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EXISTENCE OF NONNEGATIVE SOLUTIONS FOR SINGULAR
ELLIPTIC PROBLEMS

TOMAS GODOY, ALFREDO J. GUERIN

ABSTRACT. We prove the existence of nonnegative nontrivial weak solutions
to the problem
—Au = au” *X{u>0} —buf in Q,
u=0 on 99,
where 2 is a bounded domain in R™. A sufficient condition for the existence of a
continuous and strictly positive weak solution is also given, and the uniqueness

of such a solution is proved. We also prove a maximality property for solutions
that are positive a.e. in Q.

1. INTRODUCTION AND STATEMENT OF THE PROBLEM

Let Q be a bounded domain in R™ with C'!! boundary, let a and b be nonnegative
functions on 2, and let « and p be positive real numbers. Consider the following
singular elliptic problem

—Au=au" % —buP in Q,
u=0 on 09, (1.1)
u>0 in

Problems like appear in chemical catalysts process, non-Newtonian fluids, and
in models for the temperature of electrical devices (see e.g., [10, [7, 16 [19]).

Several works can be found concerning the existence of positive solutions to
for the case b = 0, i.e., for the problem —Au = au~% in 2, v = 0 on 9N, u > 0 in Q;
let us mention a few: Classical solutions u € C?(Q)NC(Q) satisfying u(x) > 0 for all
x € Q were obtained by Crandall, Rabinowitz and Tartar [II] under the following
hypothesis: a € C*(Q) and minga > 0. Lazer and McKenna [24] proved the
existence of positive weak solutions u € HJ(2) to assuming that a € C7(Q),
v € (0,1), and, again, a strictly positive on Q. The case 0 < a € L=(Q), a # 0
(that is: |{z € Q:a(x) > 0} > 0) was studied by Del Pino [12]. Situations where
a is singular on the boundary 9f) were considered by Bougherara, Giacomoni and
Hernéndez [5].

The existence of classical solutions to problem was proved by Coclite and
Palmieri [9] for a and b in C*(Q), 0 < p < 1, and a strictly positive on Q (see [,

2010 Mathematics Subject Classification. 35J75, 35D30, 35J20.

Key words and phrases. Singular elliptic problem; variational problems; nonnegative solution;
positive solution; sub-supersolution.

(©2016 Texas State University.

Submitted March 8, 2016. Published July 13, 2016.

1



2 T. GODOY, A. J. GUERIN EJDE-2016/191

Theorem 1]). Related singular elliptic problems were treated by Shi and Yao [29],
and by Aranda and Godoy [3], [2]. Elliptic problems with singular terms and free
boundaries were considered by Dévila and Montenegro [13], [14].

Ghergu and Radulescu [22] studied multi-parameter singular bifurcation prob-
lems of the form —Au = g(u) + AM|VulP + uf(.,,u) in Q, v =0 on 9Q, v > 0 in Q,
where (2 is a smooth bounded domain in R, \,u>0,0<p <2, f:Q x[0,00) —
[0,00) is a Holder continuous function such that f(.,s) is nondecreasing with re-
spect to s, and g : (0,00) — (0,00) is a nonincreasing Holder continuous function
such that lim, .o+ g(s) = co. When g(s) behaves like s~* near the origin, with
0 < a < 1, the asymptotic behavior of the solution around the bifurcation point is
established.

Dupaigne, Ghergu and Radulescu [I8] obtained various existence and nonexis-
tence results for Lane-Emden—Fowler equations with convection and singular poten-
tial of the form —Au+p(do(z))g(u) = Mf(z,u)+pu|Vul? in Q, u = 0 on 02, u > 0 in
Q, where Q is a smooth bounded domain in R", do(z) = dist(x,9Q), A > 0, u € R,
0 < B <2, p(do(z)) is a positive weight possibly singular at 952, g € C*(0,0) is a
positive decreasing function such that lim,_,o+ g(s) = oo, f: Q x [0,00) — [0, c0)
is a Holder continuous function which is positive on € x (0,00) and satisfies that
s — f(z,s) is nondecreasing and also that f(z,s) is either linear or sublinear with
respect to s.

Rédulescu [28] states existence, nonexistence and uniqueness results for blow-up
boundary solutions of logistic equations and for Lane-Emden-Fowler equations with
singular nonlinearities and subquadratic convection term.

Existence and nonexistence results for solutions to the inequality Lu > K (x)u?
in Q, u > 0 in Q were obtained by Ghergu, Liskevich and Sobol [20] for the case
where  is a punctured ball Bg(0)\{0}, p € R, K € L° (Br(0)\{0}), essinf K >

loc
0, and Lu = 37, ey aij(x)% + 2 i<j<n bj(x)%‘j, where the matrix a =
{aij() }1<i,j<n is symmetric, uniformly elliptic on Q, with each a;; € L>(Bg(0)),
and each b; is a measurable function and satisfies esssup,¢ g, o)\ foy [2[bj(7) < o0.

Existence and uniqueness results were obtained by Bougherara and Giacomoni
[] for mild solutions to singular initial value parabolic problems involving the p-
Laplacian operator of the form u; — Ayu = v + f(z,u) in Qr = (0,T) x Q,
u=0on (0,7) x 090, u > 0 in Qr, u(0,z) = up(z) in Q@ where Q is a regular
bounded domain in R”, f: Q x R — R is a bounded below Carathéodory function
and nonincreasing with respect to the second variable, Ayu = div(|Vu[P=2Vu),
l<p<oo,a>0,T>0,and ug in a suitable functional space.

Singularly perturbed elliptic problems on an annulus whose solutions concentrate
in a circle were studied by Manna and Srikanth [27].

Let us mention also that Loc and Schmitt [26], [25], extended the method of
sub and supersolutions to deal with singular elliptic problems. A comprehensive
treatment of the subject can be found in Ghergu and Radulescu’s book [2I] (see
also [28]), and in the survey article [I5], by Diaz and Herndndez.

Let us state the problem that we will consider from now on: Let 2 be a bounded
domain in R™ with C!! boundary, a € (0,1), and p € (0,2* — 1), where 2* is
defined by 2% = % — % if n > 2 and 2* = co if n < 2. Let a and b be nonnegative
functions such that a belongs to L>(Q), a # 0, and b is in L"(Q), with r = 12 if
p < 1, and r = co otherwise.
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We are concerned with weak solutions to the problem
—Au = au”“X{y>0y —bu” in Q,
u=0 on 0f, (1.2)
>0 inQ

where au™ X 1,0} stands for the function defined by au™"x(y>01(7) = a(z)u(x) ™
if u(xz) # 0, and au™*xqu>0y(x) = 0 if u(x) = 0.

By a weak solution to we mean a nonnegative function u € H{(f2) such
that, for all ¢ in Hg(Q)NL>®(Q), (au™*x{u>0} — buP)¢p € L*(12), and the following
holds

|50 = [ (@ =) (13)

The main aim of this work is to prove the existence of at least one nonnegative
weak solution u Z 0 to the stated problem (see Theorem . Additionally, we
give a condition on a,b that guarantees the existence of a strictly positive weak
solution to (see Theorem [3.5). In Theorem [3.8] we prove that there is at
most one solution that is positive a.e. in €2, and give a maximality property for
such a solution. Examples of non-existence of strictly positive solutions, and of
non-uniqueness of the nonnegative solutions, are also provided.

To prove Theorem we show that the energy functional J associated with
attains its minimum at some nonnegative nontrivial u € H}(Q)NL>(£2). Note that
J may fail to be Gateaux differentiable at u; despite this fact, we manage to prove
that the said minimizer is indeed a weak solution of problem . Theorem
is proved using the sub and supersolutions method for singular elliptic problems
developed in [26].

2. PRELIMINARY LEMMAS

Let J : H}(Q) — R be the energy functional associated with (1.2)),

1 1 1
Jw) == [ |Vuf* — —— - —/ blul' TP, 2.1
W) =5 [ V0P == [ a4 o [ bl (21)

Let us start with the following lemma.

Lemma 2.1. The following statements hold:
(i) J is coercive on HE ().
(11) infueHé Q) J(U) > —0o0.
((iil) infyepy (o) J(u) is achieved at some u € HLQ).

Proof. Let u € H}(Q). Since 0 < 1—a < 1, the Holder’s and Poincare’s inequalities
give
1
—— | alul'"™ < || Vul 7
11—« 0

3l Vull3 =l Vull;™,

for some positive constant ¢ independent of u, and so J(u) >
which clearly implies (i) and (ii).

To prove (iii), let 8 = inf, e 1 (q) J(u), and consider a sequence {u;};en C HL(Q)
such that lim; .o J(u;) = 8. Then, by i), {u;}jen is bounded in H}(f2). Let ¢
be in (p + 1,2*). Since the inclusion H}(Q) — L7() is a compact map, we
can assume (taking a subsequence if necessary) that {u;};en converges strongly to
some u € L(). Since {u;}ren is bounded in H} (), there exists v € Hg(Q),
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and a subsequence {uj, }ren, such that the subsequence converges strongly to v in
L?(Q), and {Vuy;, }ren converges weakly to Vv in L2(Q,R™). Thus v = u, {u;, bren
converges to u in LI(), and

[Vall2 < lim inf [V | (2.2)

On the other hand, the Nemytskii operators f(u) := |u|'~% and g(u) := |u|'FP
are continuous from L?(£2) into L= (©), and from L?(Q?) into LT (), respectively
[1, Theorem 1.2.1] and so, since a € L>*(£2) and b € L"(Q),

1 1
lim (7 |l — blus 1+p)
jLoo o 1iaa|ujk| 1+p |U’Jk|
1

1 11— 1
= — —— plulttP
[ gl = = bl )

(2.3)

which, combined with (2.2)), gives J(u) < liminfy .o J(uj,) = B, therefore (iii)
holds (since 5 < J(u)). O

Corollary 2.2. inf, ¢ 1) J(u) is achieved at some nonnegative u € HL(Q).

Proof. Lemma states that J attains its minimum at some u € H}(Q). Since
J(u) = J(|u|), a nonnegative minimizer exists. O

For the rest of this article, we fix a nonnegative minimizer for J on Hg(£2), and
denote it by u.

Lemma 2.3. The equality

u u = aul™® — pult? .
/Q<v V(up)) /( but+r), (2.4)

Q
holds for any ¢ € H*(Q2) N L>®(Q) such that pu € H}(Q).

Proof. Let ¢ € H*(2) N L®(Q2) be such that pu € H}(Q); satisfying, in addition,
ll¢llso < L. Let 7 € Rsuch that |7| < 1. Then u+7up > 0, and J(u) < J(ut7rup).
A computation shows that this inequality can be written as

r / (Vu, V(up))
Q
1 1

> l—o 1 1—a_1 _ b 1+p 1 1+p_1
T Qau (1+79) ) ey u' P ((1+ 7¢) ) (2.5)

2 2 2 7 2 2 2
5 | wIVelt = o | @[ Vulf =77 [ up(Vu, V).
Q Q Q

Note that, for v > 0, the second-order Taylor expansion of the function h(t) =
(1+1¢)Y —1 gives

2
(L4 7e)? =1 =770 = 57 = DA +67) 72 (2.6)
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for some measurable function ;. : © — R satisfying (| < [7¢| < &. Inserting
(2.6) (used with vy =1— « and v =1+ p) in (2.5), we obtain
r [ (Vu(up)
Q
2
> T/ aul—ago - ?Oé/ aul_a(l + CT,l—a)_a_1<p2
Q Q (2.7)

7_2
- (T/ bu' Py + 319/ bu'*P(1 +<T,l+p)p_1902>
Q Q

7 2 2 2 2 2 2
— 5 | WIVelT = o | @[ Vult =77 [ up(Va, V).
Q Q Q

Also, 14+ (r1-q > % and 1+ Cr14p > %, and thus

| /Q P (L4 o) %] <

for some positive constant ¢ independent of 7. Now we take 7 positive in (2.7]).
Dividing by 7, and then letting 7 — 0%, from (2.7) we obtain

/(Vu,V(ugﬁ)) Z/aul_aga—/bulﬂ’cp.
Q Q Q

We note that this inequality holds if we put —¢ instead of ; therefore we obtain

also the reverse inequality, and we conclude that (2.4) is valid for [j¢[le < 3.

Finally, since both sides in (2.4)) are linear on ¢, the assumption |¢|s < % can be

removed. ]
Lemma 2.4. There exists v € H}(Q) such that J(v) < 0.

Proof. Tt is sufficient to show that there exists a function ® € H}(Q) such that
Joal®|'=* > 0. Indeed, if such a ® exists, then, for ¢ > 0, we have

J(t®) = ﬁ||V<I>|\2— i /a|<I>|1_O‘+ 1 /b\<I>|1+p
2 2 1-alq 1+p Jg

t1+a 1 tpta

— eVl - 2 [l T [ )
2 1-—a /g 1+pJa
which gives that J(t®) is negative for ¢ positive and small enough. Such a ® can
be constructed as follows: Let h € C'°(R™) be a nonnegative radial function with
support in the unit ball B = {z € R" : |z| < 1}, and such that [, h = 1. For
e > 0let he(x) := Zh(%). For 6 > 0 let Q5 := {z € Q : dist(z,00) > §}. Since
{z € Q:a(x) > 0} > 0, we have [{z € Q: a(x) > 0} N Q| > 0 for § positive and
small enough. We fix such a §, and set £ = {z € Q : a(z) > 0} N Qs. For e > 0
we define ®, := h. * xg. Then &, € C>*(R") and supp(®.) C Q for ¢ < §. Thus
b, € C(Q) for e < §. Also, lim,_o+ . = xg with convergence in L%(Q) (see [6]
Theorem 4.22]). Then lim,_ o+ a®l™% = axp with convergence in L'(Q) (see [I}
Theorem 1.2.1]), therefore

lim [ a®l™® = / alxg) ™ = / axg > 0.
Q Q

e—0* Jo
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Then [, a|®.|'~* > 0 for & small enough. O
Corollary 2.5. u #0.

Remark 2.6. Let us observe that V(v?) = 20V (v) for any (possibly unbounded)
v € HY(Q). Indeed, for k € N, let vy, be the truncation of v, defined by vi(z) = v(z)
if |v(z)| <k, and by vg(z) = k sign(v(x)) otherwise. Then {vj}ren converges to v
in H'(Q) as k tends to oo, and, since each vy is bounded, it follows from the chain
rule (as stated e.g. in [23, Lemma 7.5]) that 22 (v 2) = 2u, 8”"7 i=12,...,n
Since {vk}ren converges to v in L?(Q2), we have that {vi}ren converges to v? in
LY(Q2), and so also in D'(2). Then {62 (vZ)}ken converges to 6%(1)2) in D'(2).
Since {2v;, Jux 2= Jren converges to 202% in L}(9), and therefore in D’(1), we obtain

that, for each i, T(” ) =2v g;
Lemma 2.7. u € L™(Q).

Proof. Let €' be a bounded C%! domain such that Q C €, and let U, @ : R® — R
be the extensions by zero of u and a respectively. We consider first the case n > 2.
Let r = 52 5 = 2. Then 0 < r < 1, n > 1, and au® € L"(Q). Let

l1-a”
z e W21(QY) N W, () be the solution of
—Az =2au*" in @,

2.8
z=0 on 0. (28)

Let 2 : R™ — R be the extension by zero of z and let ¢ be a nonnegative function
in C°(Y') By Remark and Lemma |2.3| we have

/,<V(ﬁ2),w> = //<2ﬁVﬁ, V)
— [ 2u(%u.ve) < [ 2(V(up), Vu)
= 2/9(au1*a —buPt)p

<2 [ o= [ (vavy)

For € > 0 let h. be the mollifiers defined as in the proof of Lemma[2.3] For ¢ small
enough we have 0 < ¢ x h, € C°(Q'), and so, by (2.9),

| V@), 90) = [ (V@) V)
— [ (V@) V(b <)
< [ (Vb )

where we have used that, since h. is an even function, the convolution operator with
kernel h. is self-adjoint in L?(R™). Recall that Z € W17 (R") and supp(z) C .
Also, VZ = Vz ae. in @, and VZ =0 a.e. in R® — Q’. Thus

[ vVt = [ (9550 x0)
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— [ (V(hex2).79)

://(V(he*é),Vg@.
Then
| s @).90) < [ (904, 99)

and so the divergence theorem gives

- [ ontnxi® < [ pamn).
Since this inequality holds for all nonnegative ¢ € C°() we obtain
—A(he x0?) < —=A(he % Z) in Q.

We have also h, * %2 = 0 < h, * z on 9. Thus, the classical maximum principle
gives ho *1u? < he*Z in . Now, U2 and Z belong to L= (R™), and so lim,_, g+ (he *
u?) = u?, and lim,_,g+ (h. * ) = Z, in both cases with convergence in L%(R").
Then, lim._,o+ (h: * 0%)|q = ﬁlzn; and lim,_o+ (he * 2)|q = Z|q, in each case with
convergence in L (). Then u® < z in Q.

Now the lemma follows from the following standard bootstrap argument: Let
{n;}jen be recursively defined by 1 = n* and by 1,11 = n;. We can see inductively
that u € L% (Q) for all j. Indeed, z € W27('), and so z € L" (€'). Then u? €
L7 (), and thus u € L?7(Q) = L?>1(Q). Suppose now that u € L% (Q), then
2w € L7 () C LM (), and so z € W2 (Q) € L (Q) = L™ ('), which
gives u € L2 (Q) = L?%+1(Q). Thus u € L% () for all j, and so, taking j large
enough, we obtain u € L*(Q) for some s > 2n, then 2au?" € L3- () C L3 ().
Thus 2z € W23 (Q') € L>(Q'). Since u? < 2z in Q, we obtain u € L>(1).

Finally, if n < 2, we have u € L*(Q) for all s € [1,00). We take n > n and, for
7, z, Z and U defined as above, we have au®" € L"(Q). Thus z € W27(Y) c C(¢)
and, as before, u? < z in Q. Then u € L*(f2) also in this case. O

Lemma 2.8.
/(Vu,V(ugp)) = /(aul_o‘ —bu'P)p (2.10)
Q Q
for all ¢ € HY(Q) N L>(Q).
Proof. Let ¢ € HY(Q) N L*>®(Q). By Lemma we have u € L>®(Q) and so
up € HE (). Thus Lemma [2.3| gives (2.10)). O
3. MAIN RESULTS

Theorem 3.1. There exists a nonnegative weak solution 0 % u € HE(Q) N L>(Q)

of problem (1.2).

Proof. Let u be the nonnegative minimizer of J considered in the previous section.
Let 7 be a nonnegative function in HO(Q) N L>®(Q), and let ¢ > 0. Note that
Y_ e HY(Q) N L>®(Q), and that V(u (u+8)21/1 + 55z V¢, and so Lemma

u-+-¢ u+g)

[2:8 gives
Vu|? 1
/1/1 [Vl / uig(Vu,Vlb} :/Q(aul_o‘—bul'“’)iw. (3.1)

u+5 u—+e
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Since Vu = 0 a.e. on the set {x € Q : u(z) = 0}, and since au'~® = bu'*? = 0 on
the same set, (3.1)) can be written as

u

2
g/ zp'vi“lQ + / YV, V) + / ba? —2
(us0y (ute) (usoy ute (us0) ute

:/ au—*—2 .
{u>0} u+e

Also
v

(3.2)

lim (

RSy €<Vu,V¢)) = X{u>0}(Vu, Vb)) = (Vu, Vi)

a.e. in Q, and | (Vu, V)| < [(Vu, Vo)| € LH(Q), and so Lebesgue’s dominated

convergence theorem gives

. u
lim
e—0*t {u>0} u+e

(Vu, Vi) = /Q (Vu, V). (3.3)

On the other hand, lim, g+ au™*=%-1¢ = au~ %y on the set {z € Q : u(x) > 0}

u+e
and, since au™* 3¢ is non-increasing in £, the monotone convergence theorem

gives
. _ u _ —
51—1%1+ {u>0} o au+€¢:/{ >0} o C’w:/gau Xgu>0}¥ 34
Also
u
li bu? = [ bu” 3.5
5_13%1+ {u>0} v u+s¢ /Q u'y (3:5)

Then, from (3.2, (3.3)), (3.4) and (3.5)), we obtain
/(Vu, V¢>+/ bu?ep
Q Q

u u

— i Vu, Vv bu?

E—1>I(I)1+</{u>0}u+€< " w>+Au>0} " u+5w)

2

< lim sup (/ M +/ YV, Vi) +/ bu? —2 1/))

e—0+ (>0} (W+e) {us0} UTE fus0} u+e
= limsup/ au— 2 P

e—0t J{u>0} u+e

= / au” X u>01Y-
Q
Thus

/Q(Vu,vw%l—/ﬂbupwg/gau*ax{uw}w. (3.6)

Let us see that the reverse inequality in (3.6 holds: A computation gives, for
t>0,

OS%(J(u—i—tw)—J(u))
_ u E 2 1 al(u lfaiulfa
= [ i)+ g [V - = [ el w) )
1 Itp _ ylte
+(1—i—p)t/ﬂb((u+t¢) * ),
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and so
1 al(u l-a ulfoz
= Lt ) -
< /<vu Vo) 4+ — /b((u+t@/})1+p—u1+p)+z/ V2.
~Ja ’ (1+p)t Jq 2 Ja

The mean value theorem gives (u+t)!=® —u'=® = (1 — a)(u+ o;) 1) for some
measurable function o; such that 0 < oy < ). Thus

g Jyelw s )

1

- l-a _ J1—-a
(1-a)t /{a>o}m{w>o} al(u+19) =)

= / a(u+ o) %Y

{a>0}N{y>0}
Now, lim;_,o+ a(u + 01) %) = au™* a.e on the set {a > 0} N {¢» > 0}. Then, by
Fatou’s Lemma,

lim inf o / a((u+ )= —ul™)
Q

t—ot (1 —a)t

= lim inf

t—0+ /{a>0}ﬂ{w>0}

2/ au_ai/JZ/au_aX{uw}i/)-
{a>0}N{y>0} Q

Again by the mean value theorem, we have

1

—_— u Hp _ yltr) = u+ o)Py.
<1+p>t/9b<< ) ) /Qb< oy

Note that, for 0 < t < 1, we have 0 < b(u + 0¢)P¢ < b(u+ ¢)PT € L1(Q). Also,
lim;_ g+ b(u+0¢)Ptp = buPy) a.e. in Q. Thus, by Lebesgue’s dominated convergence
theorem, we have

a(u+oy)" Y (3.8)

1
li 1+p _ ., 14+p :/ Do)y, .
Tim (1+p)t/gb((u+t¢) wt) = [ ey (3.9)
Now, from (3.7), (3.8), and (3.9), we obtain
[ v+ [ ez [ oo (3.10)
Q Q Q

Since buPy € LY(Q), (3.10) implies that au" X us01Y € LY(Q)). We apply (3.10)),
combined with (3.6]), to complete the proof. O

Remark 3.2. It is well known (see e.g., [I7]) that, for m € L>°(Q) such that
Hz € Q@ : m(xz) > 0} > 0, there exists a unique A = A\ (—A,Q, m) such that the
problem
—Ap; = Amyy  in
w1 =0 on 09,
p1 >0 in Q
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has a solution ¢ € H}(Q). This solution is unique up to a multiplicative constant,
belongs to C17(Q) for some 0 < v < 1, satisfies that |Vi|(z) > 0 for all z € 99,
and there are positive constants c;, co such that ci;dg < ¢ < cadg in 2, where
dq : 0 — R is the function defined by

do(x) = dist(x, 09).

A1 and ¢ are called, respectively, the principal eigenvalue and a positive principal
eigenfunction for —A in 2, with Dirichlet boundary condition and weight m.

Remark 3.3. It is well known that, under our assumptions on 2, «, and a, the
problem

—Af =ab™% in Q,
6 = 0 on 01,
0 >0in Q

has a unique weak solution § € H{(€2). Moreover, 6 is in C(2), and 6 > c/dgq for
some positive constant ¢’ (see [12][3]). A computation shows that (in weak sense)
A0 = —(a + 1)0°A0 — (o + 1)ad*2|VI]? < (a + 1)|ja]« in ©, and so we

have 0 < c"d? in Q, for some constant ¢’ > 0.

Remark 3.4. Following [26], we say that w € W,\?(Q) is a subsolution (superso-
lution) to the problem

—Az=az"%—0bz"in Q (3.11)
in the sense of distributions, if, and only if: w > 0 a.e. in Q, aw™*—bw? € L{ (),
and for all nonnegative ¢ € C2°(Q), it holds that

[ 0.9 <) [ @~ punp.

We also say that z € VV]%;E (€2) is a solution, in the sense of distributions, of ((3.11])
if, and only if, z > 0 a.e. in Q, and, for all ¢ € C°(Q) it holds that

/Q (V2, Vi) = /Q (4= — bP)p.

For subsolutions, supersolutions and solutions defined in the above sense, [26, The-
orem 2.4] says that, if (3.11)) has a subsolution z and a supersolution Z (in the sense
of distributions), both in L2 (£2), and such such that 0 < z(z) < Z(z) a.e. = € Q,

loc

and if there exists k € L{°.(Q) such that |as™® — bs?| < k(x) a.e. = € Q for all

s € [z(x),Z(x)]; then (3.11)) has a solution z in the sense of distributions, and z
satisfies z < z < 7 a.e. in Q.

Theorem 3.5. Suppose that a > €b for some ¢ > 0. Then there ezists a weak
solution v € Hg(2) N L=(Q) of (L2) such that v > cdg in Q for some ¢ > 0, and
veCCL.(Q)NCW).

Proof. Suppose that a > eb for some ¢ > 0. Let ¢; € H}(Q) be the positive
principal eigenfunction associated to the weight function a, normalized by ||¢1|lec =
1 (see Remark [3.2)). Note that (in weak sense), for ¢ positive and small enough,

— A(ter) < alter) ™ — bte1)? in Q. (3.12)

Indeed, —A(tp1) = Aater, and so (3.12)) is equivalent to (1 — Ai(tp1)!T%)a

>
(te1)PT®b in . But, for ¢ small enough, we have b(tp;)PT* < btPTe < %sb <
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1a < (1= X(tp1)'*)a in Q. Since to; > 0 in Q, it follows that, for such a ¢,
tpy is a subsolution of , in the sense of Remark On the other hand, let
0 € HE () N C(22) be the solution of the problem —A# = af~% in Q, § = 0 on 9.
Since # > 'dg in § for some ¢ > 0, we have that 6 is strictly positive in §2, and,
by diminishing ¢ if necessary, we can assume, that tp; < 6. Clearly (in weak sense)
—Af > af~* — bhP in ), and so 6 is a supersolution of , again in the sense

of Remark . Since typ; > citdg in Q for some ¢; > 0, and since 6 < c"d?
1
in Q for some ¢’ > 0, we have [ty1(x),0(x)] C [citda(x),"d5t (z)] for z € Q.
Therefore a.e. x € Q, for all s € [tp1(x),0(z)], the following holds
.
las™ = bs”| < [lalloc(crt) " “da(z) ™" + [[blloo (¢")7dg ™ (2) = k().
Since k € L{2 (), [26, Theorem 2.4] (see Remark [3.4), says that there exists

loc

v € W,-2(Q) such that tp, < v <0 in Q, and such that, for any ¢ € C°(1),
/(Vu,Vgp> :/(avfo‘ — ). (3.13)
Q Q

Note that v € H}(Q): Indeed, let ' be a subdomain of 2 such that €/ C Q. Since
v > "dg in Q for some ¢’ > 0, we have av™® — bvP? € L>(Y). Therefore, from
, a density argument, and Lebesgue’s dominated convergence theorem give
that, for any ¢ € H}(€Y'), it holds

//<VU,V<,0> = /l(av_o‘ — buP)p. (3.14)

Let ¢ > 0. Since v < 0 < ¢”d,"™™ for some ¢ > 0, we have that supp(v — &)t C
for some subdomain €’ such that & C Q. Also (v—¢)* € H*(Q) and so (v—¢)* €
H}(Q). Thus, from (3.14]), we obtain

/ X{v>e} VU.VU = Vou.V(v—e)t
Q Q/

= //(av_o‘ —bP)(v—e)t (3.15)

— / (@™ — buP) (v — €)X (use).

The monotone convergence theorem gives

e—0*t

lim X{U>E}VU.VU:/VU.VU
Q Q

and, since av=% —bv? € L*(2), and v € L> (), Lebesgue’s dominated convergence
theorem gives

lim [ (av™ = bvP)(v — €)X {v>e} = / (av'™® — b TP).
Q

e—0t Jo

Taking limits in (3.15)), we obtain

/ Vo.Vu = /(avlfo‘ — wt?) < oco.
Q Q

Thus v € H'(Q) and, since tp; < v < 6, we have v € H}(Q). Note also that
av™® —bvP € L}(Q) and so, again by a density argument, and applying Lebesgue’s
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dominated convergence theorem, we conclude that (3.13)) holds for all ¢ in H}(Q)N
L>(9).

Let €' be an arbitrary subdomain of € such that @/ C €, and let Q" be such
that Q' C Q7 C Q7 C Q. Since v € L*(Q") and (av= — bvP)|qr € L>®(Q"), we
have v|g, € W25(Y) for all s € [1,00) (see e.g., Proposition 4.1.2 in [§]) and so
vl € CL(EY). Thus v € CL_(2) and, since tp; < v < 0, v is continuous on 9Q. O

Example 3.6. Let Q = (0,27), « = 1/3, and p € (0,1/5). Let a and b be the
functions defined on Q by a = 2(1 — cos(2z)) {/sin?(z), b(z) = 2|sin?(z)|~P. Then
a>0,b>0,0%ac LN and b € LT7(Q). Consider now the following
three functions in C1(Q): u(z) = sin®(z)x(0,n), v(z) = sin®(z)x(0,2r), and w(z) =
sin? (%)X (x,27)- A computation shows that u, v, and w are all weak solutions of (1.2)
(v is in fact a classical solution). Therefore (without additional assumptions on a

and b) uniqueness is not to be expected for nonnegative nontrivial weak solutions

of (1.2)). Notice that w = 0 on (0, 7). Note also that v(z) > 0 for z € Q — {r}
and v(m) = 0, therefore, by Theorem below, there is no continuous and strictly

positive solution to (1.2]).
Example 3.7. Let Q = (0,2), let a € (0,1), p € (0,1), let b := x(o,1) and let
a = X(1,1+5), With
l—a, 1 2 1 1—p s\ 1Toa
0<d< l—a( — )1- — ) .
e b (e el b
Let us show that the problem

—u =au"® —bu? inQ,

u=0 on o (3.16)

has no weak solution u € H}(Q) such that u > 0 a.e. in Q. Let us suppose,
for the sake of contradiction, that u is a weak solution such that v > 0 a.e. in
Q. Since H}(2) € CV(Q) for some v € (0,1), we have u € CV(Q) for such a
~v. Throughout this example, unless there is risk of confusion, the restrictions of
u to (0,1), (1,14 9), and (1 + 6,2), will be still denoted by u. Since u belongs

to CV([0,1]), and |uP(z) — uP(y)| < |u(x) — uw(y)|P for any x,y € [0,1], we have
uP € C7%([0,1]). Let A =u(1). Since
—u" =—uP in (0,1),
u(0) =0, (3.17)
u(l)y=A

we have that u is a classical solution of (3.17) that belongs to C*(]0,1]) N C([0,1])
and so —u" = —uP in [0,1]. (see, e.g., [23, Theorem 6.14]). Note also that

1-py%, 2 (5 2
u(z) > (T) (p—i— 1) xT7  for all x € [0,1]. (3.18)
Indeed, multiplying (3.17) by u' we obtain 1((u')?) = 1lﬁ(u’”“)’ on [0,1], and so
(/' (2))? - ﬁu(m)”“ = 2(w/(0))? > 0 for all x € [0,1]. Thus
W) > —2 L in [0,1]. (3.19)

Tp+l
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Asu >0 on [0,1] and u(0) = 0, we have ' (0) > 0. Observe also that (3.17) implies
u” >0 on [0,1], and so u is a convex function on [0,1]. Thus v’ is nondecreasing
n [0,1] and, since u'(0) > 0, we have v’ > 0 in [0,1], and so, from (3.19), we

conclude
2

p+1
If w(T) = 0 for some T € (0,1) we would have u(zx) = 0 for all x € (0,%), which
contradicts the assumption that u > 0 a.e. in Q. Thus u(x) > 0 for all x € [0,1],

therefore (3.20) can be rewritten as u~ Bl > ( )12 on [0,1]. By integrating

this inequality over (0,x) we obtain ﬁ(u(m))l% > (pH)l/Qx for all z € [0,1],

and so (3.18) holds. In particular we have
1-— 2 (L o

W > (—)V2% i [0, 1]. (3.20)

u(1) > <T> = (p+ 1) TPpTr (3.21)
and then, by ,
2\t l-opi
u'(l) Z (m) 1-» (T) 1-p (322)

Consider now the restriction of u to (1,1+08); u € H*(1,1+6) C C([1,1+]), and
solves

—u" =u"%in (1,1 +9)

u(1) >0, u(l+8) > 0.
Let ¢ € H(1,1+6) € C([1,1+8]) be the solution to the problem

—("=C" in(1L,149)

¢>0 in(1,1+90)

¢()y=0, ¢(1+4)=0.
Observe that u > ¢ on (1,14 §). To prove this, suppose, for the sake of contra-
diction, that {z € (1,14 6) : u(z) < {(z)} # 0, and let U be one of its connected
components. Note that U is an open interval, since u and ( are continuous on
(1,1+96). Since —¢"=(*<u*=—-u" onU, and { = u on U, the mazimum
principle gives ( < u on U, which is a contradiction. Thus w > ¢ on (1,1 +0) as
claimed.

Recall that there exists ¢ > 0 such that ¢ > ed on (1,1 + 9), where d(x) =
dist(z,9(1,1 + 0)) for all z € (1,1 + 8) (see Remark[3.3); therefore u > cd on
(1,14 6). Note also that u(1 + §) > 0. If not, since u(2) =0 and v”’" =0 in (1,2),
we would have uw = 0 in (1,2); which would contradict uw > 0 a.e. in Q. Since
w(1) >0, u(l1+9) >0, and u > cd on (1,1 +9), it follows that u(x) > 0 for any

€ [1,1 4+ 4] and, since u is continuous on [1,1 + 6], we have u > const > 0 on
[1,1+4]. Now

[u™(2) —u=*(y)| = (u(x)uly))”*|ulz)® = uly)®|
< (u(@)u(y))”*|ulz) — u(y)|”

and so, sinceu € C7(Q), we have u™* € CV([1,1+46]). Let A = u(1), B = u(1+9).
Since u solves
- =u"* in (1,1+49)

u(l)=A4, u(l+48) =B (3.23)
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it follows that u is a classical solution of (3.23) that belongs to C2([1,1 + 4]) N
C([1,1+9]) (see [23, Theorem 6.14]).
On the other hand, since u” =0 on (1 +§,2) and u(2) =0, we have

u(z) = %(2 —x) forallxz e (1+44,2) (3.24)

Since u= € C([1,1+46]) and u € H}(Q) C C(Q), we have au™* — buP € L%(Q),
and thus, from (3.16), it follows that u € W22(Q2) C C1(Q). Multiplying (3.23)) by

u' we obtain

(1(1/)2)/ L Wy on (1,14 6) (3.25)
2 1-a ’
and so $(u')? + -u'"* = const = 1(v/(1))? + 2 u(1)' . Therefore, for x €

(1,1 +6): «'(xz) = 0 if, and only if, ﬁul (z) = %( "(1))% + —u(l)l’a. If
there were no @ in (1,14 0) such that F—u'~*(z) = 1(uv/(1))* + (1), we
would have v’ (x) # 0 for all x € (1,1 + §); which would imply that v'(x) > 0 for
all x € (1,14 9) (since v’ is continuous on [1,1+ 8], and since v'(1) > 0). Thus

u'(1+6) >0, but, by (3:24), v/(1+6) = —% < 0, which is a contradiction.
Therefore {x € (1,14 9) : 1iau1 o) = $((1))% + T u(1) 7} £ 0; let o1 be
its infimum. Since u is continuous, x1 is a minimum, therefore we have u(z1) =
(152w (1)) + u(l)l_o‘)ﬁ. Note that v'(x) > 0 for all x € [1,21). Moreover,

(13.23) gives that u is concave on [1,1 + §], and so % < u/(1). Then,

recalling ,
u(e) = u(1) _ (502 + u()! ) 7 —u()

(R @ (1)

L ()™ + @)™ — (1)

1

l—a, 2 2 Tlpl—pmm
> ()T (G T (N T) T 2

which contradicts x1 < 1+ 6.

Theorem 3.8. There is at most one weak solution v € Hg(2) N L>=(Q) of (1.2)
such that v(z) > 0 a.e. in Q; and, if it exists, it satisfies v > w for any other
nonnegative weak solution u € Hg(2) N L>(Q) of (L.2).

Proof. Since s — f(s) := as™® — bsP is nondecreasing, the uniqueness assertion

of the theorem follows from a standard argument: If w is another solution which
is positive a.e. in Q, take ¢ := v — w as a test function in the weak form of the
equation
—A(v —w) = f(v) = f(w) nQ,
v—w=0 on 0N

to obtain [, |V(v —w)* = [(f(v) — f(w))(v —w) < 0, which implies v = w.
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Let u € H}(Q) N L*(Q) be a nonnegative solution of Therefore, for any

o € HHQ) N L>(Q), we have

Now, we take ¢ = (u—v)T. Since v > 0 a.e. in £, we have

/ (—av™* + bvP)(u —v)" =0.
{u=0}

/ (V(u — ), V)
Q

= /Q(@ui(lX{zDO} —buP — (av™ — bP))p (3.26)
= [ G- s@es [ e
{u>0} {u=0}

Thus, from (3.26), we obtain [, [V(u —v)*|* <0, and so u < v in Q. O
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