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ROBIN BOUNDARY-VALUE PROBLEMS FOR QUASILINEAR
ELLIPTIC EQUATIONS WITH SUBCRITICAL AND CRITICAL
NONLINEARITIES

DIMITRIOS A. KANDILAKIS, MANOLIS MAGIROPOULOS

ABSTRACT. By using variational methods we study the existence of positive
solutions for a class of quasilinear elliptic problems with Robin boundary con-
ditions.

1. INTRODUCTION

Let © be a bounded domain in RY with a smooth boundary 0. In this article
we study the nonlinear Robin problem:

—Apu = NuP"?u+a(z)|u/” *u in Q,

V=2 0 4 bl = ol on 90,
n
where Apu := div(|Vul|P~2Vu), 1 < p < N, denotes the p-Laplace operator, g—T“I(x)

denotes the outward unit normal at x € 9, A, u are parameters, u > 0, a: Q — R,
b,p : 9Q — R are essentially bounded functions, with b(z) > 0 and mx € 99 :
b(-) > 0} > 0. Restrictions on ¢,r are given in the subsequent sections. With
respect to the parameter p, we notice that its role is crucial in the critical case
examined in Section 3.

Quasilinear problems of the form —A,u = f(z,u) with Dirichlet boundary con-
ditions have received considerable attention; see [2, [8, 16 20, 23]. This equation
with Neumann boundary conditions (i.e. b(-) = 0 and p(-) = 0) and a(-) being a
constant has been studied in [4], where existence of solutions has been provided for
A € (0, \*), for a suitable A* > 0. The same authors in [3] provide positive solutions
to the aforementioned problem but with a critical term added to the right hand
side of (). In [5] the existence of solutions is proved for (1))-(1])) when A appears on
the boundary condition, a(-) = 0, and r can be subcritical, critical or supercritical.
Multiplicity of solutions is examined in [I8] where the right hand side of is a
real Carathéodory function f(z,u, A) defined on 2 x R x (0, +00) and the boundary
condition is Neumann. Multiplicity of solutions is also proved in [I7] for A > Ao,
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for Ay being the second eigenvalue of the p-Laplacian operator with Robin bound-
ary conditions, while in [I9] existence of positive solutions is shown for A < A;.
Existence of solutions depending on the Fucik spectrum of the p-Laplace operator
is examined in [24]. When € is an exterior domain, existence and nonexistence of
solutions is examined in [I0]. In case the potential is nonsmooth we refer to [II].
The fibering method, attributed to Pohozaev, is useful when the right hand sides of
the equation and the boundary condition are power-like, see [7], [2I]. For systems
of equations the interested reader may see [0].

Our aim in this work is to provide existence results concerning positive solutions
to — when ¢ is either subcritical or critical, r is subcritical and A < Aq,
where A1 is the first eigenvalue of the associated eigenvalue problem. When the
exponents are subcritical, our proofs rely on the fibering method and the mountain
pass theorem developed in Ambrosetti-Rabinowitz [1], while in the case of ¢ being
critical we use the concentration-compactness principle of Lions [13], [14]. A useful
survey of results concerning the mountain pass theorem is provided in [22].

As usual X := W1P(Q) is equipped with the norm

1/p
lip= (/Q|Vu|pdx+/ﬂ|u|pdx) .

The action functional I(-) corresponding to problem — is defined on X by
1 1
In(u) = - [/ \VulPdz — )\/ |u|pd:r+/ b(x)|u|ﬁda] ~ ZA() - PP,
plja Q oQ q r
where P(u) := [, p(x)|u|"do and A(u) := [, a(z)|u|dz.
Consider the eigenvalue problem

[ u

—div(|VuP72Vu) = Mu[P?u  in Q, (1.1)
|Vu|p_2% +b(z)|ulP2u=0 on 99. (1.2)
n

It is known that the smallest eigenvalue \; is isolated and positive with correspond-
ing normalized eigenvector u; € C1(2) (that is, ||u;]| = 1) which is positive in €,
[12, Lemma 5.3]. Furthermore,

N f{fﬂ |VulPdz + [, b(z)|u[Pdo
L= Jo lulpda

‘ue WLP(Q)\{O}}. (1.3)

2. SUBCRITICAL EXPONENTS

In what follows we assume that 1 < ¢ < p* := NN—ED and 1 < r < p*:=

p(N—-1)
N—p °

2.1. Existence of solutions when )\ < \;.

Lemma 2.1. The expression

[u] = [/QVupd:c—)\/prdx_i_/m b($)|u|pda} 1/p

is a norm on X and is equivalent to || - ||1,p-

The proof of the above lemma follows from [4, Proposition 2].
Depending on the relative ordering of the exponents p, q,r, we distinguish the
following four cases.

Case 1. p < min{q,r}. We assume
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(H1) a(-) > 0 and m{x € Q:a(-) >0} > 0.
(H2) p(-) > 0 on 9Q and m{xz € 9 : p(-) > 0} > 0.
Let Y be an Banach space and ¥ := {4 C X\{0} : A is closed and A = —A}. The
genus of a set A € ¥ is defined by
v(A) ;= min{n € N: Jp € C(A,R"\{0}) with ¢(x) = —p(—x)}.
Theorem 2.2. Suppose that I : Y — R is an even C*(Y,R) function such that:
(i) I satisfies the Palais-Smale condition.
(ii) T(u) > 040 < |lu|| <7 and I(u) > c >0 if ||u|| = r, for some r > 0.
(iii) There exists a subspace Yy, C E of dimension m and a compact subset
Ay C Yy with I <0 on A, such that 0 lies in a bounded component (in
Yi) of Y \A.
Let T := {h € C(Y,Y) : h(0) = 0,h is an odd homeomorhism, I(h(B1)) >
K, ={K CY : K is compact, K. = —K,y(K N h(0By)) > m for every h €
where By denotes the unit ball of Y. Then

0},
I},

Cm = inf maxI(u)
KeKnueK
is a critical value of I with 0 < ¢ < ¢y < Cpa1 < +00. Furthermore, if ¢,, =
Cmt1 = " = Cpn, then ¥(Ke,,) = n+ 1, where K, == {u € X : I'(u) =0,

I(u) = ¢}
For the proof of the above Theorem we refer the reader to [I].

Theorem 2.3. Assume that (H1) and (H2) hold. Then (I)-(1) admits infinitely
many solutions.

Proof. We will show first that I satisfies the Palais-Smale condition. So let {uy, }nen
be a sequence in X such that |I(uy)| < M and I’(u,) — 0. For k € (p, min{q,r})
we have

—M + 0, (1)[un] < I(uy) — 1I’(un)un <M + 0, (1)[un],

k
and so
1 1 » 1 1 1 1
—M + 0, (1)[u,] < (I; - E)[Un] + (g - Q)A(Un) +H(g - ;)P(Un) 2.1)

< M+ 0n(1)[un),

which implies {uy, }nen is bounded in X. Without loss of generality we may assume
that u, — u weakly in X and strongly in LP(Q), L%(£2), LP(0N?) and L"(09Q).
Therefore,

/ |Vu|P~2VuV (u, — u)dr — 0, (2.2)

Q

/ a(|un] % wy — |u|??u) (u, — u)dz — 0, (2.3)
Q

/ (P21, — [P ~220) (1 — w)dor — 0, (2.4)
o0

/ p(|un|" 2wy — u|""%u) (u, — u)do — 0 (2.5)
o0

as n — 4o0o. Since I'(u,) — 0, (2.3)-(2.5) imply that
(I'(up) — I'(u),up —u) — 0 as n — +oo. (2.6)
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Thus,
/ [[Vun|P 2V, — [VulP~?>Vu] (Vu, — Vu) dz
Q
- )\/ (|t [P 21y, — [u|P~2w) (wy — u)da
Q
+ / b(|tn )P 2wy — |ulP™%u) (uy — u)do
o0
— / a|tn |2 uy, — u|? ) (uy, — u)de
Q
- ,u/ p(|un]" Uy — [u|""*u) (uy, —u)do — 0 as n — +oo.
o0
Consequently,

/[|Vun|p72Vun — |VulP~2Vu](Vu,, — Vu)de — 0 as n — +oo.
Q
As a consequence of Holder’s inequality we have

/[|Vun|p72Vun — |VulP~2Vu](Vu, — Vu)dz
Q

> [(/Q |Vun|pdx> e (/Q |Vu|pdx)(p_l)/p} (2.7)
o\ P o \MP
X [(/Q|Vun| daz) - (/Q|Vu| dx) }

Therefore, ||u,|l1,p — ||ull1,p. The uniform convexity of X implies that u, — u in
X. Note that
Iw) = S ful? — < Aw) - P > -
p q r N
by the Sobolev embedding, and so I(u) > 0 for |ju|| = p and I(u) > ¢35 > 0 for
llu]l < p, provided p is sufficiently small. Suppose that {X, }nen is a sequence of
subspaces of X with dimension dim(X,) = n such that %Z # 0 if u € X,\{0}.
Then, for v € B} :={v € X,, : [v] = 1} and ( sufficiently large

[u” = erful” = efu]",

1(cu) = S — Caw) — 2Py < &~ min A@w) — 2 min P(u) <.

p q r p q uveBY T ueB}
We can now apply Theorem to complete the proof. (I

Case 2. 1 <r < g < p We assume
(H1’) a(:) > 0ora(-) <0in Q and m{z € Q: a(-) # 0} > 0.

Theorem 2.4. If 1 < r < g < p and (H1’), H(2) hold, then - admits a
positive solution.

Proof. Assume first that a(-) > 0. We consider the open set Z := {u € X : A(u) >
0 or P(u) > 0}. O

For u € Z, t > 0, one forms

p

ungmmp%mm " P(u),

where H)y(u) := [u]?.
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For ¢t > 0, let
Ii(tu) = P Hy(u) — t7 P A(u) — pt" ' P(u).
For critical points, we obtain
tPHy(u) — t7A(u) — pt" P(u) = 0, (2.8)

that has always a unique solution ¢ = t(u). Let Sy = ZN{u € X : Hy(u) = 1}.
We notice that {t(u) : uw € Sy} is bounded.
For u € Z, we define I(u) := I(t(u)u). In view of (2.8)),
~ 1 1 1 1
I(u) = (= = =)t(w)PHx(u) + (= — =) pt(u)"P(u) < 0. (2.9)
p q q T

Notice that 1(-) is bounded below in Sy. Let M = infyes, I(u). Let {un nen € Sa
be a minimizing sequence for I/Sy. Since {u, }nen is bounded in X, we may assume
that u, — u in X. At the same time, t(u,) — ¢ in R. Thus #(u,)u, — tu in X.
By weak lower semicontinuity of I(-), we have

I(tu) < liminf I(t(u, )u,) = M.
n— oo
Thus tu # 0. Because of the corresponding compact Sobolev embeddings, A(uy) —
A(u) and P(u,) — P(u). Exploiting (2.8]) for each n, one has
t(un)P™" = t(un) " A(ug) + P (up).
Letting n — 400, we obtain
P77 =177 A(u) + pP(u). (2.10)
Since ¢ > 0, either A(u) > 0 or P(u) > 0, thus u € Z, and t(u) is well defined. The
weak lower semicontinuity of the norm applies to give
T Hy (u) < BT A(u) 4+ pP(u) (2.11)
or
Hy(u) < T7PA(u) + 7P uP(u).
At the same time,
Hy(u) =t(uw)TPA(u) + t(w)" " PuP(u).
Since the map f(t) = t7PA(u)+t""PuP(u),t > 0 is strictly decreasing, the last two
relations imply ¢ < t(u). Let us assume that ¢ < t(u). We set F(y) := I(yu),y >
0. For y € [t,t(u)], one has F'(y) = y? " Hy(u) — y? tA(u) — y" ‘uP(u) =
y " HyP~"Hy(u) —y9~" A(u) — pP(u)], which is negative everywhere but at y = t(u),
since (2.8) has a unique solution. Thus F(y) is strictly decreasing in [, t(u)], so
I(t(u)u) < I(tu) < M.
We take k& > 0 such that ku € Sy (actually, combining (2.10) and one sees
that k > 1). We have
t(ku)? = t(ku)? A(ku) + t(ku)" pP(ku)
or
(kt(kw))" H(u) = (kt(ku))? A(u) + (kt(kw))" pP(u),
thus kt(ku) = ¢(u). Then
I(t(ku)ku) = I(t(u)u) < I(tu) < M,
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which is a contradiction. Thus ¢ = t(u), Hy(u) = 1, and (u)u is a nontrivial solu-
tion of our problem. Since |¢(u)u| will also be a minimizer, by Harnack’s inequality
we may assume that ¢(u)u is positive.

If a(:) < 0 in Q, we define Z := {u € X : P(u) > 0}. It is clear that
has a unique positive solution and M < 0. Furthermore, since the limit u of a
minimizing sequence satisfies (2.10)), we have that P(u) > 0. Thus « € Z and
|t(u)u| is a positive solution of

Case 3. 1 <g<r<p.

Theorem 2.5. Suppose that 1 < g < r < p and (H1), (H2) hold. Then —
admits a positive solution.

Proof. Note that for every u € Z (2.8 has a unique positive solution ¢ := ¢(u).

~

Furthermore, the set {t(u) : v € Z} is bounded. Let I(u) := I(t(u)u). Then, in
view of ([2.8)),

1 1 1 1
I(u) =tP(= = =) + pt" (= — ;)P(u)
1 lf 1q 1 1 1 (212)
p(= _ = P(Z _ ) —yp(Z _ =
<e(C- ) +r(- 1) = - 1) <0
We can now proceed as in case 2. ([

Case 4. 1 <r < p < q. We assumpe
(H3) a(-) <0 and m{x € Q:a(-) <0} > 0.
Theorem 2.6. If1 <r < p < q and (H2), (H3) hold, then — admits a positive
solution.
Proof. Once more, (2.8) has a unique positive solution t := t(u) for every u € Z.

Furthermore, the set {¢(u) : u € Z} is bounded and I(u) < 0 in Z. We proceed as
in case 2. d

2.1.1. Emistence of solutions when X = A;. In this section we assume that (H2) and
(H3) hold.

Case 5. 1<r<qg<np.

Theorem 2.7. Assume that 1 < r < q < p and (H2), (H3) hold. then (T))-(T)
admits a positive solution.

Proof. Let HY (u) := [u]? — A(u) and S := {u € X : P(u) > 0 and H{ (u) =
1}. If w € ST, then (2.8) has a unique solution #(u) with I(u) < 0. Define
M = inf,cgp I(u) and assume that u, € SY is such that I(u,) — M. We claim
that ||un|l1,p, » € N, is bounded. Indeed, let us assume that it is not, that is,
[unll1,p — +o00. Define z, := 4=, where d,, = [|un||1,5. Then

APz )P — dl A(z,) = 1.
Consequently,

1
[2n)P < — — 0, 0< —A(z,) < T — 0. (2.13)
Thus

)\1/ |z [Pdz — 1. (2.14)
Q



EJDE-2016/100 ROBIN BOUNDARY-VALUE PROBLEMS 7

Since ||zn|l1,, = 1, we may assume that z, — z weakly in X. Therefore, (2.14)
implies that

)\1/ |z|Pdx =1, (2.15)
Q

and so z # 0. By and we see that [z] = 0, that is, z is an eigenvector
corresponding to A;. On the other hand, since A(z,) — A(z), (2.14) yields A(z) =
0, contradicting the fact z > 0 in Q. Thus, |u|l1,, n € N, is indeed bounded.
So we may assume that u,, — u weakly in X. Note that, for an infinite number
of n's, either [u,]? > 1, or —A(u,) > 1. In either case, implies that r(uy,)
is bounded. Since implies that P(u) > 0, we see that u € S¥. We can now

proceed as in case 1 to get a solution. ([

Case 6. 1 <r<p<gq.

Theorem 2.8. Assume that 1 < r < p < q and (H2), (H3) hold. Then (1))-(1)
admits a positive solution.

Proof. We use the inequality

~ 1 1 1 1
I(u)=tP(= = =)+ ut" (- —=)P(u
W=~ 1)t (3= D
1 1 1 1
<pt' (= —=)P(u)+ pt" (= — =) P(u
G = 3P+t (= 1) P
= ut”(1 - 1)P(u) <0,
p T
to show that infpf (u) < 0 and by following the same steps as in case 5 we obtain
u€Sy
a positive solution. O

3. THE CRITICAL CASE ¢q = p*

In this section we study the critical problem ¢ = p* := NN—%. withp <7 < pEVNi:;)
and A < A;. The proof follows closely the lines of [9 Theorem 1.4]. Since the
embedding X « LP’ () is no longer compact we do not expect that the Palais-
Smale condition holds. So we prove a local Palais-Smale condition which is true if
I(-) lies below a certain energy value.

In what follows we assume that a(-) = 1 and (H2) holds. Consider the problem

—div(|VulP72Vau) = MuP"?u + [u|7%u  in Q, (3.1)
|Vu|p_2?9:; + b(x)|uP"?u = pp(z)h(u) on OQ. (3.2)
Let ulPd
S = inf Jo|Vuldz

ueDtr(®N\{0} [, [ulP"dx’
be the best Sobolev constant, where u € DVP(RY) is the completion of C§°(RY)
under the gradient norm.

Lemma 3.1. Suppose that {u, }nen is a sequence in X satisfying the Palais-Smale
condition with energy level ¢ < %S%, that is

I(up) — ¢ and I'(u,)— 0.

Then {un tnen has a convergent subsequence in X.
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Proof. The boundedness of {u, }nen is a consequence of (2.1). Thus, {uy, }nen has
a subsequence, still denoted by {u,}nen, which converges weakly to u € X. By
[15, Lemma 3.6] there exists a set of points {x;};es C €, J at most countable, and
nonnegative numbers p;,v; satisfying

Vunl? = o 2 [Vul? + 3 130,
jeJ

funl”” = v =Jul” + ) vida,
jeJ
P

Sv/” <y ifx; e,
L P
Sujp* < 2% py if x; € 00
Let k € N, e > 0 and take p € C°°(Q) such that

2

p=11in B(zk,e), ¢=0 in X\B(xg,2e), |Vgp\§g.

Since I' (uy,)(pun) — 0 an n — 400, we obtain

lim {/ \Vun|p_2VunV<pundx+/ |Vun\p<pdx}
Q Q

n—-+00

:)\/ \u|pg0da:—/ b(x)|ulPedo + lim /|un|p*<pdm+u/ p(x)|u|"pdo
Q o0 n—too Jo o0
z)\/ \u|pg0da:—/ |u|p<pd0+/ godu—l—,u/ p(x)|u|"pdo.
Q lo) Q 1)
Note that, by the Holder inequality,

lim |/ |Vun|p_2Vuanound:r|
Q

n—-+4oo

p—1

=1 1/p
< lim (/ |un|pg0d:v> lim (/ |Vga|p|un|pdm)
n—-+o0o Q n—-+oo O
1/p
< c(/ Vil lufdr)
B(zy,2e)NQ2

/N " 1/p*
< C(/ |V30\Ndx) (/ |u|P dm)
B(x,2e)NQ B(x,2e)NQ

§C”/ lulP"dz — 0 ase — 0,
B(zk,2e)NQ

and so
lim {/ god,u—)\/ |u|p<pdx—|—/ b(;v)|u|p<pda—/ cpdy—,u/ p(x)|u|r<pda]
e=0LJq Q o0 Q 19)
= Wi, — Vg = 0.

p_ p_
Consequently, Sv” < vy if 2, € Q or 278 Sv?” < vy, if ; € 09, implying that
ST <y if o, € Qor L% <y if 2y € Q. On the other hand,

c= lim I(u,)= lim I(u,)— lim 1I'(un)(un)

n—-+oo n—-+oo n~>+oop
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11 .11 11

O [ [ S ) [ o
(p p*)/ﬂlu (p p*) 2 v, u(p ) mp(x)\UI o
1

JjeJ
1 1
> (= — =)y, = -8NP
Thus v = 0 for every k € J, implying that [, [u,|P dz — [, |u[?"dz. The result
follows by exploiting the continuity of the inverse p-Laplace operator. [

Theorem 3.2. There exists o > 0 such that for p > ug problem — admits a
solution.

Proof. We will first verify the requirements for the mountain pass theorem. By the
Sobolev embedding and trace theorems we see that

Iw) =~ [ul” = —A(w) ~ 2P
L ol ol
> ];[U] C1[u] Calu]",

for some C7,C5 > 0,and so for a sufficiently small positive number § there exists
a > 0 such that I'(u) > a > 0 for [u] = 5. We now take v € X\{0}. It is easy to
see that lims_, 4o I(sv) = —oo. Thus, I(sev) < 0 for sufficiently large sq.

Let ¢ := inf,er sup;ep,1) L(7(t)), where I' := {y € C([0,1], X) : 7(0) = 0,~(1) =
sov}. We will show that ¢ < %S% for large enough p. Take z € X such that
|z]|l,» = 1. The maximum value of n — I(nz), n > 0, is assumed at the point 7,
satisfying %I(nuz) = 0, that is

nhlzl? = b |lzlp + pn, P(2) =t + pn, P(2). (3.3)

Therefore,
*L
Ny < [Z]p P,
which, in view of (3.3, yields lim,_, o 7, = 0. On the other hand,
1 1 1

I2) = (= )P+ (o = 1P <o = )Ll

implying that lim, o I(n,2) = 0. Thus, for large enough p, say p > o, I1(n,2) <
+S v By Lemma , I(-) satisfies the Palais-Smale condition and the mountain
pass theorem provides a solution. ([
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