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INFINITELY MANY POSITIVE SOLUTIONS FOR FRACTIONAL
DIFFERENTIAL INCLUSIONS

GE BIN, YING-XIN CUI, JI-CHUN ZHANG

ABSTRACT. In this article, we study a class of fractional differential inclusions
problem. By nonsmooth variational methods and the theory of the fractional
derivative spaces, we establish the existence of infinitely many positive solu-
tions of the problem under suitable oscillatory assumptions on the potential
F' at zero or at infinity.

1. INTRODUCTION

In this article, we consider the existence and multiplicity of solutions for the
fractional differential inclusion
d sl __ 1
e (5 oD (' (1) + 5 ODTﬁ(u/(t))) € OF(t,u(t)), aa. tel0,T],

dt (L.1)
u(0) =u(T) =0,

where 0D, # and OD;B are the left and right Riemann-Liouville fractional integrals
of order 0 < 3 < 1, respectively, F' : [0,T] x RN — R is locally Lipschitz function
in the t-variable integrand (in general it can be nonsmooth), and OF (¢, z) is the
subdifferential with respect to the t-variable in the sense of Clarke [4].

Fractional differential equations and inclusions have been proved that they are
very valued tools in the modeling of many phenomena in various fields of science and
engineering, such as, viscoelasticity, electrochemistry, electromagnetism, econom-
ics, optimal control, porous media, etc. In consequence, the subject of fractional
differential equations and inclusions is gaining much importance and attention. For
details and examples, see [2, [ 13 14l 2], and the references therein.

Recently, variational methods have turned out to be a very effective analytical
tool in the study of nonlinear problems. The classical point theory for C' func-
tional was developed in the sixties and seventies, see [Il [5l [16] [18]. The need of
specific applications (such as nonsmooth mechanics, nonsmooth gradient systems,
etc.) and the impressive progress in nonsmooth analysis and multivalued analysis
led to extensions of the critical point theory to nondifferentiable functions, locally
Lipschitz functions in particular. The nonsmooth critical point theory for locally
Lipschitz functions started with the work of Chang [5]. Chang proposed a gener-
alization of the well-known Palais-Smale condition and obtained various minimax
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principles concerning the existence and characterization of critical points for locally
Lipschitz functions. Chang used his theory to study semilinear elliptic boundary
value problem with a discontinuous nonlinearity.

There are some papers which are devoted to the boundary value problems for
fractional differential inclusion, see [0} [I'7, 20 22]. And the main tools they use are
fixed point theory for multi-valued contractions. In particular, if F(xz,-) € C*(RY)
for a.a. = € RY, then problem becomes

i(% oD P (! (1) + %OD;ﬁ(u’(t))) _VF(tu(t)), aa te0,T),

dt
u(0) = u(T) = 0.

Thus a solution u of is a weak solution to the problem (1.2). So, in some sense,
the solutions of (|1.1) can be considered as generalized solutions of , thus, the
formulation of is completely justified.

In the past decade, there are many papers dealing with the existence of multiple
solutions of fractional boundary value problems [7, [8, @, 10, 1T}, 12} 15 19] and the
references therein. For example, Jiao and Zhou [I1] got one nontrivial solutions for
problem using the mountain pass theorem. Chen and Tang [7] studied the exis-
tence and multiplicity of solutions for the system when the nonlinearity F'(¢,-)
are superquadratic, asymptotically quadratic, and subquadratic, respectively. In
[8], by using the minmax methods in critical point theory, the authors proved the
existence of infinitely many solutions under suitable conditions. Inspired by the
above-mentioned papers, we study problem from a more extensive viewpoint.
So we deal with the existence of infinitely many solutions for problem with
the potential F'(z,t) exhibits an oscillation at the origin or at infinity. Indeed, our
main results (see Theorems and below) give sufficient conditions on the os-
cillatory terms such that problem has infinitely many positive solutions. As
a byproduct, these solutions can be constructed in such a way that their norms in
E“ tend to zero (to infinity, respectively) whenever the nonlinearity oscillates at
zero (at infinity, respectively).

This article is organized as follows. In section 2, we present some necessary pre-
liminary knowledge on the fractional derivative space Ej* and generalized gradient
of the locally Lipschitz function. In section 3, we give the main results of this paper.

(1.2)

2. PRELIMINARIES

In this part, we recall some definitions and display the variational setting which
has been established for our problem.

Definition 2.1 ([I7]). Let f(t) be a function defined on [a,b] and T > 0. The left
and right Riemann-Liouville fractional integrals of order 7 for function f(t) denoted
by o D; 7 f(t) and D, " f(t), respectively, are defined by

P 1 t —8) 1 f(s)ds a
D0 = 5 [ = s e, .
b .
D10 = g5 [ (=9 ) 1€ o)

provided the right-hand sides are pointwise defined on [a,b], where T is the gamma
function.
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Definition 2.2 ([I7]). Let f(¢) be a function defined on [a,b]. The left and right
Riemann-Liouville fractional derivatives of order 7 for function f(t) denoted by
D7 f(t) and D] f(t), respectively, are defined by

DI = G DT = g ([ (= (), -

DTf(t) _ (_1)ndi DT—nf(t) — 1dn(/b(t_ )nfrflf( )d)
tEp AN = dn 1Y “Th-ndr\J, " ° s )
where t € [a,b], n—1<7 <nandneN.

The left and the right Caputo fractional derivatives are defined via the above
Riemann-Liouville fractional derivatives. In particular, they are defined for the
function belong-ing to the space of absolutely continuous functions, which we denote
by AC([a,b],RY). AC*([a,b],RN)(k = 1,2,---) is the space of functions f such
that f € C*([a,b], RY). In particular, AC([a,b],RY) = AC*([a, b],RY).
Definition 2.3 ([I7]). Let 7 > 0O and n € N. If 7 € [n —1,n) and f(t) €
AC™([a,b],RYN), then the left and right Caputo fractional derivative of order 7 for

function f(t) denoted by D7 f(t) and {DJ f(t), respectively, exist almost every-
where on [a,b]. D] f(t) and {D] f(t) are represented by

DFF0) = D70 = e ([ =T O ), -

b
DEFE) = (1D 0 = s ([ =9 s)as),

respectively, where t € [a, b].

Definition 2.4 ([6]). Define 0 < @ <1 and 1 < p < oo. The fractional derivative
space Eg°P is defined by the closure of C§°([0,T],RY) with respect to the norm

T T 1/p N
o= ([ wtopac+ [ opupar) . veemgr. @9

where C§°([0,T],RY) denotes the set of all functions u € C°°([0,T],RY) with
u(0) = u(T) = 0. It is obvious that the fractional derivative space Ej " is the space
of functions v € LP([0,T],RY) having an a-order Caputo fractional derivative
¢Dfu € LP([0,T),RY) and u(0) = w(T) = 0.
Proposition 2.5 ([0]). Let 0 < a <1 and 1 < p < co. The fractional derivative
space EGP is a reflezive and separable space.

Proposition 2.6 ([6]). Let 0 < a <1 and 1 < p < oo. For all u € E;"?, we have
TOL

l[ullr < WHSD?UHLP- (2.5)
: 1 1,1
Moreover, if v > & and - 4 2 =1, then
a—1
HU’HOO < F(a)((afl)qul)l/qHODt UHLP' (26)

According to [6], we can consider Ejy’? with respect to the norm

T 1
[wllap = 6D ullLr = 5D ulPdt ) " (2.7)
0
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Proposition 2.7 ([6]). Define 0 < o <1 and 1 < p < co. Assume that a > Zl]
and the sequence uy, converges weakly to uw € EgY, i.e. up — u. Then ux — u in
C([O’T]’RN)} i.e. ||ug — ulloc — 0, as k — oo.

Using Definition 2.3, for any u € AC([0,T],RY), problem (1.1)) is equivalent to
the problem

d 1l —1/c na 1 —1/c o
(5 0DE (D) — 5 oD (DF()) € IF(u(t), ae. 1€ (0,7,
u(0) =u(T) =0,
(2.8)
wherea =1—-0 € (%, 1]. In the following, we will treat problem (1.2]) in the Hilbert

space E* = E5® with the corresponding norm |Ju/|o = ||t]|a.2.

Definition 2.8 ([6]). A function u € AC([0,T],RY) is called a solution of (L.1)) if
(i) D*(u(t)) is derivative for almost every t € [0,T], and
(ii) w satisfies (1.1]),

where D*(u(t) = L, DF = (§Dfu(t)) — L, D3~ (¢Dgu(t)).

Proposition 2.9 ([0]). If% < a <1, then for any u € E, we have

T
1
jeos(ra)[ull < = [ (5000, iDFu(®)dt < —lull (29

~ | cos(ma)]
Proposition 2.10 ([6]). Let 1/2 < a < 1 be satisfied. If uw € E®, then the
functional J : E* — R defined by

1

T
I =5 [ (5Drute). 5w

is convex and continuous on E.

Let X be a Banach space and X* be its topological dual space and we denote
(+,-) as the duality bracket for pair (X*, X). A function ¢ : X +— R is said to be
locally Lipschitz, if for every € X, we can find a neighbourhood U of z and a
constant k > 0(depending on U), such that |¢o(y) — p(2)| < klly — 2|, Yy, z € U.

For a locally Lipschitz function ¢ : X +— R we define

"4 A\R) — ’
gpo(:c; h) = limsup P2’ + Ah) — (@ )
z’—x;2]0 A

It is obvious that the function h + °(x;h) is sublinear, continuous and so is the
support function of a nonempty, convex and w*—compact set dp(x) C X*, defined
by
dp(x) = {z* € X*; (z*,h) < (x;h), Vh € X}.
The multifunction dp : X +— 2% is called the generalized subdifferential of ¢.
If ¢ is also convex, then Op(z) coincides with subdifferential in the sense of
convex analysis, defined by

Ocp(z) ={z" € X" : (z",h) < p(z+ h) —p(z) for h e X}.

If p € CY(X), then dp(x) = {¢'(z)}.
A point x € X is a critical point of ¢, if 0 € dp(z). It is easily seen that, if
x € X is a local minimum of ¢, then 0 € dp(x).
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Lemma 2.11. The functional

e = [ [=5Goru. sDpu@)]de— [ Feumar (210)

is locally Lipschitz on E%. Moreover, for u,v € E“, we have

(Goh == [ FIGDRu), $DFu(0) + (:DFu(o). §DFu(e)]d
0 (2.11)

T
- [ . ooae
where ¢ € Op(u) and q(t) € O(F (¢, u(t))).

Proof. Let I(u) = fOT F(t,u(t))dt, then p(u) = J(u) — I(u). Obviously, J(u) is
locally Lipschitz. For e is smaller enough, there existent B.(0) C N. For any
u1(t), uz(t) € B:(0) we have

F(t,ur(t) — F(t,uz(t)) = (OF (&, u(t)), ur (t) — uz(t)),
where @(t) = Aup(t) + (1 — XNua(t), for A € (0,1). Furthermore,
[a]l g = [[Aur + (1 = Mug|

pe < Aurfla +[[(1 = Muglla < flurlla + [[ugfla < 2e.

Thus, we obtain
T
[ (1) — I (uz)| S/ e(1 4 [a(t)[* 1) |ur () — ua(t)|dt
0

T T
<c / jun (£) — ua()]dt + ¢ / a(t)]2~ un () — wa(t)]dt

< etllur — uzl|pe + co|a| G lur — uz| e
< cllur — ugl|pe + c2(26)* 7 Juy — uz| po

< Lljuy — uz|| ge,
where oy = minsepo 1) (t), and ¢y, cp are positive contents. O

Proposition 2.12 ([d]). Let x andy be point in Banach space X, and suppose that
f is Lipschitz on an open set containing the line segment [x,y]. Then there exists
a point u in (x,y) such that

fy) = f(x) € (0f (w),y — ).

3. MAIN RESULTS AND THEIR PROOFS

Now we are in a position to state our first main result which deals with the case
when the nonlinearity F'(z,t) exhibits an oscillation at the origin. Our hypotheses
on nonsmooth potential F(z,t) are listed as follows.

(H1) F:[0,T] x RN — R is a function, F(¢,0) = 0 for almost all ¢ € [0, 7] and
satisfies the following facts:

(1) For all x € RN, ¢ +— F(¢, ) is measurable;

(2) For almost all ¢ € [0,T], x — F(t, ) is locally Lipschitz;
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(3) There exist a positive constant ¢ such that for almost all z € RY, all
t€[0,T] and w € F(t,x)
jw] < (1 + 2|07
where 1 < a(t) < +o0;

F(t,

(4) —oo < liminf |, _o+ ‘73) < limsupy, o+ Fl(ﬂvtl,gj) = 400 uniformly for a.e.
te[0,T7;

|
(5) For every k € N, there exists e, € RY with |ex] = 1 and there are two
sequences {ax} and {b;} in (0,+00) with ap < by, limg_, ;o0 by = 0 such
that

sup{w - e, 1w € OF (t,x), a.e. t€[0,T], z € [ax,bxler} > 0.

Remark 3.1. Hypotheses (H1)(4) and (H1)(5) imply an oscillatory behaviour of
F' near the origin.

Remark 3.2. A simple example of a nonsmooth potential function satisfying

0, if [] =0 or |z] € [5, +00),
F(t,z) = { |2[°® sin ﬁ, if |z| € [7(21«11-1)#’ 7=)s
alt) gin L s 1 1
|| sin w2l € [omen @R
where k € N with k > 1,1 < 8(t) < 2 < a(t).

Proof. Obviously, (H)(1) and (H1)(2) are satisfied. It is also obvious that x +—
F(t,z) is locally Lipschitz. Then

0, if [#] =0 or |z > 5=,
aft)|x|P®O =2z sin ﬁ — |2|P® =32 cos ﬁ7 if || € ((gk}rl)w 57 )
OF () — ﬁ(t)|gg‘a(t)—2ggsin‘71| — J2|*® =3 cos ﬁ if || € ((%im, m),
( ;$> = [|:L,|,8(t)73x’ |x‘oc(t)73x], if |x| = 7(2ki1)7r’
_ _ : 1
[ |23z, —|z|*(=34), if |x| = Wv
[—|z[P® =32, 0], if [2] = 5,

Hence, there exists a constant ¢ > 0 such that
lw| < e(1+ |z[*D7Y)  for all w € OF(t, x).
So condition (H1)(3) holds. Then, for any 1 < k € N, we can choose
1 1
ay == kT k= m,
which means ay, < by, limg_ 400 by = 0 and
sup{w - ey : w € OF (t,x), a.e. t € [0,T] and = € [ag, brler} < 0.

So condition (H1)(5) is satisfied.

On the other hand, for any 1 < k € N, we can choose ¢ := ﬁ7 which
2
implies limg_, 400 ¢ = 0,
. F(ta Ck‘ek) . ‘Ckek|ﬂ(t) Sin ‘Cklek‘ .
lim sup ————— = limsup 5 =limsup —————~ = +o0,
k—too |Crer] k— o0 |ekex| koo |Crer[>A®
tx || *® sin L 1
—00 < —1 < liminf (¢ 2) = liminf ——— 1“1 — lim inf |2|*® =2 sin — <0

lz|—0t+  |x|? |z|—0+ || |z]—0+ |z ]
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uniformly for a.e. ¢ € [0,T]. So condition (H1)(4) holds. O

Theorem 3.3. Suppose that (H1) holds. Then there exists a sequence {u,} C E*
of distinct positive solution of problem (1.1)) such that

o funfla = im fuin]oe = 0.

Proof. For every fixed k € N, consider the set
Sk ={u€ E®:u(t) #0 and u(t) € [0,bg]er, a.e. t €[0,T]},

where by, is from (H1)(5). The proof is divided into four steps as follows.

Step 1. We claim that ¢ is bounded from below on Sy and its infimum my on Sy
is attained at uy € Si.
On account of (H1)(3) and Proposition for every u € S, we have

F(t,x) — F(t,0) € (OF (t,£), ),
where £ = Az, and A € (0,1). Furthermore, we have
jwl < e(L+[€* D7) = e(1+ A Ha "7 < el 4 2|07, (3.1)
Applying the Mean Value Theorem and , for any w € OF(t, &), we have
|F(t,z) = F(1,0)] = [{w,2)| < |w] - |2] < e(lz] + |2]*®),

That is,
[F(t,2)| < e(|a] + [2[*D) < e(1 4 |2|*®). (3.2)
Thus,

T T
o = [ [=5G0ru0). iDFu@)]de— [ Fe.utnar
( ) u2_ TC u a(t)
Tz~ [ 1+ (o) O)ar
T
> LTz = [ et o)) (3:3)

T
4———Mw3—d>c/|wmwa
0

S

> —cT — T|bg|*°,
where ag = inficpo,r (t). It is clear that Sy is convex and closed, thus weakly

closed in E®. Let my = infg, ¢, and {u}}7%; be a sequence in Sy such that
my, < p(u}) < my + = for all n € N. Then

my, + % > p(ul)
T 1 T (3.4)
= [ [~ ytepraz, ipguona— [ F oy
o 0
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which implies

cos(ma) T 1
Lot Nz < [ [- 36000 Dfuie)]a

1 T
<mptio / F(t,up (1)) dt
n 0

1 T
< my + -~ +/ e(1 4 |ug(t)]*)dt
0

1
<my + — + T + cT'|bg|*°,
n

for all n € N, thus {u}(t)}22, is bounded in E.

By Proposition one can easily see that there exists {u}}72,; € E such that
up — uy in £ We will show that ¢ is weak lower semicontinuous. Let u} — uy
weakly in E%, and by Proposition 2.7} we obtain the following results:

B — D/(RY),
up () — ug(t) ae. t € 0,77,
F(t,up(t)) — F(t,ux(t)) a.e. t € [0,T].
By Fatou’s lemma,

T T
lirnsup/O F(t,uﬁ(t))dtg/o F(t,ug(t))dt.

n—oo

On the other hand, by Proposition we have lim,,_,o J(u}) = J(ug); that is,

T T
: 1 C o, n C o, n 1 C [e3 c [e%
Jim [ 5 GDER0. DO = [ -GDF ). EDfu )]
0
Thus,
T
lim inf @(u}) = lim inf [—5( 6Dfug (t), ¢DFug(t))]dt
n—oo n—oo 0

T
—limsup)\/ F(t,uy (t))dt
0

n—oo

(3.6)

> [ 156Dt DR u )= [ e

= o(ur).
Then ¢ is weak lower semicontinuous, and
1
my, < p(up) < _Lim_p(uy) <my + —,

n—-+oo n
which implies ¢(ux) = my. Hence, ug is a minimum point of ¢ over Sy.

Step 2. We show that ug(t) € [0, ax]ex a.e. t € [0,T]. Let A ={t € [0,T] : ui(t) &
[0,arler} = {t € [0,T] : ur(t) € [ag,brler}. We will prove that meas(4) = 0.
Define the function h : [0,400)er — [0, +00)ex by

hs) = aier, %f s € [ag, +o0lex,
s, if s € [0, ax]ey.
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Now, we set vy, = howuy. Since h is a Lipschitz function and ~(0) = 0, the theorem
of Marcus-Mizel [I1] shows that v, € E* Moreover, vi(t) € [0,ax]er for a.e.
t € [0,T]. Consequently, vy € Sy and

ug(t), ift e [0,T\A,

ey~ {m® EE DTN
axer, ifte A.

By straightforward computations, we obtain

p(vr) = p(ur)

1
= [ [ 36D, Djuo)]de~ [ Pt
[0,7] [0,7]

1
[ - 56Dfue), Dfw@)dt+ [ Plu)de
[0.7] [0.7]

1 (& [e3% C «
= [ [ 6D, )]
0.7)\A
1
+/ [— i(ng‘akek, fD%akek)] dt — / F(tﬂtk(t))dt (3 7)
A [0,T\A :

- [ Pltaedi [ (- 3GDRu), Do)
A

0,7\ A 2

_/ [—l(ng‘uk(t), gD%uk(t))]dt+/ F(t, uk(t))
A

2 (0,T]\ A

+/ F(t, up(t))dt

1
= _/ [- 5(8D?uk(t)’ ¢ DSy (t))]dt — / [F(t,axer) — F(t,ug(t))]dt.
A A
For every t € A, ui(t) € [ak, br]ex, there exists a map A : A — [0, 1] such that
’U,k(t) = aier + )\(t)(bk — ak)ek.
By the Mean Value Theorem, it holds

/A[F(tva'kek) — F(t,ug(t))]dt
= [ &) (@er—wo)ar
A

(3.8)
= /Afk(t) - larer — ager — A(t) (b — ax)ex]dt

= / Er(t) - AM(t)(ar — by )exdt,
A

where &, (t) € OF (¢, 7 (t)) for some 7(t) € [arer, ur(t)] C [ak, bilex for a.e. t € A.

By (H1)(5), we have & (t) - e, <0 for a.e. t € A. Consequently,
/ [F(t, arer) — F(t,uk(t))]dt > 0. (3.9)
A

In conclusion, every term of the expression p(vg) — @(ug) < 0. On the other hand,
since vy, € Sk, then p(vr) > @(uk) = infg, ¢. So, ¢(vi) — @(ug) = 0. Namely,

_ / [_%(gpguk(t),g Dgux(t)]dt — / [F(t, aper) — F(t,up(t)))dt = 0, (3.10)
A A
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which implies that meas(A) = 0.
Step 3. We show that uy is a local minimum point in F¢ for every k € N. Let

A" ={t€[0,T] :u(t) € [0,arler} = {t € [0,T] : u(t) € (ag,bxlex}. Set v =hou,
then we have

(u) — o (v)
1 «
— [ [5G0, Dfue)]de~ [ e
[0,7] [0,77]
} v(t), {DTu(t) dt+/ F(t
[O,T 2 0,7

- / [- %(SD?U(t% fDgwu(t))]dt
[0,T\A’
+ [ 1= 3GDruto, Dfue)]
—/ F(t,U(t))dt—/ F(t,u(t))dt (3.11)
[0, T\ A’ ’
- / = %(SD?u(tL cDGu(t))]dt
[0, T\ A’

_/ [~ 5(6Df axer, §Dgarer)]dl

—_

+ / Fltu®) + | F(t aper)dt
(0, T)\A’ A

= [ [~ 36prut, pgu@a + [ (£ ae) — P u@)lar

’

From assumption (H1)(5), we have

//[F(Lakek) — F(t,u(t)))dt = N &k(t) - (ager —u(t))dt >0, (3.12)

for a.e. t € A’, where &, (t) € OF (¢, 7(t)), 7(t) € [aner, u(t)] C [ak, brlex, a.e. t € A'.
Consequently,

p(u) — p(v) > 0. (3.13)

On the other hand, by v € Si, we have

o(v) > p(ug). (3.14)

In view of (3.11]), we derive

o) = 9(0) = [ [ 3(EDrule), DFu(®)]de. (315)
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Moreover, we have

[~ 5 EDFu(t), $DFu(r)]dr

> p(un) + [ [~ 5EDFult), Du(e)]d

(3.16)

| cos(ma)|
2
Since h is continuous, there exists § > 0 such that, for every u € E% with
lu — v||a < 0, which implies that uy, is a local minimum of ¢.

> p(uk) + lu— ][

Step 4. We prove that my, = infg, ¢ < 0 and limg_, oo mr = 0. Let B, (to) C
[0, T] be the ball with radius 79 € (0,1) and center ty € [0, T]. For £ € RY | define
0, if t € [0, T\By, (to),
Wﬁ(t) =46, ifte B%O (tO)a (317)
%(’I"Of |t*t0‘), lftE Bro(to)\B%Q(to)

It is clear that ne € E* and

neto)) < 25, (3.18)
5D5ne(0)) = | | (= o) "kas
1 t ,
< m</o (t— s)*a|ng\ds) (3.19)
1 % tlfoz

“T(l—a) r 1—ads’

T
12 = / (5 DEne ()Pt

T 2 2—2«
1 4 t
< | mr
o I*(l-a) r5 (1-a)
L e 1 /TtQ—mdt
21 -a) rg (1-a)? Jo

4|§|2 3—2«
S P —ad(l-aPB3-2a)

From the left part of (H1)(4) we deduce that the existence of some lp > 0 and
Ao € [0, aglek, such that

(3.20)

essinf,cjo, 1) F(t,2) > —lp|z|?  for all € [0, \o]ey. (3.21)
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There exist Ly > 0 large enough to enable

1 4T3—20¢
2| cos(ma)| T2(1 — a)rg(3 — 2a)”
(3.22)
Taking into account the right part of (H1)(4), there is a sequence {&x} € [0, Ao]
such that {£x} € [0, ax]er and

1
C(TO,O{7T) + loT < §L07"0, C(TQ,OQT) =

ess sup,eo ) F'(t: &) > Loléx|* for all k € N. (3.23)

Note that 2 (rg — [t — to|) € [0,&] C [0, Aolex, for every t € By, (to)\Bza (to),
because of \t —tol € (%3, m0) and 1o — |t — to| € (0,°3), Vt € By, (to)\Bxo (to).
In view of proposition 2.9 and (3.20), we deduce

|
/ = 5 @D e (1), D7 g, (t)]dt
0
1

< WII% )l (3.24)

1 4T3 2 5

< 2 2 |§k‘
2| cos(ma)| I'?(1 — a)rg (3 — 2a)

= C(T07a7T)|£k|27

And combining (3.21]) with (3.23)), we obtain

T
AP%m@W

| Feaos Fitne,(0)de
B%U(tﬂ) By (to) \BTO (to)

2
> [ res@a [ F(t, 2 (ry — [t to))dt
B%l(to) By (to)\Brq (to) To
> [ wfepas | zmﬁﬂm—u—mwm (3.25)
Brg (to) ro (to)\Bra (to) To
4 2 to— % to+ro
_ o dex] [/ (ro — [t — to|)2dt +/ (ro — [t — to])?] — lorolxl?
) to—ro to+ 2
4 2 to— 2 to+ro
= LO |§l2€‘ [-/ (T0+t—t0)2dt+/ (7"0 —t+t0)2] —10T0‘€k|2
0 to—ro to+2
1

> —Loro|&k|* — loT|&|?.

w

Let £ € N be a fixed number and let 1, € E“ be the function from (3.17)
corresponding to the value || > 0. Then 7, € Sk, and on account of ([3.22)),
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(3-24) and (3.25)), one has
T T
1
©(ne,) =/0 [ = 56D e, (1), ?D%nsk(t))}dt—/o F(t,me(t))dt
1
< Clro, o, D)l — g Loroléel” + I TIé (3:26)

< (Clro, @ T) + 1oT = S Loro)lél? < 0.
From Step 3 and (3.26]), we deduce
my = o(ug) = iélkfgo < (ng,) < 0. (3.27)
Now we prove that limy_ 1o, mi = 0. Observe that by assumption (H1)(3), one
can find a positive constant ¢ and w € 9F (¢, x) such that
lw| < e(1 4+ |z|*), Vte0,T],zcRY. (3.28)

where a; = max;¢o 7] (t).
Applying the Mean Value Theorem and Step 1, for every = € [0, axer and all
t € [0, T, there exists a constant ¢ > 0 such that

|F(t,x)| = |F(t,x) — F(t,0)] <e(l+ |z|*). (3.29)
Therefore
my = o(u)

/0 [_%(nguk(t),fD%uk(t))]dt—/0 F(t, ug(t))dt
)

| cos(ma

T
Lt a2 — [ P )
0

>
(3.30)

T
> —/O F(t, ug(t))dt
T

\%

7/0 [elur ()] + clux (t)]**] dt
> —cT(|bk| + |br]“).

Since limg_, oo b = 0, we have limg_, oo my > 0. Note that my < 0, hence
limk_)_,_oo mg = 0.

Finally, since uj are local minima of ¢, they are critical points of ¢, thus
weak solutions of . Due to Step 2, there are infinitely many distinct uy with
limg—, 4 oo |Ug]oo = 0. Moreover, we have

COS(TTY T
[eostrall) 2 < | 1= 56Dz ), Dguo))ar
0

2 2
r 3.31
- +/ F(t, up(£))dt (331
0
< my + cT(|be| + [bk] ™),
which means that limy_, 1o ||uglla = 0. O

Next, we will state the counterpart of Theorem [3.3] when the nonlinearity os-
cillates at infinity. The hypotheses on the nonsmooth potential F(x,t) are the
following:
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Our hypotheses on nonsmooth potential F(z,t) are as follows.
(H2) F :[0,T] x RN — R is a function, F(t,0) = 0 for almost all ¢+ € [0,7] and
satisfies the following facts:
(1) For all x € RN, ¢t — F(t, ) is measurable;
(2) For almost all ¢ € [0,T], z — F(t,z) is locally Lipschitz;
(3) There exist a positive constant ¢ such that for almost all z € RY, all
t€[0,T) and w € OF (¢, x)
jw| < e(1 4 |2[*O71)
where 1 < a(t) < +o0;
F(t,x F(t
—00 < liminf (2)<1 (f)—
|z|—+o0 ‘.T| \w|—>+oo |J)|

uniformly for a.e. z € RY;

(5) For every k € N, there exists e, € RY with |ex] = 1 and there are two
sequences {ar} and {b;} in (0,+00) with ap < b, limg_, o by = 0 such
that

sup{w - e : w € OF (t,x), ae. t € [0,T], = € [ag,bxler} <O0.

Remark 3.4. Hypotheses (H2)(4) and (H2)(5) imply an oscillatory behaviour of
F' near the infinity.

Remark 3.5. A simple example of a nonsmooth potential function satisfying (H2)
is
Fit,z) = |z|*® sin ||, if |z] € [2km, (2k + 1)),
T 2P O sin x|, if 2] € [(2k + 1), (2K + 2)7],
where k € N with k > 1, 1 < 8(t) < 2 < a(t) < oc.

Proof. Obviously, Hypothesis (H2)(1) and (H2)(2) are satisfied. Clearly, z —
F(t,x) is locally Lipschitz. Then for any 1 <k € N,

OF (t,x)
at)|z|*O=2zsin |z| + |z|*O Lz cos |z|, if |z| € (2km, (2k + 1)),
B(t)|z|? O 2z sin 2] + |z[f Dz cos ||, if |z € ((2k + 1), (2k + 2)7),
[~al|*®1, —afa] PO, if [z] = (2k + ),
]|~ 2z, if |z| = 2k,

where {7,0} = {£: & =X+ (1 —X)d, A € [0,1]}. Then, there exists a constant
¢ >0 and 0(t) = a(t) + 1 such that

lw| < e(1+4 |z|?@~1)  for all w € OF(t, x).
So condition (H2)(3) holds. Then, for any 1 < k € N, we can choose

3
=(2k+ D7, by:=(2k+ 5)71‘,
which implies aj < bk, limg—, o0 ar = +00 and
sup{w - ey : w € OF (z,t), a.e. t € [0,T] and = € [ag, brlex} < 0.

So condition (H2)(5) is satisfied.
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On the other hand, for any 1 < k € N, we can choose ¢ := (2k + %)77, which
means limy_, 4 o ¢ = 400,

F(t
lim sup L’;@k) = limsup |ck|°‘(t)_2 sin |cx| = lim sup |c;€|o‘(t)_2 = 400,
k——4o00 |Ck| k— 400 k——4o0
F(t B) gi
—o0 < 1 < liminf ( ,237) = liminf M = liminf |z[*®~2sin|z| <0
|| —+o00 |{E‘ |z|—+o00 |{E‘ || —+o00
uniformly for a.e. ¢ € [0,T]. So condition (H2)(4) holds. O

Theorem 3.6. Suppose that (H2) holds. Then there exists a sequence {u,} C E®
of distinct positive solution of problem (1.1)) such that

nl{r-ir-loo ||unHa - nl{r-ir-loo |un‘oo = too

Proof. For every fixed k € N, consider the set
T, = {u € E“: u(x) # 0 and u(z) € [0,b]ex a.e. z € RV},

where by, is from (H2)(5). The first part of the proof is similar to that of Theorem
[3:3] Indeed, we can prove that the functional ¢ is bounded from below on T}, and
its infimum on T}, is attained (see Step 1 of Theorem . Moreover, if ug € T} is
chosen such that ¢(uy) = infp,, then ug(t) € [0, ax]ex a.e. t € [0,T] (see Step 2 of
Theorem , and uyg, is a local minimum point of ¢ in E* (see Step 3 of Theorem
. Instead of Step 4, we prove

Step 4. Let 9y = infr, ¢ = o(ug), then limg_, o0 9 = —oo. From (H2)(4), we
deduce that there exist oo > 0 and Ay, > 0 such that

essinfiejo ) F(t,2) > —ls|z> for all |z > M. (3.32)
There exist Lo, > 0 be large enough to enable
C(ro,a,T) 4+ 1T < Looro- (3.33)

From the right hand side of (H2)(4), we deduce that there is a sequence {¢;} C RY
such that limg_ 1 o || = 400, and

essinf,efo,7) F(t, &) > Loo|&|*  for all k € N. (3.34)
It is easy to see that
|nfk (t)| < |£k|a vt € BTO (tO)\B% (tO)a (335)
since
2
ng,. () = K(TO — [t —tol), V't € By, (to)\Bra (to).

Let k£ € N be fixed and let 7¢, € E® be the function from :3.17 corresponding
to the value & € RY. Then 7, € Tp,, and on account of (3.32) and (3.34), we
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have
T 1 T
pl) = [ [= 56Dt 0. iDgne )]t~ [ F(tne(o)a
1
Sin,i—/ F(t,ne, (t))dt
2|COS(7TQ)||| EkH B%Q(to) ( €k( ))

- / F(t,me, () dt
(Brg (tO)\B% (to)) N{t:ne;, () |>Ao0 }

(3.36)
-/ F(t. e, ()t
(Bro (t0)\Brra (t0)) N{t:Ine,, (1) <Aoo}
1 4T3 — 2a) 5 1 5
< L
= 2|cos(ma)| I2(1 — a)rd(3 — 2a) ] 3 oTole
Tl [* — T (1 +230)
= (C(ro, o, T) = Looro + locT)|Ek|* + TAL.
From (3.33)), (3.36) and limg_, 4 |€x| = 400, we conclude that
Jm  o(ng, ) = —oo. (3.37)
On the other hand, from ¢(u,, ) = ming, -, we have
¢ (umy) < (g, (2))-
On account of (3.37)), we have
Hm  o(ty,, ) = —o0. (3.38)

k—+o00
Since the sequence {p(ux)} is non-increasing, so, we have

kEIJIrloo ﬂk - kBIJIrloo @(Uk) -

Step 5. We prove that

lim |upleo = lim fuglla = +o0.
k—+o00 k—+oco

Arguing by contradiction, assume that there exists a subsequence {u,, } of {ux}
such that |ug, |oo < M for some M > 0. In particular, {u,, } C T}, for some [ € N.
Thus, for every ny > [, we have

9 >y, = %nf © = @o(Un, ) > iITlfcp = 9. (3.39)
e 1

So, ¥, = U for every ng > . This fact contradicts with which completes
the first part of the proof.

Next, we prove that limg_, 4o |uk||e = +00. Note that 1 < a; < 400, then by
Proposition we have E® — C([0,T],RY) (compact embedding). Furthermore,
there exists ¢; > 0 such that |ug|eo < c1]|urlla. Hence, there exists a constant
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C2

M

> 0, such that

T T
/ F(t,ug(t))dt < / e(1 + [u (D)™ )dt
0 0
< T+ cug (B[ T (3.40)
T + e |ug |21 T

cl + CQH’u,nglT.

VARVAN

Let us assume that there exists a subsequence {uy, } of {ux} such that for some
> 0, we have ||up, || < M. In particular, by the above inequality,

un = | [ 1= 3@D5u, 0, i @t~ [ G )]

s/o [—%(SD?um(tL fD%un,c(t))]dt+|/O F(t,up, (t)dt| (3.41)

< Jup, |2 + T T

= 2|COS(7T04)|||U k||a+c +02||uk||
is bounded. Hence ¥, = ¢(un,) is also bounded. This fact contradicts with
limkﬂ+oo ﬁk = —0OQ. O
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