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ALGEBRAIC AND NUMERICAL EXPLORATION OF FREE
ENERGIES FOR MATERIALS WITH MEMORY

GIOVAMBATTISTA AMENDOLA, MAURO FABRIZIO, JOHN MURROUGH GOLDEN

ABSTRACT. We study the forms of a range of free energy functionals for ma-
terials with memory for two types of strain history, namely sinusoidal and ex-
ponential behaviours. The work deals with discrete spectrum materials, which
are those with relaxation functions given by sums of decaying exponentials.
Various standard free energy functionals are explored, including the minimum
free energy and related quantities. It is shown that quite different formulae are
obtained, depending on the manner in which these functionals are evaluated,
particularly for those related to the minimum free energy. Such differences
are resolved. Various numerical plots of free energies are presented and dis-
cussed, along with the rates of dissipation associated with them. This is the
first comprehensive exploration of quantitative comparisons between the vari-
ous free energy functionals. The results both illustrate certain properties that
have been deduced theoretically and expose an interesting proximity between
apparently unconnected functionals.

1. INTRODUCTION

Explicit algebraic representations of the minimum and related free energies have
been given for materials with memory which have constitutive equations for stress
given by linear functionals of the strain [16] [7], [T}, T4} T2, 17, 18] 2] over the past fif-
teen years. We consider for definiteness here only isothermal mechanical problems,
indeed those for solid viscoelastic materials. For simplicity (of presenting plots),
only the scalar case is considered. It must be emphasized however that similar
results can be given with little extra difficulty, at least in principle, for viscoelas-
tic fluids, non-isothermal problems, electromagnetism, non-simple materials etc. as
presented in the references noted above.

More classical examples of free energies were given and discussed in earlier ref-
erences, notably the Graffi-Volterra and Dill functionals [19], 2], 6 B]. There is
also a new free energy functional introduced more recently [8] which is an explicit
functional of the minimal state.

All discussion in these references has been in general algebraic terms, including
proofs of various properties of the free energy functionals. The purpose of the
present work is to present detailed algebraic and numerical representations of the
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various functionals noted above for particular examples of relaxation functions and
strain histories, in order to discuss their properties and the relationships between
them. It is shown that quite different formulae are obtained, depending on the
manner in which these functionals are evaluated, particularly for those related to
the minimum free energy. Such differences are resolved.

The discussion is confined to completely linear materials, namely those for which
the expression for the stress is fully linear, including the portion that does not
depend on memory, though in fact when developing the theoretical formulae, it
is necessary to assume only linear memory terms; the portion not depending on
memory may be non-linear.

A useful outcome of this work is to provide a compendium of completely explicit
elementary scalar formulae relating to a range of functionals that are often discussed
in the literature in very general terms.

2. A QUADRATIC MODEL FOR FREE ENERGIES

There are generally many free energies associated with a material with memory.
They form a bounded convex set with a minimum and a maximum element ([10]
for example). For a scalar theory with a linear constitutive relation for the stress,
the most general form of a free energy is

(1) / / E(5)Gha(s,w) EL (u) ds du,

Guals ) = 5o Gls,u), 6(1) = 3 CacE(1) >

Goo = G(oo,u) = G(s,00), Vs,u e RT,

where the current value of the strain function is E(¢) while the strain history and
relative history are given by

E'(s) = E(t—s), E(s)=E'(s) — E(t). (2.2)

The function G must be such that the integral term in (2.1]) is non-negative, which
is an expression of the very general requirement on free energies [3]

P(t) = (). (2.3)
Under certain mild restrictions on this quantity (for example [18]), we can deduce
the constitutive relations

T(t) = Go E(t / G (w) B! (w)du = GoE(t) + /0 TG WE Wdu,  (24)

where the relaxation function G(u) is defined by

G(u) = G(0,u) = G(u,0), Go= G(0),

2.5
G(0) = Gs, G'(00)=0 (25)
and the prime indicates differentiation with respect to the argument.
The fundamental relationships
b(t)+ D(t) = T(t)E(t), D(t) >0 (2.6)

express the first and second law of thermodynamics respectively. The quantity
D(t) is the rate of dissipation of energy associated with ¢ (t). Integrating (2.6]) over
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(—o0,t] yields that
¥(t) +D(t) = W(t), D(t) =0, (2.7)

where
W(t) = /_ T(w)Ew)du, D(t) = /_ D(u)du > 0. (2.8)

We assume that all these integrals are finite. The quantity W (t) is the work func-
tion, discussed further in later sections, while D(t) is the total dissipation resulting
from the entire history of deformation of the body.

Remark 2.1. As (t) increases in magnitude, it follows from that D(t)
decreases. From (2.6)), a similar statement applies to ¢(t) and D(t). However,
while the magnitude of ¢ is of immediate physical interest (in particular, given the
existence of a minimum and a maximum free energy), this is not necessarily true
in most cases for ¥(t). In contrast to D(t), we do not expect in general a clear
physical interpretation of any ordering of the magnitude of D(t).

However, there may be a close relationship between 1 (t) and zl}(t), such as occurs
for exponential histories. In this case, as we shall see below, 9(t) is equal to 2t (t),
where A > 0. Thus, any ordering of free energies gives rise to a similar ordering in
their derivatives and the reverse ordering in the associated rates of dissipation.

Remark 2.2. The quantities

¥(t) D(t)
Ry=—=~, Rp=—+ 2.9
PTwe T wa (29
can be regarded as measures of the total energy storage and total dissipation in
the material. They clearly obey the constraint Ry + Rp = 1. Plots of Ry, in a

particular context, are presented later (figure .

The rate of dissipation can be determined from (2.6) to be

1

D(t) = 3 /Ooo /0°° EL(s)[G121(s,u) + Giaa(s, u)|EL(u) ds du, (2.10)

where, as for G152 in , the subscripts on G indicate differentiation with respect
to the first or second argument. The quantity G must also have the property that
the integral in is non-positive.

A viscoelastic state is defined in general by the history and current value of
strain (E*, E(t)). The concept of a minimal state, defined in [11] and based on the
the work of Noll [22] (see also [B] [6l 20l [7, [2]), can be expressed as follows: two
viscoelastic states (EY, F1(t)), (EL, F2(t)) are equivalent or in the same equivalence
class or minimal state if

Ei(t) = Eq(t), /OOO G'(s+7)[E{(s) — Ei(s)]ds =0 V7 >0. (2.11)

A functional of (E*, E(t)) which yields the same value for all members of the
same minimal state will be referred to as a functional of the minimal state or as a
minimal state variable. We can replace the histories Ef, E%, E' in these statements
by the relative histories Fi,, ES , EL.

Remark 2.3. A fundamental distinction between materials is that for some re-
laxation functions, namely those with only isolated singularities (in the frequency
domain), the set of minimal states is non-singleton, while if some branch cuts are
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present in the relaxation function, the material has only singleton minimal states
8 2].

We will deal only with the simplest case of isolated singularities in this work,
namely discrete spectrum materials. These are characterized by relaxation func-
tions which, in the frequency domain, consist of a series of isolated simple poles on
the positive imaginary axis. In the time domain, such relaxation functions are given
by sums of strictly decaying exponentials. The simplest case of non-isolated singu-
larities is a continuous spectrum material [9, 2] for which the relaxation function is
given by integrals of density functions multiplying strictly decaying exponentials.

The limit of discrete spectrum materials where the simple poles are more and
more closely packed can be seen intuitively to be the continuous spectrum case.
One feature of this transition will be explored in the present work, namely that
noted in remark [3.11

2.1. Frequency domain quantities. Let 2 be the complex w plane and
QF ={weQ:Imw) eR"},

W ={weQ:Imw) e RT}. (212)

These define the upper half-plane including and excluding the real axis, respectively.
Similarly, Q~, W(=) are the lower half-planes including and excluding the real axis,
respectively.

For any f € L?(R), we denote its Fourier transform by

w) = /jo fee7tde,  fr e L*(R). (2.13)

It is often assumed in this context that f € L'(R) N L*(R) or has equivalent
properties on RE. If f is a real-valued function in the time domain - which will be
the case for all functions of interest here - then

frw) = fr(—w), weR, (2.14)
where the bar denotes complex conjugate. We have

frw) = fi(w) + f-(w),
/ fE)emrd, (2.15)

(W) = / fe)etde,  fy € L(RY).

The quantity f; is analytic in 7. For relevant functions in the present work,
we also assume that it is analytic on an open set including R and thus on Q7.
Similarly, f_ is analytic on Q7.

Functions on R which vanish identically on R~ are defined as functions on R*.
For such quantities, fr = fi = f. —ifs where f., fs are the Fourier cosine and
sine transforms

= /DO f(&) coswédé = fo(—w),
0 (2.16)
W) :/0 F(€) sinwede = — fo(—w).
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Thus,
Grlw) = @) = [ Glo)erds = Gllo) i) (27
The property of G’ that i
Jim iwG’ (w) = G'(0). (2.18)

will be required. Properties of G (w) include
G(w) <0 VweRT,

G(—w) = -G(w), YweR, (2.19)

the first relation being a consequence of the second law of thermodynamics [10, 2]
and the second being a particular case of (2.16)2. It follows that G%(0) = 0. We
also have [10], 2]

Goo —Go <0, Goo >0, (2.20)

the latter relation being true for a viscoelastic solid. The function G/, (w) is analytic
on Q7, as indicated after (2.15). This implies that any singularities are at least
slightly off the real axis into W (), which in turn means that G’ decays exponentially
at large positive times, though perhaps weakly.

Because G’ is real, we have from

G\ (w) = G (—w). (2.21)

This constraint in fact means that the singularities are symmetric under reflection
in the positive imaginary axis. It generalizes the property expressed by .

The quantity G (w) is analytic in QF, its singularity structure being a mirror
image, in the real axis, of that of G’ (w). Thus, G(w) has singularities in both
W) and W) which are mirror images of one another. Similarly, its zeros will
be mirror images of one another.

A quantity which will be of significant interest, particularly in the context of the
minimum and related free energies, is

H(w) = —wGi(w) >0, weR, (2.22)

where the inequality is a consequence of (2.19);. The quantity H(w) goes to zero
at least quadratically at the origin. It is assumed that the behaviour is in fact
quadratic, i.e. H(w)/w? tends to a finite, non-zero quantity as w tends to zero.

The non-negative quantity H(w) can always be expressed as the product of two
factors

H(w) = Ha (@) H_ (), (2.23)

where H,(w) has no singularities or zeros in W(~) and is thus analytic in Q.
Similarly, H_(w) is analytic in QF with no zeros in W), That such a factorization
is always possible was shown for general tensor constitutive relations in [7].

Using (2.18) and (2.22)), one can show that
Hy = lim H(w)=-G'(0) > 0. (2.24)

|w|—o0

We assume for present purposes that G’(0) is non-zero so that H., is a finite,
positive number. Then H(w) € RT* for all w € R, w # 0.
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The factorization (2.23)) is unique up to a constant phase factor. We put [16]
Hi(w) = Hy(-w) = Hy(w),

H(w) = [Ha ()] (225)

A general method is outlined in [I6] for determining the factors of H, though for
the case of discrete spectrum materials, one can deduce H. by inspection.

The factorization is the one relevant to the minimum free energy. We shall
require a much broader class of factorizations, where the property that the zeros
of Hy(w) are in Q) respectively need not be true. These generate a range of free
energies related to the minimum free energy, as discussed in subsection [3.5

3. DETAILED FORMS OF THE VARIOUS FUNCTIONALS

3.1. The work function. The work function (2.8); can be put in various forms
([2] and earlier references cited therein), including

W(t) = ¢(t) + 5 /000 b G12(|s — u|) EL(u) EL(s)duds

e (3.1)
o)+ 57 [ HE)EL @)Pde,

where B, is the Fourier transform of Ef, defined by (2.2); for s € RT and zero
for s € R™~. This transform is given by

E(t)

W™

Bl (w) = B (@) - (3.2)
and EY (w) is an example of 2. The notation w*, which will also occur in
below, was introduced in [16] and used in subsequent work. It implies that w
is moved slightly off the real axis to either of w + ie before integrations are carried
out and restored afterwards to achieve a finite result. The form given by 2 is
manifestly non-negative.

We see that W (¢) can be cast in the form by putting
Glg(s,u) :G12(|S—UD. (33)

Thus, W (t) can be regarded as a free energy, but with zero dissipation, which is
clear from 1 and . Because of the vanishing dissipation, it must be the
maximum free energy associated with the material or greater than this quantity, an
observation which follows from . Both of these situations can occur, depending
on whether the minimal state is a singleton or not [I7, [I8]. Clearly, of course, zero
dissipation is non-physical for a material with memory.

We now present functionals that are free energies provided certain assumptions
on the relaxation function are valid. Two examples of quadratic functionals will be
explored which are free energies only for a sub-category (though an important one)
of materials, namely those with the property

G'(s) <0, G"(s)>0, VsecRT. (3.4)

A third example (subsection below) requires complete monotonicity for G(s),
which means that [5]

(—)"GM(s) >0, n=1,2,..., (3.5)
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where G(")(s) is the nth derivative with respect to s. Relations clearly hold
for the forms of the relaxation function relating to discrete spectrum materials, as
described in section 4l Complete monotonicity is a stronger constraint than
but is also satisfied for discrete spectrum materials.

3.2. Graffi-Volterra free energy. Let us first present the Graffi-Volterra func-
tional [19] 211 [6], 5]

valt) =o) 5 [ GBI s (3.

The rate of dissipation associated with 1¢ can be determined from (2.6) to have
the form

pa(t) =3 [ " G (s) B (5)) s (3.7)

These quantities are non-negative under assumption . Thus is a free
energy if holds.

The Graffi-Volterra free energy is a functional of the minimal state if the material
is such that the minimal states are singletons, in other words, if the minimal state
is simply (E?, E(t)). This is not true for discrete spectrum materials [8, [17].

If the relaxation function G has the property that there exists a,, € R such
that

G"(5) + anG'(s) >0, secRT, (3.8)
then it is easy to show from (3.6 and (3.7 that
Da(t) = am[va(t) — o(t)). (3.9)

For the discrete spectrum case introduced in section [f] below, there is a minimum
inverse decay time o, > 0 and any choice a with the property that

0 < a<amin (3.10)

obeys (3.9). Property (3.9), which holds for all the free energy functionals consid-
ered in this work, is useful in certain theoretical contexts [8] [2].
If there exists aps € RTT such that

G"(s) + anG'(s) <0, seRT, (3.11)
then we have

De(t) < anlta(t) — 6(1)] (3.12)

For the discrete spectrum case, there is a maximum inverse decay time qy,x > 0
and a suitable choice of a s is any o € R™" such that

O > Omax. (3.13)

The functionals ¥ and D¢ can be put in the form (2.1) and (2.10) respectively
2.
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3.3. Dill free energy. The functional (cf. (2.1))

1 o0 o0
Yo (t) = ¢(t) + 5/ / G"(s1+ s2) Ef(s2) Ef(s1) ds1 ds2 (3.14)
o Jo
is a free energy with rate of dissipation ( cf. (2.10)) given by
DDill(t) = —/ / G”I(Sl + SQ)E:.(SQ)Eﬁ(Sl) dsi dsy (315)
o Jo

if and only if G is completely monotonic, as defined by (3.5]).
It can be shown that [1l 2]

Yo (t) < Ya(t), teR. (3.16)

The quantity 1piy is a functional of the minimal state.

If a quantity «,, obeys (3.10) and a,s obeys (3.13) thenE|

G"(5) + anG"(s) <0, G"(s)+ayG’(s) >0, scRT, (3.17)

which in turn yield
Dpin(t) = 2am[vpm(t) — ¢(t)] = am[vpm(t) — (1)), (3.18)
Dpin(t) < 2an[¢pim(t) — o(t)]. (3.19)

Relation (3.18)); is a stronger lower bound than (3.9)). However, (3.19)) is a weaker
upper bound than (3.12]).

3.4. An explicit functional of the minimal state. We now explore a functional
which is a free energy for materials with the property (3.4) and is a functional of
the minimal state. These results were first reported in [8]. Consider the quantity

- L[> [I(r)]?
vr(t) =¢(t) - 5 /O G'(1) ar, (3.20)
I'(r) = a%ﬁ(f), I'(r) = I(1, Ey),

with I(7, EL) defined by

I(1,EL) = /000 G' (1 +u)E (u)du = /000 G (1 +u)E'(u)du+ G(T)E(t), (3.21)

where
G(1) = G(7) — Guo. (3.22)
Note the property
lim I(7, E%) = 0. (3.23)
We have
I'(r) = / G" (1 4+ u)El (u)du = / G'(t+ u)%Et(u)du (3.24)
0 0

The integral term in (3.20) is non-negative by virtue of (3.4);. The quantity (G')~"
becomes singular at large 7 but this is cancelled by the numerator ([§] for example).

LThis can be demonstrated for any completely monotonic relaxation function using a general
representation for such functions [5 [6]. A simple version of the proof can be given using (4.1))
below.
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We shall see below how this is manifested for the forms of relaxation function of
interest here. The rate of dissipation is given by

Dot =IO L [ L
]

_ LN L, I g
=5 50) +§/0 & (1) g e > 0.

which can be deduced from (2.6). The non-negativity property is a consequence of

E3).
If (3.8) is true, then it follows that

Dp(t) = am[pr(t) — ¢(t)]. (3.26)

(3.25)

3.5. Form of the minimum and related free energies. It is shown in [IT]
17] that, for materials with only isolated singularities, one can write down many
factorizations of H(w), other than (2.23]). We have [I7]

H(w) = B ()H! (@), HL(w)=HL(-w) = HL(w), (3.27)

where f is an identification label distinguishing a particular factorization. These
are obtained by exchanging the zeros of H, (w) and H_(w), leaving the singularities
unchanged. Each factorization yields a different free energy of the form

wwzmw+i/mmMmﬁm

T (3.28)
3.28
- 2mi oy W —wT '
Defining
1 (o)
Kf(t) = — HY (w)E!, (w)dw = Tim [—iwp’ (w))], (3.29)
2 J_ o w—00
we can write the associated rate of dissipation in the form
Dy(t) = | K4 (1), (3.30)

All these free energies can be shown to be on the boundary of the convex set of free
energies associated with a given state of the material. Also, they are all functionals
of the minimal state. The factorization yields the minimum free energy
Um(t). Each exchange of zeros, starting from these factors, can be shown to yield
a free energy which is greater than or equal to the previous one.

A particularly interesting one, which we denote by ¥ (t), is obtained by inter-
changing all the zeros. This can be identified as the maximum free energy among
all those that are functionals of the minimal state. It is less than the work function,
which is not a functional of the minimal state for materials with only isolated sin-
gularities [2]. Also, it is not necessarily greater than the Graffi-Volterra free energy,
which is not a functional of the minimal state.

Remark 3.1. Some important differences between materials with only isolated sin-
gularities (in particular the discrete spectrum case) and those with branch points
(in particular the continuous spectrum case) were emphasized in remark An-
other is that for the latter case (branch points present), the functional ¥ () must
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be identified with the work function, which is an upper limit for all free energies.
For isolated singularity materials, we have

P(t) < Yu(t) < W(t), (3.31)

if ¢(t) is a functional of the minimal state. However, with increasing density of
singularities, we should have

Dar(t) — W(b). (3.32)

It will be shown later that this happens rapidly as the density of isolated singular-
ities increases. Associated with this is the property that Dys(t) — 0, where Dy (t)
is the rate of dissipation corresponding to 9/ (t).

Note that there are several (indeed many, for large n) different exchange path-
ways leading from the minimum to the maximum free energy.

It is not immediately clear from the general formulae introduced above that if
(13.8) and are true, then formulae corresponding to and follow.
However, we shall demonstrate in subsection below that equivalent or similar
properties hold for ¢y and Dy in the particular case of discrete spectrum materials.

An average of the quantities i, which we denote by 1, is a special case of
a quantity introduced in [I7] as a possible candidate for the physical free energy.
This is discussed in subsection [6.6

4. DISCRETE SPECTRUM MATERIALS

The form of the relaxation function considered here is that for discrete spectrum
materials which are discussed in remark 2.3
Consider a material with relaxation function G(t) of the form

n
G(t) =Goo + Y _Gie™™", Goo >0, (4.1)
i=1
where n is a positive integer. The inverse decay times o; € RT, i =1,2,...,n and

the coefficients G; are also generally assumed to be positive, this being the simplest
way to ensure the condition 1, which is clear from 3 below. We arrange
that oy < ag < az.... The quantities oy, and amay introduced in subsection [3.2
are given by

Qmin = ®1, Qmax = On. (4.2)
Differentiating yields
G'(t) = zn:gie_ait, gi = —a;G; < 0. (4.3)
i=1
Note that
9i
Gosz+;Gi=Gm—;a—i. (4.4)

From ([2.17)),

n n n

9i @igi 9i
=2 GUSLgim GWsel g 69

i=1 =1
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Relation (2.22) gives
2 S gi
= — ——— >0. 4.6
w) w ZEZI ot 2 (4.6)

This quantity can be expressed in the form [16]

- OOH{%“" (4.7)

a; —|—w2
where the 2 are the zeros of f(z) = H(w), 2 = —w? and obey the relations
11=0, a2<vysi<ai<~i.... (4.8)

5. SINUSOIDAL AND EXPONENTIAL HISTORIES

Our ultimate aim in this work is to give detailed expressions and numerical ex-
amples for the various free energies described in section [3] in the case of discrete
spectrum materials and for specified histories. Two types of history will be stud-
ied in detail, namely those with sinusoidal and exponential behaviour respectively.
The former are always of interest in applications. The latter are mathematically
convenient and, over short intervals of time, approximate linear histories.

One can approach this task from two different directions, which yield results
that are superficially quite different. Firstly, one can specialize to specific histories,
maintaining a general relaxation function. Interesting expressions emerge which can
then be specialized to the case of particular relaxation functions. Alternatively, one
can consider a particular relaxation function, for example, the discrete spectrum
form and determine expressions for general histories. These can then be specialized
to the specific histories of interest. It is fairly straightforward to reconcile the
formulae from the two approaches in most cases. This is not true however for
the quantities ¢4 (t), given by (3.28). It will be seen that some difficult algebra is
required to reconcile the formulae relating to these free energies.

Let us refer to the two approaches outlined above as (a) and (b).

For a discrete spectrum material specified by , we have (approach (b))

T(t) = GoE(t) +Zngt —ia;), (5.1)

where (2.4)2 has been used. Note that E’ (—ia) is the Laplace transform of E*(s)
which we will also denote by E% («). It is given by

E' (—ia) = E} (a) = / e” " E' (u)du. (5.2)
0
Also, the Laplace transform of E!(s) is defined by (see (3.2]))
> E(t
Et, (—ia) = Ety(a) = /O e~ B (u)du = EY, (—ia) — % (5.3)

5.1. Sinusoidal histories. Some formulae from [I} 2] for sinusoidal histories are
adapted to the scalar case, and presented below.
Consider a history and current value (E*, E(t)) defined by

E(t) = Eope™~' + Ege™™+',  E'(s) = BE(t — s), (5.4)
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where Ej is an amplitude and Ey its complex conjugate. Furthermore,
Wo=wy—in, wy=w_, wyncRTT, (5.5)
The parameter 7 is introduced to ensure finite results in certain quantities. The
quantity E% has the form
iw_t _ emiwgt
Eoi(w +w_) * Eoi(w —wy)’
and the Fourier transform of the relative history E!(s) = E(s) — E(t), namely

E! () (see (3.2); also (5.3)), is given by

Bl () =

E(t) w_ eiw_t —wy efiw_Ft
E! =FE! — =-Fbh—————+Ey— 7 5.7
(@) +w) iw™ O~ i(w +w_) * O~ i(w — wy) (5:7)
From (2.4)2 we have (approach (a))
T(t) = [Go + G, (w_)|Ege™ " + [Go + G, (—wy )| Ege "+ (5.8)
Referring to (5.2) and (5.6), we see that
iw_t —iw4t
B! (~ia) = B (a) = Ey— Eo— : 5.9
4 (—ia) (@) 0a+iw,+ LP—. (5.9)
From and .,
tw_t —tw4t
B!, (—ia) = B, (a) = —iBy———— 4 iBgt 1
r (—ic) ro(a) v 0aa+iw,+l 0 oy’ (5.10)
where (5.7) may also be used.
We see that (5.1) agrees with (5.8)), by the relation
G (w_)Eoe™~" + G (—wy ) Ege ™+t = Zgz —iay), (5.11)

which follows from 1 and .
In the limit n — 0 any real algebraic quadratic form in E(t) or real functional
quadratic form in Et(s) can be written as
V = ME2e2“0t 1 3T By e~ 240! 4 N|E|?, (5.12)
The quantity N must be real. Let us introduce the abbreviated notation
V ={M,N}, (5.13)
with properties
a{M,N} = {aM,aN},

5.14
{aM1+bM2,aN1+bN2}:a{M1,N1}+b{M2,Ng}, ( )

for any real a, b. These will be extensively used below. If V is restricted to be
non-negative, as in the present context, then the conditions

N >0, 2/M|<N, (5.15)

must apply. The first relation follows by taking a time average over a cycle, the
second by expressing the first two terms in ((5.12)) in polar form and combining them
into a cosine function.
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Consider the quantity
T(t)E(t)
= iw_[Go + G’y (w- )| Ege*™=" —iw [Go + G;(_W+)]E702€_2w+t (5.16)
il — w3)Go + w- Gy (—wy) — wy G ()] [ B2l )1,
In the limit n — 0, this converges to a finite result of the form
T(t)E(t) = {iwo[Go + G’ (wo)], —2wo G (wo)} (5.17)
in the notation of .

5.2. Exponential histories. In this case, we consider a history and current value
(E', E(t)) given by

E(t) = Eie™, E'(s) = E(t —s), (5.18)
where F; is a constant amplitude. Then, from (5.2)) and (5.3)), we have
EeM Bt
Bl (—ia) = Fy(a) = 2 _ 20
Ad4a At
AE(®) (5.19)
E!, (—ia) = E! ="
r+( ZO[) ’I“L(a> (A—FO()CM
The stress function, given by (2.4))2, has the form
T(t) = [Go+ LN)E(®t), L(\) =G (—i)), (5.20)

where the quantity G’, (—i)) is real and of course equal to the Laplace transform

of G'(s). From ([5.20]), we have
. 1 d
T(t)E(t) = 5[00 + L(/\)}aEz(t). (5.21)
For discrete spectrum materials, it follows from (4.5); that

n

i
L) =3 (5.22)
i=1 "

It may be seen that (5.1]) (approach (b)) agrees with (5.20) (approach (a)) by virtue
of the relation

LOVE®) = 3 g.B! (—ia). (5.23)
=1

Remark 5.1. Observe that T'(t), given by is equal to the first term of
(for n = 0) at wp = —iA. A similar remark applies to any linear functional of the
strain history. Also, there is a general property of quadratic forms in the strain
history that if M in is equal to M(wp) then the corresponding quantity
to V for exponential histories is given by M(—i\)E?(t). This can be shown by
considering the general functionals (2.1]) and for sinusoidal and exponential
histories.

6. FREE ENERGY FUNCTIONALS FOR GIVEN HISTORIES

6.1. The work function. Let us first consider the sinusoidal case.
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6.1.1. Sinusoidal histories. The work W(t) done on the material to achieve the
state (E*, E(t)) is obtained by integrating the form (5.16)). We obtain

1 , o
W(t) = 5 [[Go+ Gl (w )] EGe™™ " + [Go + G (—wy)[Ey e st]

+ [(w- = wi)Go +w-G (~wy) = wi G (w-)] | Eol?

This quantity diverges as 7 — 0, as would be expected on physical grounds. Taking
the limit 7 — 0 in the terms which are convergent, and using (4.5)), we can write
this [II 2] in the notation of ((5.13)):

W(t) ={M, N},

_1 / _1 = 9i
M‘i[GOJ“G*(wO)} - 2[G0+2ai+iwo}’

0 1 6.2
N = Go + Gl.(wo) — wowGIC(Wo) — wo G (wo) (2t + 5) (62)

—GO+Z 1912+2w02 zgz QZ 2+w0 t—l—l)

This is approach (a). To adopt (b), we use m in and determine E(t) from
(5.4). It is easy to show that the expression for M agrees with (6.2]). To reconcile
the expression for N requires a little more algebra. One must show that

1 w_ Wy
W_ —wy [ai — Wy oy +iw,}
o w3 1
R CR (03
a; or O 1 1 Wi
6.1.2. Ezponential histories. Integrating over all past history gives
W(t) = [GO + L) E? [Go + Z S| mper. (6.4)

We see that this formula is an example of the property noted in remark[5.1} Several
other examples are presented below.

6.2. Graffi-Volterra equation. Adopting approach (b), we have, using (3.6)) and

@3).

IR IS
volt) = o) — 2 3 il (e), Dolt) = —3 > ogBly (o), (65)
i=1 i=1
where E!; (a) denotes the Laplace transform of [EL(s)]?, given by
= —as E2(t)
Eipe(a) = /0 " [Ey(s)]Pds = Efp(a) = 2B(t) B (@) + —=, (6.6)

and E!; (a) denotes the Laplace transform of [E*(s)]?,

E! (o) = /0Oo e~ [E'(s)]ds. (6.7)
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The quantity E? («) is defined by (5.9) or (5.19).

Let us now consider approach (a).

6.2.1. Sinusoidal histories. Relation (3.6]) has the form [I]

Ya(t)
1 G/Jr(2w0), 2G0 — Goo + QGIC(WO)} (6 8)

(S s
'Lgl
— G +22a +w0}

1 S 9i IS i
=G _— _
{2 O+;O@+iw0 2;%—}—22@)0

so that the time average of g over a cycle is
n
e
[zGo—Gme f 5| 1Bl (6.9)

= [2Go—Goo+2G(w0)]| Eo|* =

<wG’(t)>av
Also,
Dg(t) = {~iwo[G; (wo) — G’ (2w0)], —2wo G (wo) }
n n n
_ : 9i } } (6.10)
- - -2
{ Zwo[lz_;ai—i—iwo Zzzaz—i—szo “o ;a —|—w0
It is shown in [I] that the second parameter in the rate of dissipation is always
—2wo G’ (wp). Note that
1
The Laplace transform has the form
1 2
Et = —
sL(a) {OL+2Z.WO7O[}’
) 1 A (6.12)
Bl (o) =1 2 1 70‘}
skr a+2iwy a+iwy o a o+ wd
where (5.9) has been used. Recalling (4.4)), we see that (6.5)) agrees with 2 and
(16.10)2.

6.2.2. Exponential histories. In this case, we have (approach (a))
1 1
Ya(t) = [*Go + L(A) — 5L(2/\)]E2(t)
- 9i 2
[ Go-i-z —*Z }E (t),
Qg 2 i 2
P +)\ — ;i +2A (6.13)

Da(t) = =AL(A) — L2A)] E*(¢)

n

A[zn: azgi py Z o+ m}EQ(t)’

i=1
which can be shown to be equal to the results from (6.5) (approach (b)). These

provide another example of remark
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6.3. Dill free energy. We next consider the expression (3.14]) for the Dill free
energy. Adopting approach (b), we have

Yoin(t) -5 Z aigi| Erp(ai)] (6.14)

where E!; is defined by (5.10)) in the limit n — 0, or (5.19))2. The rate of dissipation
(3.15)) is given by

Dot ZOZ gi[ELp ()] (6.15)

Now consider approach (a).

6.3.1. Sinusoidal histories. For this case, we have [I]

Ypin(t)
= {2160+ @ (wo) — w0~ ()], Go + Gllwn)

e e A & (6.16)
_s1 - 9i . = ®iGi
_{Z{GO_F;ai—i—iwo—i_wO;(a + iwp) ] O+Z §+w8}’

so that
(Yoin(8)aw = [Go + Gl(wo)] ol [%+§j -1 L2 RCRL

Relation (3.16)) averaged over a cycle and applied to , (6.17)), is equivalent to
the inequality

Go + GL(wo) > Geo. (6.18)
This is an equality at wg = 0, by virtue of (4.4) and (4.5)2, while G%,(wp), a negative

quantity, decreases in magnitude for increasing wy, as we see from (6.17)2. Relation

(6.18) is in fact the general requirement (2.3)), applied to (6.17)). Also,

Dpin(t) = {Mo 66 G’ (wo), —2w0Gls(wo)}
. (6.19)

2 w2
{wolzl(alJrzwo Za + wd

where again we see that the second parameter is —2wyG’,(wp).
Note that

B = B - e }. (6.20)

a? a+iwg)?’ a? + w?

Using ) and ., we see that there is agreement between and ( -
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6.3.2. Ezponential histories. Recalling remark [5.1] together with (6.16) and (6.19)),
we have (approach (a))

—_

0

Ypin(t) = §[G0 + L(\) — /\a (MIE*(t)
~ g g
= §|:G0+ s ai+>\ +>\;(al+)\)2:|E2(t)7 (621)

Doin(t) = XD LV E(1) = [vEZGTIBﬁE%>

which can be shown to be equal to (6.14) and (6.15) (approach (b)) with the aid of
(4.4) and (5.19). One can show that (3.16) holds.

6.4. The functional ¥r. Next, let us consider ¢, given by (3.20). Using ap-
proach (b), we put

- Zaigiefa”EtL (@) Zh e~ T, hi = —aigiBp(es),  (6.22)

where E!; is given by (5.10)) or . Thus, we can write (3.20)); in the forms

1 [es] ’(17 hiefai-r 2
vrlt) = o) -3 [ Q%%—f;;w
2 0 Zi:1 gie (6 23)
_ L[ [0 hae )T 300 hie™ 7] '
— ¢(t) 2 /0 Z:‘L:l gie(alfai)'r dr.

The advantage of writing it in the second form, obtained by multiplying the nu-
merator and denominator by e*7, is that the denominator now goes to the limit
g1 at large 7, instead of zero. Also, from (3.25)),

13 [ hiem T2
Dp(t) = / a;g;e T 7%_1 dr,
=3 Zz 19i 21 [Ei:1 gie_w} (6.24)
1> n o heloa—ed)T 2 '
= [ / Zaigief‘”‘” [E’n:l ¢ - } dr.
2 Z 19% - Zi:l gielor—aaT
Consider now approach (a).
6.4.1. Sinusoidal histories. We have, from (3.24)),
It(s) = F(wo, s)Eoe™° + F(wy, s)Ege ™"t
F(wp, s) = / G" (u+ s)(e” ™% — 1)du
0
oo _ (6.25)
= / G (u+ s)e ™ "du + G'(s)
0
= iwo / G'(u + s)e” o duy.
0
Observe that
F(wo,s) = F(—wo, s). (6.26)

The relations

F(wo, 0) = G’j_(wo) + G/(O) = iwoGi‘_(wO) (627)
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will be useful. In the notation (5.13)), we have
1 [ [F(wo,s)]? /OO |F'(wo, 5)/?
t)—o(t)=—9= d d 2
vr() =) {2/0 ats) Tl T a o} (6.28)

Thus, (¥F(t))ay is given by

(Vp(t))av = {Goo - /Ooo ng(();) ds} | Eol*. (6.29)
Also,
DF(t)_{“20 (G ( “’0 / G"(s ”0’)>] ds ,—szGg(wo)}, (6.30)

where, as noted earlier, the form of the second parameter follows from general
arguments [I].
For a discrete spectrum material,

F(wo, s) (6.31)

which follows both from (6.25) (approach (a)) and (6.22) (approach (b)).
For sinusoidal histories, Ef; () is deﬁned by l-l Then, we see that (6.23))

6.4.2. Exponential histories. Adopting approach (a), we have from (3.24] 2 and .
that

n

I(s) = / G'(u+ s)e”Mdu = \E(t Z (6.32)
-1 ’L
Note that, using (6.31]), this can be written in the form
It(s) = F(—i\, s)E(t), (6.33)

which is in accordance with Remark Relation (6.32)) agrees with (6.22)) and
(5.19), obtained using approach (b). Again using remark we see that the
quantities ¥ g (t) and Dp(t) are given by

ort) =00 - 3{ [ 2 as ke,

212 > —i\, S
De=[- 3o 1 [ O g wlE0,

where L(\) is given by (5.20))2 and, for discrete spectrum materials, (5.22). When
the latter expression and ([6.31)) are substituted into (6.34]), they agree with (6.23

and (6.24]) (approach (b)), which we see on noting that the coefficients h; in (6.22
are given by

(6.34)

Agi
)\ + Oéi.

h = (6.35)
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6.5. Minimum and related free energies. Finally, let us explore the free ener-

gies 1 ;(t) given by (3.28).

We first consider sinusoidal histories, using approach (a). Only the minimum
free energy is discussed in detail for sinusoidal histories in [T, 2]. However, pre-
cisely analogous formulae apply to all the other cases corresponding to the different
factorizations discussed after (3.27). Thus, we have

05(t) = { 3Go + B (w0), Go + B (w0)}, (6.36)
where

B (w0) = {6 (wo) + ! (~un)P*}

d (6.37)
B (wo) = Gl(wo) — wodeoG/c(wo) + Qf(wo),
where Qf(w) is given by
Id d
Qs(w) = i| = H (W) H! () - B (w) = H (@ )} >0, wek. (6.38)
The average over a time cycle is given by
(W5(8))av = [Go + B (wo)]| Eol*. (6.39)
The rate of dissipation is given by (3.30) and (3.29). Thus, we find that
K (t) = HY (—wo) Ege™°t + H (wo)Ege 0!, (6.40)
yielding
Dy(t) = {[HL (=wo)]*, 2H (wo)} = {[H (w0)]*, —2w0o G’ (w0) }, (6.41)

where (3.27)2 has been used.

Remark 6.1. Note that, from (6.41)), the parameter My from (5.13)) for Dy has
magnitude

[M;(8)] = H(wo)- (6.42)

Thus, the amplitude of the sinusoidal part of Dy is independent of the labeling f.
Also, the minimum value of Dy is zero since, referring to and (| -,

Ng(t) —2|Mg| = 0. (6.43)
6.5.1. Ezponential histories. From remark [5.1] we deduce that
1 1 , )
Vr(t) = 5{00 + L(\) — X[Hf (z)\)]2}E2(t), Dy(t) = [HL GNE@®)?.  (6.44)
Next, we adopt approach (b).

6.5.2. Ezplicit forms for discrete spectrum materials. To obtain the minimum free
energy, one chooses the factorization of (4.7)) given by

ORI (Gt

_ _ OOH{CU_"/L’-YZ hOO:[HOO]l/Q
w + 10

(6.45)
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Interchanging the zeros means in effect switching a given ~; to —v; in both Hy and
H_. Let us introduce an n-dimensional vector e{, i=1,2,...,n where each ezf can
take values +1. We define p; = ezf v:, and write

_hwn{wf”w —hwn{““pz. (6.46)

1Y w + 10

Remark 6.2. Each exchange of v; and —v; in H J]; (w) introduces a factor

Wo + 1Y o,
- )

p € Hi = tan71&7 Yi,Wo € R++7 (647)
wo — 174 Wo

where the principal value of u; € (0,7/2). Thus, with each exchange, which will
increase the resulting ¢ ¢, [I1}, [I7, [2], we have the maximum (and all other) points
of Dy moving in a negative direction along the time axis.

The most relevant formulae from [II] are now summarized. However, relative
histories will be used, rather than histories, as was the case in that reference. By
considering the residue at each pole, we find that

N f (6.48)
f Py — %
Rl =(pf—a) ] { }
Al oy — o
J=1,j#i
It follows from (6.48) and the fact that H” vanishes at w = 0 that

n_pf
> % =1 (6.49)

Using ((6.49)), we can write H (w) in the form

. ~ Rl
T (w) = ihoow Y e (6.50)
giving
n RIRS
[HY (—w)]? = —Hoow? ke (6.51)
5 a0 (oG + iw) (o + iw)
Also [16, 1]
n R RS
9i=—2Hy. ) ————, (6.52)
]Z:; (@i +aj)a;
which yields the formula
n I pf
gi R Ry
=—2H = G — G, 6.53
Z Qg Z (i + o),y 0 ( )

i=1 i,j=1
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by (4.4) and (6.52)). It follows from (4.5)); that

G’ (wo)
RIR]
-y
= (o + oz](ozl + iwp)
B Z RIR] Z RIR] (6.54)
B Oo” | azJFO‘J O‘J(al+lwo oo” f a2+a] az(O‘JJrZWO)

" RfR 2a;05 + iwo (v + o )]

- e ”21 (a; + aj)aio(a; +iwo)(ay + iwg)

By a similar argument,

8 a + 3w?
G/ _ i Z 0
e(wo) —woz— Za I T ¥ aR)

RfRfN(U)( )
D(ZJ) WO ’

D

3,7=1
NI (wo) = (a? + 3wd)a?(a? + wd)? + (a2 + 3wd)a2(a? +wd)?,
DU (wy) = (i + ;)i (of +wg)? (0 +wi)?.

(6.55)

Using the expressions ((6.50) and its complex conjugate for H. :{ and the alternative

form ([6.48) to calculate derivatives of these quantities, we find that @ f(wo), defined
by (6-35), is given by

RfRfN(U)( )
D(U) WO ’ (656)

)= S

3,j=1

N3 (o) = (e + o *wf(0f — w)(af — wf) + dwfaiay]

and D) (wg) is defined by (6.55)4. The quantity p’’(w), given by (3.28)2, has the
form

(W) = ihse zn: w (6.57)
Using in 2, we obtain
{Z RIE! (—ia;) (6.58)
It follows from (6.57)) and (3.28]) that
" RIRS

H., J Et ‘iEt i .
wr(t) = o(t) + ; o T oy e (i) By (i), (6.59)
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where the reality of Ef, (—iq;) has been used. Noting (6.58), we see that

n 2
Dy(t) = Hee [ZR{E@H%)}
= (6.60)
= Ho > RIRIE!, (—ion)EL, (—ia;).
ij=1
Let «,, and aj,; have the properties Ay < Qppin and aM > Qmax, In terms of the

quantities introduced in . Then it follows from (6.59) and (6.60)) that
Dy(t) = 200 [tp5 (t) — @(t)] = am[p(t) — S(2)], (6.61)

and
Df(t) < QaM[wf(t) — o(t)]. (6.62)
These inequalities are similar to and -

6.5.3. Sinusoidal histories. We now derive expressions for 1y and Dy, using ap-

proach (b). Let us write (6.59) in the notation (5.13), using (5.10) and (6.11)),

1 & RIRJw3
wf(t)z{iaoo,aoohﬂm{_z : J Wi

4,J=1

(673 + Oéj)Oél‘Olj (Oti + iwg)(aj + i(.«.)o) ’
(6.63)

f
5 Z — R; R wi (o + wd) )}

ij=1 +O[] OélOéJ(O[ +WO)(O[] +W8

For approach (a), we obtain and - Using (6.51]), (6.54]), (6.55)) and
(6.56)), we see that (6.36) becomes

n RIRS
Gy (t) = {%GO,GO}—HOO{ 3 : i B

ij=1

o; + aj)aiaj(ai + iwo)(aj + in)

R RIIN{D (wo) — N3 (w

4,5=1

(6.64)

With the help of (6.53]), one can show, after some algebra, that (6.64]) agrees with
(16.63).

It is perhaps noteworthy that the elegance of the formula (6.59) contrasts with
the comparative inelegance of (6.36]). Using (5.10) and (6.50), we have

n

> RIBL (~iai)

i=1

f !
= —iwg Z RiE elwot + iwp Z Lﬁoefiwot (665)
a;(a; + iwp) P a;(a; — twp)

- T[Hf (—wo) Eoe™t 4 HY (wo) Ege01),
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so that (6.58) (approach (b)) agrees with (6.40]) (approach (a)). Both yield (6.41))
6.51))

or (see (6.51

} (6.66)

Dt :—{Hoo 2 2
f( ) (.4)0 Z Ch‘Oéj(Oli +Zw0)(0[] +’L(U() w ; 042

ij=1 i

6.5.4. Exponential history. Using approach (b), we obtain from (6.59)), and

(5.19) that

7 P (6.67)
Dy(t) = Hoo\? zn: RiR E2(t)
=X 2 a0 adOray

i,j=1

Relation (6.67); can be shown to agree with (6.44);, using minor modifications
of the formulae showing the equivalence of the first parameter on the left of the

brackets in (6.63) to that of (6.64]). Relation (6.67)2 clearly agrees with (6.44)2 by
0.51]

virtue of (6.51) at w = —iA.

6.6. Proposed physical free energy. A possible candidate for the true physical
free energy, which is not uniquely identifiable for most materials with memoryﬂ was
proposed in [Iﬂl}ﬁ Expressions were given for general materials with only isolated
singularities. If we restrict the singularities to be simple poles (discrete spectrum
materials) this proposed free energy is given simply by the average of the ¢ over all
the factorizations labeled by f. A closed formula for this quantity was established,
which can be put in the form

Oéu Qj . .
Up(t) = $(t) + Hoo le — aj By (—iaq) By (—iag), (6.68)
where
P(ai, o) = @iay [Temol@ioy + 7} (6.69)

Hk 1( '—Oék)l_[:é;%(aj—ak)'

Also, we have

Dy ( __HOOZ (i, ) B, (—icy) B, (—ia;). (6.70)

1,j=1

This is the result from approach (b). There is no approach (a) since there is no
result of this klnd for a general relaxation function. Note that and (| -
correspond to ) and (6.60) with P (o, ;) substituted for sz RJ . We now give
expressions for 1/)p and Dp for sinusoidal and exponential histories.

2An exception is where n = 1 as observed in subsection

3A valid question could be raised on whether a theoretical formula involving only the relaxation
function parameters exists for all materials with memory. The other possibility could be that the
physical rate of dissipation must be determined by measurement for each individual material and
the associated free energy deduced from this [2].
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6.6.1. Sinusoidal histories. Let us write (6.68)) in the notation ([5.13)), using (5.10))
and (6.11)):

0p(t) = {56 G} + Hf = 3 ¢ Plas, o)}

a; + aj)aio(a; + iwo)(ay + iwp)’

W= (6.71)
9 Z P(ai, aj)wi (i + wi) ; }
=1 (o + o) iy (af + w)( J+W0)
Also
- P(ay,
D,(t) = —{H 2 %) } 6.72
»(t) 200 Mzzjl a0 (o + iwo) (o + dwo) z; a? —|— w?d ( )
6.6.2. Ezponential history. We obtain from ((6.68]) - (6.70) and (5.19)) that
- P(ay, )
t) = B(t) + Hoo\? L E3(t),
Gp(t) = 6(t) + Heo Z: R T T e L0
- P( ) (6.73)
s
Dy(t) = Hoo\? 2 E2(t).
f() oo 1j:1aiaj()\+ai)(>\+aj) ()

6.7. Day free energy. Consider materials characterized by a relaxation function
with only one decaying exponential, so that (4.1)) and (4.3) become

G(t) = Goo +Gre™®, G'(t) =ge ™, g=—aG, <0. (6.74)

All free energies for such materials that are functionals of the minimal state reduce
to the Day free energy functional [4], which is given by

Yy () = 6(8) = L ()] (6.75)

This can be shown for ¥pi, ¥, 15 and 1,. It is not true for 1) and of course the
work function. The corresponding rate of dissipation is

Dpay(t) = —a?g[E; ()] = 20{¢pay (1) — 6(1)]. (6.76)
The inequalities (3.18); and (3.19) (or (6.61)1, (6.62)) hold as equalities in this

case.
For sinusoidal histories, we have from (5.10]),

Goo w? 1 w?
wDay(t):{i'i‘giOi.yGoo_io g }7

2 2 (a—Zzwo)Z i a a? +w? (6.77)
gwo wWod
Dpay(t) = { =0~ 2 3
Day (1) (o + iwp)? a? +w?
while for exponential histories, (5.19) (or remark [5.1]) yields
1 g N 2 g

)= = [CGoo — L2 VE2(t), Dpay(t) = -2 _E2(t). (678
QJZJDY() 2[ oo a()\_’_a)g} () Day() ()\4‘0()2 () ( )

Let us present the form of the Graffi-Volterra function and the work function for
relaxation functions with a single exponential. The former and its rate of dissipation
are given by a special case of (6.5):

Yalt) = (1) ~ 59B!,(0). Dolt) = —5a9E!,(0) = alie(t) ~ (1), (6.79)
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where E!; is defined by (6.6). These become for sinusoidal histories, by (6.12),

1 g 1 2 1 1 a
Do flon-t—l__ 2 L 1 _a
va(t) 2 2[a+22w0 a + iwg ] g[a oz2—|—w(2)]
9 (6.80)
De(t) = _9{3[ P2 l] A}
¢ 2ta+2iwg  atiwy o a?4wil
For exponential histories
1 1 2 1
== — — Z) | E?
volt) = 36 —9(5mm ~ a5 T 2)| PO (6.81)
ga 1 2 1\ o '
De(t :_7( = 7>E 0.
W= T ara W

We can write the work function for one exponential using (3.1) and (4.6) but the
resulting expression, though general, is not particularly useful. For sinusoidal his-
tories however, we can use (6.2) to write

1 ag 2wiag wig 1
Wt:{*G G - 2t f}. 6.82
() 2[ 0 Oé"‘iWO] 0+a2+w8+(a2+w3)2 a2+w8( +77) ( )
Also, we can use (6.4) in the case of exponential histories to write
1 g 9
W(t) = = [Go + ——] E%(t). 6.83
(t) 2[ o+ o )\] (t) (6.83)

Remark 6.3. In the case of materials for which the relaxation function is well ap-
proximated by one decaying exponential, there is a strong argument for identifying
YDay as the physical free energy.

7. CHOICES OF DECAY CONSTANT

Our choice of inverse decay times «;, ¢ = 1,2,...,n, will be based on classi-
cal theoretical arguments. We shall adopt the following formula, which emerges
from simple Brownian motion molecular theories (see references in [I3] and [15] for
example):

T
2(n+1)]

nmw ’
2(n+1)]

The quantity k1 as a function of n is plotted on figure This and all other
graphical output was produced on Matlab 7.0.1.

For most of the plots presented, we take n = 4. This relatively low value is
adopted because, as noted in remark [3.1] the approach from a discrete to a contin-
uous spectrum occurs remarkably quickly as n increases, at least according to one
particular measure, namely that given by (3.32).

The coeflicients G; in (4.1)) are all taken to be the same [13]:

sin2[

Qp = Qpky, Ky = r=1,2,...,n. (7.1)

sin?|

Gi:Gh i=1,2,...,n. (72)
We assume that Ey in (5.4]) is real, so that
E(t) = 2Eq coswyt. (7.3)

Dimensions will be removed from the expressions, by taking all free energies as
divided by GoE2, for sinusoidal histories and by GoE? for exponential histories. In
the case of the rate of dissipation associated with a given free energy, we divide
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Plot of properties of the a;
0.35 T T T

0.3 7

Average spacing and ratio

Average spacing of the o; against n (for o =0.5)

- = =0 /o againstn
min' ' max

FicURE 1. Average spacing between the a; against n. Also, the
ratio min/Qmax against n

by GoEZwy for sinusoidal histories and by GoE?\ for exponential histories. These
procedures amount to taking

Go=Ey=F =1, (7.4)

which is henceforth assumed in the numerical work. Apart from time and the value
of n, the remaining parameters are o, = max and G (Goo/Go in dimensionless
coordinates which varies in [0, 1]). Observe that, by virtue of (4.3)), the quantity
G1 in (7.2)) is then given uniquely by
1 1
Gy, = ﬁ[l — G €10, ﬁ] (7.5)
Suitable dimensionless variables must be selected for both types of strain histo-
ries. For sinusoidal histories, we choose
a
p=—, T =uwpt (7.6)
wo
as our remaining dimensionless quantities characterizing the material behaviour.
The latter is in effect a dimensionless time variable. For exponential histories, the
corresponding choices are

p= 0‘7” =)t (7.7)
Relations ((7.6) and (7.7) are equivalent to taking
wo=A=1. (7.8)

Remark 7.1. In some of the plots presented, we deal with measures of free energy
and rate of dissipation that are independent of time. In the case of sinusoidal
histories, the natural quantities are the averages of the functional over a cycle, or
N in (divided by GoE2 for free energies and G E3wy for dissipation rates, as



EJDE-2015/72 FREE ENERGIES FOR MATERIALS WITH MEMORY 27

observed earlier). For exponential histories, it is 1(t)/(GoE?(t)) for free energies
and 9 (t)/(GoE?(t)\) for rates of dissipation.

The algebraic expressions in these two cases are quite different. For example,
the expression 1 (t)/(GoE?(t)) has a close relation to the corresponding choice of
M in (through analytic continuation; see remark but not N.

8. DISCUSSION OF RESULTS

Various numerical plots are presented on figure[2]-21]in the appendix. On figures
[2]- [0 free energies and rates of dissipation are plotted against time. On figures [2]
and [0 the minimum, maximum and two of the intermediate free energies discussed
in subsections [3.5| and are shown for sinusoidal and exponential histories with
n = 4. Note that in the case of exponential histories, the time dependence is a trivial
factor E?(t). The interesting information is contained in the factor multiplying
this quantity, which we will explore in more detail below. Because of this, we have
chosen a very short time interval which yields good separation between the different
curves.

The work function is included for exponential histories but not in the case of
sinusoidal histories, for which it is divergent.

The main information content on both sets of curves is the vertical ordering of
the free energies. In particular, the close proximity (figures of the minimum
free energy 1, (t) and ¥ (t) is noteworthy. They appear to be almost equal. The
difference for the rates of dissipation (figures E[) is slightly larger. There is no
apparent algebraic evidence for equality. The quantity ., () can be expressed as
a quadratic form in the quantity I t(s) given by [8, 2], but the kernel is quite
different from that in (3.20). The almost equally close correspondence between
Ypii(t) and ¥, (t), ¥ (t) is also interesting. This feature does not appear to be
a consequence of the special assumptions made in section |7} in particular .
Even when this is altered, the close proximity of these quantities is retained. This
phenomenon will be discussed further below.

The somewhat central position of ¥, (t) is to be expected. In figure 4 ¥ (t)
crosses over the curve for ¢,/(t), which is consistent with the observation just
before remark [B.11

The behaviour of the rates of dissipation on figure [3| are in agreement with the
features listed in remarks[6.1] and including those for the maximum free energy.
Note that, on figures [3| and [p] the maximum free energy is out of phase with the
minimum free energy by around 7 /2. This, however, is not a general feature.

The ordering noted in the last paragraph of remark is reflected in figures
and [)] We observe that on figure [§ the maximum free energy is very close to the
work function, even for n = 4.

On figures [10] - the effects of varying amax on free energies and dissipation
rate are presented for sinusoidal histories, while on figures [I3]- [[6] similar data are
plotted for exponential histories. For sinusoidal histories, there is only one average
dissipation rate, as observed after .

The proximity of the minimum free energy, ¥ and p; is evident on all these
plots, though the separation is slightly more apparent on figure One might
therefore tentatively make the hypothesis that the phenomenon is present for all
histories and is worthy of further exploration. Let us briefly discuss the issue using
a different approach that applies to all histories, though for fixed values of auyax
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and Go. This approach turns out to provide interesting insights, but again is not
finally conclusive with regard to general histories.

It is noted in [2] and references cited therein that all free energies that are
functionals of the minimal state for discrete spectrum materials can be expressed
in the form

W(t) = o(t) + %eTCe — 6+ %e . Ce, (8.1)

where e is a vector in R™ with components

dt (8.2)
= —o;El (—ia;), i=1,2,...,n.
and C is a symmetric, positive definite matrix of components Cj;, 1,5 = 1,2,...,n.
It has the property that
n
Y Ciy=Gi, i=12,..n, (8.3)
j=1

where the coefficients G; are those in (4.1). Also, the rate of dissipation is given by
1
D(t) = §eT1"e, Fij = (Oéi + Oéj)Cij, (84)

where I';; 7,5 = 1,2,...,n are the elements of the matrix I' which must be at least
positive semi-definite.

Relation yields explicit forms for C and T" corresponding to the minimum
and related free energies given by

RIR! RIR!
¢l =o2H,,——3 1l —2H "7 (8.5)
J (04 + o)z J o0
In the case of 1, we have
Plas. o Pla, a;
Cpij - 2HWM7 sz‘j — ZHWM7 (8.6)
(Oéi + Olj)O[iij aiaj

where P is given by (6.69). For the Dill free energy, C and I' are diagonal. We

have
gi

Cpij =Tpij =0, i#j, Cpu=—" TIpi=—20 (8.7)
For ¢¥r we have
oo i ,e(a,i—i-aj)r
Crij = — 9i9; dr, Trpij = (a; +a;)Crij (8.8)

n —
0 D= grem T

Consider relation (8.1)) in diagonal form. Let d = R'"e where R is the rotation
matrix such that R' CR is a diagonal matrix. Then, (8.1) becomes

V) = 6(0) + 5 > B, (8.9)

where d; are the components of d and 3; are the eigenvalues of C.

We take n = 4, so that C; includes C,,, Cint1, Cintz and Cjs where Cypyy and
C;nio refer to two intermediate free energies (see subsection. Also, let us choose
amax = 0.5 and G, = 0.1 as in several of the figures.
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TABLE 1. Eigenvalues and the vectors d for each free energy and
difference between free energies.

C Bi, i=1,2,3,4 d?, i=1,2,3,4
Cn 5.2E-5, 2.5E-3, 3.6E-2, 2.2E-1 | 1.1E-3, 2.2E-2, 7.1E-2, 13.3
Cint1 1.4E-4, 1.2E-2, 2.3E-1, 1.9 | 2.9E-3, 6.6E-2, 13.3, 2.5E-2
Cint2 2.5E-3, 2.25E-1, 1.5, 29.2 2.7E-2, 13.3, 5.5E-2, 1.1E-2
C, 2.25E-1, 1.1, 9.9, 175 13.3, 6.6E-2, 2.6E-2, 1.7E-3
Cu 2.25E-1, 1.4, 20.5, 970 13.3, 7.1E-2, 2.2E-2, 1.1E-3
Cp 2.2E-1, 2.2E-1, 2.2E-1, 2.2E-1 3.1, 3.7, 4.0, 2.6
Cr 3.3E-4, 1.1E-2, 9.9E-2, 2.2E-1 | 2.1E-3, 2.8E-2, 6.4E-2, 13.3
Cc-C, Bi, 1=1,2,3,4 d?, i=1,2,3,4
Cini1 — Cie 0.0, 0.0, 0.0, 1.8 11.2, 9.3E-1, 1.2, 2.4E-2
Ciniz — Ci 0.0, 0.0, 1.4, 29.2 3.0, 10.3, 5.5E-2, 1.1E-2
C,-C, 0.0,1.1,9.9, 172 13.3, 6.6E-2, 2.6E-2, 1.7E-3
Cuy —Co, 0.0, 1.4, 20.5, 970 13.3, 7.1E-2, 2.2E-2, 1.1E-3
Cr —C,, | 6.3E-2, 8.6E-3, 1.6E-8, 2.6E-4 | 5.9E-2, 3.2E-2, 13.3, 2.6E-3
Cp—-Cn 0.0, 1.9E-1, 2.2E-1, 2.2E-1 | 13.3, 7.1E-2, 2.2E-2, 1.1E-3

It follows from ({8.1)) that

1
b(t) = m(t) = 5e-[C— Cule, (8.10)
where ¥(t) is any one of the others free energies considered above. This relation

can be expressed in diagonal form, as in the case of (8.9), yielding
1 n
t) — Ym(t) = = 32, 8.11
50~ vnl®) = 3 3 (811

where d; and (; are defined as before but in relation to the matrices [C — C,,].

On table [1] the eigenvalues of the various matrices C and the differences [C —
C,,] are presented with the corresponding vectors d. These latter quantities are
calculated for sinusoidal histories, as given by , for t = 0. Note that the
eigenvalues are intrinsic properties of the matrices involved, for specified values of
max and G, which are independent of the history chosen, while the vectors d
relate to a particular history, chosen for illustrative purposes to be sinusoidal.

All the eigenvalues on table [I| are positive, which is consistent with the fact
that all the matrices involved are positive. Those eigenvalues indicated as zero on
the second part of the table are in fact very small positive numbers in the region
10714 — 10718, which clearly cannot be stated with any accuracy. Thus, C,,, Cins1,
Cr and several of the differences in the lower part of the table are positive definite
but very close to being positive semi-definite.

In the top part of the table, the eigenvalues of the various matrices are consistent
with the ordering indicated by the plots. Strictly, however, one cannot deduce that
this must be the case in general because the d? will be different in most cases.
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Regarding the proximity of v, and ¥, we see that the dominant terms in
both cases are 13.3 x 2.2F — 1, while the other terms are negligible in comparison.
However, because we include the d?, this comparison refers to sinusoidal histories,
for which the graphical data already clearly shows that the two quantities are very
close. A more general argument, independent of the history chosen, is that the
eigenvalues of Cp — C,, are all very small. This is not quite conclusive in general
in that we see from that if one or more of the d? for a particular history are
large, then this could perhaps compensate. However, the d; are constrained by the
requirement that d-d = e - e.

Somewhat similar arguments apply to C;,:1 and C,,, which are indeed close on
the plots for some sinusoidal histories though not so markedly for others and for
exponential histories.

Also, it is clear that Cp — C,,, has reasonably small eigenvalues. We deduce from
2, and that, for purposes of determining asymptotic behaviour, the
R; can be treated as linear in the inverse decay times ag, k =1,2,...,n.

It is clear both from figures and the formulae in section [f] that, at small
values of aax, all the averages of the free energy functionals (over cycles) approach
Go except for the Graffi-Volterra functional which tends to 2Gy — G (figure
and (6.8)). This is connected with the fact that 1c(t) exceeds ¥ (t) for smaller
values of apax. We refer again here to the comment before remark

The magnitudes of free energies tend to decrease as anyax increases, though for
larger (t), there is an increase followed by a decrease. They do not go to zero at
large amax, which can be confirmed from the relevant formulae in section @ The
hump-shaped curve for the rate of dissipation, shown on figure is simply related
to the loss modulus |G%(wp)|. Its maximum is just above unity. It tends to zero,
slowly, at large amax-

For exponential histories (figures [13]- all free energies decline in magnitude
for increasing amax. All free energy functionals approach 0.5Gq (figures [13|and
at small aax. Also, on figures [14] and [16| for rates of dissipation, the hump-shaped
curves are again manifest, with maxima at positions that increase as the maximum
values increase. The rates of dissipation approach zero in all cases as aax tends
to zero. This is clear from the formulae in section [6] and figures [14] They fall
to zero at large auax, though slowly in some cases.

If G is varied, keeping am.x fixed, the plots are simple straight lines for the
model considered in this section. These are omitted, though we now show how they
can be determined from existing data.

For sinusoidal histories, we see from section [f] that all the average free energies
can be written as

(¥(t))av

| Eol?
where G is given by . This quantity is more convenient than G, for present
purposes. For the dimensionless version of the theory, we have from that
Gp = 1. In deducing for free energies given by (6.63)), it is important to note
that, because applies, the zeros 72, defined after, depend only on the «;
and not on the coefficients g; in (£.3). The values of (¥)(t))q. plotted on figures
are for G7 = 0.225. It follows that the slope m(«;) is given by

=1 +m¢(o<i)G1, (8.12)

_ 1 r{®))aw
my(a) = 5o [W - 1}. (8.13)
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From sample calculations (or ﬁgures , it emerges that this quantity is negative
for smaller free energies, in particular the minimum free energy, and positive for
larger choices, notably the maximum free energy. Similarly, the average rate of
dissipation is given in all cases by

(D(#))av

P )av e 8.14
GolEo|*wo mp(a:)Gh (8.14)
where the slope mp(«;) can be deduced for any of the values of % shown
on figure [12] to be
1 D(t))aw
mp(a;) (D(t)) (8.15)

~0.225 Go|Eo|2wo

Note that mp(a;) > 0, which relates to the fact that as G; increases (or G
decreases) the internal dissipation in the material increases.

Corresponding observations apply to the free energies and rates of dissipation
given in section [6] for exponential histories. Notable differences from the above
discussion are that Gy is replaced by Go/2 (that is, the intercept becomes 0.5) in
and the slope my, is always negative, by virtue of figures

The Graffi-Volterra free energy for n = 1, the Day free energy and, in the case
of exponential histories, the work function for n = 1 are presented on figures
- We see that the Graffi-Volterra free energy exceeds the Day free energy for
both histories. For exponential histories, the dissipation rate is less for the Graffi-
Volterra case than for the Day case, in accordance with remark 2.1]

On ﬁgure we explore, for exponential histories, the approach of ¥ (t) to W (t)
as n increases, or (see figure [1)) as the average spacing between the «; decreases.
The quantity R, of is plotted. From figure it is clear that for n = 1, this
ratio is about 0.7 for &« = 0.5 and G, = 0.1. If n = 3, the ratio has increased to
in excess of 0.98 for all the values shown. For higher values of n, the ratios are in
excess of 0.99, so the approach is very rapid.
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Exponential histories
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