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GROUND STATE SOLUTIONS FOR SEMILINEAR ELLIPTIC
EQUATIONS WITH ZERO MASS IN RY

JIU LIU, JIA-FENG LIAO, CHUN-LEI TANG

ABSTRACT. In this article, we study the semilinear elliptic equation
—Au=[uf® 2y, g eRY
ue DY2(RY),

p, x€Q
2% x & Q,

is a bounded set with nonempty interior. By using the Nehari manifold, we
obtain a positive ground state solution.

where N > 3, p(z) _{ with 2 < p < 2% :=2N/(N - 2), Q C RN

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

Considering the semilinear elliptic equation

—Au = |ul? 2u+ xo(@)(|uP2u — |u* 2u), zeRY

u e DM?(RY), (1)

where N > 3,2 < p < 2*:=2N/(N —2), Q C RY is a bounded set with nonempty

interior and
1, z€Q
= ’ 1.2
xo(@) {0. oo (12)

The well-known semilinear elliptic equation with zero mass is

—Au=u> 2u, zeRV

u e DY2(RY), (1:3)

where N > 3, which has been studied very intensely (see |6l/10,/18]) and the explicit
expression of positive solutions was given. Of course, the semilinear elliptic equa-
tion with zero mass whose nonlinear term with subcritical growth has also been
investigated by many authors, for example [4,[7.(8|9].
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By a transformation, (1.1]) is equivalent to the following elliptic equation with
variable exponent
—Au = [uff® 2y, zeRV

1.4
u € DV2(RY), 4
where
p, x €
p(z) =4,
2%, x ¢

The equations with variable exponent appear in various mathematical models, for
example: electrorheological fluids [1,[17], nonlinear Darcy’s law in porous medium
[5], image processing [12]. Recently, these equations have been investigated by
many authors, see for example, [2}/11,|13}/14,[16]. However, they did not consider
problem ; thus we study it in this article. Our main result reads as follows.

Theorem 1.1. Assume that N > 3, 2 < p < 2* and xq satisfies (1.2). Then
equation (1.1) has a positive ground state solution.

If p € C(RV,[2,2*]) and p # 2*, we do not yet know whether equation has
solution. We shall consider it in the future.

This article is organized as follows. Section 2 contains some preliminaries. Sec-
tion 3 gives the proof of theorem

2. PRELIMINARIES

In what follows, we use the following notation.
e DL2(RY) is the completion of C§°(RY) with respect to the norm

sy = [ IVl e
RN

o LY(RN), 2 <t < 400, denotes a Lebesgue space endowed with the norm

ult = [ luf' e
RN

e S denotes the best constant of Sobolev embedding D*2(RN) «— L (RM); that
is,
Slul3. < Hu||2D1,2(RN) for all u € DV2(RY).
e D! is the dual space of D12(R¥).
e C, C; denote various positive constants.
For equation (T.1)), the energy functional I : D*2(RY) — R is defined by

1 1 . 1
1) = ghullany = 5 [ W o= [ vl do

1 .
+ > XQ(x)|u|2 dx
]RN

L, o 1 » 1 2*
= ) a gy — — dr — — dz.
2 Il PED /Q fuf? de 2* Jrv\o ful™ dz

The Hélder and Sobolev inequalities imply

/ [ulP dz < |ufb. o(meas Q)7 < [uf. (meas Q) ="

Q ’ (2.1)
. 2% _

< 57 % (meas Q) 2*‘p|\u||%1,2(RN),




EJDE-2015/84 GROUND STATE SOLUTIONS 3

where
1/t
luls.0 = (/ \u|tdx) , Vte[l,+o00).
Q

Thus the functional I is well defined. By Lemma in next section, I is of class
Cl(D'2(RY),R) and satisfies

(I'(u),v) = Vu-Vvdx—/ |u|2*_2uvdm—/ xa ()P~ 2uv dv
RN RN RN
—|—/ xa(@)|u* ~2uv da (2.2)
RN

= Vu-Vodr — [ |ulP™?uvds — / [u? ~2uw d,
RN Q RN\Q

for all u,v € DY2(RY). Hence weak solutions of (I.1)) correspond to the critical
point of the functional I. Define

N = {u e DV2RVN\{0} : J(u) =0}, m:= inf I(u),

ueN
J(u) = ||uH2D1v2(RN) _/ |u|p da: —/ |u
Q RN\Q

Since all solutions of (1.1]) belong to the manifold NV, first we seek for the minimizer
u for m and then we prove u is a solution of equation (|1.1)).

where

2" dx.

3. PROOF OF THEOREM [[.1]
The proof relies on the following lemmas.

Lemma 3.1. Assume that N > 3, 2 < p < 2* and xq satisfies (1.2]). Then the
functional I is of class C*(DV*(RN),R) and I'(-) satisfies (2.2)).

Proof. Define
/|u\de+—/ luf?” de,
N\Q

we need only to prove ¢ € C*(DV2(RV),R). Let u,h € DV2(RY). Given x € Q
and 0 < |t| < 1, by the mean value theorem, there exists A; € (0, 1) such that

[+ th]? — Jup|

t
Similarly, given z € RN¥\Q and 0 < [t| < 1, there exists A2 € (0, 1) such that
“u + th|2* —|u 2

t
The Holder inequality implies that

= plu+ Mth|P= k] < p(jul + [R)P~A].

= 2%|u + Aoth|? YR < 2(|u| + |R])? YA

p—1
[l et < ([ Gl + )7 o) 7 il
Q Q

< (julp + hlp2)? "l < oo

and
2*—1

Lo Gl > elde < ([ (1) do) T ph
RN\Q RN\Q

2x RN\Q
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< (fu

2« rM\Q T+ | 2*,RN\Q)2*71|h 2« RN\ < +00.

It follows from the Lebesgue theorem that
th) —

t—0 t
th|P — |ulP th
:lim/udx+lim Jut
t—0 Jq pt t—0 RN\Q 2%t

9 |u|2*

dzx

th|P — |ulP th|?" — |ul|*
= / lim M dx —|—/ lim vt [u] dzx
Q t—0 pt RN\Q t—0 2%t

:/ |u|p_2uhdx+/ |u? ~2uh da.
Q RN\Q

Assume that u,, — u in DV?(RN), then u, — u in L? (RY) and LP(Q). If fol-
lows from [19, Theorem A.2 and A.4] that |u,|P~2u, — |u/P~2u in L771 () and
un |2 2wy — |u|? 2w in 77 (RV\Q). Hence combining the Holder and Sobolev
inequalities, we obtain

14" (un) = &' (u)l| p-2

= iy | / (lunl” 210 — ful?~2u)i de|
”W”Dl,Q(RN)=1,SDED1’2(]RN) Q

HLP”DI,Q(RN):LSOEDLQ(RN) RN\Q

*_
2 2U

< CllunlP?uy, — |u\p72u’%’ﬂ + C"|un|2*72un —|u
=o(1).
Thus ¢ is CL. It is obvious that I’(-) satisfies (2.2). The proof is complete. O

Lemma 3.2. Assume that N > 3, 2 < p < 2* and xq satisfies (1.2). Then for
any u € DY2(RM)\{0}, there exists t, > 0 such that t,u € N.

Proof. For any u € D?(RV)\{0}, define

o1 RN\Q

t2 tP 2 "
ft) = I(tu) = 7Hu||2D1’2(RN) - —/ |ulP dr — — lul? dz, Vte (0,+00).
2 P Jo 2* Jrm\0

Then one has
f’(t)t:(I/(tu),tu):t2\|u||%1‘2(RN)—tp/ |u|de—t2*/ lul? d.
Q RN\Q

Combining 2 < p < 2*, we have f/(t)¢t > 0 for ¢t > 0 small enough and f'(¢)¢ < 0 for
t > 0 large enough. Thus there exists t,, > 0 such that f'(¢,)t, = (I'(t,u), tyu) = 0.
That is t,u € N. The proof is complete. ([

Lemma 3.3. Assume that N > 3,2 < p < 2* and xq satisfies (1.2)). Then m > 0.

Proof. For any u € N, one has

el ey = / ful? dz + / uf?” de
Q RN\Q

< CHUH%M(RN) + CHUH%LQ(RN)v
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which implies that there exists « > 0 such that

”u”Dlv?(RN) >a, Yu eN. (31)
Thus for any u € N, we have
1
I(u) = I(u) — ;(I'(U)JO
1 1 1 1 .
= (5 — ];)||u||2D12(]RN) + (5 - ﬁ) /N ‘u|2 dx
RTAQ (3.2)
1 1.,
> (5= Dlellragen)
1 1
> (= — =)o
> (3~ Do
Hence m > 0. The proof is complete. O
Lemma 3.4. Assume that N > 3, 2 < p < 2* and xq satisfies (1.2). Then for
any u e N, J'(u) #0.
Proof. By (3.1)), for any v € N, one has
(J'(u),u) = (J'(u),u) = pJ (u)
= @)l — 2 =p) [l de
RN\Q (3.3)
< (2= p)llul B2 @r
<(2-p)? <.
Hence the proof is complete. [

Lemma 3.5. Assume that N >3, 2 < p < 2* and xq satisfies (1.2). Suppose that
u €N and I(u) = m. Then u is a solution of (1.1)).

Proof. Assume that v € N and I(u) = m. Then by the Lagrange multiplier rule,
there exists A € R such that I’(u) = AJ’(u), which implies that 0 = (I'(u),u) =
M (u),u). By Lemma we obtain A = 0. Hence I'(u) = 0. The proof is
complete. ([

Lemma 3.6. Assume that N > 3, 2 < p < 2* and xq satisfies (1.2)). Then there
exists a bounded sequence {u,} C N satisfying I(u,) — m and I'(u,) — 0 in D71,

Proof. By the Ekeland variational principle in [19], there exist {u,} C N and
{A\n} C R such that I(u,) — m and I'(u,) — Ay J'(u,) — 0 in D=L By (3.2)), one

has 1 1 1
ELACORSEY R | P PP

I(un) = I(un) 2 p
which implies {u,} is bounded in D*2(R¥). Then we have
0= (I"(un), un) = M {J (un), un) + o(1).

Combining (3.3), we obtain A, — 0. For any ¢ € DV2(RY) with [|¢||pregy) = 1,
it follows from (22.1]), the Holder and Sobolev inequalities that

p—1 1
[l 2unpdal < ([ fun) T ([ 16)”
Q Q Q
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p—1 1

P 2" —p p 2"—p\ p
< (575 (meas ) T funl By aguny ) (1915 (meas) =)
-1
< C”un”%la(RN)||‘P||D112(1RN) <C.
Thus combining the Holder and Sobolev inequalities, we have

I (lloms = sup (7 (). )
”‘PI|D1,2(KN):1,¢ED1,2(RN)

= sup Vu, - Vedr — p/ | [P 2 0 e
Q

‘2
lellpr.a ) =LipeDt2(RY) | Jrw

- 2*/ |un\2*_2un<pdx‘
RN\Q

: ey 2llunllprz@m) @l preyy +C
”LP”DLz(RN):1,@€D1,2(RN)

=+ C”un”glal(mzv)||90||D1’2(RN)] <C.
Hence we obtain
11 (un)[[p-1 < ' (un) = And"(un)ll D=1 + [Anl | (wn) [ p-1 = o(1).
The proof is complete. O

If p(x) = 2*, equation (1.4) reduces to (1.3). It is well known that (|1.3) has

ground state solution

_ Oy (3.4)
(1 + o) |

and v satisfies

v(z) =

N—2

where C := [N(N —2)] 3

/ |Vo|? dxz/ | dz = SN2,
RN RN
Let the energy functional of (|1.3]) be

1 1
Io(u) = Sllullprany = 57 [ fu
2 RY) 25 fon

2" dx.

Then we have

I (v) = Ix(v) L !

1
- 27< 5o (V) v) = N - [Vol* de = NSN/Z-

Now for the energy m, we make the following estimation.

Lemma 3.7. Assume that N > 3, 2 < p < 2* and xq satisfies (1.2)). Then
m< LGN/2,
N

Proof. Inspired by the idea in . For ground state solution v of equation (|1.3)),
we define v, (z) := v(x + x,), where z,, := (0,0,...,0,n). Thus [[v,||p12@~y) =
lvllpr2@yy = S% and then v, — u in D¥2(RY), v, — u in L (RN), v, (z) —
u(x) a.e. in RY. Since for any z € RV, v,(z) — 0, u = 0. By Lemma there
exists t, € (0,+o00) such that ¢,v, € N. Then one has

lenllprogeny = 72 [ e+ 372 [ e @9)
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By and (3.5)), one has
[ D12ny = vl bragen)
< C’(tf’fQIIvnH%m(RN) +ti*72||vn“gl=2(RN))
= C(tZ72||UH%L2(RN) + ti*72||UHQD*L2(RN))7

which indicates that t,, cannot appraoch zero, that is t,, > t¢ for some t, > 0. Since
Q is bounded, there exists R > 0 such that Q C Bg := {z € RV : |z| < R}. Since
for n large enough,

/ ! dr < / 2" d 2" eas B (1) (3.6)
———dr < ——= aAr = —= 1 R=0 , .
|lz—zn|<R <1 + |x|2)N |[z—z,|<R n2N n2N

we have

/ \v|2* dm:/ |vn|2* dx
]RN ]RN
2/ |Un|2* dx
RN\Q

> / |vn | dx
|| >R

. 1
=C / —— —dx
N wi>r (L4 |2+ 20 2)Y
. 1
=C / ————dx
N lt—x,|>R (]‘ + |x|2)N
X 1 . 1
e / S S PG / S
N ey (1 [z2)N N Jio—an<r (L+ 22N

_ /RN 02 dz + o(1).

T
RN\Q

It follows from (3.5)) that

* 71 *
I’Un||2D1,2(]RN)(/]RN\Q |’Un|2 dl‘) > ti —27

Thus one has

“do = / 2" dz + o(1) = SN2 1 o(1). (3.7)
RN

which implies

limsupt2 ~2 < Hv||%1,2(RN)S_% =1.
n—oo
Thus up to a subsequence, one has t, — T € (tg, 1]. Notice that
/ |vn |P dz = o(1).
Q

By (3.5) and (3.7)), one has SN/2 = 72 =28N/2 Thus T = 1. From (B.7) it follows

that
/ lun |2 dz = o(1).
Q
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We claim that
|vn|?" da
% Jo [vnlP dz
Indeed, by (3.4) and (3.6), for n large enough, one has

. « 1
2 2
vp|® de < C ———dx

x 1
—C% [ iyds
N |t—zn|<R (1+ |‘r‘2)N

2" 9N

n2N

meas Bg.

Since the interior of € is nonempty, there exist zp € RY and r > 0 such that
B.(z9) = {z € RN : |z — 29| < r} C Q. Thus for n large enough, one has

1
|op|P dx > CR / dx
/Q N B o) (14 |2+, 2) 5

1
° OJI:[»/B (20) 2T (N=2)p da
(2-Np
= % meas B,..
Then we obtain .
{};TZ;HP C(iimx = CEV nQN*(lN*Z)P = ofl),
since p < +=5. Combining t,, — 1, we implies the claim holds. By calculations,

one has
1_ti * 2
2%(1—1t2)

2 —

Recall that t,v,, € N. Hence for n large enough, one has

— 1.

m < I(t,v,)
t2*

= o aqany — - dr

\Q
t2 t2 o*
_ n||Un||D12RN) 2*/ /| n‘Pd.T+7/|'Un| dx
RN

11— 11—t o+
= Ioo(Un) - 9 H’UnHDl 2(RN) + o /]RN |Un| dx

74 v tf; o*
Q

12 1—t tr .
ZSN/2+(T" 5 )SN/2 I’;/ \vn|pdx+%/ |vn|? da
Q 0

< N2,

The proof is complete. O
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Lemma 3.8. Assume that N > 3, 2 < p < 2* and xq satisfies . Suppose
that the sequence {u,} C N is bounded in DV2(RYN) and satisfies I(u,) — m <
+SN/2 and I'(u,) — 0 in D=1 Then there ezists u € DV2(RN) such that up to a
subsequence, u, — u in DV2(RY).

Proof. Since {u,} € DY2?(RY) is a bounded, up to a subsequence, there exists
u € DV2(RVN) such that u,, — u in DV2(RV), u,, — u in LP(Q) and u, (z) — u(z)
a.e. in RY. For any v € DY2(RY), by I'(u,,) — 0 in D™1, one has

0= (I"(up),v) + o(1)

= Vu, - Vudr — / [t [P~ 2w v da — / |t | " 2upv da + o(1)
RN Q RN\Q

= Vu-Vvdx—/

RN Q
= <I/(u)7v>'

Thus we have

I(u) = I(u) -
11
(52;

1 1
> (5 - ];)HUH%IQ(RN) > 0.

Define v,, = u,, — u. Thus one has

|uP~?uv dx —/ lu|? ~2uv da
RN\Q

(I' (), u)

1 1

1
p
,

- d
0 AL

|12y = lonllDr @y + lullbe ey + o(1).

The Brezis-Lieb lemma implies

/ |t |P da :/ |v P der/ |u|P dx + o(1) :/ |u|? dz + o(1)
Q Q Q Q

/ 2 :/ fon 2 dx+/ uf2 dz + o1).
RN\Q RN\Q RN\Q

Combining this with I(u,) — m, we obtain

1 1 -
m = §||vn\|%1,2(ﬂw) - 2j/ v |? da + I(u) + o(1)
RN\Q

and

1 9 1 o*
> §||UTLHD1,2(]RN) - 2*,/]RN\Q |vn|? dz + o(1).

It follows from (I'(uy,), u,) = 0 and I’(u) = 0 that

0= ||Un||2D112(]RN) - / |,Un|2* dr + (I'(u),u) + o(1)
RN\Q

= ||/Un||2D1*2(RN) - / |/Un|2* d:L‘ + 0(1)~
RN\Q
Up to a subsequence, we assume that

Jenllpauy o) =b= [ | o de o)



10 J. LIU, J.-F. LIAO, C.-L. TANG EJDE-2015/84

Thus we have

* . 2/2*
Sp2/2 :s(/ U, |2 dm) +o(1)
RN\Q

<s( [l )" o)

< |lonll by +o(1) = 0.

Assume that b # 0. Then one has b > S™/2. From (3.8)), we obtain

I P P NE:
mz(2 2*)szS ,

which is a contradiction. Hence b = 0, and the proof is complete. ([

Proof of Theorem[I.1. By Lemmas[3.3] [3.6]and[3.7] there exists a bounded sequence
{u,} C N satisfying I(u,) — m € (0,45"/?) and I'(u,) — 0 in D~!. Lemma
implies that there exists u € DV2(RY) such that up to a subsequence, u, — u
in DY2(RY). Then I(u) = m and J(u) = 0. That is, m is achieved by a function
u € DY2(RY). Since I(|u|) = I(u) and J(|u|) = J(u), we can assume that u is
nonnegative. Lemma implies that u € DV#(RY) is a solution of equation (L.1)).
It follows from the definition of m that u € D'2(R¥) is a ground state solution of
equation . It follows from the strongly maximum principle that « > 0. This
completes the proof. O
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