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ON THE SCHRODINGER EQUATIONS WITH ISOTROPIC AND
ANISOTROPIC FOURTH-ORDER DISPERSION

ELDER J. VILLAMIZAR-ROA, CARLOS BANQUET

ABSTRACT. This article concerns the Cauchy problem associated with the non-
linear fourth-order Schrodinger equation with isotropic and anisotropic mixed
dispersion. This model is given by the equation

10iu + eAu + dAu+ AMu|“u =0, ze€R" te€R,

where A is either the operator A2 (isotropic dispersion) or 27:1 Ozixizizss
1 < d < n (anisotropic dispersion), and «, €, A are real parameters. We obtain
local and global well-posedness results in spaces of initial data with low reg-
ularity, based on weak-LP spaces. Our analysis also includes the biharmonic
and anisotropic biharmonic equation (e = 0); in this case, we obtain the ex-
istence of self-similar solutions because of their scaling invariance property.
In a second part, we analyze the convergence of solutions for the nonlinear
fourth-order Schrédinger equation
i0pu + eAu + 0A%u + Au|u =0, =z R, teR,

as e approaches zero, in the H2-norm, to the solutions of the corresponding
biharmonic equation i9su + §A%u + A|u|*u = 0.

1. INTRODUCTION

This article is devoted to the study of the Cauchy problem associated with the
fourth-order Schrodinger equation in R™ x R,

10w+ eAu+ dAu+ f(lu))u=0, zeR" teR,

u(,0) = ug(z), = €R", (1)

where the unknown u(z, t) is a complex-valued function in space-time R" xR, n > 1,
ug denotes the initial data and €, §, are real parameters. The operator A is defined
by

A A?u = AAu, (isotropic dispersion), (12)
u= .
Z?:l Ug,z;zi2, 1 < d <mn, (anisotropic dispersion).
The nonlinear term is given by f(Ju|)u, where f : R — R satisfies
[f(z) = fW) < Crle = yl(|2]*7" + |y[*7), (1.3)
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for some 1 < a < 00, f(0) = 0, and the constant C'y > 0 is independent of z,y € R.
A typical case of a function f is f(z) = |z|®.

The class of fourth-order Schréodinger equations has been widely used in many
branches of applied science such as nonlinear optics, deep water wave dynamics,
plasma physics, superconductivity, quantum mechanics and so on [T}, @, 23] 24 [26]
27, 37). If we consider e = 0 in (L)), the resulting equation is the fourth-order
nonlinear Schrodinger equation

i0su + 0 Au + f(|u])u = 0. (1.4)

In particular, if we take A = A? in (1.4) we obtain the well-known biharmonic
equation

i0pu + SA%u + f(|ul)u =0, (1.5)

introduced by Karpman [26], and Karpman and Shagalov [27] to take into ac-
count the role played by the higher fourth-order dispersion terms in formation and
propagation of intense laser beams in a bulk medium with Kerr nonlinearity [24].
Historically, has been extensively studied in Sobolev spaces, see for instance
[22, 28], 29, B0}, BT 32, B3], 36l B9] and references therein. Fibich et al [22] estab-
lished sufficient conditions for the existence of global solutions to , for § < 0 and
§ > 0, with initial data in H2({2) being 2 a smooth bounded domain of R™. Global
existence and scattering theory for the defocusing biharmonic equation, in H?(R"),
was established in Pausander [30, 3I]. Wang in [36] showed the global existence
of solutions and a scattering result for biharmonic equation (with a nonlinearity
of the form |u|Pu) with small initial radial data in the homogeneous Sobolev space

Hs<(R"™) and dimensions n > 2. Here s, = 2 — % and s, > 73213 The main

2
ingredient of [30] is the improvement of the Strichartz estimatives associated with
for radial initial data; see also Zhu, Yang and Zhang [39], where some results
on blow-up solitons for biharmonic equation are established. More recently, Guo in
[T7] analyzed the existence of global solutions in Sobolev spaces and the asymptotic
behavior for the Cauchy problem associated with with combined power-type

nonlinearities. Finally, we recall a recent result of Miao et al [28] about the defo-

cusing energy-critical nonlinear biharmonic equation iu; + A2%u = —\u|%u7 which
establishes that any finite energy solution is global and scatters both forward and
backward in time for dimensions d > 9.

When € # 0 and A is the biharmonic operator, equation corresponds to the
following nonlinear Schrodinger equation with isotropic mixed-dispersion:

i0pu + eAu + SA%u + f(|ul)u = 0. (1.6)

This equation was also introduced by Karpman [26], and Karpman and Shagalov
[27], and it has been used as a model to investigate the role played by the higher-
order dispersion terms, in formation and propagation of solitary waves in magnetic
materials where the effective quasi-particle mass becomes infinite. From the math-
ematical point of view, equation has been studied extensively in Sobolev and
Besov spaces, see for instance [I8, 19, 16, 21, 22] and some references therein.
Fibich et al [22] investigated the existence of global solutions to in the class
C(R; H*(R™)) by using the conservation laws. Moreover, the dynamic of the solu-
tions and numerical simulations were also analyzed. These results were improved
by Guo and Cui in [I8]. Local well-posedness of the Cauchy problem associated
with in Sobolev spaces H*(R"), with f(u) = |u|*, 2 > 2 s> =212

- n 2 a’



EJDE-2016/13 FOURTH-ORDER SCHRODINGER EQUATION 3

was obtained by Cui and Guo in [2I]. Additionally, by using the local existence
and the conservation laws, a global well-posedness results in H?(R") was also es-
tablished. In [19] the authors proved some results of local and global well-posedness
on Besov spaces for dimensions 1 < n < 4; more exactly, the authors proved that
the Cauchy problem associated with (L.6), with f(u) = |u|®, is local well possed in
C([-T,TY; ng(R")) and C([-T,T]; B ,(R")) for some T' > 0, where s, = 5 — %,
§ > Sq, 1 < g < co. With respect to the global well-posedness in Sobolev space,
Guo in [16], considering f(u) = |u|*™, and using the I-method, proved the existence

\/—2

of global solutions in H*(R™) for s > 14+~ Ity Um—mnt )7 416 4 <mn < 4m+2.
Another important model considered in is glven by the case of anisotropic

dispersion, that is,

d
10w + eAu + 5ZUT7T7T7T7 + f(Ju])u = 0. (1.7)

=1

This model appears in the propagation of ultrashort laser pulses in a planar wave-
guide medium with anomalous time-dispersion, and the propagation of solitons in
fiber arrays (see Wen and Fan [37] and Acevedes et al [I]). Results of local and
global well-posedness for initial data in H*®-spaces were given in [2I] and [3§]

In this article we are interested in the local and global well-posedness of the
general fourth-order Schrodinger equation outside the framework of finite energy
H#-spaces. More exactly, we analyze the existence of local and global solutions for
the Cauchy problem in a new class of initial data based on weak-L? spaces.
Weak-LP spaces, also denoted by L(®>) are natural extensions of Lebesgue spaces
L?, in view of the Chebyshev inequality [4]. They contain singular functions with
inﬁnite L?-mass such as homogeneous functions of degree 7% However, L(P>) c

L2 for p > 2. Making a comparison between weak-LP spaces and H*!-spaces, it
is known that the continuous inclusion H*!(R™) c L{">)(R™) holds for s > 0 and

% > % — >, and H#!-spaces do not contain any weak-LP spaces if s € R, 1 <1< 2

and [ < p. In particular, L®>)(R") ¢ H5?(R") = HS(R”) for all s € R, when

p > 2. On the other hand, comparing equations ) with (1.6) and (1.7]), we
observe that equation (1.4]), with f(|u|) = |u|®, unhke equatlons (1.6) and (1.7]

invariant under the group of transformations u(x,t) — uy(z,t), where uy (x,t) =

)

Ao u(Az, \*), A > 0. Solutions which are invariant under the transformation u —
uy are called self-similar solutions. As pointed out in Dudley et al [I0] (see also
[13]), self-similarity type properties appear in a wide range of physical situations and
they reproduce the structure of a phenomena in different spatio-temporal scales. A
universal law governing self-similar scale invariance reveals the existence of internal
symmetry and structure in a system. Thus, self-similar solutions naturally provide
such a law for system . In ultrafast nonlinear optics, self-similar dynamics
have attracted a lot of interest and constitute an increasing field of research (see
[I0] and references therein). For instance, in Fermann et al. [II] was showed
that a type of self-similar parabolic pulse is an asymptotic solution to a nonlinear
Schrédinger equation with gain. In order to obtain self-similar solutions we need
to consider a norm || - || defined on a space of initial data ug, which is invariant
with respect to the group of transformations u — wy, that is, |Jugy|| = |Juol| for all
A > 0; therefore ugp must be a homogeneous function of degree fé. However, H®-
spaces are not well adapted for studying this kind of solutions. This fact represents
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an additional motivation to study the existence of global solutions of the Cauchy
problem associated with with initial data outside H®-spaces, by using norms
based on L(P:>°). As consequence, the existence of forward self-similar solutions for
(1.4) is obtained by assuming ug a sufficiently small homogeneous function of degree
—3- Because equation appearing in does not verify any scaling symmetries (in
particular equations and )7 it is not likely to possess self-similar solutions.
However, by using time decay estimates for the respective fourth-order Schrodinger
group in weak-LP spaces, we are able to obtain a result of existence of global
solutions for the Cauchy problem in a class of function spaces generated by
the scaling of the biharmonic equation (|1.5) with f(Ju|) = |u|*. In relation to the
existence of local in time solutions for and in particular, the Cauchy problem
associated with the equation 7 we will prove a result of existence and uniqueness
for a large class of singular initial data, which includes homogeneous functions of
n

degree - for adequate values of p. The solutions obtained here can be physically

interesting because, as was said, elements of L(P*) have local finite L?>-mass (that
is, they belong to LZ ), for p > 2. In addition, for initial data in H*(R"), the
corresponding solution belongs to H*(R™), which shows that the constructed data-
solution map in L) recovers the H*-regularity and it is compatible with the
H?-theory.

It is worthwhile to remark that the existence of local and global solutions for
dispersive equations with initial data outside the context of finite L?-mass, such as
weak-L" spaces, has been analyzed for the classical Schrodinger equation, coupled
Schrédinger equations, Davey-Stewartson system, which are models characterized
by having scaling relation (cf. [5l [13] [15, [35]). Existence of solutions in the frame-
work of weak-L" spaces for models which have no scaling relation, have been ex-
plored in the case of Boussinesq and Schorédinger-Boussinesq system in [2, [12] and
more recently, in the context of Klein-Gordon-Schrodinger system [3].

To state our results, we establish the definition of mild solution for the Cauchy
problem (L.1). A mild solution for is a function u satisfying the integral

equation

u(z,t) = Ges(t)uo(x) + i/o Ges(t — 1) f(Ju(z, 7)|)u(z, 7)dT, (1.8)

where G, 5(t) is the free group associated with the linear Fourth-order Schrédinger
equation, that is,

GE,E(t)SO = {

for all ¢ € §’'(R™), where

Jes(ht) 2, if A= A2

. (1.9)
16,5('7 t) *Q, if A= Z?:l 83%93@931921’

n

Jes(z,t) = (%)—n/ giz€it(cle=3l€l*) ge
d ; N 2 4
16,5(x7t) = ((QW)—dH/ezﬂﬂjﬁj—zt(ij—ziﬁj)dgj)
j=17R

% ((QW)—("—d) ﬁ /Reimjﬁj—iteé?dgj>

Jj=d+1
= 161)5(1‘7 t)IQ’é(.’L', t)

€
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Before to precise our results, briefly we recall some notation and facts about
Lorentz spaces, see Bergh and Lofstrom [4], which will be our scenario to establish
existence results. Lorentz spaces L% are defined as the set of measurable function
g on R™ such that the quantity

1/d
gfooo[tl/pg**(t)]d%) , fl<p<oo, 1<d< oo,

9l (p,a) =
SUP¢>o P g (t), ifl<p<oo, d=oo,

is finite. Here g**(¢) = %fg g*(s) ds and
g () =inf{s > 0: u({zx € Q: |g(x)] > s}) <t}, t>0,

with g denoting the Lebesgue measure. In particular, LP(Q) = L®P)(Q) and,

when d = co, L) (Q) are called weak-L? spaces. Furthermore, L(»%) ¢ LP C

L®:d2) ¢ [P0 for 1 < di < p <dy < oo. In particular, weak-L? spaces contain

singular functions with infinite L?-mass such as homogeneous functions of degree
n

- Finally, a helpful fact about Lorentz spaces is the validity of the Holder
inequality, which reads

lghllrsy < CEgllpr,an) 1Pl (pa.da) s
- L

for1<p1§oo,1<p2,7'<ooi+pi2<1,;— and s > 1 satisfies

’ p1
o ta 2

In this paper we obtain new results for the existence of local and global solutions
to Schrodinger equations with isotropic and anisotropic fourth-order dispersion.
First, we prove the existence of local-in-time solutions to the integral equation
(1.8) (see Theorem . For the existence of local solutions, fixed 0 < T < oo, we
consider the space QE; of Bochner measurable functions u : (=T, T) — L(P(a+1),%0)
such that

1 1
P1 p2’

lullgr = I 117 (pact1) 00
where
no e A A2
5=t ?fA_A; (1.10)
Ty TA=2 Onaaas,
and p is such that the pair (%, m) belongs to the set =y \ 92y where Ej is

the quadrilateral RoPyBQo, with B = (1,0), P» = (2/3,0), Qo = (1,1/3) and
Ry = (1/2,1/2). The exponent 3 in (I.10), and the restriction of p, correspond to
the time decay of the group G s(t) on Lorentz spaces (see Proposition below).
The initial data is such that ||G675(t)u0||g§ is finite. As a consequence, some results

of local existence in Sobolev spaces can be recovered (see Remark .

We also analyze the existence of global-in-time solutions (see Theorem (3.4]).
For that we define the space GZ° as the set of Bochner measurable functions u :
(=00, 00) — L@+2:) guch that

lullge = sup [t u()|(a+2,00) < 00,
—oo<t<oo
where o is given by
1 . A2
o~ Tayy, HA=A%
TV 2n-d d (1.11)
a  4(a+2)? if A= Zi:l aﬂcz%xzxz
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Observe that the value o = 1 — Taygy in is the unique one such that the norm
[lullgee becomes invariant by the scaling of biharmonic equation with f(u) = |ul*.
In order to obtain existence of global solutions, we consider the following class of
initial data

Dy={peSR"): sup t7)|Ges(t)pl(at2,00) < 00} (1.12)

—oo<t<oo

Consequently, if we consider the biharmonic or anisotropic biharmonic equation,
that is, e = 0 in , we obtain the existence of self-similar solutions by assuming
up a sufficiently small homogeneous function of degree —é (see Corollary .

As it was said, formally, when we drop the second order dispersion term in
i0yu + €eAu + §A%u + f(|u|)u = 0, that is, taking € = 0, we obtain the biharmonic
equation i0;u + 6A%u + f(|u|)u = 0. However, to the best of our knowledge,
the vanishing second order dispersion limit has not been addressed. We observe
that the analysis of vanishing dispersion limits can be seen as an interesting issue
in dispersive PDE theory, because it permits to describe qualitative properties
between different models. We recall, for instance, that in fluid mechanics, the
vanishing viscosity limit of the incompressible Navier-Stokes equations is a classical
issue [14} 25]. This is the motivation of the second aim of this paper. We study the
convergence as € goes to zero, in the H2-norm, of the solution of Cauchy problem
(1.1), with A = A2, to the corresponding Cauchy problem associated with the
biharmonic equation . In the anisotropic case, that is, A = Zle Opizi2i2, 5
the vanishing second order dispersion limit is not clear, because we are not able to
bound ||Vue|[z2 or |Juc||%: + Z?:l e, , 17> in terms of the conserved quantities
associated to and independently of € (see Remark . This is an interesting
question to be considered as future research.

The rest of this article is organized as follows. In Section 2 we establish some
linear and nonlinear estimates which are fundamental for obtaining our results of
local and global mild solutions. In Section 3 we state and prove our results of local
and global solutions. Finally, in Section 4, we give a result about vanishing second
order dispersion limit.

2. LINEAR AND NONLINEAR ESTIMATES

In this section we establish some linear and nonlinear estimates which are fun-
damental for obtain our results of local and global mild solutions. We start by
rewriting Theorem 2, Section 3, of Cui [6] for the case n = 1 and Theorem 2, Sec-
tion 3, of Cui [7] for the case n > 2 (see also Lemma 2.1 in Guo and Cui [20] 21]).
For this purpose we denote =y the quadrilateral RyPyBQy in the (1/p,1/q) plane,
where

B=(1,0), Py=(2/3,0), Qo= (1,1/3), Ro=(1/2,1/2).

Zo comprises the apices B, Ry and all the edges BP,, BQqy, PyRy and QyRy, but
does not comprise the apices Py and Q.

Proposition 2.1. Given T > 0 and a pair of positive numbers (p,q) satisfying
(1/p,1/q) € Ey, there exists a constant C = C(T,p,q) > 0 such that for any
p € LP(R™) and =T <t < T it holds

IGes(t)ellza < CltI™" Il e,
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where

n(l __ 1 if A = A2
b= {4(p ) y , (2.1)

_ . d
2"4 ‘ (% - %)’ ZfA = Zi:l 811111111
Moreover, if e = 0 the above estimate holds for all t # 0.

The above inequality is not convenient to obtain a result of global well-posedness
because the constant C' depends on 7. To overcome this problem we establish a
different result which follows from a standard scaling argument.

Lemma 2.2. If%Jrﬁ = 1 with p € [1,2], then there exists a constant C independent
of €, and t such that

IGes(®ellpy < ClHI™lollze,  » € LP(R™),
for allt # 0, where
) {2@—1), if A= A2
9 — n— . d
%(% - 1)7 if A= Zi:l 8961961961961

Proof. Tt is clear that |Ges(t)pllzz = |l¢|lL2, in both cases, the isotropic and
anisotropic dispersion. Now, for the isotropic case, we define h(§) := % —(e€2—5¢%)
and since |h(4(&)| = 24, we can use [34, Proposition VIIL. 2] to obtain

o0
‘/ eith(f)dé-’ < C|t|_1/4.
— 0o

(2.2)

Note that the constant C given above does not depend on € and §. From Young
inequality we have
IGes®ellr= < Clt|~ ¢l 11

Then the result follows by real interpolation.

The anisotropic case is obtained in a similar way. Indeed, we only need to note
that

1z, t)] < Cult|~* and [T 5(@,0)] < Calt| =" D/2,
where C7 and Cy are independent of ¢, ¢ and 4. Consequently
2n—d

[Tes(a,t)| = |1 (2, )12 (2, )] < Ot~
The proof is finished. O

Lemma 2.3. Let T > 0,1 <d < o0 and 1 < p,q < oo satisfying (1/p,1/q) €
E0 \ 0Z¢. Then, there exists a positive constant C = C(T,p,q) > 0 such that

1Ges()¢lligay < CIEIT" el (p,as (2.3)
for all =T <t < T and p € L'»® . Here by is defined in (2.1). Moreover, if e = 0
the above estimate holds for all t # 0.

Proof. We prove only the isotropic case; the anisotropic case can be proved in an
analogous way. Since Z is convex we can chose (1/pg, 1/q0), (1/p1,1/q1) € Zp such
1 _ 6 , 1-9 1 _ 60 , 1-6 . s
that S = T and 1w T with 0 < 8 < 1. From Proposmonwe
have G 5(t) : LP* — L% and G.s(t) : LP* — L%, with norms bounded by
1G5 (8)llpg—go < Clt| 7"/ 4/ P01/ 00),

|Ges()|lpy g < CJt|~7/4A/P1=1/a1)
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Since L = L) using real interpolation we obtain
1Ges )l (pdy—(q.a) < C|t‘fn/4(1/pofl/qo)9‘t|fn/4(1/prl/q1)(179)
= C|t|~/40/p=1/a)
which completes the proof. (I

In the same spirit of Lemma one can obtain the next result, which gives
a linear estimate in Lorentz spaces. The proof follows from Lemma and real
interpolation. We omit it.

Lemma 2.4. Let 1 <d <00, 1<p<2 andp such that % + i = 1. Then, there
ezists a positive constant C such that

IGes®¢llr.ay < CIEI™* el (o), (2.4)
for allt #0 and ¢ € L%, Here by is defined in (2.2)).

For the rest of this article, we denote the nonlinear part of the integral equation

by )
F(u) = i/o Ges(t — 1) f(Ju(z, 7)|)u(z, 7)dT.

In the next lemma we estimate the nonlinear term F(u) in the norm || - [[ge, which
is crucial in order to obtain existence of global mild solutions.

Lemma 2. 5 Let 1 < oo < 00 and assume that (o« +1)o < 1. Then
(1) If Tagzy <1 and A= A?] then there exists a constant C1 > 0 such that

[F(u) = F(v)llgee

<G swp [t flu—vllatzo)  sup [ [[[ullfarz.00) T 101 arz.00)]:
<t<oo —oco<t<0o

— 00

(2.5)

for all u,v such that the right hand side of (2.5)) is finite.
(2) If (i? fQ <1land A= Zle Op;wiz,3;, then there exists a constant Cy > 0
such that

[F(u) = F(v)llge

<Co sup  t7flu—vllarace)  sup [ [lullfasn,00) T 10l1fat2.00)]
<t<oo —oco<t<oo

— 00

(2.6)

for all u,v such that the right hand side of (2.6) is finite.

Proof. Without loss of generality we consider only the case ¢ > 0. Using Lemma
the property of f established in ([1.3)), and the Holder inequality, we have

1 () — F@)ll ooy < C / (t—r)

(lul)u = F(l)vllp,00)dT

t
(2 ) o
SC/O (6= 1)~ "5 = o[l + 0]l poeydr

K _n@-p) N N
SC/O(t—T) 7 = 0ll 00 [l G o0y + 101G 00y )T

Since % + z% = 1 and we used the Holder inequality, we obtain the restriction
p' = a+ 2. Hence

| F (u) — ]:(U)H(a+2,oo)
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t
< C’/o (t = 7)7 T [[u = vll(at2.00) [l fas2.00) + 0] fas2.00)] 47

o ao o o —oyl—2% 0o«
< Csupt?||u — v (a42,00) SUP [||u||(a+2’oo) + ||v||(a+27w)]t I Tty oY,
>0 >0
From 1 — ﬁ —oa = 0, we conclude that
7] F(u) = F(0)ll(a+2,00)
(2.7)

< CSUP tUHu - UH(a+2,oo) sup t* [Hu”?ohtzoo) + ||v|‘?a+2,oo)} .
t>0 t>0

Taking the supremum in (2.7) we conclude the proof of the estimate (2.5). The

proof of (2.6) follows in a similar way. O
In the next lemma we estimate the nonlinear term F(u) in the norm | - HQE’

which is crucial in order to obtain existence of local-in-time mild solutions. Here
we use the notation A < B which means that there exists a constant ¢ > 0 such
that A < ¢B.

Lemma 2.6. Let 1 < a < oo, and (1/p,1/(a+ 1)p) € Zg \ 05,.
(1) If 75 <1 and A= A2, then there exists a constant C3 > 0 such that

|7 () ~ F)llgr

<(C3 su tHoNw — v ((a o) Su tﬁo‘[ua
< 3_T<P<T| 7] l((a+1)p, )_T<f<T| 7 el G at)p,o0) (2.8)
+ ||U||?(oc+1)p,oo) Tl—,ﬁ(a-‘rl),

for all u,v such that the right hand side of (2.8) is finite.
(2) If % <1and A= Z:'i:1 Opywim;z;, then there exists a constant Cy > 0
such that
1) - F)lgy

<Cy sup [t )lu =l ((at1)p00)
T<t<T

su tﬁo‘{ wl|f
T<1P<T| ‘ || ||((a+1)p,oo) (29)

ol a1y T2,

for all u,v such that the right hand side of (2.9)) is finite.

Proof. We only prove the first inequality; the proof of the second one is analogous.
Without loss of generality suppose that ¢ > 0. Then, from Lemma[2.3] the property
of f established in (1.3)) and the Holder inequality, we obtain

[F(u) — F(0)l(g,00) S/O (t =) (Juhu = F(oDvllp.ooydr
! b
C — )7l — o] (|u|®* + |v]® dr
< /O(t ) (™ + 101 | (p,00)

t
<c / (= 1) = 0l oo (1l ey + 10112, ) -

Since we used the Hélder inequality the next restriction appears ¢ = (a + 1)p.
Therefore,

| F(u) = F)ll((a+1)p,00)
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t
S ./o (t —7) 2D lu — || (a+1)p,00) (HUH?(aH)p,oo) + ||UH?((1+1)p,oo))dT

< sup tOflu—w sup %P [||ul|% + [[vlI{; troplet2),
3w Pl = vl oty SUp 1% [lfasayp,e) + 1Vl as1yp,o0]
Hence,
t7]|F () = F0)ll (ot 1)p,00)
< C sup t7]|u— | ((at1)p,00)
0<t<T
B 1-B(a+1)
< 5D 2 [l + [l 270
Taking supremum on t in the last inequality, we obtain the desired result. O

3. LOCAL AND GLOBAL SOLUTIONS

In this section we prove some results of local and global well-posedness for the
Schrédinger equations with isotropic and anisotropic fourth-order dispersion in the
setting of Lorentz spaces.

3.1. Local-in-time solutions.

Theorem 3.1 (Local-in-time solutions). Let 1 < a < oo, and (1/p,1/(a+ 1)p) €
o\ 050 Consider 22 <1 if A= A2, or LD < 1if A= 30 Orvivie, If
ug € §’'(R™) such that HGe,é(t)Ungg is finite, then there exists 0 < T* < T < o0
such that the initial value problem has a mild solution u € Qg*, satisfying
u(t) = ug in S'(R™) as t — 0F. The solution u is unique in a given ball of gg*,

and the data-solution map ug +— u into gg* is Lipschitz.

Remark 3.2. (i) (Large class of initial data) From the definition of the norm ||- ||g§
and Lemma if we take ug € L(P°°) the quantity ||G6’5(t)u0||gg is finite.
(ii) (Regularity) If the initial data is such that

sup |17 G5 (t)uoll (pa+1),0) < 00,
T<t<T

for 1 < d < oo, then the local mild solution satisifes
sSup |t|ﬁ||u|‘(p(a+1),d) < o0,
—T*<t<T*
(possibly reducing the time of existence T*).

(iii) (Finite energy solutions) From Theorem some results of local existence
in Sobolev spaces can be recovered. For that, notice that H*(R") «— L(P(a+1),00)
for s > 0 such that 2 < p(a+1) < 24— if n. > 2s (2 < p(a+ 1) < 00 if n < 25).
Therefore, if ug € H?, then

IGes®uollgr <€ sup [tH%]|Ges(t)uol -
-T<t<T

<C sup [t’uollme < oo
—T<t<T

Consequently, by Theorem there exists a mild solution w : (=T7%*,7*) —
L+ (R™) in Qg*. On the other hand, for the same initial data uy € H*(R"™),
suppose v € C([—Tp,Tp); H*(R™)) the unique energy finite solution for some T
small enough. By the embedding H® «— LP(@+1):%) we obtain that v € ng.
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Thus, taking Ty small enough, the uniqueness of solution given in Theorem [3.1]
implies that u = v on [—Tp, To| and consequently, u € C([—Ty, To]; H®).

Before proving Theorem [3.1] we enunciate a result related to the existence of
radial solutions. First of all, we recall that a solution w in gg is said to be radially
symmetric, or simply radial, for a.e. 0 < [t| < T, if u(Rz,t) = u(z,t) a.e. z € R?
for all n x n-orthogonal matrix R. Then, we have the following corollary.

Corollary 3.3. Under the hypotheses of Theorem if the initial data ug is
radially symmetric, then the corresponding solution w is radially symmetric for a.e.
0<|t|<T.

Proof of Theorem[3.1 This proof will be obtained as an application of the Banach
fixed point theorem. First, notice that by hypothesis on the initial data, we have

K

IGes(Buollgr = sup [t7l|Ges(t)uollpias).cc) = 5 < 00
—T<t<T
We consider the mapping Y defined by
t
T(u(t)) = Ges(t)uo + z/ Ges(t — 1) f(Julz, 7)|)u(z, s)dr. (3.1)
0

Then, we prove that T defines a contraction on (Bg,d) where Bi denotes the
closed ball {u € Qg:* : ||u||g; < K} endowed with the complete metric d(u,v) =

lu — UHQE* for some 0 < T* < T. In fact, let us consider 0 < T* < T such that

C’KO‘(T*)l_ﬂ(O‘H) < 1 where C denotes the constant Cs or Cy in Lemma
Then, from Lemma with v = 0 we obtain

ITW)llgrs < 1Ges@uollgr + [[F(w)lgr

< §+C~'K(X+1(T*)17’6(a+l) <

for all uw € Bi. Consequently, T(Bg) C Bi. Now, assuming that u,v € B, from
Lemma [2.6] we obtain

1T (u(®)) = T(E)llgr = [1F(w) = F(v)llgr-
< 2CK(T*)=Platb |y — vligre

+

K K
R
2 2 ’

(3.2)

Thus, as CK*(T*)'~#(@+1) < 1/2, the map Y is a contraction on (B, d). Conse-
quently, the Banach fixed point theorem implies the existence of a unique solution
u € gﬁT*. Through standard argument one can prove that u(t) — ug as t — 0, in
the sense of distributions [I5]. On the other hand, in order to prove the local Lips-
chitz continuity of the data-solution map, we consider u, v two local mild solutions
with initial data wug, vo, respectively. Then, as in estimate we obtain

[ = vllgr = Ges(t)(uo = vo)llgr- + [F(u) = F(v)llgz-

o (3.3)
< [[Ges(t)(uo = vo)llgre + 20K (T P4V [u — v gr-.

Since 2CK*(T*)'~Pe+1) < 1, from the above inequality, the local Lipschitz conti-
nuity of the data-solution map holds. (I
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Proof of Corollary[3.3 From the fixed point argument used in the proof of Theo-
rem we can see the local solution u as the limit in gﬁT of the Picard sequence

ur = Ges(t)(uo), kg1 =wr +F(ug), keN. (3.4)

Since the symbol of the group G s(t) is radially symmetric for each fixed 0 < ¢ < T,
it follows that Ge 5(t)uo is radial, provided that ug is radial. Furthermore, since the
nonlinear term F(u) is radial when v is radial, an induction argument gives that
the sequence {uy }ren given in is radial. Since pointwise convergence preserves
radial symmetry, and gﬁT implies (up to a subsequence) almost everywhere pointwise
convergence in the variable z, for a.e. fixed t # 0, it follows that u(z,t) is radially
symmetric. U

3.2. Global-in-time solutions.

Theorem 3.4. Let 1 < a < oo and assume that (o + 1)o < 1. Consider either
Taty <lifA= A% or (i?a_fg)a <1if A=Y 0svivie,- Suppose further that
€>0 and M > 0 satisfy the inequality & + CM*+1 < M where C = 5(a,n) is the
constant Cy or Cy in Lemmalfuo € Dy, with sup;~o t7||Ge,5(t)uoll(ar2,00) < &,
then the initial value problem (L.1) has a unique global-in-time mild solution u € G3°
with |lulgee < M, such that lim; .o u(t) = ug in distribution sense. Moreover, if
u, v are two global mild solutions with respective initial data ug,vg, then

lu = vllgee < C||Ge,s(t)(uo — vo)llgge- (3.5)
Additionally, if Ge5(t)(ug — vo) satisifes the stronger decay
sup 171+ 1) Ge(t) (o ~ 0)as.0) <

for some ¢ > 0 such that o(a+ 1) +¢ < 1, then
sup [¢7 (1 + [¢])*lu(t) = v(D)ll(at2,00)
>0

3.6
< Comp 70+ H)]TGlt) o — w0 a2 o0

Remark 3.5. (i) (Regularity) In addition to the assumptions of Theorem if
we consider that the initial data satisifes

sup  t7||Go,s(t)uoll(at2,a) < o0
—oco<t<oo

for some 1 < d < 0o, then there exists &y such that if

sup  t7|Go,s(t)uoll(at2.a) < Eos
—oo<t<oo

then global solution provided in Theorem satisfies that

sup 7 |u(t)|(at2,a) < oo
<t<oo

(ii) (Radial solutions) As in Corollary if the initial data wug is radially sym-
metric, then the global-in-time solution u is radially symmetric for a.e. ¢ # 0.

(iii) (Asymptotic stability) Following the proof of (3.6) we can obtain that if u, v
are global mild solutions of the Cauchy problem (L.1)) given by Theorem with
initial data wg, vy € D, respectively, satisfying

Jim #7(1+ 1) [[Ge(t) (uo = vo)ll(at2.00) = 0,

then limy oo t7(1 +1)*[Ju(t) — v(t)[|(a+2,00) = O-



EJDE-2016/13 FOURTH-ORDER SCHRODINGER EQUATION 13

(iv) (biharmonic and anisotropic biharmonic global solutions) Theorem (3.4 gives
existence of global mild solution for Cauchy problem associated with equation
in the class G2°. The proof was based on the time-decay estimate of the group
Go,5(t) given in Lemma However, taking into account that if ¢ = 0 the time-
decay estimate in Lemma holds true for all ¢ # 0, we are able to prove the
existence of global-in-time mild solutions for the Cauchy problem associated with
equation in the class Ggo( ») defined as the set of Bochner measurable functions

u : (—00,00) — LP+1):20) guch that

lullgz ) = sup [t u(t)]|pat1),00) < 0,
—oo<t<oo
where
( ) é_ 41?(07:4—1)’ ifA:Aza (3 7)
o\p) = n— . d .
é - 4p2(oc+dl)’ iftA= Zizl Ov,zizi;-

Here p,a must verify 1 < a < oo, (1/p,1/(a+1)p) € Z\ 9= and 2 < 1 <
4p(a+1) if A= A2 or 4p <1< 4p(a+1) if A= Zd P
na ’ (2n—d)a 2n—d)a i=1YTiTixiTq.

Corollary 3.6 (Biharmonic and anisotropic biharmonic self-similar solutions).
Lete =0, 1 < a < oo and assume that (a+1)o < 1. Consider either Tarsy <1

A= A2 or (Z?a_jz)? <1ifA="" Ou,ninsn,. Assume that the initial data ug is a

homogeneous function of degree _74. Then the solution u(t,z) provided by Theorem
is self-similar, that is, u(t,x) = )\éu()\‘lt, Azx) for all X > 0, almost everywhere
forx € R"™ and t > 0.

Remark 3.7. An admissible class of initial data for the existence of self-similar

4
solutions in Corollary is given by the set of functions ug(x) = Py, (x)|z| ™ «
where P, () is a homogeneous polynomial of degree m.

Proof of Theorem[3]]. It will be also obtained as an application of the Banach fixed
point Theorem. We denote by B the set of u € G° such that

ullgee = sup  [t[7[[u®)]l(a+2,00) < M,
<t<oo

endowed with the complete metric d(u,v) = sup_ ;<o [t|7[|u(t) — v(t) || (ag2,00)-
We will show that the mapping

t
Y(ult) = GesOuo +1 [ Guslt =i (ule,r)ule,s)dr. (38)
0
is a contraction on (Bys,d). From the assumptions on the initial data and Lemma
2.5 (with v = 0), we have (for all u € Byy)
IT(W)llgee < 1Ges(t)uollgee + 17 (u)llge
<&+ COlullgt
<E+OMT <M,

because M and ¢ satisfy € + CM*T1 < M. Thus, T maps By itself. On the other
hand, Lemma we obtain

1T () = Y()llgge < [[F(u) = Fv)llgze < 2CM*|lu—vlige- (3.9)
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Since CM® < 1, it follows that Y is a contraction on (Bjs,d) and consequently,
the Banach fixed point theorem implies the existence of a unique global solution
u € G5°. To prove the continuous dependence of the mild solutions with respect to
the initial data, it suffices to observe that implies that

[u = vllgee < [|Ges(t)uo — Ges()ollg, + CM*|u—vllge.

Thus, as CM® < 1, then |lu — v|gee < C|Ges(t)uo — Ge,5(t)vollgee. Finally, to
prove the stronger decay, notice that

t7(1+ ) [Jut) = v(®)ll(ar2,00
< Ciggt”(l +1)*[Ge,s(t) (uo = vo)ll(at2,00) + 17 (L +8)* [ F(u) = F(0)(a+2,00)-

(3.10)
Since [Jullgs, ||v]|ge < M, using the change of variable 7 +— 7t and noting that
(T4+t)(1+tr)~c <ts(tr)~* for 7 € [0, 1], we obtain

71+ [ F(w) = F(0)ll(at2.00
<t7(141)° /Ot(t — )" et poolet) (] 4 7
< (7714 7)u(r) = 0(7)lla+2.00) [P 2,00) T 77012000 ) s
<2M° /01(1 — )T TE @D (] )S(1 4 1) T ((87)7 (1 + (7))
X u(tr) = v(t7)ll(at2,00))ds
< 2M° /01(1 — )T Tt @D ()7 (1 4 (t7))°

X fJu(tr) = v(t7) || (at2,00))dT-
(3.11)
Therefore, by denoting A = sup;~qt7(1 + ) |lu(t) — v(t)|[(a+2,00), from and
(3.11f) we obtain

A< Coupt” (14 ) Ges(t)(uo = w0) (s 2000
>
1
+ (QM“/ (1- r)‘dimr—”(a“)r*dr) A.
0
Choosing M small enough such that 2M“ fol(l — 7-)_4<Zi2> rolatr=sdr < 1, we
conclude the proof. O

Proof of Corollary[3.6L We recall that by the fixed point argument used in the proof
of Theorem the solution u is the limit in G5° of the Picard sequence

U = Go,g(t)uO, ugr1 = uy + F(ug), keN. (3.12)

Notice that the initial data ug satisfying uo(Az) = A~ aug(z) belongs to the class
D, (see [15, Corollary 2.6]). Since € = 0, we obtain

u Az, X)) = A wuy (2, 1) (3.13)
and then u; is invariant by the scaling

w(z,t) — ux(z,t) == A u(Az, A%), A > 0. (3.14)
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Moreover, the nonlinear term F(u) is invariant by scaling when v is also.
Therefore, we can employ an induction argument in order to obtain that all elements
uy, have the scaling invariance property . Because the norm of G5° is scaling
invariant, we obtain that the limit u also is invariant by the scaling transformation
u — uy, as required. O

4. VANISHING DISPERSION LIMIT

This section is devoted to the analysis of the solutions of (L.1)) as the second
order dispersion vanishes. More exactly, we study the convergence, ¢ — 0, of the
solutions of the Cauchy problem

i0iu + eAu+ dAu+ Au|“u =0, z€R" teR,

u(z,0) = uo(z), =z e€R", (4.1)

to the solutions of
i0iu+ 0Au + Au|“u =0, z€eR" teR,

u(z,0) = up(z), =z €R™ (42)

in the framework of the H?(R") space. Throughout this section we consider « as a
positive even integer. Before to establish our main results, we give some preliminary
facts. First, we recall the following conserved quantities of (4.1)):

M(u) = ”uH%Q(R"); (4.3)
Ees(u) = 0] Aulfz — el|Vullz: + —= H |gats, fA=A% (44)
d d
Bl pa(u —6Z||uw||L2—e||Vu||L2+a+2|| [T S -
=1 =
(4.5)

According to the signs of the pair (4, A), we have two cases: Case 1: d\ > 0 and
e € R. Case 2: A < 0 and € € R. Thus we have the next result.

Proposition 4.1. Fiz § = £1, A = +1 and let u. € C([-T,T); H*(R")) be the
local solution of (A1) with initial data ug € H*(R™) and A = A%. Assume that

e (6,0, is as in Case 1 or

e (€,0,)) is as in Case 2, naw < 8, 4(a+2) <1,ifn#24, and0 < 4(a+2) <1
ifn=24.
Then the following estimate holds
el 2 @ny < Cllluollm2, [[uoll Lo+2). (4.6)

Proof. First we consider Case 1. Using the conserved quantities of (4.1) given in

(4.3)-(4.4]), we obtain
luc®)l[72 + | Auc(t)][7-
-1 —1 o 207 1)‘ at2
= M(uo) + 07" Ecsa(uo) + 07 €| Vue|zs — ——— [Jucll 7ot (4.7)

< M(ug) + 0 Eesa(ug) + 6~ €||VU6()||L2-
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At this point we have to consider two subcases. If §~1e < 0, taking 0 < |¢[ < 1, we
arrived at

lue(®IZ2 + | Aue ()72 < M(uo) + 07" Ee,5x(uo) < M(uo) + E_y y 51 (un)-
On the other hand, if 6~ 'e > 0, from we have
lue@®z < Cluc®Ze + | Auc(t)]72)
< CM(ug) + CEg 1 5-1x(uo) + 0~ eC||uc(t)| 32
Again, consider 0 < |¢] < 1 to arrive at

Hue( W2 S M(uo) + Eo1,5-11(u0)-
In both subcases we obtain the desired result.
Now, we con81der the Case 2. Consider the restrictions na < 8, 0 <
n#24 and 0 < oD o
and Young inequalities we obtain

lue(®)|72 + [[Aue(t)]|7:
25~ 1)\ s

= M(uo) + 0" Ec s (uo) + 07 e Vue(t)[72 = ——— uc@®)lIF

TaE) +2) <1if
5 < 1 if n = 2,4. Thus, by applying the Douglas-Niremberg

M(up) + 6~ ey a(tto) + 07 el| Vo (0] 3 + clnue( M OIS (4
M (uo) + 07" Ee s (o) + 6 el| Vue(t) [32 + Culluc(t)l| a luoll 72>
< M(uo) + 07 Eesa(uo) + 6 el Vue(t) |72 + Crpol|ue ()12
+ C(po)|uol|7,
with r = Slat2)=8na Taking 0 < po < ﬁ, from we obtain

8—na
luc(®)1F2 S M(uo) + 6 Eesa(uo) + 8 €| Vue(®)|| 72 + Cllluollr2)-  (4.9)
Again, we have two subcases. If §~1e < 0, it is easy to see that for 0 < |e| < %,
l[ue(@)l|Fr2 S M(uo) + E_1 1 5-15(u0) + Cpo, |luol £2)- (4.10)
Finally, if 6= > 0, we use that 6~ '¢[|[Vuc(t)|[2. < 3|uc(t)||%. for 0 < [e] < 3 in
O

(4.9) to obtain again inequality (4.10)).

Now we are in a position to establish our main result of this section.

Theorem 4.2. Consider u. and u in C([-T,T); H*(R™)), the solutions of
and respectively, with common initial data ug € H*(R™) and A = A2. Here
[-T,T) is the common interval of local existence for ue and u. Suppose n < 4, if
oA\ < 0 assume that na < 8, <1,ifn#2 and 0 < (+2)<12fn—2
Then

4(at2) +2)

lim (1) = u(®)] 2 = 0,
forallt € [-T,T).

Remark 4.3. A version of Theorem [£.2] for the anisotropic dispersion case, A =
Zle Op,z;xi0;» Dy replacing the norm convergence in H? by the natural norm
H2(RYHY(R"?), is not clear. In fact, we are not able to bound |Vuc|/z2 or
luell2 + Zle [te. .o, |2, in terms of the conserved quantities associated to (4.1)
and independently of e.
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Proof of Theorem[/.3 As usual, the mild solutions associated with (4.2)) satisfy the
integral equation

u(z,t) = Go,5(t)uo(z) +i/0 Go,s(t — ) f(Ju(z, 7))ulz, T)dT, (4.11)

where G5 is defined in (1.9) with € = 0. Computing the difference between the
integral equations ([1.8)) and (4.11)) we obtain

[[ue(t) — u(®)]|
< Ges(t) = Gos(D)uoll >

[ Ges(t = 7)uc(r)|“ue(r)dr */ Go,s(t = 7)|u(r)|*u(r)dr | o
0 0
< /0 1Ges(t = m)[Jue(r)[*ue(r) = |u(m)|*w(T)]|[m2dT + [Ge,5(t) = Go,5(t)]uol a2
+ /0 I[Ges(t —7) = Gos(t = 7)][u(r)|*u(T)|| m2dr

Since G, 4(t) is a unitary group on H?, from last inequality we obtain

[[ue(t) = u(®)]|

/ et () () — () () s+ (G (2) — Gl (8

" / Gt = 7) = Gouslt = 7)llu(r) *u(r) |2

</ uelr) — )| e () + ) s+ [Cos () — G s (0t
« NGt =) = Gostt — T u(r) ()

(4.12)
From (4.12) and Proposition [4.1] we have
t
[ue(®) = u(®)l| a2 < C/ [ue(T) = u(r) || m2dr + [[[Ge5(t) = Go.s(8)]uoll
0 (4.13)

+ / IGes(t = 7) = Gos(t — T)lul(r)|"u(T) | g2dr.
0

From the Gronwall inequality we arrived at

lue(t) = ut)l| 2 < Te st +c/ )eC=") g
where

e5(t) = [[[Ges(t) = Gos(8)]uol|

+ / IGes(t —7) = Gos(t = 7)][u(r)|*u(T)|| m2dr.
0

Note that because « is a positive integer, we have

t
Vost) < ol + [ a0l () e
0
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t
< Yool = + / lu(r) | dr
0

<ol m= + tlluoll3
Thus |, 5(7)eCt=7)| < et Since (=7 € L1(0,T), to obtain our result we
just have to show that ¥, s(¢) — 0 as € — 0, for any ¢ € [0,T]. First, observe that

11Ge,5(t) = Gos(t)]uol| :/ (&) eI — 1 Pjag (¢) [Pd.

Since
. 2 o — . n
(€M e ™ —1Plus (9 < (€)' fm (@) in L'(R")
and <§>4|e’“6‘5‘271|2|ﬂa(§)\2 — 0,as e — 0, a.e. onR", by the Lebesgue dominated
convergence theorem we have

ity G 1) — Goys(Oluolle = 0.
From Proposition [.1] we obtain

l[Ges(t —7) = Gos(t = T)lfulm)|*u(r) ||z < lu(r)|*u(r)[ = < Jul(r)l|5E"
< [C(lluoll a2, lluo]| pa+2)]*F1
Moreover, ||[Ges(t—7) —Go,s(t —7)]|w(T)|%u(7) ||z — 0, as € — 0; then we arrived

at
t

lim ; |[Ge,5(t — ) — Gos(t — T)]|u(T)|*u(T) || g2dT = 0,

e—0

which completes the proof. (I
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