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LONG TIME DECAY FOR 3D NAVIER-STOKES EQUATIONS IN
SOBOLEV-GEVREY SPACES

JAMEL BENAMEUR, LOTFI JLALI

ABSTRACT. In this article, we study the long time decay of global solution to
3D incompressible Navier-Stokes equations. We prove that if u € C([0, 00), H} ,(R?))
is a global solution, where Héyo, (]R3) is the Sobolev-Gevrey spaces with param-
eters a > 0 and o > 1, then ||U(t)||H{}’d(]R3) decays to zero as time approaches

infinity. Our technique is based on Fourier analysis.

1. INTRODUCTION
The 3D incompressible Navier-Stokes equations are
ou—Au+u-Vu=—-Vp in Rt x R3
divu=0 inRT xR? (1.1)
u(0,z) = u(x) in R3,

where, we assume that the fluid viscosity v = 1, and u = u(t, z) = (u1,us,u3) and
p = p(t,xz) denote respectively the unknown velocity and the unknown pressure
of the fluid at the point (t,2) € R x R3, (u- Vu) := u101u + uz0su + u303u,
and u® = (u9(z),us(z),u3(z)) is a given initial velocity. If u° is quite regular, the
divergence free condition determines the pressure p.

We define the Sobolev-Gevrey spaces as follows; for a,s > 0, 0 > 1 and |D| =
(_A)1/27

HY o (B%) = {f € I2(B) : 1”1 f € H*(R?)}

which is equipped with the norm

1/o0
I ls, = 1€ fllae

and its associated inner product

1/ 1/o
(Flayms, = PP f 1 e?P g) e

There are several authors who have studied the behavior of the norm of the
solution to infinity in the different Banach spaces. Wiegner [§] proved that the
L? norm of the solutions vanishes for any square integrable initial data, as time
approaches infinity, and gave a decay rate that seems to be optimal for a class of

2010 Mathematics Subject Classification. 35Q30, 35D35.

Key words and phrases. Navier-Stokes Equation; critical spaces; long time decay.
(©2016 Texas State University.

Submitted February 2, 2016. Published April 21, 2016.

1



2 J. BENAMEUR, L. JLALI EJDE-2016/104

initial data. Schonbek and Wiegner [7, 0] derived some asymptotic properties of
the solution and its higher derivatives under additional assumptions on the initial
data. Benameur and Selmi [4] proved that if u is a Leray solution of the 2D Navier-
Stokes equation, then lim; . [[u(t)| 22y = 0. For the critical Sobolev spaces
H'/?| Gallagher, Iftimie and Planchon [6] proved that ||u(t)| ;1> approaches zero
at infinity. Now, we state our main result.

Theorem 1.1. Let a > 0 and 0 > 1. Let u € C([0,00), H, ,(R?)) be a global

solution to (1.1). Then
limsup |lu(t)||g: . = 0. (1.2)
t—oo 7

Note that the existence of local solutions to was studied recently in [3].

This article is organized as follows: In section 2, we give some notations and im-
portant preliminary results. Section 3 is devoted to prove that if u € C(R*, H(R3))
is a global solution to then ||u(t)|| g1 decays to zero as time approaches infinity.
The proof is based on the fact that

Jim [[u(t)]] 12 = 0 (1.3)
and the energy estimate
t
s + [ IVt adr < (14)

In section 4, we generalize the results of Foias-Temam [5] to R® and in section 5,
we prove the main theorem.

2. NOTATION AND PRELIMINARY RESULTS

2.1. Notation. In this section, we collect notation and definitions that will be used
later. First, the Fourier transformation is normalized as

FOE) = FO) = [ expl-i-Of@de, 6= (6.6, € B,
the inverse Fourier formula is
Flg)a) = (2m)° [ explis-a)g(@)de. @ = (ar.an.a0) € R,
and the convolution product of a suitable pair of functions f and g on R? is
(F+9)a) = [ fw)ata =iy

For s € R, H*(R?) denotes the usual non-homogeneous Sobolev space on R? and
(-] g+ denotes the usual scalar product on H*(R?). For s € R, H*(R?) denotes
the usual homogeneous Sobolev space on R? and (- | -) ;. denotes the usual scalar
product on H (R?). We denote by P the Leray projection operator defined by the

formula
FEF©) = J6) - (f%f)s.

The fractional Laplacian operator (—A)® for a real number « is defined through
the Fourier transform, namely

(—D)f (&) = e f(©).
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Finally, If f = (f1, fo, f3) and g = (g1, g2, g3) are two vector fields, we set
f®g=(91f,92f 95),

and
div(f ® g) := (div(g1 f),div(g2f),div(gsf)).

2.2. Preliminary results. In this section, we recall some classical results and we
give a new technical lemma.

Lemma 2.1 ([1]). Let (s,t) € R? be such that s < 3/2 and s+t >0. Then, there
exists a constant C := C(s,t) > 0, such that for all u,v € H*(R3) N H'(R?), we
have

o]l gosig oy < Ol ooy 10l e ey + Nl e oy 101l e sy )-
If s <3/2,t < 3/2 and s+t > 0, then there exists a constant ¢ := c¢(s,t) > 0, such
that
ool v gy < €l o 1 ey
Lemma 2.2. Let f € H* (R?) N H*(R?), where 5; < 3 < sy. Then, there is a

constant ¢ = ¢(s1, s2) such that

3 3

F — o
[fllze@sy < [ fllzrrey < el f ;;sl(ﬁga)Hf ;wé@)_

Proof. We have
[f1lLoe @3y < ||J?HL1(R3)
F(6)|d
< [ 17@ae
< FE)ld £(€)|de.
/£<A|f(£) §+/E>/\|f(§) ¢

We take

1 —
I = 51 d¢.
: /M e )l

Using the Cauchy-Schwarz inequality, we obtain

ns ([ ) Wl

A
1 1/2
< 2x/7r(/0 mdr) 1F 1 rea

3_
S 081)‘2 o ||f||H51

Similarly, take

—

1
Iy, = 52 d€.
) /M g )l

= </|€|>>\ \€|1252 dé)l/ZHf”H”

© 1/2
§2\/7?(/A md’“> 111 e

Then we have
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§_S
< o A2 | fll s -
Therefore,
| fllze < ANE=s 4 BB

with A = cy, || fll o, and B = ¢, || £ -
Since the function 5 3
A= @(A) = AXZ 75 4 B T2

attains its minimum at A = A\* = ¢(s1, s2)(B/A) =1, Then
3 3

sg— 39 S —s

279 2 °1
||f||Loo(R3) < ¢ As2—51 B52—51 .
O
We remark that, for s; = 1 and s, = 2, where f € H'(R?) N H?(R?), we obtain
; 1/2 1/2
1/l e ms) < I llrs) < el ga 11 m gy (2.1)

3. LONG TIME DECAY OF (1.1) IN H*(R3)

In this section, we prove that if u € C(R*, H(R?)) is a global solution of (1.1,
then
lim sup ||u(t)||g: = 0. (3.1)
t—o0
This proof is done in two steps.
Step 1: We shall prove that
limsup ||Ju(t)|| 7. = 0. (3.2)
t—o0o
We have
O — Au+u-Vu=—Vp.
Taking the H'/2(R3) inner product of the above equality with u, we obtain

1d
g ol IV < G F0) | )l
Using the fundamental property u - Vo = div(u ® v) if dive = 0, we obtain
1d

lull%1 2 + VullZe < [((w- V) [ u) g0
< [div(u @ u) | u)gaye|
<[u@u | Vu) e

< lw@ull g2l Vull g/

2dt

< lu@ull gz llull sz

Hence, from Lemma ([2.1]) there would exist a constant ¢ > 0 such that

1d
5%““”?[1/2 + Hu||f‘{$/2 < C||U||H1/2Hu||§'13/2.
From the equality (1.3)) there would exist tq > 0 such that, for all ¢ > g,
1
@)l g2z < 2%

Then

1d 1
5 g1l + SllelG . <0, Ve >t
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Integrating with respect to time, we obtain

HU H1/2 +/ ”u ||H3/2dT < ||u(t0>||i'[1/27 vVt > to.
Let s > 0 and ¢ = c¢,. There exists To = Tp(s,u") > 0, such that
1
[u(To)ll grar2 < R
Then 1
@)l < 50 Ve = To.

S
Now, for s > 0 we have

Oy — Au+u - Vu = —Vp.
Taking the H* (R?) inner product of the above equality with u, we obtain

1d
2.dt
Using the fundamental property u- Vo =div(u ®v) if dive = 0, we obtain

Nl + IVullf, < [{(u- V) | u)g.].

HUH2 o el < Kus V) [u) ]

2dt |
< I(iv(u @ u)/u) .
< (u®u | Vu) .
< lu @ ul| g || V|| g
< @l ol
< callull g allely

Thus
Sl 3 (s <0, W2 Ty,

So, for Ty <t <'t,

t
a1y, + [ 1) By < a1

In particular, for s =1,

t
()17 +/ lu() 12 dr < [lul®)]F,
t/

Then, the map t — |Ju(t)|| . is decreasing on [Tp, 00) and u € L2([0, 00), H2(R?)).
Now, let € > 0 be small enough. Then the L2-energy estimate

t
@z +2 [ IValr)edr < fu(T)le, Ve,
To

implies that u € L?([Tp, 00), H'(R?)) and there is a time ¢, > Ty such that

[ut) g <e
Since the map t — |[u(t)|| ;. is decreasing on [Ty, 00), it follows that
[u@®)l g <&, VE=>te
Therefore is proved.
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Step 2: In this step, we prove that
lim sup ||u(t)||z2 = 0. (3.3)
t—oo

This proof is inspired by [2] and [4]. For § > 0 and a given distribution f, we define
the operators As(D) and Bs(D) as follows

As(D)f = F'(ej<y F(f)),  Bs(D)f = F ' (1ge1=61F (f))-

It is clear that when applying As(D) (respectively, Bs(D)) to any distribution, we
are dealing with its low-frequency part (respectively, high-frequency part).

Let u be a solution to . Denote by ws and vg, respectively, the low-frequency
part and the high-frequency part of u and so on ws® and v;° for the initial data u°.
We have

O — Au+u-Vu=—Vp.
Then
Oru — Au + P(u - Vu) = 0.
Applying the pseudo-differential operators As(D) to the above equality, we obtain
Ot As(D)u — AAs(D)u+ As(D)P(u - Vu) =0
Oyws — Aws + As(D)P(u - Vu) =

Taking the L?(R?) inner product of the above equality with ws(t), we obtain

S ()13 + 9w 22 < [(AS(D)B(u(t) - V() | ws(8)
< [(As(D) div(u @ u)(t) | ws(t)) 12|
< [(As(D)(u @ u)(t) | Vws(t)) 2|
< [((w@u)(t) | Vws(t)) 2|
< lu®ut)| 2| Vws(t)|| 2
< flu®@ut)| 2l Vws(t)l| L2

Lemma [2.] gives
1d

57 lws®)l72 + [Vws ()72 < Cllu@®)l g/ V()| L2l Vews (1) e
< CM|[Vu(t)]| 2 [[Vws(t)| L2
with M = sup;>q [|[u(t)| g1/2). Integrating with respect to ¢, we obtain
¢
lws(1Z < llws"l1Z- +CM/ IVu(m) 2| Vws (7)[| L2 d7-
0
Hence, we have |lws(t)||2, < M for all ¢ > 0, where
= llws® 17> + CM/ IVu() 2| Vws (T)]| L2 dT.
0

Using the fact that lims_.o ||w50\|%2(R3) = 0 and thanks to the Lebesgue-dominated
convergence theorem we deduce that

gn%/ V() 12 [ Vews ()| 2 = 0. (3.4)
- 0
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Hence lims_,qg Ms = 0, and thus
lim sup [|ws(t)[|L2 = 0. (3.5)
30 1>0
We can take time equal to co in the integral because by definition of ws we
have
IVws L2 = [[F(Vws)l| L2
= [1€11q1e)<s1 F (u) [l 2
< [1€1F (w)]| L2
< [[Vull .

Now, using the fact that lims_.o||Vws(t)||z2 = 0 almost everywhere. Then, the
sequence

V()] 2| Vews ()] L2
converges point-wise to zero. Moreover, using the above computations and the
energy estimate ([1.4]), we obtain

IVu®)llze | Vws ()22 < [Vu®)]Z> € L' (RY).

Thus, the integral sequence is dominated. Hence, the limiting function is integrable
and one can take the time T' = oo in .

Now, let us investigate the high-frequency part. For this, we apply the pseudo-
differential operators Bs(D) to the to obtain

Opvs — Avs + Bs(D)P(u - Vu) = 0.
Taking the Fourier transform with respect to the space variable, we obtain
u|0s (, )| + 2[€[%T5 (¢, €)|* < 2|F(Bs(D)P(u - Vau))(t, €) |05 (2, €))|
< 2|F(Bs(D)P(div(u @ u)))(t, §)l|0s(t, )|
< 2[¢[|F(Bs(D)P(u @ u))(t,£)|[05(t, )]
< 20¢[|F (uw @ u)(t,€)l[05(t, €)
< 2AF (@ u)(t,€)[| Vs (t,6)|-
Multiplying the obtained equation by exp(2t|¢|?) and integrating with respect to
time, we obtain
Bt & < e R +2 [ I 5 0) 7, [T, €
0

Since [¢] > ¢, we have

— t 2 —
[53(8,€)* < e () + 2/0 e 2DV F (u @ ) (7, €) | Vs (7, €) .

Integrating with respect to the frequency variable ¢ and using Cauchy-Schwarz
inequality, we obtain

t
2 2
los(D)172 < e Jlugo]|2 +2/ e 2D lu @ u(r) | 2| Vs ()| L2 dr.
0

By the definition of vgs, we have

t
los(®)lIFe < e [|u®]132 + 2/0 e ™2 lu @ ()| 2| V()| 2 dr-
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Lemma [2.1] and the equality (1.3) yield
¢
52 (1152
[vs ()] Z2ray < € [[u®]1 2 (rs) +C/ e 2D (1) a2 V() G2

20|12, + OM / 26-705" | Tu(7) |2,

where M = sup, g ||ull j71/.. Hence, [lus(t)[|7. < Ns(t), where

N3(t) = 29 |02, + OM / 20-7)9" | Pu(r) |2adr.

Using the energy estimate , we obtain Ns € L*(R*) and

[uf1%. CM||UO||2L2
<
/N Bt < =553 157

This leads to the fact that the function ¢ — |[jus(t)[|32 is both continuous and
Lebesgue integrable over RT.

Now, let € > 0. At first, the inequality (3.5) implies that there exists some 0y > 0
such that

lws, (8)]| 2 < /2, ¥Vt > 0.

Let us consider the set Rs, defined by Rs, := {t > 0, |[vs(t)| L2rs) > €/2}. If we
denote by A;(Rs,) the Lebesgue measure of Rg,, we have

/0 050 (]2 gt > /R 05 (8) [2gsydt > (2/2) M1 (R, )-
)

0
By doing this, we can deduce that A;(Rs,) = T5 < oo, and there exists t5, > T,
such that

[vs, (t50) 172 < (5/2)2

So, ||u(t50)| 2 < € and from the energy estimate we have
[u®)lle <&, VE=t5

This completes the proof of (3.3).

4. GENERALIZATION OF FOIAS-TEMAM RESULT IN H'!(R?)

Fioas and Temam [5] proved an analytic property for the Navier-Stokes equations
on the torus T? = R3/Z3. Here, we give a similar result on the whole space R3.

Theorem 4.1. We assume that u® € H*(R3®). Then, there exists a time T that
depends only on the ||u®| g1 (rs), such that
° possesses on (0,T) a unique regular solution u such that the function
t s etlPlu(t) is continuous from [0,T] into H'(R®).
e Ifue C(RY, HY(R?)) is a global and bounded solution to (L.1)), then there
are M >0 and tqg > 0 such that

et Plu(t) || grarsy < M, Yt > to.
Before proving this Theorem, we need the following Lemmas.

Lemma 4.2. Let t — e!lPlu belong to H'(R3) N H2(R?). Then

1/2 1/2

Het‘D‘(wVU)HLz(Rf’) < Het‘D‘UHH RS)H@t‘D‘“HH? r)lle

t|D|U||H1(R3).
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Proof. We have
D 2 2L[E] |7 N, (£ |2
Pl Vo)l = [ eSlarTulpas
R

< [ e [ tate - mIFutmlan) ds

< [ ([ ehate = miFotnlan) de.

Using the inequality el¢l < elé=7lelnl we obtain

letPl (- V)2, < / | / il — e o (n)ldn) de
< [ ([ e ate = mi) e inlotnl)an) de

2
< ([ e ialds) e P ol,
R3
Hence, for f = F~1(e!él]a(€)]) € HY(R?) N H2(R?), inequality (2.1)) gives
1/2 1/2
e (w - V)| 2 < (el 7|l 2 1PV 2
< [letPlulf 2 (et Phu) 2 e 1Pl o] | 4,

< et Plu |2 1Pl 12 P o | s

([l
Lemma 4.3. Let t — e!!Ply € H(R?) N H?(R3). Then
(1P o) | P | < [Pl P ull 72 P o s €l
Proof. We have
(u-Vou|w)g = Z (0;(u-Vv) | Ojw) 2
l7]=1
== (u-Vou|Fw)e
=1
=—(u-Vv|Aw)re.
Then
’(et‘D‘(u - Vo) | etlDlw)H1’ = ’(etlD‘(u - Vo) | etlDlAw>L2’
< [P (- Vo) || g2 ][e" P Aw]| 2
< [PV u - Vo) g2 [l P ]| 2
< [P - V)| g2 [P 2.
Finally, using Lemma [4.2] we obtain the desired result. O

Proof of Theorem[{.1. We have
Oy — Au+u - Vu = —Vp.
Applying the fourier transform to the last equation and multiplying by @, we obtain

8T+ |ER)a? = —(u- Vu) - @
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Then
AJal? + 2/€2@l? = —2Re((u - Vu) - 4).
Multiplying the above equation by (1 + |£]?)e?!¢!, we obtain
(1+ |6 €0, af? + 2(1 + |¢])[¢e* €2 = —2Re((u - Vu) - @)(1 + [¢[*)e>e].

Integrating with respect to &, we obtain
[ aviereiafaeps 2 [ @+ ePleee ace P
R3 R3

=2 Re/ ((u- V) - @)1+ [¢]?)e*lde.
RS

Thus
(eP1ogu/ePlu) gy + 2)|e" P!V u 31 gs) = —2Re(ePl(u- Vu) [ ePlu) . (4.1)
Therefore,
(Pl (1) | ePlu(t)) = (("Plu(t)) — [DIePlu(t) | ePlu(t)) i
1d
- 5@\6”0‘1&”%1 — (PN Dlu(t) | e"Plu(t)) i
1d
> 5 ol ull3 = 1l P ull s [l P 72

Using the Young inequality, we obtain

d 1

e Plull = 2l PlulF — §||€”D'U||fq2 <20l (1) | ePlu(t)) . (42)
Hence, using Lemma [4.3] and Young inequality the right hand of (4.1)) satisfies

| — 2Re(e!P(u- Vu) | ePlu) | < 2)|e!Plu| 32| Pu )| %2
3 c
< JlePlulFe + El\let'D‘UH?pa
where ¢; is a positive constant. Then, (4.1)) yields
3

(1Pl (t) | e!Plu(t)) g + 2| ef!PI V|| < ZHetlDluH%{z + %HetlDluH?{l. (4.3)
Hence, using (4.2)—(4.3)), we obtain

d

Pl — 2Pl — 2Pl + 4PVl < el
The equality [e!1Plu||?, = ||e!!Plu||2, + ||e!PIVu)2,, yields

d
el + 20N PIVul|fn < 4llePlul|Z + eaflePhul G
< ¢ + 21 [l ePlu s
where ¢y is a positive constant. Finally, we obtain
¢
u(0) <y(0)+ K1 [ 4(s)ds.
0

where
y(t) =1+ [[ef!Plu)]|?: and K; = 2¢; + ca.
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Let
2

1= 75—

K132(0)

and 0 < T' < T™ be such that T' = sup{t € [0,T*) | supg<,<; y(s) < 2y(0)}. Hence
for 0 <t < min(7Ty,T), we have

y(t) < w(0) + K, / ¥ (s)ds

<y(0) + Ky /t 8y°(0)ds
0
< (1 + Ki8T1y*(0)) y(0).

Taking 1+ K18T1y*(0) < 2, we obtain T' > T. Then y(t) < 2y(0) for all ¢t € [0, T1].
This shows that ¢ — e*Plu(t) € H'(R3) for all t € [0,7}]. In particular

e P ha(Ty) 31 < 2+ 2lfuo] 3.
Now, from the hypothesis, we assume that there exists M; > 0 such that
lu(®)||gr < M; for all t > 0.
Define the system

dw — Aw+w.Vw=—-Vp in RT xR3
divw =0 inR" x R?

w(0) = u(T) in R3,

where w(t) = u(T + t). Using a similar technique, we can prove that there exists
Ty = 2 (1 + M%)~2 such that

2
K;
y(t) = 1+ [|e!Plw ()], <201+ M3P), Vte[0,T).

This implies 1 + ||e!!Plu(T + )%, < 2(1 + M?). Hence, for t = T, we have

€2 Ply(T + o) || %0 < 2(1 4 M?).
Since t =T + T3 > Ty for all T > 0, we obtain
e Plu(t)]|%: <201+ M?), Vt>T,.
Then
||eT2‘D‘u(t)||%11 <201+ M12)7 Vi > Th,
where

2
T = Tg(Ml) = E(l + M12)_2.
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5. PROOF OF THE MAIN RESULT

In this section, we prove Theorem [I.1] This proof uses the results of sections 3
and 4.

Let u € C(RT,H} (R?)). As H} ,(R3) — H'(R?), then u € C(RT, H'(R?)).
Applying Theorem there exist tg > such that

e’ Plu(t)]| g < co =24 M7, ¥t > to, (5.1)
where tg = 2 (1 + M7)~?. Let a >0, 3 > 0. Then there exists ¢z > 0 such that

az'’? < cs+ fx, V&> 0.

Indeed, % + ”T_l = % + % = 1. Using the Young inequality, we obtain
azl/o’ _ aﬁ%l (ﬂl/aml/a)
=g 1/o.1/0\p
_ @87y (B7a)
q D
§03+@§03+5$,
o
where c3 = %aﬁﬂﬁ.

Take 8 = %’, using (5.1) and the Cauchy Schwarz inequality, we have

la®) 3z = e u(@) |3
= [l e o Pag
< [ jgmeerja, o P
< [ gPieecfa o s
<o [arigpiacora) " ( [a+ienensac. o)

< €2 |Jul 7 et Plu(e) | 17

1/2
< cllull?,
where ¢ = e2¢¢}/?. Using the inequality (3.1), we obtain

lign sup ||e“|D|l/0u(t)HH1 =0.
— 00

REFERENCES

[1] J. Y. Chemin; About Navier-Stokes Equations, Publication du Laboratoire Jaques-Louis Li-
ons, Université de Paris VI, 1996, R96023.

[2] J. Benameur, M. Blel; Long-Time Decay to the Global Solution of the 2D Dissipative Quasi-
geostrophic Equation, Abstract and Applied Analysis. Volume 2012, Article ID 627813, 12
pages, doi:10.1155/2012/627813, 2012.

[3] J. Benameur, L. Jlali; On the blow up criterion of 8D-NSE in Sobolev-Gevrey spaces, To
appear in Journal of Mathematical Fluid Mechanics.

[4] J. Benameur, R. Selmi; Long time decay to the Leray solution of the two-dimensional Navier-
Stokes equations, Bull. Lond. Math. Soc. 44 (5), (2012), 1001-1019.



EJDE-2016/104 LONG TIME DECAY FOR 3D NAVIER-STOKES EQUATIONS 13

[5] C. Foias, R. Temam; Gevrey class regularity for the solutions of the Navier-Stokes equations,
J. Funct. Anal. 87 (2), (189) 359-369.

[6] I. Gallagher, D. Iftimie, F. Planchon; Non-blowup at large times and stability for global
solutions to the Navier-Stokes equations, C. R. Acad. Sc. Paris, Ser. 1334 (2002), 289-292.

[7] M. E. Schonbek; Large time behaviour of solutions to the Navier-Stokes equations in H™
spaces, Comm. Partial Differential Equations 20 (1995), 103-117.

[8] M. Wiegner; Decay results for weak solutions of the Navier-Stokes equations on R™, J. Lon-
don Math. Soc. (2) 35 (1987), 303-313.

[9] M. E. Schonbek, M. Wiegner; On the decay of higher order of norms of the solutions of the
Navier-Stokes equations, Proc. Roy. Soc. Edinburgh Sect. A 126 (1996), 677-685.

JAMEL BENAMEUR
INSTITUT SUPERIEUR DES SCIENCES APPLIQUEES ET DE TECHNOLOGIE DE GABES, UNIVERSITE DE
GABES, TUNISIA

E-mail address: jamelbenameur@gmail.com

LOTFI JLALI
FACULTE DE SCIENCES MATHEMATIQUES, PHYSIQUES ET NATURELLES DE TUNIS, UNIVERSITE DE
Tunis EL MANAR, TUNISIA

E-mail address: lotfihocin@gmail.com



	1. Introduction
	2. Notation and preliminary results
	2.1. Notation
	2.2. Preliminary results

	3. Long time decay of (1.1) in H1(R3)
	4. Generalization of Foias-Temam result in H1(R3)
	5. Proof of the main result
	References

