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HOMOGENIZATION OF SOME EVOLUTION PROBLEMS IN
DOMAINS WITH SMALL HOLES

BITUIN CABARRUBIAS, PATRIZIA DONATO

ABSTRACT. This article concerns the asymptotic behavior of the wave and heat
equations in periodically perforated domains with small holes and Dirichlet
conditions on the boundary of the holes. In the first part we extend to time-
dependent functions the periodic unfolding method for domains with small
holes introduced in [6]. Therein, the method was applied to the study of elliptic
problems with oscillating coefficients in domains with small holes, recovering
the homogenization result with a “strange term” originally obtained in [1I]
for the Laplacian. In the second part we obtain some homogenization results
for the wave and heat equations with oscillating coefficients in domains with
small holes. The results concerning the wave equation extend those obtained
in [12] for the case where the elliptic part of the operator is the Laplacian.

1. INTRODUCTION

The aim of this work is the study of the asymptotic behavior as € — 0 of the
wave and heat equations in a perforated domain with holes distributed periodically
with period e, and with a Dirichlet condition on the boundary of the holes. We
consider here “small” holes, that is to say with size of the order of €6 (¢ — 0,
0 — 0). The case § = 1 corresponds to the classical case of homogenization where
the size of the holes and of the period is of the same order. We will use for the proofs
an adaptation to the case of time dependent equations of the periodic unfolding
method for small holes from Cioranescu, Damlamian, Griso and Onofrei [7].

The periodic unfolding method for the classical homogenization was introduced
in Cioranescu, Damlamian and Griso [4] for fixed domains (see [5] for detailed
proofs) and extended to perforated domains in [9] (see Cioranescu, Damlamian,
Donato, Griso and Zaki [7] for more general situations). The method was applied
in particular, for the classical homogenization of the wave and heat equations in
periodically perforated domains by Gaveau [I7] and more recently, by Donato and
Yang [I5] and [16].

The asymptotic behavior of the homogeneous Dirichlet problem for the Poisson
equation in perforated domains with small holes of size €%, a > 0, was studied
by Cioranescu and Murat in [I1]. They showed that for each dimension N of the
space, the size eV/N=2 ig “critical” in the sense that in the limit problem appears
an additional zero order term (called in [I1] “strange term”) which is related to the
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capacity of the set of holes as ¢ — 0. There were afterward many works treating the
same geometrical framework with various conditions on the boundary of the holes.
Let us list a few of them. The case of Stokes equations was studied by Allaire in [I],
the Poisson equation with non homogeneous Neumann conditions was treated by
Conca and Donato [14] where it was shown that the contribution of the holes of size
of order of eN/N=1 s reflected by an extra term in the right hand side of the limit
equation. The case of mixed boundary conditions was studied by Cardone, D’Apice
and De Maio in [3]. As concerning the parabolic case, we refer to Gontcharenko
[18] where the homogenization result is obtained via the convergence of some cost-
functionals. Homogenization and corrector results for the wave equation have been
proved by Cioranescu, et al. [12].

In all these papers, the elliptic part of the operator is the Laplacian. For the
asymptotic study, standard variational homogenization methods, as for instance
Tartar’s oscillating test functions method ([25]), are used (see also [2], 13| 23]).
They need to introduce extension operators (since the domains are changing with
¢) and to construct test functions, specific for each situation.

As mentioned before, in the paper we present here, we will use the periodic
unfolding method. On one hand, we take the advantage of the simplicity of this
method when applied to perforated domains as can be seen in [9] or [7]. Indeed, the
periodic unfolding, being a fixed-domain method, no extension operator is needed.
On the other hand, the method does not use any construction of special test func-
tions and so, one can treat general second order operators with highly oscillating
(in €) coeflicients, which was not the case in the papers cited above.

For the case of small holes for the Laplace equation and homogeneous Dirichlet
boundary condition, first applications of the unfolding method have been done in
Cioranescu, et al. [6], Onofrei [20], and Zaki [26]. Then the same operator was
used in the framework of [14], with small holes of size e¥/¥=! and non homoge-
neous Neumann conditions, in Ould Hammouda [21I] and in Cioranescu and Ould
Hammouda [I0] for mixed boundary conditions.

In this work we first extend the unfolding operator 7 s introduced in [6] to time-
dependent functions and study in details its related properties. In the second part,
we apply the periodic unfolding method to obtain some homogenization results
for the wave and heat equations with oscillating coefficients in domains with small
holes.

We present here the proofs for the wave equation while for the heat equation we
only state the problem together with the main convergence results. We skip the
proofs for this case, since they follow step by step the outlines of those for the wave
equation.

This paper is organized as follows: Sections 2-4 recalls the geometric framework
for the perforated domain as well as some definitions and properties of the unfolding
operators for fixed and perforated domains with small holes. In Section 5 we extend
the operator 7; 5 given in [6] to time-dependent functions with detailed proofs of
its properties. One can also find in this section the extension of the local average
operator to time-dependent functions together with the related properties needed
in this work. Section 6 is devoted to the main homogenization results for the wave
and heat equations while Section 7 contains the proofs for the wave equation.
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2. NOTATION AND DEFINITIONS

We recall here some notation and definitions as given in [4] for fixed domains.
Let © be a bounded open set in R™, such that |09 = 0 and
f,’ f@ N
Y=|-—, —
] 2’ 2 [
be the reference periodicity cell. Let us now introduce the sets
f\ls = interior{ Ugez. s(§ —1—7)}, 2 = {E €L :e(E+Y) C Q},

Ao =0\ Q..

0< ¥, t;eRT fori=1,...,N,

)

(2.1)

By construction, ﬁe is the interior of the largest union of (¢ +Y) cells fully con-
tained in €2, while A, is the subset of £ containing the parts from the (£ +Y) cells
intersecting the boundary 9 (see Figure .

FIGURE 1. Sets €. (brown) and A. (light green)

As in [4], for every z in R, we denote by [z]y the unique integer combination
of periods such that
{zly=2-[2]ly €Y (2.2)

which is depicted in Figure[2] Then, because of the periodicity and recalling (2.2]),
each z € RN can be uniquely written as

xzs({g}y—i— [g]y) (2.3)

3. TIME-DEPENDENT UNFOLDING OPERATOR IN FIXED DOMAINS

Throughout this paper, T' will be a given positive number. This section recalls
the time-dependent unfolding operator for fixed domains as introduced in [17].

Definition 3.1 ([I7]). Let ¢ € L9(0,T; LP(Q2)) where p € [1, +o0[ and ¢ € [1, +o0].
The unfolding operator 7. : L4(0,T; LP(2)) — L9(0,T; LP(2 x Y')) is defined as

p(elfly +ey,t) ae. for (z,y,t) € ﬁe x Y x]0, T,

7; ) ’t =
(@)@ y.1) {0 a.e. for (z,y,t) € Ac x Y'x]0,T7.
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FIGURE 2. {z}y and [z]y.

Some of the properties of this operator which were stated in [I7] are listed below.
For perforated domains with holes of the same size as the period and for detailed
proofs (in Definition [3.1] obviously true for fixed domains), we refer to [I5].

Remark 3.2. Notice that if in Definition we take ¢ in LP(Q2) independent of
time, we recover the definition of the unfolding operator for fixed domains from [4].

Proposition 3.3 ([I5, [I7]). Let p € [1,+o00] and q € [1,400]. Suppose that u and
v are functions in L1(0,T; LP(QY)). Then:
(1) T¢ is linear and continuous from L(0,T; LP()) to L1(0,T; LP(2 x Y));
(2) Te(uv) = To(u) T (v);
(3) if u € L0, T; WHP(Q)) then T-(u) € LI(0,T; LP(Q; WLP(Y))) and
Vy(Ze(u)) = 7. (Vu) in Q x Y x]0,T;
(4) for almost every t €0, T,

7| T dedyar = |

— u(x,t)dmdt—/ uw(x,t) dx dt
Y| Jaxy Q

Ae
:[ u(x,t) dx dt.
Qe

Proposition 3.4 ([15, [17]). Let p,q € [1,400[. Suppose that ¢ € L9(0,T; LP(Q))
and {¢e} is a sequence in L1(0,T; LP(Q)).
(1) Te(¢) — ¢ strongly in L0, T; LP(Q2 x Y)).
(2) If e — ¢ strongly in L1(0,T; LP(Q)), then To(¢p.) — ¢ strongly in the space
L0, T; LP(Q x Y)).

Proposition 3.5 ([I5, 17]). Let p €]1,+o00[ and {¢.} be a sequence in the space
Lo°(0,T; Wy () such that
Vel (0,110 (0)) < C.

Then there exist ¢ € L>(0,T; Wolp(Q)) and p € LOO(O,T;LP(Q;WI}éf(Y))) such
that up to a subsequence,

(1) T(pe) — ¢ weakly* in L>(0,T; LP(Q; WP (Y))),

(i) Te(Vpe) = Voo + V@ weakly® in L*=(0,T; LP(Q x Y)).
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We end this section by recalling the definition of the mean value operator My
and that of the local average operator M5, and give some of their properties that
will be useful in the sequel.

Definition 3.6. Let p € [1,4o00] and ¢ € [1,+00]. The mean value operator
My : L0, T; LP(Q2 x Y)) — L2(0,T; LP(Q)) is defined by

1
My(u)(e,t) = - | uleu.t)dy
Y1)y
for every w € L9(0,T; LP(Q2 x Y)).
Definition 3.7. Let p € [1,4+o00[ and ¢ € [1,+00]. The local average operator
M§, - L9(0,T; LP(Q)) — L9(0,T; LP(Q)) is defined by

M5 () (1) = % /Y To() (. y. ) dy,
for any ¢ € L2(0,T; L?(Q)).

Remark 3.8. In connection with Remark some of the properties of 7; (in
the case of dependence on time) can be derived directly for those of the unfolding
operator for fixed domains from [4] with the time ¢ as a mere parameter.

As a consequence, we have the following result.
Proposition 3.9. Let p € [1,00[ and q € [1, 00].
(1) For v € L9(0,T; LP(R2)), one has
T ( My (9))(2,y,1) = My (Te(9)) (z, 1) = M5 () (2, 8) in 2x]0, TT.
(2) Let {w.} be a sequence in LL(0,T; LP(Y)) such that
we — w  strongly in LI(0,T; LP(2)).
Then
M5 (we) = My (w) =w  strongly in L(0,T; LP(Q)).
(3) For any ¢ € L1(0,T; LP(R2)),

1-p
M5 ()l Lago,r;zr)) < YT l@llLao e (@)

Proof. Property 1 corresponds to [4, Remarks 2.23 and 2.24]. For the reader’s
convenience, let us sketch the proof. One has successively, by using Definitions 3.1

[3:6] and [3:7]
LM (0)(a.0.0) = M (2) (-2l + et) = [ TRy +ewtydy

- |71| /y - () (@, y,1) dy = My (Te(9))(x, 1) = M5 () (. 1),

for a.e. (z,t) in Q x (0,T).

Property 2 (corresponding to [4, Proposition 2.25 (iii)]) follows immediately from
Proposition 2) and Definition

Property 3 is a consequence of [4, Proposition 2.25(iii)] which shows that for all
w € LP(),

17 )o@y < 1Y 177 wll ooy,

Then the result is straightforward by taking into account Remark 3.8/and Definition
B2 0
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4. UNFOLDING OPERATOR IN DOMAINS DEPENDING ON TWO PARAMETERS

In this section we recall the definition and some of its properties of the unfolding
operator 7. 5 depending on two mall parameters € and ¢, as introduced in [6].

Definition 4.1 ([]). Let p € [1,+o0c[. For ¢ € LP(), the unfolding operator 7 s
is the function 7z 5 : LP(Q2) — LP(2 x RY) defined by

T.(¢)(w,02) if (z,2) € Qe x 1Y,
0 otherwise,

T.5(¢)(x, 2) = {

where 7. is the operator for fixed domains as introduced in [4] (see Remark [3.2).

To go further, let us introduce what is called a perforated domain with small
holes, denoted here Q) 5. Let B CC Y and denote Yy = Y\6B. Then Qf ; is
defined as

Q;’é = {x € Q such that {g}y €Ys},

where § — 0 with . This definition means that €27 5 is a domain e-periodically
perforated by holes €9 B, see Figure

FIGURE 3. Perforated domain with small holes QZ,&‘

Remark 4.2. As shown in [0], it turns out that the operator 7; s is well-adapted
for domains with small holes when dealing with functions which vanish on the
boundary of €2 ;. It is precisely the case we treat in this work. We will deal with
functions belonging in particular, to Hg( Z5)- The extensions of these functions
by zero to the whole of €, belong to HE (). Consequently in the sequel, we will
not distinguish the elements of Hg (27 5) and their extensions from Hg(9).

Proposition 4.3. [
(1) For anyv,w € LP(Q), Tc s(vw) = T 5(v)Tc s(w).
(2) For any u € L'(Q2),

5N/ |T€75(u)|dxdz§/ |u| dz.
QxRN Q

(3) For any u € L*(Q),

1
1725wl 72 xry < 5—N||U||%2(Q)~
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(4) For any u € L*(),

|/udx—5N/ Tz 5(u) dx dz| S/ |u| dz.
Q QxRN A.

(5) Letu € H* (). Then

(6)

1 1
Tes(Vyu) = 6—6Vz(7;,5(u)), in Q X EY'

Suppose N > 3 and let w C RN be open and bounded. The following
estimates hold:

2
3
IV (Ts)lFeqn vy < 5731 VulFe0):
2
9
||TE,5(U — M;E/(U))”ig(Q;Lz*(RN)) S 5N72 ||vu||2L2(Q)a

2C¢e?
17251 72(0xw) < SN2 WP N[ VullF2q) + 2lwlllullfz g,

where C' is the Sobolev-Poincaré-Wirtinger constant for H*(Y).

Suppose N > 3 and let {w. s} be a sequence in H*(Q) which is uniformly
bounded as both e and § approach 0. Then there exists W in L*(Q; L*” (RV))
with V. W in L?>(Q x RY) such that, up to a subsequence,

571

(Toswes) = My (wes)lyy ) =W w-L2 (@5 L7 (RY)),

Vz(7;75(w5,5))1%y —~ V. W  weakly in L*(Q x RY).

Furthermore, if
41

lim sup
(e,0)—(0F,0%) €

< 400,

then one can choose the subsequence above and some U € L?(Q; L (RN))
such that

5%
T. s(wes) = U weakly in L*(Q; LE . (RM)).

loc

Definition 4.4. A sequence {v.s} in L'(Q) satisfies the unfolding criterion for
integrals (u.c.i.) if

/ Ve,s dr — oN / Te.5(ve,5) dedz — 0,
Q QxRN

for every sequence (g,d) — (0%,0%). This property is denoted

7,
/11575 de & 5N/ T s(ve.s) de dz.
Q QxRN

Proposition 4.5 ([6](u.c.i.)). If {v.} is a sequence in L'(Q) satisfying

/ |ue| dx — 0,
Ae

then it satisfies u.c.i..
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Corollary 4.6 ([6]). Let {u.} be bounded in L?(Q) and {v.} be bounded in LP(Q2)
with p > 2. Then {u.v.} satisfies u.c.i..

Remark 4.7. As observed in [6], for any 1 € D(Q2), one has
17,6 (¢) — 7/1||Loo(§z£x%y) — 0.

5. TIME-DEPENDENT UNFOLDING OPERATOR IN DOMAINS WITH TWO
PARAMETERS

In this section, we extend the operator 7; s defined in the previous section to
time-dependent functions by adapting what is done in [I5]. We start by defining
the unfolding operator for time-dependent functions in the domain Qf 5%]0,T7,
depending on ¢ and 4.

In what follows, we have (g,0) — (0,0) through any sequence and subsequence.

Definition 5.1. Let p € [1,4o00[ and ¢ € [1,+00]. Let ¢ € L9(0,T; LP(Q)). The
unfolding operator 7; 5 : L9(0,T; LP(2)) — L(0,T; LP(Q x RY)) is defined as

T (o) (x,02,t) if (z,2,t) € SAZE X %YX}O,T[,
0 otherwise.

Ls(p) (@, 2, 1) = {

that is,

p(elEly +e02,1) if (v,2,1) € Qe x 2¥x]0, T,
0 otherwise.

7;,5(90)(1'7 th) = {

As mentioned above, for § = 1 we are in presence of the unfolding operator for
fixed domains introduced in [4].

Remark 5.2. From now on, if a function does not depend on ¢, by Zc s(¢) we
simply mean the operator introduced in Definition [41]

Being defined by means of the operator 7;, the unfolding operator 7; s inherits
most of the general properties of it. In particular, the following proposition is
straightforward:

Proposition 5.3. Let p € [1,+o00[ and q € [1,+00].

(1) 7.5 is linear and continuous from L7(0,T; LP(Q2)) to L(0,T; LP(Q2 x RY)).

(2) Tos(ow) = Tog(0)Tosw)  for every v,w € LI(0, T; IP(2)).

(3) V.(Tes(p) = 6T 5(Ve)  in Qx $Yx]0,T][ for all o € L1(0,T; H(12)).
Theorem 5.4. Let p € [1,+o0[ and g € [1, +00].

o Let p € L9(0,T; LP(Q)).
(1)
6N

m QxRN 7;’6(90)(3:72575) dxdz =
X

o(z,t) dz

=

gp(w,t)dx—/A o(z,t) dx

€

S~ 55—

for a.e. t €10,T7.
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(2) The continuity of the operator T s from Propositz'on reads as fol-
lows:
[Y|\1/P
172 5 (@)l La(o, ;20 () < (57\,) el Laco, 70 () (5.1)
e Let p € L9(0,T; HY(Q)) and N > 3. Then, for a.e. t €]0,T],
3)

e|Y|L/p
19 (Te 5D g vy < ('5 L 190l oy

Proof. As a rule, all the properties above are proved by using the change of variable
z = (1/0)y and the fact that the integral fQ can be written as a sum on the cells
g€ +¢eY for £ € =, (see (2.1)) for the definition of =.).

(1) With this rule in mind, for every ¢ € L9(0,T; LP(f2)) and recalling Definition
one has

/ T 5() (@, 2, t) da dz = / T.5(0) (@, 2, 1) da d=
QxRN

Q. xRN

- gz /(§+ Y)xRN e o(@) (@, 2,1) dv dz (5.2)
eg, 7 (e&te

= Z/ cp(e[g]y+sc$z,t)d:vdz
fez, (e&+eY)x Y €

for almost every t €]0,T[. For each element of the last sum, we have successively,

§N/ <p(€[ ly +ebz,t) dvdz
(e&+eY)x Y
= 6N |e€ + Y| / Y + €6z, t) dz (5.3)

= Ny / Uy ey ) dy = Y| o(z, 1) de.
(s€+2Y)

Using ([2.1)), the first property follows by summing up with respect to £ in =..
(2) For the second property we proceed in the same way as for (5.3, to obtain
Y
/ Tz ) dodz = 0L [ ptepira.
(e€+eY) xRN 0 (e€+eY)
Summing as above yields

/QXRN \Te,é(@)(m,%t” dxdz = v . l(z,t)|P dx < o ) o (z, £)[P da

Hence
NG
175 zoaxan) < (5)  lelliro, (5.4)
which when integrated with respect to time gives (5.1)).

(3) For ¢ € L(0,T; LP(2)), from property 3 of Proposition [5.3 and (5.4,

IYI
V- s lr @iy = 075V oy <0 o) IVellirca
for a.e. t €]0, T, which gives the desired result. [
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Regarding the integral formulas, one still has an unfolding criterion for integrals,
which is very useful in homogenization problems.

Proposition 5.5. Let g € [1,+00] and ¢. € L1(0,T; L*(Q)) satisfying

/ / e dx dt — 0, (5.5)
T E
/ /905 dx dt ) / / s(pe) dx dz dt.
0 JQ |Y| QxRN

The proof of the following proposition is essentially the same as that of [I5
Proposition 2.6].

then

Proposition 5.6. Let p,q €]1,+o0]. Let {¢.} be a sequence in L1(0,T; LP(2))
and {¢:} be a sequence in LY (0,t; LPo(Q2)), such that

I @ellLaqo.rerriyy < C  and |[ve]l o (o 7,100 () < C

1, 1 1,1
where;+p—0<1and5+?f1, Then,

T 5 S 6N T
/ / (psws dedt = = / / 7’575(905¢5) dr dzdt.
0 |Y| 0 JOax}Y

The next two propositions extend to time-dependent functions some properties
given in [6l, Theorem 2.11].

Proposition 5.7. Letu € L4(0,T; HY(Q)). For q € [1,+00[, one has the estimates
Ce|y|V/»
172,56 (w — M5 (W)l La (0,710 (210 ®Y))) < 5N_|1||vu||Lq(O,T;LP(Q))a (5.6)
and for w an open and bounded subset of RY,
17,5 (w) || La (0,717 (%))
2C'<5|Y|1 P (5.7)

< 6T||VU||LQ(0TLP(Q +2|WHY| 2 ||UHL‘1 (0,7:L7(Q))>

where C' is the Sobolev-Poincaré-Wirtinger constant for H*(Y).

Proof. Let u € L1(0,T; HY(Q)).
Step 1. Let us prove (5.6). By a change of variable, the linearity of the unfolding
operator and using Proposition 1), we have for almost every x € Q and t €]0, T,

1 Te 6t — M5 (w) (@) 0 (1)
= (/; |T (U_Mi/(u»(.%',z,t)‘p* dz)l/p

(/ To(u - M5 (), 0,0 dz)
(5 [ 1T M@)ol ag)
:W /Y (T2 () — My (Te(w))) (x, y.t)

)1/;0*
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= (T (w) = My (@) )| v

On the other hand, using the Sobolev-Poincaré-Wirtinger inequality in H!(Y),
Proposition 3)7 Proposition 3) and a change of variable, we obtain

(;N%II(TE(U) — My (T (W) (@, -, 1)l o (v

C
= §N/p Vy(Ze(u)(@, - 1))l r (v)
C
TV @) @ B

o ([ 1@ 0P i)

[ |7:.6(V(uw))(x, z,t)P 5Ndz> 1/p
Y

/Y |$VZ('TE’5(U)($7 2 t)) |p 6Ndz) 1/p

= COv T T Ve T s (w) (@, ) o2y
= CIVaATes(u) (@, )l o2y,
since % — pﬂ* — 1 =0, and where C is the Sobolev-Poincaré-Wirtinger constant for
H(Y). Thus,
1 5 = M5 (@)@ ) (3 < CIV(Toos0) (@, D) ooy
which implies
17c.6(u = M5 () (- D)l Lo (2yy) < CIV(Tes(w) (- D) llLe@x 1y
for almost every ¢ €]0,T[. Taking the L?-norm over |0, T[ gives
72,6 (u — M%’(u))HL‘I(O,T;LP(Q;LP*(%Y))) < Hvz(Tsﬁ(“))HL«(O,T;LP(QX§Y))~

This, together with Definition [5.1]and Theorem [5.4(5) yields (5.6) for a.e. t €]0, 7.
smallskip

Step 2. For estimate (5.7)), we use Proposition [3.9(3) and note that
Tes ()P = |Tc 5 (u — M5 (u)) + Tz s (M5 ()
< 2(| 7z 5 (u — My (u) P + 72,6 (M5 (u))P)
= 27(|Tc .5 (u — My ()P + M5 (u)[?).

Thus, one has

17e.5 (Wl r@xw) < 2(17e,6(u = M5 ()l Lo (@xw) + MY ()| Lo (@xw))
=217z 5 (u = M5 (W)l Lo (2xw) + [wHIM5- (W) | Lo (0))
< 2(||17z,5(w = M5 (W)l o (0; 107 () + WM (W)l e ()
SQ(IITE (u = M5 ()llLo (e @) + WM (W) r ()

In view of Proposition ) and -, taking the L9-norm over ]0,7 yields in-

equality (5.7 . ([
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Theorem 5.8. Let p € [1,4+00[, ¢ € [1,400], N > 3, {w.s} be a sequence in
L9(0,T; HY(Q)) which is uniformly bounded with respect to € and § as (g,8) —
(0,0). Then up to a subsequence, there exists W in L9(0,T; LP(Q; LP (RN))) with
V.W in L9(0,T; LP (2 x RYN)) such that

N_1
p

(Te 5(we 5) = M5 (we5)1ay) = W weakly in L9(0, T; LP(; L7 (RV))),
(5.8)

V(T s(wes) sy = VW weakly in , L0, T; LP(Q x RY)).  (5.9)

Furthermore, if
a1
k* = limsup
(e.8)—(0F,0%) €

then one can choose the subsequence above and some U € L1(0,T; LP(Q; LY (RY)))
with

< o0, (5.10)

N
P

T.s5(wes) = U weakly in LY(0,T; LP(Q; LY. (RN))). (5.11)

loc

Proof. We follow the arguments from [6] and [20]. The existence of W in the space
L0, T; LP(Q; LP" (RM))) in (5.8) is a consequence of estimate (5.6)).
Let us prove (5.9)). From Theorem 5), we have
N
5r 1 1
IV2Tes(We )| Lago,mirr@x 2yy) < Y1 [[Vwe sllLago, ;20 0)).

5
and thus, there exists U € L9(0,T; L? (2 x RY)) such that

y_1
P

V. T 5(we )11y — U, weakly in L9(0, T; LP( x RM)). (5.12)

Let us show that U = V,W.
For ¢ € D(Q2 x RV x]0,T]), in view of Definition [3.7| one has

N_q

T
/ / V. Te5(wes)pdrdzdt
o Jaxry €

T N

or

-] VT (e — M () o da dz dt
0o Jaxry €

T N

or

= —/ / Tz 5(we,5 — M5 (we 5)) Vo da dz dt.
o Jaxry €

Thus, passing to the limit for any subsequences such that (¢,0) — (0,0) using (5.8)
and (5.12)) in this equation yields

T T
/ / dexdzdt:—/ / WV .pdxdzdt
0 QxRN 0 QxRN

T
= / / V. Wydrdzdt.
0 QxRN

Therefore, U = V., W and from (5.12), we have (5.9)).
Finally, by using (5.7]), convergence (5.11)) follows from ([5.10)). O
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6. STATEMENT OF THE MAIN HOMOGENIZATION RESULTS

In this section, we suppose that N > 3 and that € and § = d(¢) are such that
(5.10) holds, that is, there exists the following limit and is finite:

N
Ny

k* = lim

Jim — < +o00. (6.1)

Remark 6.1. Often in the literature (see for instance [I1], 14} [I8] 24]), the size of
the reference hole is denoted a.. Then (6.1)) is equivalent to

N2
(k)% = lim %
e—0 £

The case k* > 0 concerns the situation where the reference hole has a critical
size, giving rise to the “strange term” ([I1]), in the homogenized problem. The
noncritical case k* = 0 does not present this phenomenon.

If one assumes that § = age®, for some ag a positive constant, then, in order for
to be satisfied, a simple computation shows that necessarily, o = ﬁ This
implies that the size a. of the holes in Q) ; and k™ are

N . N-—2
— N -2 j— N
ae = ape™-2, k" =ay" .

These are precisely the values from [II] leading to the presence of the “strange
term” in the limit equation.

We also denote by M(«, 3,) the set of N x N matrices A = (a;;)1<ij<n in
(L (2))N*N such that
(i) (A@@)AA) > alAP,
(i) [A(z)Al < BIAL,
for any A € RN and almost everywhere on Q, where o, 3 € R such that 0 < o < .

6.1. Wave equation. We want to study the asymptotic behavior as ¢ — 0, of the
problem

Wl 5(@,t) — div(A(2) Ve 5 (,1) = fosla,t) in Q2,;x]0, T
ue5(z,t) =0 on 9Q 5x]0,TY, (6.2)
Ue5(2,0) = ul 5(x),  uls(2,0) = ugs(z) in QL.
We suppose that the data satisfy the following assumptions:
(1) A® e M(a,3,Q0), A® symmetric,
(i) fes € L2(0,T: L2 )),
(id) uls € Ho(QL ),
(iv) ulse L*().
Moreover, we assume that
(7) ug,(; —u®  weakly in L*(Q),
(i1) uls;—u' weakly in L*(Q), (6.4)
(iii) f.s — f weakly in L*(0,T;L?*(Q)).
The set
Wes = {5 € L2(0, T3 HY (%)) < ol 5 € L(0, T L2(Q2 )},
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is equipped with the norm
HU€,5”W5,5 = ||v€,5HL2(0,T;H(}(Q;,5)) + ”vé,é||L2(0,T;L2(Q;‘15))~

The variational formulation of problem (6.2)) is: Find u. s € W, s such that for all
v e Hy(Q ),

(uls(x,t),0() (myor yymr ) T [ ATN@)Vues(z, ) Vo(e) de

= fes(z, t)v(z)dz in D'(0,T), (6.5)
Qs
e 5(2,0) = ul 5(x), uls(x,0)=uls(z) inQf,.

Classical results [19 [8] provide for every fixed ¢ and § the existence and uniqueness
of a solution of problem ([6.5)) such that

ue,s € CO([0,TT; Hg (2% 5)) N CH([0, TT; L (% 5)),
and satisfies the estimate
Hue,5||L°°(O7T;Hé(Q;5)) + Hué,g||L<>o(o,T;L2(sz;5)) <C, (6.6)
where C' is independent of ¢ and 4.

Remark 6.2. In the following, we identify functions in Hg (9! 5) with their zero
extension to H}(Q) so that we can write as
l[tte, 51l oo (0, 112 (02)) + UL sl e 0,722 (02)) < C, (6.7)

where C' is independent of ¢ and 4.

We adapt here for the evolution problem some arguments introduced in [6]. Let
us introduce the functional space

Kp ={® e L*(0,T; L¥ (RY)) : V® e L*(0,T; L>(R")), ® is constant on B}.
We also need the following lemmas from [6] in order to pass to the limit in equegfifr)l
[65).

Lemma 6.3 ([6]). Let N > 3. Then, for every do > 0, the set
Uo<s<so {0 € H;GT(Y) : ¢ =0 on 6B},
is dense in H, (V).

per

Lemma 6.4 ([6]). Let v € D(RN)NKp (i.e., v=v(B) is constant on B) and set

we s(x) = v(B) — U(§{§}Y) for z € RV,

Then
we s — v(B)  weakly in H'(Q). (6.9)

Remark 6.5. (1) From the definition of w. 5 above, one has
Tes(wes)(z,2) =v(B) —v(z) in Q. x ZY,
and consequently (see [6]),

1 «
Tes(Vwes) = =V (Te s(wes)) = fE—VZU in Q. x =Y. (6.10)

)
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(2) Let {we s} be a sequence satisfying (6.9). We have,
T.(w. 5) — v(B) strongly in L*(Q x Y). (6.11)

Indeed, it was shown in [6] that {w. s} is bounded in H!(f2) so that together with
and Rellich compactness theorem, one has w. s — v(B) strongly in L*(Q);
that is,

[we,s = v(B)llL2() — 0.
(see [6]) This, together with Proposition 2) gives (6.11)).
We state now a homogenization theorem for system (6.2)):

Theorem 6.6. Under assumptions (6.3) and (6.4), suppose that as ¢ — 0, there
is a matriz field A such that

T (A%)(z,y) — A(z,y) a.e inQxY, (6.12)
and as both ,6 — 0, there exists a matriz field A such that
T.5(A%) (2, 2) — A%(2,2)  a.e in Qx (RV\ B). (6.13)

Let u. 5 be the solution of (6.5). Then there exists u in L>(0,T; H () and i in
L>(0,T; L2(; HL, (Y))) such that

per

(1) wes —u weakly* in L>=(0,T; Hy(Q)),

(i1) uls—u' weakly" in L=(0,T;L*(Q)),

(i31)  To(ues) —u weakly™ in L>=(0,T; L*(Q; HY(Y))), (6.14)
(iv) To(uls) —u' weakly" in L®(0,T; L*(Q x Y)).

(v) To(Vues) = Vyu+Vya  weakly” in L=(0,T; L*(Q x Y)).

and U € L?(0,T; L*(Q; L, .(RY))) such that

N_1

02

Ts(ues) = U weakly in L*(0,T; L2 L2, (RY)),  (6.15)

with U vanishing on Q x Bx]0,T[ and U — k*u € L*(0,T; L?(); Kp)) (Kp being
defined by )

The couple (u, ) satisfies the limit equation
| A (Vaulot) + 9 i)V, 000 dy = 0 (6.16)
Jor a.e. x €Q, a.e. t €)0,T[ and for ¢ € H). . (Y). While the function U obeys
/ Az, 2)V,U(x, 2,t)V,v(2)dz = 0, (6.17)
RN\B

for a.e. x € Q, a.e. t €]0,T[ and for allv € Kp, with vg = 0.
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The ordered triplet (u, 4, U) satisfies the limit equation
(W (1), ) )y mE ()

+ Az, y)(Vou(z, t) + Vyu(z, y,t)) Vi(z) de dy
QxyY

- k*/ A2, 2)V, U(x, 2, t)vpi(x) dr do, (6.18)
Qx0B

= / f(z,)y(x)dz, for a.e. t €0, T] and for all v € Hy(Q),
Q
u(z,0) =u’,  u'(2,0)=u' inQ,
where vg is the inward normal to OB and do, its surface measure.

In what follows, we will use the notation my () for the average over Y defined
as

1 1
my (v) = m/yv(y) dy, Yve L (Y).

The result below describes now the homogenized problem in the variable (z,t) in
(1x]0,T[. To this aim, let us consider the correctors x;, j = 1,..., N solutions of
the cell problem; they are the same for domains without holes (see [2, |]).

Xj € L% Hy, (Y)),

per
/ AV(X; —y;)Vedy =0 ae €, Vpe Hécr(Y) (6.19)
Y
my (x;) =0,
where A is given by (6.12]).

We consider also the cell problem corresponding to the holes B defining the
corrector 6 for small holes, introduced in [6],

e L>®(Q;Kg), 6(z,B)=1,
[, 902 V002) V.0 dz =0 (6.20)
RN\B
a.e. for x € Q, VU € Kp with U(B) = 0.

Corollary 6.7. Under assumptions (6.3) and (6.4), u € HE(Q) is the unique
solution of the limit problem

u" — div(A™™Vu) + (K*)?0u = f  in 0x]0,T],
w=0 indQx]0,T]|, (6.21)
u(z,0) =u’, u'(z,0)=u' inQ,

where the homogenized matrix field is
hom __ BXJ
A =my | ai; + E i —=—=), (6.22)

and
@:/ A"V, 0vp do,. (6.23)
OB
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Remark 6.8. As shown in [6], © can be interpreted as the local capacity of B.
(See also [T}, 12].) Moreover, from (6.20) it is easily seen that © is non-negative,
i.e.,

O(z) = / Ao(z,2) V.0(x,2) V,0(x,2z) dz > 0,
RN\B

that is essential for the existence of the solution of the homogenized system (6.21).

Theorem [6.6]is proved in the next section together with Corollary [6.7}
6.2. Heat equation. We want to study now the asymptotic behavior as ¢ — 0 of
the problem

u'&(;(x,t) —div(A®(2)Vue 5(x,t)) = fes5(z,t) in Q;J x]0, T,
ues(x,t) =0 on 9N 5x]0,T7, (6.24)
Ue 5(2,0) = ul 5(x), in Q.
We suppose that the data satisfy the assumptions:
(1)A° € M(a, 8,Q),
(i) f-,5 € L*(0,T; L*(2)), (6.25)
(iii)ud 5 € L*().
Moreover, we assume that
(z’)ug’(; —u?  weakly in L?(9Q), (6.26)
(i31) f- s — f weakly in L*(0,T; L*(9)). '

Set
Wes = {ve,s € L*(0, T3 Hy (02 ) = vl 5 € L*(0, T3 HH(Q2 5))
equipped with the norm
lvesllw..s = llve.slle o300z ) + 102 sl L200msm-1(08 1))

The variational formulation of problem (6.24) is: Find u. s € W, s such that, for
all v € Hé(QZ’(;),

<u’5,5(m,t),v(x))(Hé(Q:’E)),,Hé(Q;é)-|— . A (2)Vue s(x,t)Vo(z) dz
£,8

= fes(z,t)v(x)dx in D'(0,T), (6.27)
Qs
UE,(S(‘TyO) == u275($)7 in Q:,(S'

For this problem, classical results [8,[19] provide for every fixed ¢ and ¢ the existence
and uniqueness of a solution of problem (/6.27)) such that

ues € L*(0,T5 Hy (% 5)) N C([0, TT; L*(Q% )
and, according to Remark [6.2] satisfies the estimate
e s/l Los (0.7 22(2)) + Uz 5]l L2 0,712 (0)) < Cs (6.28)

where C' is independent of ¢ and §. We have the following homogenization result

for problem ((6.24)).
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Theorem 6.9. Under assumptions (6.25), (6.26]), (6.12) and (6.13)), let u. s be
the solution of problem (6.27). Then there exist u in L*(0,T; H}(Q)) and i in
L>(0,T; L*(; HL, Y))), such that

per
(I)ues — u  weakly™ in L°°(0,T; Hy(Q)),
(14) Tz (ue 5) — u  weakly™ in L>(0,T; L*(Q; HY(Y))), (6.29)

(i19) Te(Vue 5) — Veu + Vi weakly* in L°°(0,T; L*(Q x Y)).
Moreover, there exists U € L2(0,T; L?(Q; L2 .(RY))) such that (6.15) holds.

loc

The couple (u, ) still satisfies the limit equation (6.16]) while the function U still

obeys (617).

The ordered triplet (u,u,U) satisfies the limit equation

<U/('at)al/J)(H(}(Q))',H(}(Q) - k*/Q . A%z, 2)V.U(x, z,t)vpip(x) da do.
X

+ /Q A (Vaue, ) + Ve, ,0) V() dedy (6.30)

= / f(x,t)p(z)de,  for a.e. t €0,T[ and for all p € H(Q),
Q
u(z,0) =u’ in Q.

On the other hand, the homogenized problem in the variable (z,t) € Qx]0, T is
given below.

Corollary 6.10. Under assumptions (6.3) and (6.4), u € HZ(Q) is the unique
solution of the limit problem
u' — div(A"™Vu) + (*)?0u = f in Qx]0,T],
u=0 1n 9d0Qx]0,T],

u(z,0) =u®, inQ,

where the homogenized matriz field AP™ and the function © are given by (6.22)
and (6.23)), respectively.

The proofs of Theorem [6.9] and Corollary follow step by step the outlines of
those of the corresponding results for the wave equation, hence we omit here their
proofs.

7. PROOF OF MAIN RESULTS

Let us now present the proofs of the homogenization results stated in the previous
section. We adapt here some ideas in [6, [15].

7.1. Proof of Theorem We prove the results in several steps.

Step 1. The existence of u € L>(0,T; H}()) such that up to subsequences,
convergences (6.14) (i)-(ii) hold, follows from estimate while the existence of
@ € L™(0,T; L*(; H,,,(Y))) and such that convergences (6.14) (iii)-(v) hold, fol-
lows from Proposition (see also Remark [6.2).

On the other hand, from and Theorem there exists a function W in

L?(0,T; L2(Q; L*" (RN))) with V. W € L?*(0,T; L*(Q x RY)) such that (up to a
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subsequence)
571

e

(Tz5(ues) = M5 (e 5)11y) = W weakly in L*(0,T; L*(; L* (RY))).
(7.1)

Moreover, in view of (5.10)), again by Theorem there exists U such that (up to

a subsequence) ((6.15) holds.

Step 2. Let us check the properties of the function U. From (i) and (ii) of (6.14)

we have by compactness,

ues — u strongly in L2(0,T; L*()), (7.2)
so that from Proposition 2) and (5.10)),
051 72 2 2 (N
M5 (ue,5)11y — k*u  strongly in L7(0, T5 L7(S2; L, (R™))). (7.3)

Thus, from (6.15)), (7.1) and (7.3) we conclude that
U=W+k*u and V,U=V,W.
Moreover, by using (5.9) of Theorem 5.8 we have

N
N 521
2

02T, 5(Vues) =

V(T 5(ues)) sy — VU w-L2(0,T; L*(QxRYN)). (7.4)
Also, from Definition [5.1
T.5(ues) =0 in Q x Bx]0,T],
and thus from , Definition and ,
U=u=0 inQ x Bx]0,T]. (7.5)

This means that
W =U —k*u € L*0,T; L*(; Kp)).

Step 3. Let us prove the first limit equation. Let ¢ € D(Q) and ¢ € C}.(Y)
vanishing in a neighborhood of y = 0, and set v.(z) = ey(x)¢®(z) with ¢°(z) =
#(%). By Proposition

T.(Vv.) — ¢¥V,¢ strongly in L?(Q x V). (7.6)

Taking v as a test function in (6.5)), multiplying by ¢ € D(0,T), and integrating
over |0, T[, we obtain

T
/0 / ue 5 (0, t)ve ()" (t) d dt
. 8
+/0 /;5 A% (2)Vue 5(x,t) Ve (z)p(t) de dt (7.7)

T
= / fe.s(z, t)ve(z)p(t) dz dt.
0o Jarg
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Note that this equation can be rewritten as

T
6/o /:,5 ue5(z, t)ib(2)9 ()" (1) du dt

+/ A% (2)Vue 5(z,t) Ve (z)p(t) dz dt (7.8)
0 Q*
T
—c [ [ Fesla i@ @l dut
0 Q;é

We first use the unfolding operator 7. to pass to the limit in the second term of
the left-hand side of this equation. Using Proposition (2) and Proposition (ii)
together with (6.12)) and (7.6]), we obtain

hm/ / A% () Vs (2, ) Voo (@)p(t) da di

= lim — T (A%)T(Vue,5) T (Vo )p(t) de dy dt
e—0 ‘Y| Qxy

T / /M A, y)(Vau(e,t) + Vyi(e, y, 1) () Vyoly) ¢(t) do dy dt.

On the other hand, the first term on the left-hand side of ([7.8)) as well as the
term on the right-hand side goes to zero as ¢ — 0, which implies

T
lirr(l) A®(2)Vue s(x,t)Vue () p(t) de dt = 0,
c=vJo Jar,

so that

T
L[ A (Taudant) + Vo)) 1600 o) dodydi =

By Lemma we obtain (6.16]) which describes the asymptotic behavior of the
problem based on the oscillations in the coefficients of (6.5)).
Now, to take into account the effect of the perforations, let us use w, s as a

test function in (6.5)), where w, ¢ is the function defined in Lemma and for
1 € D(R). Thus, we have

(ul 5(x, 1), we s (€)Y (X)) (my (02 )y HI©: )

+/* A®(2)Vue s(z, t) Vwe 5(2)Y(z) de
+/* A®(2)Vue s(z, t)we 5(2) V() de

= fes(z, )we s(x)Y(x) de.

*
QE,J
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Let ¢ € D(0,T) and multiply the integrands in this equation and integrate over
]0, T,

| westa i st @) de a
. 8

+ [ A @l ) Vuas@pe(o) do d
0 Q*

+/ A (2)Vue s(z, t)we 5 () Vip(x)p(t) do dt
0 Q*

T
- / Jes (@ tywe s(2)b(@)p(t) da dt.
0 Q:,s

For the first term on the left-hand side of this equation, we apply the operator 7-.

Thus, from Proposition 2)(4), Proposition [3.4(1), Definition together with
Remark 2) and (/6.14) (iii), we obtain,

lim/ /* Ue (@, t)we 5(x)h(x)" (t) dx dt

e—0

= lim — T (e 5)To(we ) To ()" (t) daz dy dt (7.10)
e—0 |Y| QxY

\Y\ /0 /Q><Y u(w, ()" (t) dx, dy dt.

For the second term on the left-hand side of equation l-) we use the operator

7..s5. Then, Remark together with . - . 7.5)), Proposition [5.3((2),
Pr0p051t10n and Remark |6 -(1 ), yield

hr% A% (2)Vue 5(z,t) Vwe s (2)(x)p(t) dr dt
e— r
= 1M —= 8 . T
iﬂo |Y\/ /QX]RN T 5(Vue5) Tz 5(Vwe 5) Tz s (Y (x))p(t) do dzdt
1
=l oy |Y\ / /QX]RN Te5(Vues) (= 5 Vo) Tes ($)p(t) da dz dt
§y-1
:5—>0 5|Y| / ~/Q><]RN 5 T (VUE,J))VZU'E,J(QZJ)QO(t)dxdzdt)

= |Y\ / /Qx]RN (z,2)V,U(x, z,t)Vv(2)0(x)p(t) doe dzdt

7) /0 /Q N ((E’ ) 2 (x7 2 t) ; ZU(Z)’L/J(x)(p(i) dl‘ dz dt7
| ‘ X(R \B)
SO tha,‘

T
lirr(l) A (2)Vue 5(z,t) Vwe s () (x)p(t) dz dt
E— Q*

(7.11)

N |Y| / /QX(RN\B (l‘ Z)V U(x < t)v U( )¢(-T)<P(t) dx dz dt.
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For the third term on the left-hand side of ([7.9), we use 7. From Proposition

[3:32)(4), Proposition 1), Definition together with Remark [6.5)2), (6.12),

Proposition ii), passing to the limit gives

T
lim A% (2)Vue s(x, t)we 5 () Vip(z)p(t) de dt

e—0 Q*
‘iﬂ%m/ /QxyT (AT (Ve ) To (w5 T (Vb)) da dy dit (7.12)

\Y| / ey Az, y)(Vau(z, t) + Vyu(z, y,t)) Vi (z)p(t) de dy dt.

For the term on the right-hand side of equation (7.9)), we also apply 7¢, Definition
Remark 2), Proposition (2) and (6.4))(iii) and passing to the limit, yields

T
lim fe,é(xvt)ws,é(aj)w(m)(p(t) dx dt

e—0 Q*

= lim — To(f20)Te(we ) T (V) p(t) da dy dt (7.13)
e—0 IY‘ QxY

|y| /O /QXY (e, )p()e(t) d dy dt.

Thus, combining (7.10)-(7.13)), the limit equation of (7.9) is

B) /OT/Qxyu(a:,t)z/J(a:)w”(t) dx dy dt

T
- kz*/ / A (2, 2)V, U(, 2,t)V 0(2)0(2)¢(t) dov dz dt
Qx (RN\B)

(7.14)
/ [ YA(a: ) (Vou(e,1) + V(e y, 1) V() (t) de dy dt

v(B) / / (z, ) (x)p(t) de dy dt,
QxY

which is true for all ¢ € D(0,T), v € Hi(2) and v € Kp. So, we obtain (6.17) for
v € Kp such that v(B) = 0.
If v(B) # 0, by applying Stoke’s formula and (6.17)), we have

T
/ / A2, 2)V, U (, 2,t)Vv(2)0(2)(t) do dzdt
0 Jox(@®N\B)

T
= v(B)/ / Az, 2)V. U(x, 2, t)vpy(x)o(t) de do, dt,
0 Qx0B
which used in (7.14) gives the first equation of problem (6.18]).

Step 4. It remains now to check the limit initial conditions. Let v, = w, st where
w5 is given by Lemma [6.4 and ¢ € D(Q). Let ¢ € C>([0,T]) with ¢(0) = 1 and
©(T) = 0. Take v as a test function in . Using the initial condition in
and by integration by parts, we have

/ fe.s(z, t)ve(z)p(t) dxdt—/ A% (2)Vue 5(x,t) Ve (z)p(t) dz dt
0o Jar; o Jar
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- / (0l 5@ 8), v (@) iy 0y g 0l

:/ ug 5(z, )@ ‘01}8 daz—/ / uL 5(z, t)ve ()¢’ (t) do dt
Q: Qr
:—/ Loz, 0)v(x dx—/ / s(@, ve(z)p(t) dxdt
= —/ ul 5(z)ve(x) da —/ / ul 5(x, t)ve(x)p(t) dr dt.
: 0 P

In view of (7.11] - and (6.4 , passing to the limit in this equation yields

U(B)/O /wa@c,t)w(x)@(t) dz dy dt
T
* 0 .2 - oz - s
' /0 /QX(RN\B)A( ,2)VU (2,2, ) Vo0(2)(2)p(t) da dz dt

B) / Al y)(Vau(z, t) + Ve, y, 1) Vi () p(t) de dy dt
0 QxyY

T
— _u(B) /Qu ()0 (z) dac—v(B)/O /Qu(x,t)z/)(x)go () da dt

— _u(B) /Q o (@)e(x) dz + v(B) / o (@, 0)0(z) do

Q
+v(B) /0 (U (2, 1), V() g-1(0),m3 () (1) dt.

Combining this equation with ((7.14]) yields

- / (@) () d:z:+/ (@, 0)p(@)de =0, Yo eDQ),  (7.15)
Q

Q
which implies u/(x,0) = u!(x).
For the first initial condition, let us now choose ¢ € C°°([0,T]) with ¢(0) =

o(T) =¢'(T) =0 and ¢'(0) = 1. Let us take again v.p as a test function in (6.5)).
Using the initial conditions in (6.5)) and by integration by parts, we have

T T
/ fes(w,t)ve(, 2)p(t) dx dt —/ A% (2)Vue 5(z, t) Ve (z, 2)p(t) de dt
o Jor, 0

*
Qs,é

T
- / (W 5(.8), v, 2) gy ey (0)

/ uL 5(z,t)g ’0115 dm—/ / ug 5(z, t)ve ()¢ (t) d
/ (ue sz, t) (t ))|0Tv5(:17) dx 7/ / ue 5(z, t)ve (2)¢" (2, t) do dt
Q *
/ Ue 5 (z, 0)ve (x dm—/ / ue s(z, ) (z) " (z,t) da dt
o .
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I,

By similar argument as those used to obtain (7.15)), in view of (7.11))-(7.13)), the
initial conditions in (6.5) together with (6.4)), passing to the limit and combining

with ((7.14)) gives

T
ugwa(:r)vs(x) dr — / / ue s(z, ) v (z)" (z,t) da dt
0 <5

—/ WO () () da:—i—/ w(w, 0)(z) dz = 0, Vb € D(),
Q

Q

which implies u(z,0) = u%(z). This concludes the proof.

Proof of Corollary[6.7 Let us show first that @ can be expressed as function of w.
This is a standard procedure in homogenization, see for instance [2] or [§]. To do
so, let us have a look at equation (6.16). Recalling the cell problems defining
the functions %;, j = 1,..., N, this equation allows as to write @ in the form

~ "\, Oug .
a(r,y) = =D X5 + ),
j=1

with @ unknown.

Plugging this formula in the second integral from (6.18)) yields

(W, 0) 3y H3 ) — K / AV, Uvpip do,
Qx0B (716)

+ / APy Vop dx = / fide,
Q Q

for a.e. t €]0,T[ and where A"™ is given by (6.22).
Taking into account the initial conditions of w, we derive that (7.16) is the
variational formulation of the problem

u' —k* [ A°V.Uvpdo. + div(A"™Vu) = f in Qx]0,T7,
OB
u=0 indQx]0,T], (7.17)

u(z,0) =u’, u'(z,0)=u' inQ,
where u” € L?(0,T; H-1(Q)). Classical results give
ue CU0,T;; L3(Q)) and o' € C°([0,T]; H*(Q)).

Finally, the same computation as in [6] shows that the second term in the first

equation of (|7.17) satisfies

AV Uvgdo, = —ku(/ tA'Y 0vg daz), (7.18)

oB oB

for a.e. t €]0,T], where 6 is the solution of (6.20). Thus, problem (7.17) can be
rewritten as (6.21]) where © is given by (6.23)). O
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