ds) de
sz 0 G(g,—)

(14 06)0"k — /
Z/ T CUm, L)X { (57 h—u)+>s5} dx) ds
(140)é"k s
0 G(ip

Using the change of variables 7 = s/(0"k ), we see that

1
(1+96)—7
I = / SR TN Cq(x7t*)x{(6nk—u)+>5"k7'} dz ) dr
, Gt e, )
1
/ (1+9)—7
= —————I1(7)dr.
ok 6—T1
0 GG

Combining this equation with (4.19)), (4.20)), and (4.21)) then yields
 (146) - 1Y (1+49) -
IQSYn|K2p||:/ %0%_,_,/ H#dr].
o G s. G

(6"1@(12-;6—7—)) 9 (6"1@(12-;6—7—))

‘We now define the function

-
() = —5me
G( 2p )
and we set o, = 1 — s,. Using the change of variables s = 1 — 7 then yields
12 S Yn|K2p|ICa
with
1 1 O x
/C:/ f(6+s)ds+§/ £+ ) ds
o 0
Since

1 1 Oy
IC:/Of(5—|—s)ds—§/0 f(6+s)ds

it follows from (2.3]) that

1
K<(1- "7)/ F(6+s)ds
0
and therefore

U*
I < Y, Ko | 1 /‘f6+s

19

(4.22)

Our next step is to obtain a lower bound for I5. Taking into account (4.18)), we

have
&2/’ ¢, ) Dpnp (u(w, ) da
Kpnt1(t)

Next, for z < 6"k, we have

=" (14 6)"k — s
5k (2) :/ T
0 G
/Wk(lﬁ) (1+08)0"k—s
1+6)ork—sy “°
0 G

v
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1-6
= / f(0+s)ds
0

by (2.1), so
5
gy (u(w,t)) > (1 - m) /0 f(0+s)ds

for all € K, »41(t) and hence

§
L= (1- Hlj(l/&)(/xp,m(t) Oz, 1) dx)(/o F(5+5)ds).

In conjunction with (4.22), this inequality implies that

1—(0./2)
Ana(t) < 77 (2/(2+ 1n(1/5))Y"'

By taking d- sufficiently small, we can make sure that

_ 1 (04/2)
1— (2/(2 +1n(1/3,))

is in the interval (0,1). If we take §; = min{d.,d2}, we then infer (4.17) for
0 < 01. O

g

As shown in [7], if t, and ¢ are equal in this proof, we can infer (4.15]) very simply.
We are now ready to prove Proposition 4.5

Proof of Proposition[{.5 Since Y41 < Y, it follows from Lemmata and
that, for all positive integers n, we have

Apy1(t) < max{v,oY,}
for all t € (—T,0) and hence Y,,4; < max{v, oY, }. Induction implies that
Y, < max{v,c" "'V}

for all n. In addition Y7 < 1, so there is a positive integer ng, determined by v, ayg,
and the data such that V,,, < v.

Next, we recall that ( =1 on K, x (—11,0), and hence, for all t € (—T7,0), we
have

{z € K, : u(z,t) < 6™k} :/ ¢z, t)dx

{zeK,:u(x,t)<o6mn0k}

<

/ Cl(z,t)de <Y,,.
{z€K2,:u(x,t)<ém0k}

The proof is complete by using the inequality Y,,, < v and taking §* = 6™°. (]
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4.3. Proof of main lemma.

Proof. With § to be chosen, we use Proposition with k = w/2, p=2R, 1) = %,
and

dw\2 -, 0w\ -1
T =3(2)%G (==
32622
to infer that there is a 7 € (=T, —T/3) such that

w 3
’{m € Kogp:u(z,m) < 5}’ < Z\K2R|.

Next, we set v = i, p=2R, k=w/2, 7 =7, and § = 3. Since 7 <T and

T = 3(5/{)20(%)*1 < 3(5@2@(%)*1,

it follows that (4.1]) is satisfied, so Proposition implies that
ow 7
|{z € Kapr s u(x,t) < 7}] < g|K2R| (4.23)
for all t € (71,0) provided we take ¢ to be the constant from that proposition. (In
particular, § is determined only by the data.) Since 73 > T'/3, it follows that
ow\2 ., 0w, -1
nz(5)6GEgE

and hence (4.23]) holds for all
owy2 0w\ —1
t ( (X q e ,0).
e (- (e
Now we use Proposition with w = dw and v to be chosen, to infer that there
is a constant §* € (0, 1), determined only by the data and v such that

)
{o € Kr:u(e.t) < =7} < vlKorl (4.24)

for all
dwy2 0w, —1
te (- () 6(F) o).

Since G(‘SM—R/Q) < G(%") and 6* < 1, it follows that

(e = (et = (PR o(FRE)

We now take vy to be the constant corresponding to # = 1 in Proposition and
we set v = 27Ny, which determines 6*. Then (4.3)) is satisfied for k = §*6w/2 and
p = R/2. Proposition [4.3] then yields (3.2) with u = §*5/4. O

5. AUXILIARY THEOREMS

‘We now present the basic results used in the previous sections of the paper. Since
the results are either well-known or were proved in [I2], we just state the results
here.
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5.1. Local energy estimate. The local energy estimate is a fundamental inequal-
ity playing an important role in the proofs of several results, especially Proposi-
tion Proposition and Proposition We refer the reader to [12, Proposi-
tion 4.1] for a proof.

Proposition 5.1. Let G satisfy structure conditions (L.2]) in a cylinder Q, :=
K, x [to,t1], and let ¢ be a cutoff function on the cylinder Q,, vanishing on the
parabolic boundary of @, with 0 < ¢ < 1. Define constants r, s, and q by

1
r=1-——, s:g—o, and q=2g;. (5.1)
91 9
If u is a locally bounded weak supersolution of (1.1), then there exist constants co,
c1, and co depending on data such that

/pr{tl} Gr1 (C(u ; k/’)* ) (u _ k)i+2cq dx

+ o / [ apt—1-) GT—l(C“‘_pk)—)(u k) (Y da dt

<c //Q GT_1<<(u_pk)_)(u — k)SP2C ¢ da dt

T e //Q G (|DC|C(u—k)_) Gt (C(“pk)—)(u —k)® dedt

for any constant k.

We refer the reader to [I2, Proposition 4.1] for the corresponding result about
nonpositive subsolutions.

5.2. Logarithmic energy estimate. With the functions h and H defined in
Lemma the logarithmic energy estimate was proved as [12, Proposition 4.2],
which also contains the corresponding result for nonpositive weak subsolutions.

Proposition 5.2. Assume that G satisfies in a cylinder Kgr X [to,t1]. Let q¢ >
g1 and § € (0,1) be constants, and let ¢ be a cut-off function which is independent
of the time variable. Let u be a nonnegative weak supersolution of and let k
be a positive constant. Then

t1
/ H(¥?)¢?dx + Co(4go — 2)/ G(|Du|)h (V) (¥")2¢? dx dt
Krx{t1} to Kgr

(5.3)
ty
g/ H(\IIZ)(qu—i—C*/ h(m?)m(\p’m(@)gq—gl d dt
Krx{to} to JKr ‘\II |
where
. Co (299101 \* ot k
¢ _gl( Co ) , ()= Q+0)k—(u—Fk)_]

5.3. A Poincaré type inequality. For our proofs, we shall need the following
result which is [7, Proposition 1.2.1].

Lemma 5.3. Let Q be a bounded convexr subset of RY and let ¢ be a nonnegative
continuous function on € such that ¢ < 1 in Q and such that the sets {x € Q :



EJDE-2015/288 HOLDER CONTINUITY 23

o(xz) > k} are convex for all k € (0,1). Then, for any p > 1, there is a constant C
determined only by N and p such that

([ elopaz)”
Q

<C

(diam Q)N (54)

DvulPd
{x e Q:v(z) =0, s@(;p)—l}(Nl)/N(/Q‘:"' V| l‘)
forallv € Wwie,

Note that if the set {z € Q : v(z) =0, ¢(z) = 1} has measure zero, then (5.4)
is true because the right hand side is infinite.

5.4. Embedding theorem. Our next result is a variation on the Sobolev imbed-
ding theorem, which is just [12], Theorem 4.4].

Theorem 5.4. For a nonnegative function v € Wy (Q) where Q = K x [to, t1],
K c RY, we have

// vdxdt < C(N)|QN{v > 0}|ﬁ
Q

o by D)
X {esssuptoqql/ vdx] [// |Dv|dxdt] .
<tst | 0
5.5. Iteration. Finally, we recall [7, Lemma 1.4.1].
Lemma 5.5. Let {Y,,}, n =0,1,2,..., be a sequence of positive numbers, satisfying
the recursive inequalities
Y1 < Oy (5.6)

where C,b > 1 and a > 0 are given numbers. If
Yo < Cmwb7a,
then {Y,,} converges to zero as n — oo.
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