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RELAXATION IN CONTROLLED SYSTEMS DESCRIBED BY
FRACTIONAL INTEGRO-DIFFERENTIAL EQUATIONS WITH
NONLOCAL CONTROL CONDITIONS

AMAR DEBBOUCHE, JUAN J. NIETO

ABSTRACT. A control system described by fractional evolution integro-differ-
ential equations and fractional integral nonlocal control conditions is investi-
gated. This posed system is subjected to mixed multivalued control constraints
whose values are nonconvex closed sets. Along with the original system, we
consider the system in which the constraints on the controls are the closed
convex hulls of the original constraints. More precisely, existence results for
the mentioned nonlocal control systems are proved. Furthermore, we study
relations between the solution sets of both two systems.

1. INTRODUCTION

We are interested with the following fractional nonlocal control abstract evolu-
tion systems

CDpa(t) + Aw(t) = f(t,2(t)) + / g(t,s,2(s), Bi(shur(s)ds,  (L1)

1 ¢ a—1
m(O)zaxH—m/o (t — $)°Lh(x(s), Bs(s)us(s))ds, (1.2)

with the mixed nonconvex constraint on the controls
ur(t), ua(t) € U(t,x(t)) a.e. on J, (1.3)

where D is the Caputo fractional derivative of order a,0 < o < 1 and t € J =
[0,b]. Let —A be the infinitesimal generator of a strongly continuous semigroup
{Q(t),t > 0} in a separable reflexive Banach space X, the operators By, By : J —
L(Y, X) are linear continuous from Y into X. We assume that f: J x X — X,g:
AxX? - Xandh:C(J:X,X)— X are given abstract functions to be specified
later. It is also assumed that U : J x X — 2Y\{0} is a multivalued map with closed
values (not necessarily convex). Here, A = {(¢,5) : 0 < s < ¢ < b}, T is the classical
gamma function and Y is a separable reflexive Banach space modeling the control
space.
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Along with the constraint ([1.3]) on the controls, we also consider the constraint
ui(t),uz(t) € cU(t, x(t)) a.e. on J (1.4)

on the controls, where ¢6 stands for the closed convex hull of a set. We denote by
Ru, Tru (Resu, Trssu) the sets of all solutions, all admissible trajectories of the
control system 7 (the control system 7, , respectively).

The main results obtained in this paper are to show that: 7rgy is a compact
set in C'(J, X) and the relaxation property

TTﬁU = TT‘U (15)

holds, where the bar stands for the closure in C'(J, X).

The applied sciences confirmed that fractional differential equations play an
important role in many fields, including viscoelasticity, electrochemistry, control,
porous media, electromagnetic and so on. Some works have done on the qualita-
tive properties of solutions for these equations; see [2,|12}[15,/21] and the references
therein. The existence of solutions for fractional semilinear differential or integro-
differential equations is one of the theoretical fields being investigated by many
authors. There has been a significant development in nonlocal problems for frac-
tional differential equations or inclusions (see for instance [3}5,6,/7,(8}9,20.[28L29]).

Relaxation property, such as , has important ramifications in control theory,
since it implies that every trajectory of the convexified (full) system can be approx-
imated in C(J, X) norm, with arbitrary degree of accuracy, by trajectories of the
original system. There are many papers dealing with the verification of the relax-
ation property for various classes of control systems, for instance, Tolstonogov [22]
of control systems of subdifferential type, Migdrski |18}/19], Tolstonogov [23], Tol-
stonogov et al [24], Denkowski et al [10] (c.f. Section 7.4) of nonlinear evolution
inclusions or equations.

In recent publications, X. Liu et al [16}/17] studied the relaxation properties in
both control systems and nonconvex optimal control problems described by frac-
tional differential equations. Debbouche and Torres 7] and [8] introduced the no-
tions of fractional nonlocal condition and nonlocal control condition, respectively,
and then investigated the approximate controllability question for both differential
equations and inclusions.

Motivated by the above facts, we extend the results, with the same schemes
of proof, of |16] for studying a relaxation property in control systems described by
fractional integrodifferential equations, and under a comparison between [7] and [8],
we also introduce a new concept called fractional integral nonlocal control condition,
so that our new complex considered system appears in terms of two controls. The
control systems established here are closed-loop systems (feedback control systems)
while the ones considered in papers related to this work cited above were concerned
with open-loop systems.

The article is organized as follows: In section [2| we introduce some preliminary
results and give the assumptions on the data of our problems which will be used
throughout the paper. Auxiliary results required to realize our investigation are
addressed in section Bl Section @] deals with the existence of solutions for the
considered control systems. The main results are presented in section
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2. PRELIMINARIES AND ASSUMPTIONS

We start by recalling some well-known facts in fractional calculus, in particular
we give the notions of fractional integral and derivative that can be found in [15/21].

Definition 2.1. The fractional integral of order o > 0 of @ € L*([a,b], RT) is

where I' is the classical gamma function. If a = 0, we can write I%w(t) = (gaxw)(?),

where
1 a—1
=1 , >0,
Ja(t) == I'(e)
0, t <0,

and as usual, * denotes the convolution of functions. Moreover, lim,—o g« (t) = 6(t),
with ¢ the delta Dirac function.

Definition 2.2. The Riemann-Liouville fractional derivative of order a > 0,n—1 <
a<n,neN is

1 dr ! w(s)
L Dog(t :7—/ A ) PR
T = Sy fy st 70

where the function w has absolutely continuous derivatives up to order (n — 1).

Definition 2.3. The Caputo fractional derivative of order a > 0, n — 1 < a < n,
n €N, is

n—1
t v
C na — Lpa _ 2 (k)
Dw(t) = “D (w(t) E @ (0)), t>0,
k=0
where the function w has absolutely continuous derivatives up to order (n — 1).

Remark 2.4. The following properties hold. Let n — 1 < a <n,n € N.
(i) If w e C™([0,0)), then

1 o w(s)
C na n—a,___(n)
D%w(t) = =1""%w .
(t) T —a) /0 (t—s)a“*"ds (t), t>0

(ii) The Caputo derivative of a constant function is equal to zero.
(iii) The Riemann-Liouville derivative of a constant function is given by

Lpx.c = x—a)

(1 foz)(

(v) If w is an abstract function with values in X, then the previous integrals
are taken in Bochner’s sense.

According to previous definitions, it is suitable to rewrite problem (|L.1))—(1.2)) as
the equivalent integral equation

=z 1 t — ) Ih(x(s s)usa(s))ds
o) = a0+ g | (0= 9" hia(s). Bals)ua(s))d

1

+ @/0 (t—s)2! [ — Ax(s) + f(s,x(s)) (2.1)

+ [ gt ) By () s,
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provided the integrals exist.

Let J = [0,b] be the closed interval of the real line with the Lebesgue measure
w and the o-algebra ¥ of p measurable sets. The norm of the space X (or V') will
be denoted by || - ||x (or || - ||y). We denote by C(J, X) the space of all continuous
functions from J into X with the supremum norm given by ||z|c = sup,c; [|z(t)| x
for x € C(J, X). For any Banach space V, the symbol w-V stands for V' equipped
with the weak topology o(V, V*). The same notation will be used for subsets of V.
In all other cases, we assume that V and its subsets are equipped with the strong
(normed) topology.

We now proceed to some basic definitions and results from multivalued analysis.
For more details on multivalued analysis, see the books [1}14].

We use the following symbols: Py(Y') is the set of all nonempty closed subsets
of Y, Py(Y) is the set of all nonempty, closed and bounded subsets of Y.

On Py (Y'), we have a metric known as the “Hausdorff metric” and defined by

H(A, B) = max { sup d(a, B), sup d(b, A)}7
a€A beB

where d(z, C) is the distance from a point x to a set C. We say a multivalued map
is H-continuous if it is continuous in the Hausdorff metric H (-, ).

We say that a multi-valued map F : J — P¢(Y) is measurable if F~1(E) = {t €
J:F(t)NE #0} € X for every closed set E C Y. If F: J x X — P¢(Y), then the
measurability of F' means that F~'(E) € ¥ ® Bx, where ¥ ® Bx is the o-algebra
of subsets in J x X generated by the sets A x B, A € X, B € Bx, and By is the
o-algebra of the Borel sets in X.

Suppose V, Z are two Hausdorff topological spaces and F : V — 22\{()}. We
say that F is lower semicontinuous in the sense of Vietoris (l.s.c. for short) at a
point zg € V, if for any open set W C Z, F(xq) N W # (), there is a neighborhood
O(zo) of g such that F(x) N W # 0 for all z € O(xp). F is said to be upper
semicontinuous in the sense of Vietoris (u.s.c. for short) at a point g € V, if for
any open set W C Z, F(xg) C W, there is a neighborhood O(xg) of xg such that
F(x) C W for all x € O(xg). For more properties of l.s.c and u.s.c, readers may
refer to the book [14].

Besides the standard norm on L?(J,Y") (here Y is a separable, reflexive Banach
space), 1 < g < 0o, we also consider the so called weak norm

to

lui(lw = sup H/ ui(s)dsHy, for u; € LY(J,Y), i=1,2. (2.2)
0<t1<t2<b  Jiy

The space L?(J,Y) furnished with this norm will be denoted by L% (J,Y). The

following result establishes a relation between convergence in w-L9(J,Y") and con-

vergence in LI (J,Y).

Lemma 2.5 ( [23]). If sequences {u1pn}tn>1,{t2ntn>1 € LIU(J,Y) are bounded
and converge to uj,ug in LL(J)Y), respectively, then they converge to uy,us in
w-L1(J,Y), respectively.

We use the following assumptions on the data of our problems.

(H1) The operator —A generates a strongly continuous semigroup Q(t), t > 0 in
X, and there exists a constant My > 1 such that sup;c(g o) |Q(t)[| < Mo.
For any ¢ > 0, Q(t) is compact.

(H2) The operators B; : J — L(Y, X),i = 1,2, are such that:
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(1) the mapst — Bj(t)u; and t — Bs(t)us are measurable for any uq, us €
Y
(2) for ae. t € J,

| B1(D)]l cev,x) < dus [|B2(t) v, x) < d2, with dy,da > 0.

(H3) The function f:J x X — X satisfies the following:
(1) t — f(t,x) is measurable for all z € X;
(2) there exists a function l; € L>(J,R") such that for a.e. ¢t € J and all
z,y € X,

If(t, ) = f(t,y)llx <L)z —yllx;

(3) there exists a constant 0 < 8; < « such that for a.e. ¢ € J, and all
T e X,

1t 2)llx < ar(t) + el x,
where a; € L5 (J,R*) and ¢; > 0.
(H4) The function g : A x X? — X satisfies the following:

(1) t — g(t, s, z,y) is measurable for all z,y € X;

(2) there exists a function I € L>®(A,R*) such that for a.e. (f,5) € A
and all z1,z2,y1,y2 € X,

lg(t, 5,21, 91) = g(t, 5, 2, 92) [l x < Lot s){[[o1 — z2llx + [y —w2llx }s

(3) there exists a constant 0 < 2 < «a such that for a.e. (¢,5) € A, and

all z,y € X,

lg(t,s,2,9)lx < as(t,s) + cofllzllx + [yl x},

where ay € L'/%2(A,R*) and ¢y > 0.
(H5) The function h: C(J : X, X) — X satisfies the following:
(1) t — h(z,y) is measurable for all z,y € X;
(2) there exists a function I3 € L (R™) such that for all x1, 22,91, y2 € X,

[h(z1,91) = h(z2,y2) ||l x < ls{ller — z2llx + [lyr — w2llx };
(3) there exists a constant 0 < 33 < a such that for all z,y € X,
1Pz, y)llx < as + cs{llzlx + [lyllx},

where az € L'/ (R*) and ¢3 > 0.
(H6) The multivalued map U : J x X — P¢(Y) is such that:
(1) t — U(t,x) is measurable for all z € X;
(2) there exists a function Iy € L>(J,RT) such that for a.e. ¢t € J and all
z,y € X,

HU(t,z),U(t,y) < la(t)]z —ylx,

(3) there exists a constant 0 < 4 < « such that for a.e. ¢t € J, and all
T e X,

U, 2)|ly = sup{[lv|ly : v € Ut,2)} < as(t) + callz||x,

where ay € L'/54(J,R*) and ¢4 > 0.
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Definition 2.6 ( [4,[28,29]). A triple of functions (x,u1,u2) is a mild solution of
the control system (1.1)—(1.3)), if x € C(J, X) and there exist uy,us € L*(J,Y) such
that uq(t),u2(t) € U(t,x(t)) ae. t € J,

1 ¢ a—1
z(0) = zo + @ /0 (t — 8)* "h(x(s), Ba(s)uz(s))ds,

and the following integral equation is satisfied

2(t) = Salt) 20 + ﬁ /0 (t = 5)* h(a(s), Ba(s)ua(s))ds]

+ / (t =) Tult = 5) [ (s,2(5) + / g(s.m,w(n), By (n)uus (m))dn | ds,
(2.3)
where

Sult) = /0 T e (O)QC0)d0, Ta(t) = o /0 " 06a(0)Q(0)d,

1

£a(0) = éeflwwa(eﬁ) >0,

1 « r 1
wa(0) = - Z(—l)”‘lﬁ_”a_l% sin(nwa),
n=1 :

with £, is a probability density function defined on (0,00); that is, £,(0) > 0,0 €
(0,00) and [;° &4 (0)d6 = 1.

A similar definition can be introduced for the control system (|1.1)—(1.2]),(1.4).

Remark 2.7 ([29]). It is not difficult to verify that
> 1
08, (0)d0 = ——.

Lemma 2.8 ( [29]). Let (H1) hold. Then the operators S, and T, have the fol-
lowing properties:
(1) For any fixzed t > 0, So(t) and T, (t) are linear and bounded operators, i.e.,
for any x € X,

M
[Sa(t)zlx < Mollzllx, [ITa(®)zllx < ﬁof)llzllx;

(2) {Sa(t),t =0} and {T,(t),t > 0} are strongly continuous;
(3) For everyt >0, S.(t) and T,(t) are compact operators.

The proof of the above lemma can be found in [29].

3. AUXILIARY RESULTS

In this section, we shall give some auxiliary results needed in the proof of the
main results. We begin with the a prior estimation of the trajectory of the control
systems.

Lemma 3.1. For any admissible trajectory x of control system (L.1)—(1.2)), (L.4);
i.e., x € Trsy, there is a constant L such that

|z]lc < L. (3.1)
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Proof. From Definition we have for any x € Trey, there exist uq(t), us(t) €
coU (t,z(t)) a.e. t € J and

2(t) =a (1) [”””ﬁ /O (t — 5)**h(a(s), Bals)us(s))ds]
t —g)> ! — 8 s, x(s ’ s, M, T 1(mug s.
[ = Tt =) [fon(e) + [ atsnato). By )in]a
Then by Lemma [2.8] we obtain
le®llx < Molllollx + ﬁ / (t = 5)* " (a(s), Ba(s)us(s)) | xds|
+r | t(t oS [nf(s £ )lx (32)
[ ats, . B oy () s

From (H3.2), (H3.3) and Hélder’s inequality, we have

/0 (t— )2 f(s,2(s)) | xds
< / (t = )" 1 f(5,2(5)) — F(5,0)][xdls + / (t— )2 |7 (5. 0)||xds

t

i a— a—1
§/O(tfs) lll(s)Hx(s)HdeJr/O(tfs) ay(s)ds

/61 [31 1-531 t a1
< [T ] el ey + il / (t = 5)" " a(s) | x ds.
(3.3)
Also, we use (H4.2), (H4.3) and Holder’s inequality to obtain
t s
[a=s / (s 20), B (s 1) ends
< / _ gt / lg(s,m, 2(n), B (s (1)) — g(s,1,0, 0)|| cdnds
+/ (t—s)*" 1/ lg(s,7,0,0)| xdnds
0
t
< [t-9 / (s, el x + 1By (7Y () x bnds
0 0 (3.4)

—l—/ot(t—s)a‘_l /05 as(s,n)dnds
P o=t
- [a—ﬂ =72

- 2
2] blasll o s )
t
ol s / (t— )V a(s)l|xds
0

t
ooz [ (69 Bi(s)ur () xds
0
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applying (H2.2), (H6.3) and Holder’s inequality for the above integral,
t
l/@f$WW&@mumu@
0
t
<d / (t— 5)*(aa(s) + callo(s) 1 x ) ds (3.5)
0

6411 —ha ! a—1
Tl g+ dea [ 9% ol .
0

<a!

Again, assumption (H5.3) and Holder inequality, give
¢
/ (t = 5)* (2 (s), Ba(s)u2(s))|| x ds
0
t
< / (t =) ag + ea{l|lz() ] x + [ B2(t)ua(t))||x }]ds
0

(3.6)
3 1=Ps ! a—1
< [ ] aallivma + e [ (6= 9" o) s
t
+%/U—@“W&@w®mw&
0
by applying (H2.2), (H6.3) and Hélder’s inequality for the above integral,
t
/@f$WW&@mxﬁum
0
t
< d2/ (t— 5)*(aa(s) + callo(s) 1 x ) ds (3.7)
0

64 =3 B ! a—1
Tl g + daca [ 9% ol .
0

Combining (3.3))—(3.7) with (3.2)), we obtain

F(l ) {a gg ﬁs]

<af!

le®llx < Mo|llollx + Ml o g

+esda [P ER] aul asma e

+e3(1 + dacq) /O (t = 5)*a(s)] xds]

+ rj\(%) H

_ 1-p2
+ [mb“@} b||a2||L1/52(A,R+)

—B1
] il ey

bl a eyt [ D]

+ Lo r+) + b||l2HL°°(A,R+) + dicablllz]| Lo (art+)}
t
x/(tfs)""lﬂx(s)”de}.
0
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From the above inequality, using the well-known singular-version Gronwall’s in-
equality (see [11, Theorem 3.1]), we can deduce that the inequality (3.1]) is satisfied,
i.e., there exists a constant L > 0 such that ||z|c < L. O

Let pry : X — X be the L-radial retraction; i.e.,

S CA My
(@) =
Tt llllx > L.

This map is Lipschitz continuous. We define U, (¢,2) = U(t, pry, z). Evidently, Uy
satisfies (H6.1) and (H6.2). Moreover, by the properties of pr;, we have, for a.e.
te J,all z € X and all uy,us € Uy (¢, x) such that

sup{[|ully, luzlly} < as(t) + cal and sup{lusly, [luzlly} < aa(t) + callz|x-

Hence, Lemma is still valid with U(¢, ) substituted by U; (¢, x). Consequently,
without loss of generality, we assume that, for a.e. ¢t € J and all z € X,

sup{||v]ly : v € Ut,z)} < o(t) = as(t) + c4al, with o € LYP1(J,RY).  (3.8)
Let ¢ be defined by (3.8]), we put
Y, = {(ur,ug) :ug € LYPH(1Y) : [ur (D) |ly < o(t) ae. t € J,

3.9
us € LYP1(J1Y) : Jug(t)|ly < o(t) ae. t € J}. (3.9)

X, = {(K1, K2, K3) : K1 € LYP/(J,X) 1 | K| x < ai(t) + e1 L ae. t € J,
Ky € LYP2(A, X) ¢ | Ka|lx < aa(t,s) + co{L + di1p} ace. t,s € J, (3.10)
Ky € LYP(J,X) : | K3 x < a3 + c3{L + doyp} ace. t € J.}

According to (H2)-(H5), for any z € C(J, X) and uy,up € L'/P1(J,Y), the func-
tions f, g and h are elements of the spaces L'/ (J, X), L'/%2(J, X) and L*/%3 (], X),
respectively. Hence, we can consider operators Aj, Ay : C(J, X) x LYB1(J)Y) —
L'/B1(J, X) defined by

Au (2, u1)(t) :f(t,x(t)H/ 9(t,s,3(s), Bi(s)ux(s))ds,
0 (3.11)

t
Ao (2, u2) (1) = / (t — ) Lh(x(s), Ba(t)us(s))ds.
0
Lemma 3.2. The maps Ay(z,u1) and Ax(z,us2) are sequentially continuous from
C(J, X) x w-L'B4(J,Y) to w-L'/84(J, X).

Proof. Suppose that x,, — z in C(J,X),u1,, — w1 in w-L'/B+(JY) and U,y —
uy in w-LYP1(JY). Let f € LYO=PI(J X*), g € LY(=F)(A X*) and h €
LY/ (=B3)(X*) be fixed. Now we may assume that ||2,|c < M for some constant
M >0 and n > 1. Then from (H2)-(H5), we can have the following facts

flt,zn(t)) = ft,z(t)) in X ae. t € J, ||f(t,zn(t))]|x <a1(t)+ M, (3.12)
g(t, s, zn(t), ) — g(t, s, z(t),-) in X a.e. (t,s) € A,

lg(t, s, 2n(t),)llx < aa(t,s) + oM,
h(@n(t),) = h(z(t),-) in X, [|A(zn(t), )][x < a3+ csM, (3.14)

/(Bi‘(t)g( ), w1, (t))dt —>/ (Bi(t uy(t))dt, (3.15)
J

(3.13)
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/ (B3 (0)h(t), uzn (1))t — / (B3 (0)h(t), us(t))dt, (3.16)
J J

where Bj(t) and B3 (t) are the operators adjoint to Bi(t) and Ba(t), respectively.
From ((3.12)—(3.14)), using Lebesgue’s dominated convergence theorem, we obtain

ftzn(t) — f(t,z(t)) in LYV (], X), (3.17)
glt, s, x,(t),) — g(t,s,z(t),") in LYP2 (A X), (3.18)
h(zn(t),) — h(z(t),) in L% (X). (3.19)

Since

{9(), B1(t)ur (1)) = (Bi(t)g(t),us () and (h(t), Ba(t)uz(t)) = (Bs (£)h(t), ua(t))
for some arbitrar € LYOU=B)(A X*) and h € LY(=F)(X*) by (3.15) and
, we deduce};}iqat g -

Bl (t)ulyn(t) — Bl (t)u1 (t), BQ(t)'U/Q)n(t) — BQ(t)U/Q(t) in (,(}-Ll/ﬂ‘1 (J,X)

Together with (3.17)—(3.19) imply

Ai(xn, w1 n) = Ar(z,u1), Ax(xn,uzn) — Az(z,u2) in w—Ll/ﬂ“(J,X).

O
Now we consider the nonlocal auxiliary problem
“Dya(t) = —Az(t) + f(t), teJ=][0,0],
1 (3.20)

z(0) = xo + m/o (t — 5)* h(x(s))ds,

where f(t) and h(x(t)) reduce f(¢,z(¢ —|—f0 (t,s,z(s), )ds and h(z(s),-), respec-
tively.

It is clear that, for every f € LYP(J, X),h € LYP(J : X,X),0 < B < a, the
problem has a unique mild solution H(f,h) € C(J, X) which is given by

H(f,h)(t):Sa(t)[zo+%/ (t—s)""lh(x(s))ds]+/ (t— )T (t—5) f(5)ds.

(@) Jo 0
The following lemma concerns with the property of the solution map H which is
crucial in our investigation.

Lemma 3.3. The solution map H : X, — C(J, X) is continuous from w-X, into

C(J, X).

Proof. We already know that H is linear and continuous from LY/?(.J, X) to C(J, X),
hence H is also continuous from w-LY/?(J, X) to w-C(J, X).

Let C € Py(LY?(J, X)) and suppose that for any f, h € C, £l c,x) < K
and ||hl|L1/6(s.x,x) < K2 (K1, K2 > 0 are constants). Next we will show that H is
completely continuous.

Step 1: From Lemma we have that the map ||H(f,h)(¢)||x is uniformly
bounded.

Step 2: H is equicontinuous on C. Let 0 < t; < t3 < b. For any f,h € C, we
obtain

[H(f, h)(t2) = H(f; h) ()| x
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< Hﬁwg) / (b — 5)* h(a(s))ds] x

HliggaySatta) [ [t =977 = (1 =97 nta(o)aslx
n
)

to

+ 11 [ (b2 =) ' To(ta — 5) f(s)ds]|x

+ s [Satt) = Saten)] | 1 97 hla(s))ds

I [l 97 = = 9Tl — sl

t1
[t =97 [Tt = 9) - Tl - 9)| £(s)dsx
0
= Il+I2+Ig+I4+I5+I6.
By using analogous arguments as in Lemma [3.1] we have

<)

M, h - 1-p5
I, < . 0 (/ ((tl B S)a71 . (tg B S)afl)l/(l B)d8> Ko
0

Koty —t1)*7,

N

t1 1 a—1 -
< Fj\{o(z))(/ ((tl—s)% _(tQ—S)t)d8>1 ﬁKQ
0
Mo [1—B71-8/ a8 oz asg\1-8
gl T T e -0®) Tk
2M0 1— ﬁ 1-8 a—@
= ['(a) {Oé—ﬂ] (t2 = 01) " K,
MO 1- ﬁ 1-8 a—@(
I4§ F(a) [a—ﬁ} Kl(tQ_tl) )
My (" . ey 1/(1-9) , \1P
I5§F(Oz)(/0 ((tl—s) 1_(t2—s) 1) ds) K,
t1 —
0
M, 1— 1-8 , a=8 a=8 a—p\ 1-8
- [ )
2M0 1— ,6 -8 a—f3
= ') {a—ﬁ] (b2 =11)" ")

For t; =0, 0 < ty < b, it is easy to see that I3 = I = 0. For t; > 0 and € > 0 be
small enough, we have

s < (St = $a0)) gy [ (1= 9" el

(a

(a0~ a0 g [ 0= 9 alotsl

1—€
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1 [1—B71-B a=8  ag.
< sup S (t2) — Sut)ll s [~ ] (1 — ) T,

I(a)
2M, {1—ﬁ}1fﬁ |
I'(«)

el [ = (Tl = )~ Tl — ) F(s)dsl x
+nlfplsw1@um$ﬂmls»ﬂ$mm

1—-pq1-6, =8 a=B\1—
< s [Tt —9) - Tt - o[ 22] (1 - ) 7k
s€[0,t1—€] o —

2M0 1-— ,6 1-8 a—p
K;.

- INGY! {a - ﬁ} ¢ !

Combining the estimations for Iy, I, Is, Iy, I, I and letting t3 — ¢1, and € — 0 in

I3, I, we conclude that H is equicontinuous.

Step 3: The set II(t) = {H(f, h)(t) : f,h € C} is relatively compact in X. Clearly,
I1(0) = {0} is compact, and hence, it is only necessary to consider ¢ > 0. For each
€ (0,t), t € (0,b], f,h € C, and 6 > 0 being arbitrary, we define

Hg’é(t) = {Hgvé(f7 h)(t> : fﬂ h € C}»
where

Hys(F.0) (1)

/ £.(0)Q(t76) {mo—kr(la)/ot_g(t—s)a1h(x(s))ds}d9
+aAt5£ Ot — )" Ea(O)Q((t — 5)°6)f (s)d0ds

— e [ &0)a0 - 50 [xo b [ bt ao

+ aa/ g/ 0t — ) 1Ea(0)Q((t — )70 — g°8) f(s)d0ds
=Q(g")y(t. g

Because Q(¢g*9) is compact and y(¢, g) is bounded, we obtain that the set IIg 5(t)
is relatively compact in X for any ¢g € (0,t) and 6 > 0. Moreover, we have

IH(fh)(E) = Hy,s(f, h)(1)l]x

= H/ £.(0)Q(t°0) [xo + 1“(10¢)/Ot(t_ s)o‘_lh(w(s))ds} do
/ £a(0)Q(t0) [xo + %oz) /Ot(t - s)alh(:r(s))ds] de

/ £a(0)Q(t™0 [Io + F(1a)/0t9(t_ s)alh(x(s))ds} deo
+a[;leu—$*%awmu—$%ﬁ@mws
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“f t [ o= a0 - 70 (5)avas
[ / "0 ) 0 — 5)70) ()b |

I [ &@Qunfrot s [0 -9 eoas]
w1 [T eawn [ [ @ ot e
wal [ / 0t — )€ (B)Q((t — 5)°6) 1 (s)d6ds | x
wal [ [ o=t - o) seanast

<y [ a0l + ﬁ( [ =0 a) 7 1@l )
s | e ( [ tg(t —)5hds) b))

t o1 1-8 §
([ (= 9Tas) Wl [ e )0

t a—1 1-6 o
+M0a(/ (t75)176d5> \|f||L1/ﬁ(J7X)/(S 0.(0)do
t—g

< M, / €a(0)d8 2o x + FI(Q) [;_g]lfﬁbaﬂ + [Ff;)[;_g]l_ﬁg“‘ﬁ]}

+M0K1a[;:g} B b"“ 5/ 0. (0)d0 + (1+ )ga—ﬁ).

By Definition 2.6] and Remark 2.7, we deduce that the Right hand side of the
above inequality tends to zero as ¢ — 0 and § — 0. Therefore, there are relatively
compact sets arbitrarily close to the set II(t), ¢ > 0. Hence the set II(t), ¢ > 0 is
also relatively compact in X.

Since X, is a convex compact metrizable subset of w-LYP(J, X), it suffices to
prove the sequential continuity of the map H. Now let {f,}n>1,{hn}n>1 € X,
such that

fo — fand hy, — hin w-LYP(J, X), f,h € X,.
By the properties of the operator H, we have H(f,,h,) — H(f,h) in w-C(J, X).
Since {fn}n>1 and {h,}n>1 are bounded, there are subsequences {f,, }x>1 and

{hn, te>1 of {fu}tn>1 and {fn}n>1, respectively, such that H(fy,,hn,) — 2z in
C(J, X) for some z € C(J, X). From the facts that

H(fn,hn) — H(f,h) in w-C(J,X), and H(fn,,hn,) — 2z in C(J, X),
we obtain that z = H(f, h) and H(f,,h,) — H(f,h) in C(J, X). O

4. EXISTENCE RESULTS FOR CONTROL SYSTEMS

In this section, we shall prove the existence of solutions for the control systems

D)3 and (LI-[2), €4
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Let A = H(X,). From Lemma 3.3] we have A is a compact subset of C(J, X). It

follows from (3.8) and (3.10) that Try € Tresy C A. Let U : C(J, X) — QLM (1Y)
be defined by

U(z)={0:J — Y measurable : 0(t) € U(t,z(t)) a.e.}, x € C(J, X). (4.1)

Theorem 4.1. The set Ry is nonempty and the set Resy is a compact subset of
the space C(J, X) x w-LYP(JY).

Proof. By the hypotheses (H6.1) and (H6.2), we have that for any measurable
function z : J — X, the map t — U (¢, z(t)) is measurable and has closed values |14}
Proposition 2.7.9]. Therefore it has measurable selectors [13]. So the operator U is
well defined and its values are closed decomposable subsets of L'/#(.J,Y). We claim
that x — U(z) is Ls.c. Let z, € C(J,X), 0, € U(z,) and let {z,}n>1 C C(J, X)
be a sequence converging to x,. It follows from [30, Lemma 3.2] that there is a
sequence 6, € U(x,) such that

10.(t) — 0 (t)]ly < dy (0.(), U(t, za(t))) + % ae. ted. (4.2)

Since the map y — U(t,y) is H-continuous a.e. t € J (by (H6.2)), then for a.e.
t € J, the map y — U(t,y) is l.s.c. [14, Proposition 1.2.66]. Hence by Proposition
1.2.26 in [14], the function y — dy (0.(¢),U(t,y)) is u.s.c. for a.e. t € J. It follows
from (4.2)) that, for a.e. t € J,

lim |0.(t) — 6,(¢)|ly <limsupdy (0.(t),U(t, zn(t)))

n—oo

< dy (0,(1), U(t, 2.(1))) = 0.

This, together with (3-8), implies that 6,, — 6, in L'/5(J,Y). Therefore the map
x — U(x) is L.s.c. By |25, Proposition 2.2] (also see |14, Theorem 2.8.7]), there
exists a continuous function m : A — LY/#(J,Y) such that

m(z) € U(z), forall z € A. (4.3)

Consider the map P : LYA(J, X) — L'8(J,Y) defined by P(f,h) = m(H(f,h)).
Due to Lemmaand the continuity of m, the map P is continuous from w- X, into
L'/8(J,Y). Then by Lemma we deduce that the maps f — A1 (H(f),P(f)) and
h — As(H(h),P(h)) are continuous from w-X,, into w-L'/8(J, X). For short, we
denote g — A(H(g),P(g)), where g = (f, h). It follows from (B.8), and
that A(H(g), P(g9)) € X, for every g € X,,. Therefore, the map g — A(H(g), P(g))
is continuous from w-X,, into w-X,,. Since w-X,, is a convex metrizable compact set
in w-LYP(J, X), Schauder’s fixed point theorem implies that this map has a fixed
point g, € Xy;ie., g« = A(H(g+), P(g+)). Let (u1,4,u2,+) = P(g+) and z,. = H(g.),
then we have (U1, u2,+) = m(2«), fr = A1(Ts,u1 ) and h, = As(2s, uz ). That
is to say we have

24 (1)
= H(g.)(t)
= S (t) [xo + F(la)/o (t — 8)* T h(2.(s), Ba(s)ua «(s))ds

+ [ T )l + [ ol (), Buau, ()]s,



EJDE-2015/89 RELAXATION IN CONTROLLED SYSTEMS 15

Ut Us € UL, z4(t)) ae ted

Which imply that (z.(-),u1,.(-), u2,«(-)) is a solution of the control system (L.1)—

(1.3). Hence Ry is nonempty.
It is easy to see that Resy € A x Y. Since A is compact in C(J,X) and

Y, is metrizable convex compact in w-L'B(JY), we have that Resy is relatively
compact in C(J, X) x w-LY?(J,Y). Hence to complete the proof of this theorem,
it is sufficient to prove that Resy is sequentially closed in C(J, X) x w-L'/8(J,Y).

Let {(xn (), u1,n(-), u2.n(-)) }n>1 € Resu be a sequence converging to the a func-
tion (z(-),u1(+),u2(-)) in the space C(J, X) x w-LY#(J,Y). Denote

In(t) =f(t7$n(t))+/0 g(t, s, 2,(s), B1(s)u1,n(s))ds,
f@=f@ﬂM+Ag@&ﬂ%meme
o (£) = / (t = ) h(wn(s), Ba(t)usn(s))ds,
0

t
h(t) = / (t — 5)* " h(x(s), Bo(t)usa(s))ds
0
According to Lemma fn = f hn — hin w-LYP(J, X). Since fn,h, € X, and
Tn =H(fpn,hpn), n>1, Lemma implies that
v = H(f,h).

Hence, to prove that (z(-),u1(-),u2(-)) € Resy, we only need to verify that uq(t)
and uz(t) belong to coU (¢, x(t)) a.e. t € J.
Since u1 5, — U1, Uz, — Uz I w—Ll/B(J, Y), by Mazur’s theorem, we have

ur(t), ua(t) € NpZyeo( URZ,, uk(t)), for ae. teJ (4.4)

By (H6.2) and the fact that H(coA,coB) < h(A, B) for sets A, B, the map =z —
coU(t,z) is H-continuous. Then from |14, Proposition 1.2.86], the map z —
coU (t, z) has property Q. Therefore we have

N, @( e, @U(t,xk(t))) CwU(t,z(t)), forae ted.  (4.5)
By (4.4) and (4.5)), we obtain that uq(t), ua2(t) € cOU (¢, z(t)) a.e. t € J. This means
that Resp is compact in C(J, X) x w-LYP(J,Y). O
5. MAIN RESULTS
Now we are in a position to state and prove the main results of this work.

Theorem 5.1. For any (x.(-),u1,4(-), u2,+(-)) € Resu, we have that there exists a
sequence (x,(+), u1,n(+), u2.n(-)) € Ry, n > 1, such that

Tn =z  in C(J, X)), (5.1)

Ul — Ut} Ugp — Uz s N Li/ﬁ(J,Y) and in w—Ll/ﬁ(J, Y). (5.2)
Moreover, we have

TT’U = TT’@U, (53)

where the bar stands for the closure in the space C(J, X).
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Proof. Let (z.(-),u1,+(+),u2.(-)) € Rasu, then uy .(t),us (t) € U (t,z.(t)) a.e.
t € J. It follows from (H6.1), (H6.2) and that the map t — U(t, z.(t)) is
measurable and integrally bounded. Hence by using [26, Theorem 2.2], we have
that, for any n > 1, there exist measurable selections vy ,,(t) and vy ,(¢) of the
multivalued map t — U(t, z,(t)) such that
ts 1
sup H/ (ui(s) — vi,n(s))dSHY <—-, i=1,2. (5.4)
0<t1<t2<b 1 n
For each fixed n > 1, by (H6.2), we have that, for any € X and a.e. t € J, there
exist v; € U(t,x),i = 1,2, such that

1 )
[vin(8) = villy <ki@®)llen(t) = @llx + -, i=1,2. (5:5)

Let amap Y, : J x X — 2V be defined by
Y, (t,z) ={v; €Y :v;,1 = 1,2, satisfy inequality (5.5)}. (5.6)

It follows from that T, (¢, x) is well defined for a.e. on J and all € X, and its
values are open sets. Using [27], Corollary 2.1] (since we can assume without loss of
generality that U(t, z) is ¥ ® Bx measurable, see |14, Proposition 2.7.9]), we obtain
that, for any € > 0, there is a compact set J. C J with pu(J\J.) < €, such that the
restriction of U(¢, z) to J. x X is L.s.c and the restrictions of v1 ,,(t), vz »(t), k1(¢) and
ko(t) to Je are continuous. So and imply that the graph of the restriction
of YT, (t,x) to J. x X is an open set in J. x X x Y. Let amap Y :J x X — 2 be
defined by

T(t,z)=",(t,z)NU(t ). (5.7)
It is obvious that, for a.e. t € J and all z € X, Y(¢,x) # (). Due to the arguments
above and Proposition 1.2.47 in [14], we know that the restriction of Y(¢,z) to
Je x X is Ls.c. and so does T (t,z) = Y(t,z), here the bar stands for the closure of

asetinY.
Now we consider the system (1.1]), (1.2) with the constraint on the controls

up(t), uz(t) € T(t,z(t)) a.e. on J. (5.8)

Since Y(t,z) C U(t,x), then a priori estimate Lemma also holds in this sit-
uation. Repeating the proof of Theorem we obtain that there is a solution

(0 (-),u1.n(-), u2.,()) of the control system (1.1]),(T.2), (5.8). The definition of T
implies that (2, (), u1,n(-), u2,n(-)) € Ry and

[0in(t) = win(B)lly < ki()][24(t) — 20 (@) x + % i=1,2. (5.9)

Since (2, (), u1.n(-),u2.n(-)) € Ry, n > 1, and (z4(-),u1,+(-), u2,+(-)) € Resvu, we
have

2.(8) = Salt [xo " ﬁ [ =9 b o), Baloyu ()
+ JO T Tt = 5) | (s, .(5)) (5.10)

+

o\o\

s (), Byl (n)) ] s
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and

Zn(t) = Salt) [mo + %a) /O (t — $)*  h(za(s), Bg(S)Ug’n(s))ds}

+/0 (t —8)* 1T (t — s) [f(s,xn(s)) (5.11)

+/Osg(sm,wn(n%B1(n)ul,n(n))dn] ds.

Theorem and {(xn(')aul,n('))aul,n('))}nzl C RU C R@U lmply that we can
assume, possibly up to a subsequence, that the sequence (x,(-), u1,n(-),u2.n(-)) —
@(-), W1 (), Ta(-)) € Reov in C(J, X)xw-LYP(JY). Subtracting from (5.10)),
using (H2.2), (H3.2),(H4.2), (H5.2) and (5.9)), and according to previous estimations
of our sufficient set of conditions, it is easy to get

() —z(@)]x < T/O (t =) Hu(s) = (s) | xds,

where 7 is a positive constant. Then by |11, Theorem 3.1], we obtain z, = T;
i.e., we have z,, — z, in C(J,X). Hence from , we have (v, — U1n) —
0, (va,n—u2,) — 0in Ll/B(J, Y). Therefore, uy , = U1 —V1,n+V1,n — Ui, Uz p =
Usp — Vo + V2, — Uz 0 w-LYB(J,Y) and L% (1Y), ie., and hold.

Since it is clear that 7ry C Trey and T rey is compact in C(J, X)) by Theorem
then from the proof of the first part of this theorem, we have

Try = Treu,
where the bar stands for the closure in C'(J, X). d
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