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DYNAMICAL BIFURCATION IN A SYSTEM OF COUPLED
OSCILLATORS WITH SLOWLY VARYING PARAMETERS

IGOR PARASYUK, BOGDAN REPETA

ABSTRACT. This paper deals with a fast-slow system representing n nonlin-
early coupled oscillators with slowly varying parameters. We find conditions
which guarantee that all w-limit sets near the slow surface of the system are
equilibria and invariant tori of all dimensions not exceeding n, the tori of di-
mensions less then n being hyperbolic. We show that a typical trajectory
demonstrates the following transient process: while its slow component is far
from the stationary points of the slow vector field, the fast component exhibits
damping oscillations; afterwards, the former component enters and stays in
a small neighborhood of some stationary point, and the oscillation amplitude
of the latter begins to increase; eventually the trajectory is attracted by an
n-dimesional invariant torus and a multi-frequency oscillatory regime is estab-
lished.

1. INTRODUCTION

The coupled oscillators theory plays a significant role in understanding various
patterns of collective behavior occurring in physical, chemical, biological and social
systems (see, e. g., [22, 4] and references therein). The variety of behaviors exhibited
by systems of coupled oscillators (SCO) ranges from synchronization to complex
chaotic motions. In many cases, transient processes in SCO eventually turn into
self-excited multi-frequency (quasiperiodic) oscillations on toric attractors. Such
a type of behavior in non-conservative systems was observed as early as in the
20s—30s of the XX century and since that time was intensively studied (see, e. g.
[0, 10}, 13}, (17, 9] B0, BT, 39, [43], [45]). In the middle of the XX century, there was
discovered a phenomenon of a 2-dimensional torus bifurcation accompanying the
stability loss of a limit cycle [27, [32] 41]. Later, studies on bifurcations of invariant
tori and quasiperiodic oscillations were conducted by many authors (see, e. g.,
[6] 7] 8] T4 20, 241 29] and references therein) and the actual toolkit for qualitative
investigation of such bifurcations was developed in [10], [15] [19] [3T], 42 [43].

The aforementioned results concern static bifurcation theory which deals with
systems dependent on time-constant parameters. Within the framework of this
theory, the birth of a stable k-dimensional invariant torus from an equilibrium of
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the system

dx
= E)’

dependent on the m-dimensional parameter u can be ensured by the following con-
ditions: there exists a sufficiently smooth curve (equilibrium curve) x = £(s),u =
v(s), s € (—1,1), such that f(&(s),v(s)) = 0 for all s € (—1,1); the eigenvalues
of the Jacobi matrix f.(£(s),v(s)) have negative real parts for all s € (—1,0) and
positive real parts for all s € (0,1); there exists a sufficiently smooth mapping
Z(,-): TF x [0,1) — R" (here T* := R*/27Z* denotes the standard torus), such
that Z(¢,v(0)) = £(0) for all ¢ € T* and rankE/,(p,v(s)) = k for all ¢ € TF,
s € (0,1); finally, for any s € (0,1) the toroidal surface x = Z(¢p,v(s)) is a local
attractor of the flow generated by the system & = f(z,v(s)). Under such condi-
tions, when the parameter u, restricted to the curve u = v(s), passes through the
point u = v(0), we observe the stability loss of equilibrium and the birth of a stable
invariant torus. It should be stressed that here the verb “passes” does not have any
relation to a parameter motion over time.

On the contrary to the theory of static bifurcations, dynamical bifurcation theory
deals with systems which depend on slowly varying in time parameters (fast-slow
systems). Dynamical bifurcation theory focuses on qualitative behavioral transfor-
mations which happen in fast-slow systems due to the slow passage of parameters
through certain critical points in the parameter space. The origin of this theory
can be found in papers on relaxation oscillations (see the review [1]), although the
term “dynamical bifurcation” appeared later, in the 80s of the XX century. The
papers [47, [33], 34, 35, 5] gave start to studies of actually dynamic bifurcations in
fast-slow systems. During the last several decades many important results concern-
ing the considered area were obtained [12} 23] 1T, [46], 40} [3] 26] 18], 28]. Some of the
most peculiar features of fast-slow systems, such as the delayed loss of stability, the
synchronization, the existence of the canard solutions and the blue-sky catastrophe
can be of great importance in the real-world applications. Nevertheless, some phe-
nomena have not yet been fully understood. In particular, as it was noted in [2],
this can be said about the emergence of multi-frequency oscillations as a result of
parameters evolution in fast-slow systems.

The present paper grounds on our previous results [37, B8] and aims to fill the
gap above. Here we consider the SCO governed by the n-dimensional second order
system

i=f(z,u), zeRY (i: (1.1)

W 4 Q3 (u)w = 2eA(u)w + F(w,,u, 1), (1.2)

dependent on external (environmental) parameters u = (u1,...,u,,) and small
positive parameters €, u < 1. Here

A(u) := diag(Ai(u), ..., An(u)),  A;(-) € CF(R™;R),
Q3 (u) = diag(why (u),- .., w5, (w)), wo;() € CF(R™;Ryy),
F() c COO(R27L+7YL+1;R7L)

and
F(w,p,u,0) = O(w|* + llpI*),  [lwl|® + [lp* — 0, (1.3)
where || - || := /(,-) stands for the Euclidean norm associated with the standard

dot product in the coordinates vector space. Hereafter, we will also use a norm | - |
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defined as the sum of the absolute values of vector components. We study the case
where the slow evolution of parameters u is governed by the system

U= pG(w,w,u, 1) (1.4)

where G(-) € C®(R?"*™+1:R™). Thus, the parameter u plays the role of the
so-called slowness parameter. When p = 0, the system

W 4 Q3 (u)w = 2eA(u) + F(w,w,u,0), @=0 (1.5)

has an invariant surface given by the equations w = w = 0 and the parameter ¢
is responsible for the oscillations damping rate (oscillations growth rate) of vari-
ables w, W near this surface for those u that belong to the stability zone where all
Aj(u) < 0 (complete instability zone where all A\j(u) > 0). The presence of two
small parameters in fast-slow systems is a rather usual case. Initially these small
parameters are completely independent, however, later we will impose a restric-
tion that p oc €. All the functions involved in systems and may also
continuously depend on €, but we will not show this explicitly.

By the terminology of [I], the equations w = w = 0 define the so-called slow
surface in the phase space R?"*™ the vector g(u) := G(0,0,u,0) is called the slow
velocity vector, and, in this way, we obtain the slow system on the slow surface

= g(u).

In [23] B7, B8], there was considered the case when the slow system has a unique
equilibrium attracting all its other trajectories. Here we study a more general
situation allowing multiple equilibria, among which are stable, hyperbolic and
completely unstable ones, but require the slow vector field to be gradient-like.
This means that there exists a Morse function V(-) € C2?(R™;R,) such that
Vy(u) == (VV(u),g(u)) < 0 for any non-stationary point u of V(-). We find
additional conditions under which a neighborhood of the slow surface is forward
invariant under the semi-flow of system f and the set of all w-limit points
contained in this neighborhood consists of equilibria and invariant tori of all di-
mensions less than or equal to n. We show that a typical forward semi-trajectory
starting at (wo, wo, o), where ug belongs to the instability zone of the fast sys-
tem , demonstrates the following transient process: while the slow component
u(t) is far from the stationary points of the Morse function V', the fast component
(w(t),w(t)) exhibits damping oscillations; afterwards, this component eventually
enters and stays in a small neighborhood of some stationary point, and the oscil-
lation amplitude of the fast component begins to increase. Since the trajectory is
attracted by an invariant torus, eventually a multi-frequency oscillatory regime is
established. Such behavior can be naturally interpreted as the dynamical bifurca-
tion of multi-frequency oscillations.

In fact, we will also be able to categorize the solutions by their ultimate behavior
near the slow surface. It will be shown that in a small neighborhood of the slow
surface most of the system’s trajectories, in terms of the Lebesgue measure, are
attracted to trajectories on the stable n-dimensional invariant torus, while the rest
ones lie on the stable manifolds of hyperbolic tori of dimension less than n.

The current article is organized as follows. Section[2] provides the key hypotheses
regarding system 7 and the statement of the main theorem. Then, in
section [3] we introduce auxiliary lemmas, which enable us to state in section []
certain preliminary results on the system’s dynamics near its slow surface, and,
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consequently, describe the solutions behavior and classify them in sections [f] [0}
After that, we provide an example depicting oscillation excitation in a circuit of two
coupled oscillators which have components with temperature dependent properties.
Finally, the paper ends with an addendum containing information on the normal
forms method for systems with slowly varying parameters.

2. MAIN THEOREM

Let us describe the conditions imposed on system ([1.2])—(1.4])
We will assume that the slow vector field v — g(u) := G(0,0,u,0) satisfy the
following conditions

(H1) there exists a Morse function V(-) € C2(R™; R, ) with the properties:

(1) V(:) has a non-empty finite set of stationary points;

(2) V(u) — 400 when |Ju]| — oo;

(3) Vy(u) :==(VV(u),g(u)) <0 for any non-stationary point v of V(-);
(4) the Hesse matrix %Vg (u) is negative definite at any stationary point

of V().
Then, according to this hypothesis, any level set of V(-) is compact and if V* > 0
is sufficiently large, then the sub-level set
Vi=VH0,V*) = {uecR": V(u) < V*}
contains the set
W= {ueR™: VV(u) =0}

of all stationary points of V(-). Moreover, there exist such v* > v, > 0 and § > 0,
that for any stationary point u, the following inequalities hold

V= w® < Vy(u) < —viflu—wd?, VYV (@) < v*flu— ] (2.1)

forall u: ||Ju—u.| < 4, and §-neighborhoods of any two points of YW do not intersect.
Obviously, W thereby coincides with the set of all singular points of the vector field
qg.

Now, for such a number V*, let us adopt certain non-resonant hypotheses which
are necessary for construction of the system’s normal form in the whole domain V,
as well as in a vicinity of the set W.

(H2) if u € cl(V), then

woi(u) # woj(u), woi(w) # woj(u) + wor(u),  woi(u) # wo;(w) + wor(u) £ wor(w)

for all 4,7, k,l € {1,2,...,n}.
(H3) there exists such a number N > 5, that for any u. € W the equality

> (45 = Gn)wo; (1) = owpi(u),
j=1

where o € {0,1},i € {1,....,n},a=(q1,...,q2n) € Z>", 4 < Z?Zlqj <N,
is valid iff ¢; = ¢4+ + 0 and ¢; = g4, for all j € {1,...,n}\ {i}.
Furthermore, we may assume that for all e € [0,&¢], with g > 0 being small
enough, and for all u € cl(V) the frequencies

wj(u,2) 1= s (u) — (N (1)) = woj(u) + O(?), G € {L,....n}.




EJDE-2016/233 DYNAMICAL BIFURCATION IN COUPLED OSCILLATORS 5

are correctly defined and satisfy hypotheses (H2), (H3) where each wq;(u) is re-
placed with w;(u,e). Hereafter, to simplify our notations, we will omit explicit
dependencies of functions on €, as long as it does not lead to confusion. Thus, we
will use the notation w;(u) instead of w;(u,e) and so on.

Proceeding to the new variables w,w — x = (1, ..., %2,) by means of a substi-
tution

wj = Tgj_1, Wj= E)\j(u)l‘gjfl + wj(u)xgj, j € {1, A ,n}7 (2.2)
we come to an equivalent system

T = J(u)m + F("Tv u, :u)v U= NG(xa u, /1')7 (23)

where
w) = dia el (u) w1 (u) E)\n<u) oJn(u)
() = diag | (—wl(u) sAl(u)> <—wn(u) 6/\n(u)) J

G, u, ) == G(w,w,u,u){w’wHw,

F(z,u,p) = (Fy (2, u, ), . . ., Fon (2, u, 1)),

AQJ—l(x’ u,,u) =0,
ng(a:, u, (1) ::thu)F(w7 w,u,u)’w o MEZ 8/;“(1“) Gilz,u, H)T251

—ny &gjﬁ) G, u, p)ws,

i=1 v

In view of , when p = 0, system has a slow invariant manifold of
equilibria My defined by the equation 2 = 0. Alike static bifurcation theory [7, [§],
we will study the behavior of system in a neighborhood of this manifold. And
to do so, our first step will be finding conditions that guarantee the forward semi-
invariance of such a neighborhood. This can be achieved by transforming the N-jet
of system to the normal form with respect to variables x.

Let Dy C R™ denote a domain (or a collection of domains), such that for a fixed
natural N and for any k& € {1,...,n} and o € {0,1} the equality

n
Lo | ;(qz = Qin — 00k wor (u)]| =0,

where q € Z2",1 < |q| := Y1~ g < N, fulfills iff
@G — Qian — 00 =0 Vie{l,...,n}.

Remark 2.1. Hypothesis (H2) guarantees that D3 = V, and under hypothesis
(H3) the domain Dy is non-empty and contains some neighborhood of the set W.

If we introduce a vector of complex coordinates z = (z1,...,2,) € C" and
notations

] 2 2 2 P - Pk
|z := (lz1l, -5 |2ln)s 127 = (lal5, 5 1200), 2] :H\Zkl ;

where p := (p1,...,pn) € Z", then, as it is shown in the Addendum, for all
sufficiently small y and € there exists a smoothly diffeomorphic change of variables
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(z,u) — (Rez,Im z,v) which for v € Dy transforms system (2.3]) into

P
— .
= [E)\k(v) T iwk(v) + Z hO,k,p(U)|Z\2p} 2 + Z Mjnj,k(v)zk
3<2|p|+1<N J=1

. —
+ZW[ > hj,k,p(”)|z|2p} 26 + O(||2||V T + pP Y,
j=1  322|p|+1<N (2.4
ke{l,...,n},

I
p=ulg@+ Y ap@EPP YW Y )

2<2[p|<N j=1  0<2|p|<N
+pO([|2| M 4 .
Here P > N/2 is an arbitrary fixed natural number, 7; (), hj i p(-) are smooth
complex-valued functions in Dy and g;p(-) are smooth C"-valued functions in
Dy . Besides that, all these functions smoothly depend on the parameter . The
remainder terms are smooth in the sense of real calculus on the set
H’ZH <5; UeDN; we [03/1'0]7 €€ [0750]
with sufficiently small positive numbers §, pg and g9, and are uniform with respect
to v € Dy and ¢ € [0, gg.
Further, we will also denote

)‘(U) = ()‘1(”)7 IR An(”))? A(U) = {akl(v)}z,lzlﬂ

ag1(v) = —Rehg ke (v), br(v) :=—-Imhoge (v),
where e; € Z"} is a vector having its I-th component equal 1 and all other equal
0. As we will see later, the functions A(v) and A(v) play the key role in emergence

of the bifurcation phenomenon, which is why we require them to satisfy additional
constraints.

(H4) the symmetrical part of the matrix A(v) is positive definite on cl(V), and
all non-diagonal elements a;;(v), ¢ # j, are non-positive at any stationary
point v € W.

(H5) the set V admits representation as a union of three nonempty sets

Vi={veV: ) >0 Vje{l,...,n}},
Vo i={veV: ) <0 Vje{l,...,n}},
Ve =V\[Vy UV_],
and each function A;(-), j € {1,...,n}, is positive at any stationary point
of V().
Note, that W C V; and for system (2.3)) with u = 0 the submanifold {(z,u) €
Moy :u € V_} is a local attractor, while {(z,u) € My : u € V_} is a local repeller.
Let us fix sufficiently small x > 0 in such a way that
Vi ={veV_:\{w)<—-k Vje{l,...,n}} #0.
Now we are in a position to state our main result.

Theorem 2.2. There exist pp > 0, g9 > 0, and for any <, € (0,5) there is eg > 0,
such that once € € (0,e0) and pu € (sx&,50¢), the following statements are true:
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(1) system (2.4]) generates a forward semi-flow on the set
A:={(z,v) €C" xR™: ||z]| < po,v € V};
(2) ifRy 3¢ — (2(t),u(t)) is a solution of system (2.4)), such that (2(0),v(0)) €

2 and (to,t1) € Ry is an interval, such that ||z(t)|| > uP and v(t) € V= for
all t € (to,t1), then

()l < e 2| 2(t0) || VE € (to, t1);

(3) to any point of the set W, one can put into correspondence a finite collection
of invariant tori belonging to A, and each such collection contains tori of
all dimensions from 1 to n; in addition, any torus of a dimension less then
n is truly hyperbolic, while any n-dimensional torus corresponding to a local
minimum of the Morse function V (-) is a local attractor of system ;

(4) any non-equilibrium forward semi-trajectory of this system lying in 2 is at-
tracted by one of the invariant tori, and those trajectories that are attracted
by n-dimensional tori form the set of the full Lebesque measure in 2A;

(5) each forward semi-trajectory approaching the n-dimensional invariant torus
is attracted by a forward semi-trajectory lying on this torus.

The rest of this article will be devoted to proving and illustrating this theorem.

3. AUXILIARY LEMMAS

Lemma 3.1. For d > 0, set _Bgl = {z € R ||z|| < §}. Suppose that there erists
a Morse function W(-) € C? (B;R) having a unique stationary point . =0 and a
vector field f(-) € C1(BZ;RY), such that

(VW (), f(2)) < =0lll*, |If'(z)] <OL Va e B3 (0),
where L and 0 are some positive constants. Define

K := max |[W"(z
mas [

and let M and € be arbitrary positive numbers satisfying
1+ KL+ +v1+2K3L3

L )
Then for any fi(-) € CY([r9,00) x BE; BY) and any z¢ € BY a solution x(t) of the
initial problem

M > M,(K,L) =

Me < 6. (3.1)

= f(x)+efilt,z), xz(r)=2x0 (3.2)
meets the following alternative: either there exists such T > 1q, that ||x(7%)| = ¢,
or there exists such T, > g, that ||x(t)|| < Me for all t > 7.

Additionally, if 0 < e < §/N(K, L, M), where

1+ KL+ \/[1 + (K — M)L)* + 2K L3 M?
L

and if the first scenario takes place, but at some instant of time the solution belongs
to BY,., then

N(K,L,M) := > M, (3.3)

K(Me)?
2

W(z(r")) < W(0) — < min{W(x): ||z|| = Me}.
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Furthermore, in the case when the stationary point x, = 0 is elliptic, numbers
B €(0,6) and € > 0 are such, that
max{W(z): ||z = 8} < min{W(z): ||z|]| =6}, 0<e<f/K, (3.4)

and the solution of (3.2) at some moment of time belongs to Bg, then the second
scenario fulfills.

Proof. Since VW (0) = 0, it is true that |[VIW(z)|| < K||z| and
(VW (2), f(z) + efi(t,x)) < 0 [~||z]| + eK] |lol| Vz € By.
Besides,
mase(W (2): 1] = o} < W(O) + 5L, mingW(@): ol = o} > W(0) - 52
for any ¢ € (0,0]. As the Hessian of W(:) at « = 0 is non-degenerate, we have
f(0) =0 and || f(2)|| < 0L||x||. Hence,

1f(x) +efa(t, )|l < O(L|zll +¢) Vo€ By,

Now let us demonstrate how to choose M. At first, we will require only that
M > K and Me < 6. Take an arbitrary g € (Ke, Me). If the moment 7* does not
exists, i. e. [|z(t)|| < § for all ¢ > 79, then the function W (xz(t)) strictly decreases
until z(¢) reaches the sphere ||z|| = ¢ at an instant of time 7, > 79. The moment
T« necessarily exists, since otherwise W (z(t)) would decrease unboundedly, which
is impossible.

Suppose that x(t) reaches the sphere ||z|| = Me after the moment 7,. Then there
exist 7o > 7, and 71 € [Ty, T2), such that

le(m)ll =0, o <|z@®)ll < Me Vi€ (m,m), [z(n)|=Me

For t € [y, 2], we have

dllz@I _ (z, f(z) +€f1(tax)>‘
= ]| w=alt) =

< O(Lljz(®)] +e),

which implies
df|=z(t)]|/dt
O(Lllz(t)] +¢) —
and

W(z(r2)) = W(z(m)) = /T2 (VW (@), f(2) + efa(t, 2))] )t

/ O [=lla(t) |+K]|()|mdt

/M6 —s+ Ke)s

= R TR s,

o Ls+e

Taking into account that W (z(71)) < W(0) + K ¢*/2 and making o tend to Ke, we
obtain the estimate

K3e? 52 €(1+KL)s €1+ KL), Ls+ e Me

_ — 1
>ttt T T ke

K¢ @y 20+ KDM 2(1+KL)K_K2].

_7[ 2 _
2 2L L L

W(z(r2)) < W(0) +

< W(0) +
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If we introduce a quadratic polynomial of variable &,
21+ KL)e 2(1 + K L)ne?
Plec ) = g2 - 2D 20 KD

where € and 7 are positive parameters, one can verify that M, (K, L) is the greatest

root of P(§;1,K). Thus, for any M > M.(K,L) and any ¢ < §/M, we obtain

P(Me;e, K) = e*P(M;1,K) > 0. It means that

1+ KL)M n 201+ KL)K
L L

W (xz(12)) < W(0) —

— (142K L)n?*é%,

2
M? — ( - K?>2K3L,

K-e

< min{W(x): ||z|| = Ke}.

Hence, the function W(xz(t)) keeps on decreasing and satisfies for ¢t > 7 the inequal-
ity W(z(t)) < W(xz(rz)). This means that 2:(¢) never reaches the sphere ||z|| = Ke,
and moreover,

inf [||z(t)|| — Ke] > 0.

t>1
As a consequence, W(z(t)) — —oo as t — oo, and we come to a contradiction.
Therefore, such a choice of M and e guarantees the validity of the inequality
lz(®)|] < Me for all t > ..
In a similar way, one can show that if ||z(7')|| < Me, but there exists 7% > 7/,
such that ||z(7*)| = §, then

W (z(m"))
KM?e? 52 €(1+KL)se2(1+ KL), Ls+eqs
< A 1
WO+ b7 L2 T e
KM22 1., 20+KL}e. 2(1+KL)Me )
- _ _ — (Me)?].
SWO) +—; 2L[5 70+ 7 (Me)?]

Since N (K, L, M) is the greatest root of P(£;1, M), once 0 < N(K, L, M)e < 6, we
have P(d;¢, M) > 0 and

W(z(r*)) < W(0) —

RO < wmin{w (@): o) = M),

Finally, if the point 0 is elliptic and inequalities (3.4]) are fulfill, then
(VW(z), f(z) +efi(t,z)) < [0z + eK] [|lz]| <O, (3.5)

as soon as 8 < ||z|| < 4. Let the solution belong to Bg at some moment of time.
If by reasoning ad absurdum we supposed that there existed such 7* > 7, that
[lz(7*)|| = d, then there would exist 7" < 7*, such that

() =8, B<lz@®l <d Vte (" 7).
Thereby, W(z(7")) < max|z=g W(x) < minjz =5 W(x(7*)), which is impossible,
since (3.5)) yields that the function W (z(t)) is decreasing on (7/, 7). O

Lemma 3.2. Let D C R? be a bounded domain with a C*-boundary, D := cl(D)
and let W(-) € C?(D;R) be a Morse function with a finite set of stationary points
W C D. Define

K= max{[[VW(2)] W ()]}

and choose sufficiently small § > 0 and 8 € (0,0) that meet the following require-
ments:



10 I. PARASYUK, B. REPETA EJDE-2016/233

(1) the §-neighborhood of 20 belongs to D;
(2) for any z, 27 € 20, such that W(z,) > W(a) the following inequality
holds:

min{W(x): ||z — /|| = 6} > max{W(x): ||z — 2| = §};
(3) for any elliptic point x. € 20 there holds the inequality
max{W(x): || — z.|| = B} < min{W(x): ||z — z.| = ¢}

Also, suppose that there is such a vector field f(-) € C*(D;R?), that for some
positive constants 0, L such inequalities fulfill:

(VW (z), f(2)) < —06*> Yz € D: min ||z —y| >,
yeW

(VW (2), f(2)) < =0l —yl?, |If'(2)| <OL VyeW,Va: ||z —y| <6

Then, with the corresponding functions defined by formulae (3.1) and (3.3), for any
M > M.(K,L) and all € € (0,e0(K, L, M)), where
52 Ié;
K, L,M) :=min{ =, ————
E0( s ) mln{K7 N(K,L7M)}7

the following assertion is correct. If fi(-) € CY([ro,00) x D;BJ), then for any
such xg € D, that the corresponding solution x(-) of initial problem (3.2) is defined
on [19,00) and takes values in D, there exist x, € W and t, > 7o, such that
lx(t) — z.|| < Me for all t > t,.

Proof. Under the conditions of this lemma, we have

(VW (), f(z) +efi(t,z)) <0 Va: ;IEIIQ% |z =yl > Me. (3.6)

Therefore, if the solution z(-) is defined on [ry, 00) and takes values in D, then there

exist 1 € 20 and t; > 79, such that ||z(¢1) — zl|| < Me. Indeed, otherwise, the

function W (z(t)) would decrease unboundedly when ¢ — oo, which is impossible.
By Lemma the solution x(-) meets the following alternative: either for all

t > t; we have ||z(t) — z.|| < Me, or there exists to > t1, such that ||z(t2) —zl|| = 4§

and

K(Me)?

2

W(z(ts)) < W(xl) - < min{W(z): ||z — z}|| = Me}.

The first case always takes place if ! is elliptic. In the second one, on account of
choice of § and (3.6), there exist such 22 € 2 and t3 > t», that ||z(t3) — 22| < Me,
and W (x2) < W(xl). Now, it is clear that eventually the solution enters and then
never leaves an Me-neighborhood of some point z, € 20. ]

For the sake of completeness of our exposition, let us represent the following
result from the theory of non-negative invertible matrices.

Lemma 3.3. Let a real matric P = {p;;}{,_,
(1) the matriz P+ P is positive definite;
(2) pij <0 foranyi,je{l,...,d}, i #j.
Then for any vector y = (y1,...,ya) with the positive elements each component of
the vector x := P~y satisfies the inequalities

z> L iefl,...,d), (3.7)

(Z3

have such properties:
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maxi<i<d¥Yi

x| < , 3.8
|z . (3.8)
where py = min{(P¢, &) : € € R, J¢[ = 1,)
Proof. The system & = —Pz, in which P has the property [I] is asymptotically

stable. Hence, all eigenvalues of —P have negative real parts. By [16, Theorem 5,
XII1], all of the main minors of P are positive. Thus, according to [36, Theorem
6.3] the matrix P~! has non-negative elements, and any row of this matrix contains
at least one positive element. Obviously, then z := P~1y € R? Y., oncey € Ri X
Moreover, since

d
Z pijr; = 0,
J=1.j#i
the components x; satisfy , and the inequalities

2<(p = < ,
pelaf® < (Pr.2) = (y.x) < max yilz]

yield (33). O

4. PRELIMINARY RESULTS ON THE BEHAVIOR OF THE NORMALIZED SYSTEM

Having introduced the aforementioned lemmas, we may proceed to the investi-
gation of system dynamics. This section provides the general description of
the solutions behavior and suggests a way to classify them. Later we will refine this
information. Define

ay :=min{(A(v)r,r): Vr e Ry, |r| = 1,v € cl(V)},
At = max{(A(v),r): Vr e R}, |r| = 1,v € cI(V)}.

Proposition 4.1. Assume hypotheses (H1), (H2), (H4) to be true and N = 3.
Then there exist a sufficiently small pg > 0 and sufficiently large p, > 0, R, > 0,
such that for any p > px, R > R, one can choose g > 0 in such a way, that once
e € (0,e0] and p € [0,¢], system generates a forward semi-flow on the set
A= {(z,v) € C"xR™: ||z|| < po,v € V}. Furthermore, for any solution (2(t), v(t))
of with the initial values (2(0),v(0)) € A, there exist such a stationary point
ve of V() and an instant of time t,, that

Iz < pvE < po,  [[o(t) —vall < Re V>t

Proof. There is a constant ¢; > 0, such that if ||z|| < po, then a quadratic form
[z = >-%_; |2k|* and the function V(-) admit the following estimates for their
directional derivatives along the vector field of system (2.4])

n

[E1 |- <2€Z/\k )zkl? — 2 Z axt(v)|zi ||z

k=1
C1(M||Z||2 + 120° + 2wt

< [@2eAt + )zl — (204 — c1po)|z||® + e1p

V) g < 1Vil0) + el TV + 0], (1)

It is easily seen that one can choose the positive numbers py < 2a4 /¢q, and p, > 0
in such a way, that for any p > p., p € [0,e], v € cl(V), € € (0,e1], where

Pl
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1 :=min{1, p2/p?, o}, the inequality

!
1212 <O

holds as long as z satisfies p\/e < ||z]| < po. It means that 2 is forward semi-
invariant and, moreover, there exists o > 0, such that ||z(¢)|| < py/e for all ¢ > t.
Now we can regard v(t) as a solution of a system © = u[g(v) + §(t, v, e, u)] defined
on [tg, 00) X cl(V) and obtained from the corresponding sub-system of (2.4]) via the
substitution z = z(t). Obviously, there exists such a constant ¢y > 0, that

gt v,e, p)|| < coe V(t,v,e, 1) € [to,0) x cl(V) x (0,e1] x [0, ¢].

On account of (H1), and ([4.1), after an appropriate additional correction
of 0 in , the final part of the proof follows from Lemma in the case when
f=ung, fr=peg, W =V, € =c¢ccy, 0 x p. In particular, if we find M, and ¢y from
the lemma, we can set R, = M,, R = M and gy = min{eg/ca,e1}. ]

Corollary 4.2. Let 0 < p < ek/(2¢1) and let (to,t1) € Ry be such an interval,
that

pt <zl < po, v(t) €VE VEE (to,t1)
Then ||z(t)|| < e==rE=t0)/2||2(to)|| for all t € (to,t1).
In fact, for u? < ||z|| < po, v € V¥ and 0 < p < ek/(2¢c1), in the same way as in

the proof of Proposition 4.1}, we obtain the inequality

P+1]

/
121?| gz < [(=2e5 + ezl = (a4 = cxpo)llll® + e 2]

3k €K €K
<[- THZH + ?MP} llz]| < —7\|ZH2-

The above corollary proves the statement (2) of the main theorem.
Hypothesis (H3) and Proposition allow us to focus on system defined
on the set
{(r,0): Izl < pvE, v = vl < Re}.
Hereafter, we will require the numbers p and R to be large enough.
Without loss of generality we may suppose that v, = 0 in Proposition .1} Then,
having applied the scaling z — /2, v+ €v to , we obtain the system

4 = [iwk(av) + e (ev) — 62(%1(5’0) + ibkl(5v))|zl|2} Zk
=1
P

— .
+ Y ePlhogp(e)zPa + Y s k(ev)
5<2|p|+1<N j=1

P
j —
2w [ > Elp‘hj,k,p(ev)IZIQP} 2+ O(N2|| 2|V 4 ),

j=1 3<2|p|+1<N (4.2)

ke{l,...,n},
b= f[gm) + > €|p|go7p(5v)|?|2p]

2<2|p|<N

P

K j I —

FES Y ePlgp(en) R+ O (e i)
Jj=1  0<2|p|<N
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defined on the set
{(z,v,e,p): |lzll < p, [[v]l < R, e € (0,0], pu € [0, €]}

In this system we constrain the parameter u to be = ¢ with ¢ being an arbitrary
fixed number satisfying

1 2,(0)

0 < = A
SOS0 =g B O

Note that such a condition ensures the validity of the inequality
ag = Ae(0) + sRen1 x(0) > A\p(0)/2>0 VEe{l,...,n}.

Now, if we recall the earlier imposed condition P > N/2 and if for a vector
x = (z1,...,2q4) we define D[z] := diag(z1,...,zq), then system (4.2) can be
presented in the form

5 = Dli(wo + (8 + Qv — BJ2|?))]z
+ [e(a— A\Z]z) + 52ﬁ(|?|2 v)]z + O(sN/z)
— eo[Tv + Y2 + 24(]2[2,0) + OV +1/2)] (4.4)

(4.3)

where, for the sake of notations simplicity, we assign
wo = (w1(0),...won(0)), m = M1.1(0),...,m1.,(0)), «a:=X0)+sReni(0),
5 = CImn1(0)7 A= {akl(())}:J:l, B = {bkl(o)}z,l=1’
aka(O) n
r._ N — P
Q .7{ v, }kzl, I:=4'(0), Yz:= Z go.p(0)x

Ip|=1

The definitions of the remainder terms h(-) and §(-) inside the square brackets in
the right-hand sides of (4.3)), (4.4) is obvious. Recall that we agreed not to mention
e directly as functions arguments.

Proposition 4.3. For all € € (0,e0], with g > 0 being sufficiently small, sys-
tem ([£.3)-([-4) has an equilibrium (2°,v°) = (2°(¢),v%(¢)), such that

) = 0@EN?), W) =0(). (4.5)
If (2(t),v(t)) is a solution of (E3)~-(&4), such that ||z(t)| < V& and |[v(t)|]| < R

for allt > 0, then
dim [[l2(2) — 2] + () — 0] =0, (4.6)

and the set of all such solutions forms a manifold whose real dimension equals the
number of eigenvalues of I' with negative real parts. In the case when all eigenval-
ues of I' have positive real parts the only solution with the stated property is the
equilibrium (2°,v°).

Proof. The existence of the equilibrium (z°(g),v%(g)) satisfying directly fol-
lows from the implicit function theorem. If (z(t),v(t)) is a solution of ({.3)—(4.4),
such that ||z(t)|| < v and ||v(t)|| < R for all ¢ > 0, then the functions

w(t) := exp [— i/ot D [(wo +e(Qv(s) — Bm%)}ds]z(t)
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and v(t) satisfy a system of the form

W=D [s(a ~ Alw|?) + 2h(jw]?, 11)] w+ O(N/?), (4.7)
o =6 [Po+ Tl + 2wl 0) + OV +/2)] | (4.8)

which also has a solution
t .,
w = w"(t) := exp [— i/ D(wo +e(Qv(s) — B\z(s)|2))}ds] 2,
0

v = UO, t>0.
Hence, the realification of system 7 has a pair of solutions
£(t) == (Rew(t), Imw(t),v(t)), &°t) := (Rew’(t), Imw®(t),v).
One can consider the difference 7(t) := £(t) — £°(t) to be a bounded solution for
t > 0 of the linear system 1 = e[ A + A;(t; €)]n where
A = diag[D[a], D[a], sT],

and sup,s ||A41(¢;€)|| = O(y/€). Such a system is hyperbolic on [0, 00) if € is small
enough, and each of its bounded solutions approaches zero as t — oo. This yields
([5).

Next, it is not hard to see that at (z°,v°) the Jacobi matrix of the right-hand
side of system f realification has the form

tiwor + e(ag £i6k) +0(e), ke {l,...,n}, esvyj+o(e), je{l,...,m}

where 71, ...,7vmn are the eigenvalues of I' counted according to multiplicities. All
of these numbers have non-zero real parts. It is well known that in this case the
set of all solutions of the realification of (4.3)—(4.4) which approach the equilibrium
€%(e) forms the so-called stable manifold, whose dimension equals the number of
eigenvalues of A(e) with negative real parts (see, e. g. [2I]). In the case when all
of the eigenvalues of ' have positive real parts, the equilibrium (Re 2%, Im 2%, v°) is
completely unstable. O

Proposition 4.4. There exists a constant cs > 0, such that for sufficiently small
g0 > 0 and for any € € (0,e9] the following assertion is valid. If (z(t),v(t)) is a

solution of (4.3)-([(.4), such that ||z(0)]| < p, |2£(0)] = /c3eN=2 for some k €
{1,...,n} and ||[v(t)|| < R for allt > 0, then

|zk(t)] > VeseN =2, Jlz@)]| <p VE>0,

and there exists such t, > 0, that

« 2 max «
(O] > ([, )] < | = > ¢,
2akk a+

a(j_ :=min{{Ar,r): r € R} |r| = 1}.

where

Proof. 1t is sufficient to note that there is such ¢4 > 0, that for sufficiently small
g0 > 0 and for any ¢ € (0,g¢] the following inequalities are satisfied.

’ — —
212 g < 2201212, @ — A2} + ea(e? 2] + 272 2))
< 2] NP2 <0

max oy — GS-HZHQ + 045] ||Z||2 +cq€
1<k<n
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if 2maxy<p<, ax/al < ||z]|* < p?, and, in view of (H4),

|Zk‘2| Z 2€‘Zk|2 |:Ozk — akk|zk|2 — C4€ — C4€(N72)/2/|Zk|} >0
if 36V 72 < |2x|? < an/(2axk), where c3 is a sufficiently large positive constant. [J

Definition 4.5. Let {i1,...,is} be an ordered collection of distinct natural num-
bers not exceeding n. We will say that a solution (z(t),v(t)) of (4.3)—(4.4) is of
type (i1,...,4s) if

@I < R, |aw(®)] <e VE&{i,.... i}, V>0

and there exists such a moment of time ¢t* > 0, that

o 2 max o
|z (t)] > 2—’“ Vk € i, is),  [2()]] < (| TS TR gy s g,
Ak CL+

As a consequence of Propositions [I.3] and [£.4] we obtain the following result.

Proposition 4.6. Let (z(t),v(t)) be a solution of ([A.3)~[{.4)), such that ||z(0)|| < p
and |lv(t)]] < R for allt > 0. If g is sufficiently small and e € (0,eq], then either
this solution tends to the equilibrium (2°,0°) as t — oo, or it is of type (i1, ..., is)
for some s € {1,...,n}.

Proof. 1f ||z(t)|| < /€ for all t > 0, then (z(t),v(t)) is a solution of ({.3)—(4.4) from
Proposition and therefore tends to (2°,0°) as t — co. If (2(t),v(t)) does not
possess the aforementioned property, then there exist k € {1,...,n} and t; > 0,
such that |2z (¢1)|? > €/n > c3eV 2. Hence, the solution (z(t—t1),v(t—t1)) satisfies
the conditions of Proposition[f.4, Now it becomes apparent that in such case, basing
on Proposition one can decompose a set {1,...,n} into two ordered subsets,
{i1,...yis} > kand {j1,...,Jn—s} C{1,...,n} \ {i1,...,4s}, and choose t* > 0 in
such a way, that |z;(t)|* > «;/(2a;;) for all t > t* if i belongs to the first subset,
whereas |z;(t)|> < c3eV72 < &2 for all t > 0 if j belongs to the second subset,
with the latter being empty when s = n. Besides that, ||2(¢)|| meets the imposed

requirements for all ¢ > ¢*. (]
5. ULTIMATE BEHAVIOR OF SOLUTIONS OF TYPE (1,...,n)

To study the final behavior of solutions of type (1,...,n), introduce the polar-like
coordinates z = \/rpe¥* k=1,...,n, and set r = (r1,...,7r,). This transforms
system (4.3)—(4.4)) into

i = 2eD[r] o — Ar + ga(r,v)] + ¥ 2DY2[rla(r, v, ), (5.1)
U= &g [Tr +Tv+eg(r,v) + eWNFD/25(p v, @)} , (5.2)

¢ =wo+e(B+Qv— Br)+2b(r,v) + N 2DV2[r)b(r, v, ) (5.3)
)

where a(r,v) = Reil(r, v), B(r, v) = ImiL(’/‘, v), and a(r,v, ), E(r,v,gp), g(r,v, ¢
are defined by the remainder terms of (4.3)—(4.4). On ground of Lemma and
Proposition 4.1 we can consider p and R to be so large, that

maxj<g<n Ok

0
ay

147 1a] < <f riraial < g (5.4)
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Proposition 5.1. For sufficiently small g > 0 and for any € € (0,&¢], the system
a—Ar+ea(r,v) =0, Tr+Tv+eg(r,v)=0
has a solution
r=r.e):= A a+0(), v=uw.e):=-T"TAla+0(e),

such that

2
rae(€) > 2 ke {l,...,n}, |r(e)| <
3agk

3 max le} 2R
e L NG ==

2aY. 3

Proof. Taking into account hypothesis (H4), Lemma and inequalities (5.4)), the
desired result follows from the implicit function theorem. O

Proposition 5.2. There exist such positive numbers cs, o and &g, that for any

¢ € (0,50), € € (0,e9) the following assertion is true. If (z(t),v(t)) is a solution of
—2

type (1,...,n) of system ({.3)—-(4.4) and r(t) := |2(t)| then there is such t* > 0,

that
(N-2)/2

E
& Vi > t*.

VIIr(®) = r(@)? + [o(t) — vi(e) I <

Proof. Let (r(t),v(t), p(t)) represent the solution (z(¢),v(t)) of type (1,...,n) in
the polar-like coordinates. On account of (5.1)—(5.3)) and Proposition the pair
(r(t),v(t)) satisfies the system

i = 2eD[r][(— A+ A, (r,0) (1 — 1) + Ay (r,0) (v — v,)]
+eN2DYRIra(r, v, (1)),

v =es[(T + eGr(r,0))(r — 1) + (T 4+ Gy (r,v) (v — vy)
+ €(N+1)/2g(ra v, Qﬁ(t))] )

where

1 aa

- da(r,v)

A (r,v) = _ ds,
(’I" U) /O or ri—sr+(1—s)ry S

v sv+(1—8) vy

1 oA
A, (r,v) := / La(r, v) ds,
0

r—sr+(1—s)r.
I v sv+(1—s) vy

1 aa
. - 9g(r,v)
GT(T,U) = A or ri—sr+(1—s)r. dS,

v sv+(1—8) v,

1 aa

A 69(7‘,’0)

v 9 = . 2. o) d .
G (T ’U) /0 v r—=sr4(1—s)r. S

v sv+(1—8) vy

By Definition there exists t* > 0, such that for all ¢ > t* a point (r(t),v(t))
belongs to the domain

D= {(’F’U)eRiXRm:rk>&Vke{l7“'an}’
201k

2
| < 2Lk ) < ),
+
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which contains the unique equilibrium (r,,v,) of the system
7 = 2eD[r] {( - A+ EAT(nv))(r — 1) 4 Ay (r,v)(v— v*)} )

U = &g [(T + Eér('f., v))(r—re) + (I‘ + 5(%(7", v))(v — v*)} ,

This equilibrium is the unique stationary point of the Morse function

W(r,v) := Z (ri 4 e ln(r—) — 1) + §<V”(O)(U — V),V — Vs)
i=1 L
in cl(D).
The first inequality (2.1)) yields (V" (0)T'v,v) < —v,|v||? for any v € R™. There-
fore, there is such a constant cg > 0, that for sufficiently small 5 and for all
e € (0,e9), (r,v) € cl(D) the following inequality holds.

W (r, v)|
<2(r—r,, (—A+ eA,(r, v))(r—ry) + eAy(r,0) (v —vy))
+e5(V"(0) (v — ), (T + Gy (r,0)) (r — 1) + (T + Gy (r,v)) (v — v.))

EQUx
2

< —ea’llr =7l + 2c6(? + e9)llr = rullllv = vill = =~ o = v,

where
a’ :=min{(A¢,¢): ¢ e R™, || = 1}.

Now, observe that for sufficiently small positive ¢y and £¢, and for any ¢ € (0, <)
and € € (0,e¢) the smallest eigenvalue of the matrix

(—ce Zs0+ S) _Cgﬁu(j/; <)>

a’v,

2a0 + ¢,

exceeds ¢k, where
1
Ko ‘= 5 .
Hence,
W (r,0)| g < —esro[llr = rull> + llv — v ]
) = 0 * * )

as soon as (r,v) € cl(D), ¢ € (0,¢) and € € (0,£9). It only remains to apply
Lemma [3.2] in the case of unique stationary point of Morse function with 6 « e¢
and € oc eN/2 to finish this proof. O

Next, we are going to utilize results on the existence of invariant tori obtained
in [19]. To do so, we introduce a new vector variable £ € R"™ via the formula

(r,v) = (re,vs) + 7€
with 0 < o < 1/2, and define the block matrices

B = (—213¥*]A gor) Bi(f) - (—2D[r0— A 8>

B(eo¢) = (QD[T]A (r,v) 2D[T]Av(r,v))
the vector functions

(rv)=(ru,vs)+eo€

¢G(r,v) <Gy (r, v) (r0)= (s, 02 )+eTE’

JF(EU& p) = (Dl/g[r]d(Tv v, ), 53/2§§(’F, v, 90)) ’(r,v):(r*,v*)+sf’£ )
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(7€, ) == b(r, U)|(r,v):(r*,v*)+5“§’
0(e7¢, ) = NVTVEDT2 b (r v, )

(r)=(rs,0.)+e€’

the vector w, := wy +e(8+ Qv — Bry) and, finally, the (n x (n+m))-matrix E :=
[—B;Q]. After that, system (5.1)—(5.3) takes the following form in the variables
(& ).

§=¢e[B+Bi(e7¢) +eB(7€))¢ + N2V f(e7€, ), (5.6)
¢ =w, + VB + 20(c7€) + N20(7¢, ). (5.7)

Assuming that e is small enough for w, to be positive, we hereby arrive at the
perturbation problem for the trivial invariant torus & = 0 of the system

£ =eBe, D= W

Note, that the quadratic forms (D[r.(0)]A-,-) and (V"(0)I-,-) are positive and
negative definite respectively, which means that the eigenvalues of B have non—zero
real parts. The Lipschitz constants for the right-hand sides o l- 1- are o(e
Under such circumstances, one can easily verify that system (5 atlsﬁes all
conditions of [I9, Lemma 2.1] (There is a misprint in condltlon (ii) on page 507:
in Lip(6,vy, z; X, u;n(e, 0, 1)) the symbol n should be replaced by A.) according
to Wthh there exists sufficiently small €9 > 0, such that for any € € (0,&p) sys-
tem . has an invariant torus given by the equation & = f(cp, €), where
£(+ ) ’]I‘" — R™™ is a Lipschitzian mapping, such that max e [|£(p;¢)| — 0
as € — 0. Therefore, we have shown that system 7 has an invariant torus
T located in D.

Also, if £(t) is a solution of system (5.1)—(5.3) corresponding to (r(t),v(t)), then

C5E(N—2)/2—v

€@ < EE— Vit >t

Lemma 2.3 in [I9] claims that the trajectory corresponding to the solution £(t)
belongs to the stable invariant manifold of the invariant torus. This yields the
inequality
(N=2)/2—y
~ C5& n
le(pse)ll < =———— W eT"

Furthermore, if N > 5 and V"(0) is positive definite, then it was shown in [37]
that not only does the trajectory corresponding to the solution from Proposition [5.2]
approach the torus 7" as t — oo, but it is also attracted by some trajectory on 7"
when ¢ — oo.

Hence, we have proved the part of statements (3)—(5) from the main theorem
concerning n-dimensional tori.

6. ULTIMATE BEHAVIOR OF SOLUTIONS OF TYPE (i1,...,%s)

Now, we will cover the case when solutions are of type (1,...,s). Obviously,
results that we are going to obtain will be applicable to other possible types
(i1,...,1s), too.

We introduce new variables p := (p1,...,ps) € RS, ¥ := (V1,...,9s) € T® and
C=1(Cy.-,Cn-s) € C"* via the formulae

zkzw/pkew’“, ke{l,...,s}, zpyrs=¢C, ke{l,...,n—s}.
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If we denote

o =(a1,...,a5), "= (1, ),
6l:(ﬁ1a"'a68)7 N:(ﬂs-‘rh'"aﬂn)v
w6 = (w01, s 7w0s), w(’)' = (w0,3+17 cee aWOn)

and decompose into blocks, the matrices

A11 A12 Bll BlQ / Qll
A = B = Q =
(A21 Ao )’ Bsy Baa)’ Q)7
where dim A;; = dim By; = s X s, dim Q) = s x m, dim Ty = m X s, we will get a

smooth system of the form

p=2eD[p] [o/ — Anp +ea(p, |<€—C12, v) — 82A12|_>ﬂ

=

= (Y1 Ta),

(6.1)
+eN2DY2[pla(p, Re ¢, Im ¢, v, 9),

b= ec[Typ + T + £4(p, [oC |2 27, [¢]2

= e5[T1p+Tv+eg(p, [e¢|?,v) + °To[(| (6.2)

+eWNHD25(p Re ¢, Tm ¢, v, 9)]
{ = Dli(wy + (8" + Qv — Barp)) +e(” — A21p)]¢
+ €2D[ — (iBa2 + z422)|?|2 + h(p, |5—<>|27 )] ¢+ eWN=2/2p(p, Re ¢, Im (, v,9),
9 =wh+e(8 + Qo — Bup) + %[ - Bl2|?|2 +b(p, |€_C]27 v)]
+eN2 D2 plb(p, Re ¢, Tm ¢, v, 9),

whose domain contains the set cl(D;) x {¢ € C**: ||¢|| < 1} x T#, with D; C
R% x R™ being defined by the inequalities

(097 2max1§k§s (6%
pk>%, ke{l,...,S}, |p| <T, HU” <R.

Let (p(t),v(t),((t),¥(t)) be a solution of this system which corresponds to a
solution of type (1,...,s), so that

(p(t),v(t), (1)) € Dy x {C e C*" 1 ||[{]| <1} VE>t,

if t, > 0 is large enough.
The following is an analogue of Proposition [5.1

Proposition 6.1. For sufficiently small g > 0 and for any € € (0,e¢], the system
o — Ayp+ea(p,0,v) =0, Yip+Twv+eg(p,0,v)
has a solution
p=pe(e) = A +0(e), v="70.(e):= T ' 1A + O(e),

such that

2ak

ﬁ*k(€)>377 ke{l,...,S}, |p*(5)|<
Ak

3maxi<k<n s _ 2R
Imhen e g, (o) < 2T
+
Note that the equilibrium (p., v.) of the system
p = 26D[p} [O/ - Allp + sé(p, 07 U)]?

V= €§[T1p + Tw + €§(pa O, ’U)]
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is the unique stationary point in D; of the Morse function

W(p,v) = Z (pi + D hl(%) *}Zi) + %(V"(O)(v — Uy), U — Ty).

i=1 t
Proposition 6.2. There are positive numbers c7, o and €9, such that for any
s € (0,%), € € (0,e9) the following assertion is valid. If (2(t),v(t)) is a solution of

type (1,...,s) of system 7 and
p(t) = (la @), z@®F), )= é(zs+1(t)7~-~7zn(t))a

then there exists t* > 0, such that

(N-2)/2
— — (€49 _ %
Vip(t) = ()2 + [[o(t) — v.(e)]1? < —— Kol eI >

Proof. Since all elements of the matrix As; are non-positive, then the minimal
element of o’ — As1p is not less than the minimal element of o”. Thus, there
exists a constant cg > 0, such that for all sufficiently small € > 0 there hold the
inequalities

d
IO = Icle_min_ arl GO = ese™ 2], ol <1 Wez e,

and consequently,
cge(N=4)/2

I <

ming1<p<n Ok
for all t > t*.

Now observe that for

cge(N=3)/2

I < =
s+1<k<n Ok
sub-system (6.1)—(6.2]) takes the form
p=2eD[p| [/ — Anp +ea(p,0,v)] + O(N/?),
v = e [T1p+Tv+ej(p,0,v)] + O(eNT3/2),

Using Lemma for the function W (p,v), one can obtain the inequality for p(t)
and v(t) precisely in the same way as we did in Proposition [

If we introduce new variables n € R*T™ and £ € R*T™ x C"~* via the formulae

(pv 'U) = (ﬁ*vﬁ*) +¢e%m,

then again we come to the perturbation problem for the trivial hyperbolic invariant
torus of the system

 (—2D[p.(0)]An O
h=e ( o §F> m,
{ = Dli(wy + (8" + %0.(0) — Bnp.(0))) + e(a” — A12p.(0))] €,

D = wl) + e [F + Q,5.(0) — By1p.(0)].

The real parts of the eigenvalues of this system’s matrix are non-zero, since they
are defined by the eigenvalues of the matrix

e diag(—2D[p.(0)]A11, T, o” — A12p.(0)).
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It is not hard to see that the perturbation terms satisfy the conditions of [19, Lemma
2.1]. Using the same arguments as above for the realification of the perturbed sys-
tem in the variables 1, Re ¢, Im ¢, 1, we can prove the existence of an s-dimensional
truly hyperbolic invariant torus 7°(1,...,s), which attracts the trajectories corre-
sponding to the solutions of type (1,...,s). In the coordinates (p, v, (,4) this torus
is given by the equations

(p,v) = (Ps(€), V() + e7nu(V58), ¢ = Cu(Ws0),
where 7,(-;€): T — R*™™ and (.(;€): T® — C" ¢ are Lipschitzian mappings
satisfying the conditions
CBE(N_2)/2_’Y

Ly < CeETIETT V| < eaeN-4)/2.
max||n. (9; €)]| < . , max |G e)l] < ese

Hence, we have proved the part of statements (3)—(5) from the main theorem
concerning the tori of dimensions less then n. Note, that those forward semi-
trajectories in 2 that are not attracted by stable n-dimensional tori lie on stable
manifolds of truly hyperbolic tori, and thus form the set of zero Lebesgue measure.

7. EXCITATION OF TWO-FREQUENCY OSCILLATIONS IN A SYSTEM OF TWO
COUPLED GENERATORS DUE TO SLOW COOLING

Let us now provide an example of a hypothetical device where the described phe-
nomenon can be observed. Consider a system of two coupled generators (Figure [1).

+°
Q
_
[
I
)
=3
x
~
L\v}
~
o~

Ry

Ry

F1GURE 1. Coupled generators

Here, the i-th generator consists of the following elements: a thermistor R;, a
magneto resistor p;, magnetically connected inductors L;, L, having a negative
mutual induction M; = v;1/L;L;, a capacitor C;, and an active feedback element
A;. We suppose that the I-V characteristics x; of A; is a smooth function of voltage
difference V; on L and admits the expansion

xi = Xi(Vi) == xi1Vi — xasV2 + O(VY),  xa1 >0, xi3 > 0.

We assume that the i-th thermistor has a positive temperature coefficient and that
its resistance depends on the thermistor’s temperature 7; by the relation

R, = Rl(Tl) = ¢eRijo + pRnT;, 1€ {1, 2},
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where R;p, R;1 are positive constants and € and p are small parameters. We also
suppose the inductances L;, L, and the capacities C; to be constant.

The resistance of the magneto resistor depends on an external magnetic field.
If the latter is orthogonal to the direction of the current in the resistor, then the
change of its resistance is approximately proportional to the square of the magnetic
field magnitude [25].

The generators interact with each other in the following way. The current I; in
the inductor L; produces a magnetic field of a magnitude proportional to I;, and
this magnetic field influences the resistance of the magneto resistor p;. Thus, it is
natural to consider the case where

pj = pi(L) = pjo + pj2(LiLi)*,  pjo >0, pj2 >0, ie{1,2}. (7.1)

Taking into account the Newton law of cooling and the Joule — Lenz law of ohmic
heating and assuming the environment temperature to be zero, we adopt the next
equation for the resistor R; temperature change

Ti = —/.LkiiTi + KZIlQRZ, (72)

where k; and K; are some positive coefficients.

Our goal is to show that under an appropriate choice of the generators param-
eters one can observe such a phenomenon. If the described device of the coupled
generators with the sufficiently high initial temperatures T;(0) of the resistances
R; is placed into the environment, then first for a long period of time this device
remains in the sleep mode. However, when the resistances temperatures drop al-
most to zero, the device wakes up and after a transient process, in general, it starts
producing two-frequency oscillations. Such a kind of behavior can be treated as a
phenomenon of dynamical bifurcation.

Denote by ¢; the charge of the capacitor Cj, and let I;, I¢,, I,, and I, stand for
the currents through the resistor R;, the capacitor C;, the magneto resistor p; and
the active element A; respectively. The Kirchhoff laws yield that

Ii+1Ic, + 1, =14, = xi, (7.3)
Since ¢; = I¢,, by differentiation of (7.4]) we obtain
Ic,

Lilp, + Rl + R;1; =

C;
But from ([7.4)) and (7.3]) we can find
I, = [Lid; + R:1]/ pi,

1.
Io, =xi —1; — f[Lz‘L' + R;I,].
Hence,
. R;. I; 1 . Xi R,
I+ —1 —— Ll + Ril;] = -1,
and on account of ([7.2)
. R 1 . 1 R; Xi  WRa 2
B+ — i+ ——[1+ 21 = - — ki Ty + K IR,
* [Li * Pici] * Lici[ * Pi] L;C; L; [=ukiTi + ]
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Introducing new variables I; = /pjow;, T; = Riou;/(sRi1), imposing the constraint
ce = p with the constant ¢ playing the same role as in section [4| and taking into
account ([7.1]) and (7.2]), we finally reach the system

- [6310(1+U1) n 1 }u’)'—‘— 1 {1 eRio(1 + ui) }w
: L; Cipio(1 + peL3w?) 17"~ L;C; pio(1+ pirL2w?) ]
1 . pneRio 2
= —— ,(M;/piow;) — —kju; + KR (1 i) PjoW; | Wi,
L.Crypyy v Miv/piothi) = =P =hivi £ Kilt (1 wi)pjowihw

Ui = pl—kiui + Ra Kipjo(1 +w)w?], i€ {1,2},j€{1,2}, i#j.

This system can be represented in the form (2.3)) if the parameters of the generators
are chosen in such a way, that

where by, by are positive constants satisfying the inequalities
b; > Rio/Li, i€{1,2}. (7.5)
In fact, we have
1 Rio(1 + ;)

ie{1,2},

wOi(u) = + 0(6), /\l(u) = bl —

L;C; L; ’

and
Fi(wlaw27w17w27u70)

= > fijmmwlifwled + O(wll* + [lw]*), i€ {1,2},
k+l4+m—+n=3

where the only non-zero coefficients are

f1,0300 = _ Xz} f10120 = pizLi
’ LiC; 7 Cipio’
f2,2001 = pazLs Jf2,0003 = _ XanproMy
’ Capao’ 7 L;C;
Therefore, performing the change of variables ([2.2]), we obtain
0
. —L__Fy (21, x5, wor (u)z2, woa(w) T4, u, 0
Fou,ce) = | 0@ 1(21, 23 015) )2, woz ()4, u, 0) +0(e)
%%(U)Fz(l’l, 3, wo1 (u) 22, woz(u)24, u,0)
It is easily seen the eigenvectors of the matrix J(u) are
—i 0 i 0
1 0 _ 1 - 0
st=1o | == =0 2=
0 1 0 1

If we now introduce new complex variables z1, zo € C via

x1 = —iz1 +1iz1, 22 =21+21, x3= —iza+iZ2, x4= 22+ 2o,
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we will be able to find the elements of the matrix A(u) by extraction of the resonant
terms from cubic nonlinearities:
1 . . . . _ _

——Fy(—iz; + 121, —iz0 + 122, wo1(u) (21 + Z1), wo2(u) (22 + 22),u,0)
2&)01 (u)
= —ay1(u)|21]?21 — ar2(u)|22?21 + [nonresonant terms]

1 . N . _ _
———— Fy(—izy 42y, —izg 4 iZ2, wor (w) (21 + 21), wo2(u) (22 + 22),u, 0)
20)02 (u)

= —ag1(u)|21]? 22 — aga(u)|22|*22 + [nonresonant terms.

It turns out that

1 3
ar(u) = —§f1,2100 - §w§1(u)f1,0300,
a12(u) = —f1,o120 - wgz(u)f1,o1027
az1(u) = — fa,2001 — wgy (u) f2,02015
1 3
ago(u) = —§f2,0021 - gwgz(“)fz,ooog-

In our case, when € = 0, these elements does not depend on u:

A 3x13p20 M7 o p12L3
1= 25 12=— ;
2(C1Ly)% 7 C1p10
_p22L% _ 3x23p10M55

a1 = 02,0207 fe2 = W

Hence, when € = 0, the positive definiteness condition of the symmetric part of
the matrix A takes the form

2
Ix13X23(p10p20 M1 M2)* > [L1La(pr2p20CaLl3 + propa2CiLi)]” . (7.6)

Since g(u) = (—kjuy, —kaus), the Morse function can be chosen as V(u) =
u? +u3. It has a unique stationary point u, = (0,0). The instability and stability
sets are defined as follows

V+ = {(ul,ug) S RQI ’U,% + Ug < V*,’Uq’ < szzO/RzO — 1,7 € {1,2}},
V_ = {(ul,ug) e R?%: ’UJ% —|—’U,§ <V* u; > biLZ‘O/RiO —1,7 € {1,2}},
where V* > 0 is large enough.

Thus, if the numbers C1Ly, /CyLs are rationally independent and condi-
tions (7.5) and (7.6) fulfill, then hypotheses (H1)-(H5) hold, and Theorem
implies that under the appropriate choice of ¢o > 0, 0 < ¢, < ¢g, €9 > 0 the afore-
mentioned changes in behavior of the coupled generators can actually be observed,
once € € (0,£9), it € (€, 50€).

8. ADDENDUM

Consider the formal system

b= I+ Y pwiFi(eu),

i>0

U= p [Q(U) +) WG, u)}

i>0

(8.1)



EJDE-2016/233 DYNAMICAL BIFURCATION IN COUPLED OSCILLATORS 25

obtained from (2.3]) by expanding its right-hand sides into the Taylor series expan-
sions in powers of pu. Our goal is to simplify this system with aid of the formal
change of variables

ac:y-|-§:,uiXi(y,v)7 u:v—&-/,LZ/ﬁUi(y,v). (8.2)
>0 >0

Construction of such a transformation consists in solving homological equations
of the form

Lyl (Y] = Pi(v)y’ — Ri(v)y, (8.3)
Dy Zi ()Y ] = Q;(v)y! — Sj(v)y’. (8.4)

Here P;(v)y’ and Q;(v)y’ are known j-th order homogeneous forms which take val-
ues in R?” and R™ respectively and smoothly depend on the parameter v, whereas
01(v)y and £(,), are, respectively, the directional and the Lie derivatives along the
vector field J(v)y. Namely,

0Z(y o
010, 20) = S5 Iy VZ() € CHE )
oY (y)
y
The forms Y;(v), R;j(v)y?, Z;(v) and S;j(v)y’ are determined in such a way, that
they smoothly depend on v and satisfy the corresponding equations.
If j = 0, equation (88.3) has obvious solutions

Ro(v) =0, Yo(v) = —J Hv)Po(v), So(v) = Qo(v), Zo(v)=0. (8.5)

In the case when j > 1, in the same manner as in [37], we can introduce a suitable
basis in the space of vector-valued polynomial forms Note, that the matrix J(v)
has constant linearly independent eigenvectors s € C?", j=1,...,n, such that

J(v)& = [eA;(v) £ 1wj(v)]sji,

LywyY () = J()y = J()Y(y) VY ()€ CHR™R™).

with vectors s;” and s being complex conjugate for all j = 1,...,n. Denote by
S the matrix with the columns sT,...,8f. s7,...,5,, and define the homogeneous

forms
— + +
sq(y) = [S71Y e 4(y) = sq(y)sy,
where q := (q1,...,q2,) € Z3" and 29 := z{' --- 22" for v = (x1,...,22,). This
gives us the following expansions.

)y’ fZ >R o)+ Prg@er @), Qi) = > 5q(1)Qq(v),

k=1 |q|=j lal=y
Z > IR 1) + R (e g, Si(0)y? = > 5q(y)Sq(v).
k=1 |q|=j lal=J

Proposition 8.1. Let Dy C R™ be such a domain, that for any k € {1,...,n}
and o € {0,1} the equality

min | E — ql4n — U(Skl o.)o[ ‘ = O
vecl(Dy)
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where q € Z3", 1 < |q| := Ziil g < N and Oy is Kronecker’s delta, holds if and
only if

qr 7(]1_._,170'(5“ =0 Ve {1,...,n}.
Suppose also that the forms P;j(v)y’ and Q;(v)y’ smoothly depend on v € cl(Dn)
and assign

RE (v) _ P]i:q(’u) if Z?:1 |ql — Qi4+n F 5kl| =0,
0 if Yorq @ — Gian F 0| # 0,

Sq(v) = Qa(v) i 302 lat — @il =0,

! 0 if 7y lar = qin] # 0.

Then, for sufficiently small eg > 0 and for all € € [0, 0], there exist an R*"-valued
form Y;(v)y? and an R™-valued form Z;(v)y’, which satisfy equations (8.3) and
(8.4) respectively. The coefficients of these forms are smooth functions in cl(Dy).

Proof. Since
S71J(v)S = diag [eA1(v) + 1w (), ..., eA, (V) + iwn (v), €A1 (V)
— w1 (V) -+, EA (V) — iwn (V)]

we have
Dsry5a(®) = o _ol(57 ey
= {5 D @+ @) N(0) +1D (@ — qrin)wr(v) 5q(y)
=1 =1
and
£J(v)ye:kt)q(y) _ %|t:0 _J(U)teiq(eJ(U)ty)

n

= {g Z(ql + Qin — k) Ni(v) +i

=1

M:

(@1 = G F S)en(0) e 4 (0):

-
Il
—

After expanding the forms

n

Vi)' =Y Y [Vl el o) + Yi g (w)ep (9]
k=1lal=j
Zi(v)y = Z 5q(y)Zq(v),

lal=j

the homological equations are reduced to

(£ D" @+ qrn — S N(0) +1 3 (@0 = qrn F ) (v) | Vi (0)
=1

=1
= P,fq(v) - Ri q(V);

£+ a0 41301~ )t ()] Zafo) = Qo) — Sa0)
=1

=1

Taking into account the definitions of Ri q(v) and Sg(v), these equations are soluble
for any € € [0, 0] with sufficiently small ey > 0, and, as a consequence, the same is
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true for equations ({8.3). Although the coefficients Y,f’q(v) and Zg(v) are complex-
valued, one can make the forms Y;(v)y’ and Z;(v)y’ take values, respectively, in
R?" and R™ by setting Ykﬂfq(v) = 0 for any q, such that > ;" | |¢1 — qi4n F 0| = 0,
and Zq(v) = 0 for any q, such that >, , |¢t—qi+n| = 0. The smoothness properties
of Yj(v)y?, Z;(v)y’ are obvious. O

Remark 8.2. For q € Z3" with |q| = 1, the equality > ;" [¢/ — qi4n F 0s| =0 is
satisfied if and only if g = €7, where e € Z2" (e, € Z2") is a vector whose k-th
((k + n)-th) coordinate equals 1 while the other are 0. Hence, in such case,

Riq(v) #0 ifand only if q=ef.

Let
g =JWy+Y_ uHiyv),
>0
o= plg(v) + YW Cily,v)]
i>0

be the system obtained from (8.1]) by means of the formal change of variables (8.2)).
In view of (1.3) and the definition of g(v), we have
FO(yv’U) = O(y2)7 Go(y,v) = O(y)
Therefore, we require that
XO(ya U) = O(y2)7 Ho(y,U) = O(y2)7 Co(y,’U) = O(y)7 UO(ya U) = O(y)

Substituting (8.2)) in (8.1]) and equating coefficients near like powers of 1, we obtain
the following chain of homological equations for the unknown coefficients

0Xo(y,v

50 Xol:0) = Foly + Xo(w:0),) ~ 90 1y y,) — Holy o)
AUy (y, v

0509Vl ) = Goly + Xo(y0),0) - UL oy, - Calyev),

and, for ¢ > 0,

'SJ(v)yXi(ya ’U)
_ 0Xix(y,v) ~ 0Xia(y,v)
=% 5, I)
i—1
0Xi—r—1(y,v) OFy(x,v)
B kZ:O Tck (yv U) + [TXl (yv U)] z=y+Xo(y,v)

Hk(ya ’U)

+ ;(98;|M0 [J(v + u;i_::ujUj(y,v)) (y + gu’“Xk(y,v))}

i—1

1 & i i—1 ‘
g o Do W E(+ D2 WXy )0 4 U (9,0) ) = Hily, o),
’ =0 k=0 j=0

a.](v)in (y7 U)
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i—1
OUi_j—1(y,v) 9Go(v, z)
— Z Tck(ya ’U) + [TXZ(y’ ’U)] rz=y+Xo(y,v)

i -1
+ %%|M:09(v + uZujUj(y,v))

7j=0

i—1
ZI 8# . ozﬂ Gl(y + ZM Xy, v),v +uz;uJUj(y,v)) = Cily,v)-
j=
On account of (1.3 and the definition of g(v) we have the following expansions.

F0y7 ZFOJ 7 i ZFU ; ZZL

i>2 >0
v) = ZGOj(U)yja Gi(y,v) = ZGij(U)yja i>1
Jj=1 720

Thus, the unknown functions can be sought in the form

XO ya ZXOJ a Xz(y,’l)) = ZX'LJ(U)ZJJ7 i Z 1’
j>2 >0
v) = ZHoj(v)yj’ Hi(y,v) = ZHij(U)yj, i>1,
=2 >0
U) = Z Uoj(’l})yj’ Ui(y, 1}) = Z Uij(U)yj, i>1,
g2l >0
v) = ZCOj(U)yj’ Ci(y,v) = Zcij(v)yj’ i>1,
j>1 >0

It is easily seen that the coefficients of these expansions satisfy the chain of equations
L1y Xij()y] = Pij(0)y? — Hij(v)y?,  05yylUij(v)y’] = Qi (v)y! — Cij(v)y?,
where P;;(v) and Q;;(v) can be determined subsequently. In fact, Pya(v) := Fpa(v),
Qo1(v) :== Go1(v), and now, if v € Dy, one can use Propositionto get Hypo =0,
Xo2, Co1 = 0, Up1, and then subsequently find FPy;, Hoj, Xo; for j = 3,...,N,
and Qo;, Coj, Up;j for j = 2,...,N. If 0 < k < 7,1 < N and the coefficients
X (v), Hii(v), Ugi(v), Cri(v) are already known, then one can determine Pip(v)
and subsequently find H;;(v), X;;(v), P; j+1(v) for j =0,...,N. (Note that
yields Hyo(v) = 0.) After that, Q;0(v) can be determined, and subsequently C;;(v),
Uij(v), Qi j+1(v) may be found for j =0,..., N. At last, for any j > N, we assign
Hij(’l}) = Pi]'(v), Xij(’l}) = 0, C’ij(v) = Qij(v) and Uij(v) =0.
This result can be summed up as the following proposition.

Proposition 8.3. Suppose that P > 2, N > 3 and Dy satisfy the conditions of
Proposition . Then there exist 6o > 0 and po > 0, such that for any € € [0, &o]
the smooth diffeomorphic change of variables

N P N
r=y+ ZXOj(U)yj + Zﬂi ZXij(U)yja
=2 =1 j=0
N ) P . N
u=uv-+ Z Uoj (v)y] + Zul Z Uij (’U)y]
j=1 i=1 =0
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defined on the set {(y,v, u): ||ly|l < do,v € Dy, p € [0, o]} transforms system (2.3)
1mnto

N
U)y+ZH0j(U)yj+Z“izHiJ(“)yj+O(||y||N+1+pP+1),
l (8.6)
:M{g(v)+zc()y v)y’ +Z,u ZC” v)y! +O(”yHN+1+,UP+1)}
=2

Here the homogeneous forms in the mght—hand sides admit the expansions

By = 32 [ Wa @)+ X Biq(eheig0)]

k=1 "|a|=j lal=3

where h2 kq() € C(Dn;C), cig(r) € C(Dn;C™) and the summations qu‘:j,
Z\QIZJ’ Z\QIZJ are performed on all vectors q € Z3" with |q| = j whose components

satisfy, respectively, the equalities q; = qiyn + 1, qi4n = q +1 and q = qi4n for all
le{l,...;n}.

Remark 8.4. In view of Remark under hypothesis (H2) the assertion of Propo-
sition is true for N = 3 and D3 = V. If hypothesis (H3) is valid, then this
proposition is correct in a sufficiently small neighborhood of any stationary point
v € W.

On account of Remark
5q(S(2,2)) = (2,2)%, S7'ef

q

(Sz) = (z,2)%], Sfle:’q(Sz) (2,2)%,,,
n
ST Ha (0)(S(z,2) = {zkh:k’ez (v)ef + 2k, - (eg
k=1
which means that the matrices of each of the linear form S™1H;;(v)(S(z,2))! are
diagonal and the change of variables

n

y=5(22) =Y (zsk+ask), [lz] <[S]do =: 1,

k=1
reduces system (8.6)) to the form (2.4)), where
k()= Rl () hyrp)i=hiy o0 (), 95p(0) = ¢ (V),

and (p7p) = (plu ey PnyP1y - 7pn)
9. SUMMARY

In this article we have examined a system of oscillators with weak and slow
coupling which demonstrates a dynamic bifurcation of multi-frequency oscillations.
Having adopted results of the static bifurcation theory, we have shown that when
the system’s parameters slowly evolve and the static parameters are sufficiently
small, then certain general conditions guarantee occurrence of the following tran-
sient process for typical forward trajectories within a small neighborhood of the
slow surface. While the slow component wu(t) is far from the stationary points of
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the Morse function V' and lies inside the stability zone of the fast subsystem, the
fast component (w(t),w(t)) exhibits damping oscillations with the amplitude ap-
proaching zero. However, as soon as u(t) leaves the stability zone and later enters
the zone of instability of the fast subsystem, the amplitude starts to grow and
eventually the forward trajectory is attracted by an invariant torus, which means
establishment of some multi-frequency oscillatory regime.

It was shown that almost all forward trajectories, in terms of the Lebesgue
measure, starting from the neighborhood of the slow surface demonstrate such
a behavior. More than that, they are attracted by trajectories on the stable n-
dimensional invariant tori, whereas all other forward trajectories of the system lie
on the stable manifolds of hyperbolic tori of dimensions less than n. This enables
us to easily categorize the trajectories by the type of their ultimate behavior.

At last, we have also considered a practical example which depicts occurrence of
the multi-frequency bifurcation in a circuit of two coupled oscillators.
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