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LOW MACH AND PECLET NUMBER LIMIT FOR A MODEL
OF STELLAR TACHOCLINE AND UPPER RADIATIVE ZONES

DONATELLA DONATELLI, BERNARD DUCOMET,
MAREK KOBERA, SARKA NECASOVA

ABSTRACT. We study a hydrodynamical model describing the motion of inter-
nal stellar layers based on compressible Navier-Stokes-Fourier-Poisson system.
We suppose that the medium is electrically charged, we include energy ex-
changes through radiative transfer and we assume that the system is rotating.
We analyze the singular limit of this system when the Mach number, the
Alfvén number, the Péclet number and the Froude number approache zero
in a certain way and prove convergence to a 3D incompressible MHD system
with a stationary linear transport equation for transport of radiation intensity.
Finally, we show that the energy equation reduces to a steady equation for the
temperature corrector.

1. INTRODUCTION

Our motivation in this work is the rigorous analysis of the equations describing
parts of stars called radiative zones which are one of the most basic structures con-
stituting stars among cores, convection zones, photospheres and atmospheres. Our
model can be also applied to tachoclines which are transition layers between con-
vection and radiative zones of stars. In this context it is conjectured that magnetic
field of stars arises when poloidal orientation of magnetic fields changes to toroidal
and that a dynamo effect is present in tachoclines [37]. Tachoclines are not ho-
mogeneous and stable structures and they move steadily. In their upper parts the
Péclet numbers are high (of the order 600), but in the vicinity of the radiative part
they drop below 1. Their distinctive feature concerns rotation, naively speaking the
convective zone behaves in this respect as a fluid and rotates differentially, whereas
the radiative zone more like a solid and rotates as a rigid body. The origin of these
rotational changes has preocuppied astrophysicists and astronomers, particularly
in connection with helioseismological observations [3].

Gravitational forces in these regions are high, however the fluid is no longer
strongly stratified as show non-dimensional numbers associated to the solar tacho-
cline. Namely the Froude number Fr measuring the strength of gravitational inter-
actions (see Section |3| below for precise definitions) is Fr = 3.11 x 1073U, where
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U is the referential speed of flow in SI units. The Mach number Ma measuring
the compressibility is Ma = 1.49 x 107U, i.e. the fluid is almost incompressible
for sufficiently slow motions and one has Fr? ~ Ma (Mach number is due to high
temperatures when radiation dominates). Finally Péclet number Pe need not to
be sufficiently small in the solar tachocline (we assume Ma? = Pe), but thermal
diffusivity in giant stars can be seven orders of magnitude larger than that of the
Sun (see [I7), page 22]).

Notice in conclusion that our low stratification model can be applied to other
compact stellar objects, as the fraction of Fr and Ma depends on the ratio of
temperature, density and is inversely proportional to the square of characteristic
length. Therefore white dwarfs are too cold to be described by low stratification
models, but neutron stars, especially newly born are not. Validity of classical MHD
may be restricted to their (outer) crusts though; in their superfluid cores a quantum
description is inevitable.

Let us complete this physical introduction by drawing the reader’s attention
to the fact that models in stellar physics are computationally time consuming.
Rieutord [33] has estimated for example that modelling a single supergranule on
the Sun would require having more than power of the Sun at our disposal! That is
why Ligniéres [26] has initiated studies of models at small Péclet number as through
the Boussinesq-Oberbeck approximation density variations with temperature enter
through the buoyancy force only and moreover temperature can be expressed by
the velocity field.

In our previous work [5] we analyzed a thick disk model for the Mach number of
order ¢, ¢ — 0 whereas the Peclet number was of order 1. Instead as in [31], in the
present one we consider a model where the Peclet number is of order €2 and the
domain is general.

The mathematical model we consider is the compressible heat conducting MHD
system [7] describing the motion of a viscous plasma confined in €2, a 3D domain,
moreover as we suppose a global rotation of the system, some new terms appear
due to the change of frame and we also suppose that the fluid exchanges energy
with radiation through radiative cooling/heating (see [7], [I0]), but neglect radiative
accelerations.

More precisely, the non-dimensional system of equations giving the evolution of
the mass density o = o(t, ), the velocity field @ = (¢, x), the (divergence-free)
magnetic field B= g(ac, t), and the radiative intensity I = I(z,t,d,v) as functions
of the time ¢ € (0,T), the spatial coordinate = = (21, 72,73) €  C R3, and (for I)
the angular and frequency variables (&, ) € 82 x R4, reads as follows

Oro+ div,(0@) =0 in (0,7T) x Q, (1.1)
O (o) + div, (0 ® @) + Vup + 20X X U
:divzg+gw+%wm\gxf\2+}xE in (0,T) x Q, (1-2)
9;(0e) + divy(ped) + div, ¢
=S:V,i—pdivgi+j-E—Sg in(0,T)xQ, (1.3)
%8,5]4—@ Vo.I=S in (0,T) x Q x (0,00) x S?, (1.4)

8, B + curly (B x @) + curly (A curl, B) =0 in (0,7) x Q, (1.5)
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—AV =47G(fjo+g) in (0,T) x Q. (1.6)

In the electromagnetic source terms, electric current ; and electric field E are
interrelated by Ohm’s law
j=o(E+1ix B),
and Ampeére’s law
C; = curl, é,

where ¢ > 0 is the (constant) magnetic permeability and o is the coefficient of
electric conductivity. This is a simplified version of Ohm’s law for plasmas as both
the Hall effect and the ambipolar diffusion from density gradients and the electron
inertia are neglected. Moreover in A = A(9) > 0 is the magnetic diffusivity of
the fluid.

In U is the gravitational potential and the corresponding source term in
is the Newton force pVW. G is the Newton constant and ¢ is a given function,
modelling an external gravitational effect. Supposing that g is extended by 0 outside
Q and solving , we have

Y(t,x) = G / K(x — y) (et v) + 9(v)) dy,

where K(x) = \71|’ and the parameter 77 may take the values 0 or 1: for 7 =1
selfgravitation is present and for 77 = 0 gravitation only acts as an external field.

We also assume that the system is globally rotating at uniform velocity x around
the vertical direction €3 and we note ¥ = x€3. Then Coriolis acceleration term
20X X i appears in the system, together with the centrifugal force term oV ,|Y x Z|?
(see [4]).

We consider here the simplified model studied in [II] where radiation does not
appear in the momentum equation (see also [38]): only the source term Sg is
present, in the energy equation

SE(t,x):/ / S(t,z,d,v)dd dv.
s2.Jo

The symbol p = p(p, ) denotes the thermodynamic pressure and e = e(p, ¥) is the
specific internal energy, interrelated through Maxwell’s relation

Oe 1 0
5, = 2 (p@") —955). (1.7)

Furthermore, S is the Newtonian viscous stress tensor determined by
2
S = (Vi + Vi - = div, @1) + 1 div, @, (1.8)

where the shear viscosity coefficient y = p(9) > 0 and the bulk viscosity coefficient
n = n(¥) > 0 are effective functions of the temperature. Similarly, ¢ is the heat
flux given by Fourier’s law

q= —rVgV, (1.9)
with the heat conductivity coefficient x = x(¢) > 0. Finally,
S =84+ Ss, (1.10)

where
Sa,e:Ua(B(Vaﬁ)fl)v SS:O—S(Ifj)' (111)
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In this formula I := L [, I(-, &) d& and B(v,9) = 2hv3c2(e#s —1) 7! is the radia-
tive equilibrium function where h and k are the Planck and Boltzmann constants,
04 = 04(v,¥) > 0 is the absorption coefficient and o5 = o5(v,9) > 0 is the scat-
tering coefficient. More restrictions on these structural properties of constitutive
quantities will be imposed in Section [2| below.

System (L.1))-(L.6) is supplemented with the “no-slip, thermal insulation, perfect
conductor, no reflection, no radiative entropy flux” boundary conditions:

o =0, ¢-7aq =0, B filoq = 0, E x filoq = 6, (1.12)
I(t,z,v,d) =0 onT_, % -f(x)=0 foracodQ, (1.13)
where 77 denotes the outer normal vector to 9Q, I'_ := {(z,J) € 90xS? : &-ii, < 0}

and the radiative entropy flux ¢ will be defined in the next Section. Similarly we
define I'y := 90 x S\ T_.

Let us mention that previous works have been achieved in the previous framework
but, to our knowledge, not in the case of rotating fluid with radiation (with the
exception of [B]). Among them: Kukucka [23] studied the case when Mach and
Alfvén number go to zero in the case of a bounded domain and Novotny and
collaborators [31] investigated the problem in the case of strong stratification. Let
us also mention the works of Trivisa et al. [25] and Wang et al.[I9], and related
articles of Jiang et al. [21], 22] 20].

Our work differs from theirs in that we take a larger Froude number and add
radiation and non-inertial effects.

This paper is organized as follows. In Section [2] we list the principal hypotheses
imposed on constitutive relations, introduce the concept of weak solution to problem
7, and state the existence result for our model. In Section We compute
the formal asymptotics of the problem. Uniform bounds imposed on weak solutions
by the data are derived in Section[d] The convergence theorem is proved in Section
Existence of a solution for the target system is briefly given in the Appendix.

2. HYPOTHESES AND STABILITY RESULT

As in [8] we consider a pressure law in the form

—952p(_ 2 @ g
where P : [0,00) — [0,00) is a given function with the following properties:
P e C*(0,0)), P(0)=0, P'(Z)>0 forall Z>0, (2.2)
SpP(Z)-P(2)Z
0< 2 ()Z (Z) <c forall Z >0, (2.3)

" p2)
Jm

According to Maxwell’s equation (1.7]), the specific internal energy e is

= poo > 0. (2.4)

and the associated specific entropy reads
0 ) 4a 93

s(ed) = M(Gp) T35
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with
32P(Z)-P(2)Z
M(Z)=-=3 < 0.
( ) 2 Z2
To ensure positivity of the total entropy production rate, as in [5], in this paper we
explicitly introduce the entropy for the photon gas in the sequel.
The transport coefficients p, 1, £ and X are continuously differentiable and Lip-

schitz functions of the absolute temperature with the properties,
cil(1+9) <), @) <c, 0<n)<cs(l+9), (2.7)
a(1+9") <k(¥) <ea(1+9)
C5(1 + 19) < )\(19) < 64(1 + 19;0)

foranyﬁZO,fora1§p<%andr:&
Moreover we assume that o, o,, B are continuous functions of v, ¢ such that
0< UG(V7 19) <ca 0< US(Vv 19)7 |6190a(ya 19)|7 |8190'S(V7 19)‘ < ¢, (210)
0<o,(v,)Bw,¥), |0s{ca(v,9)B(r,)} < ca, (2.11)
oa(1,0),05(1,0), 04(v,9)B(r,9) < h(v), he L' 0,00). (2.12)
for all v > 0, ¥ > 0, where ¢y 2,345 are positive constants.
Let us recall some definitions introduced in [§].
e In the weak formulation of the Navier-Stokes-Fourier system the equation of

continuity (1.1]) is replaced by its (weak) renormalized version [6] represented by
the family of integral identities

/OT/Q [(g + b(@))attp + (Q + b(Q))ﬁ~ Vo + (b(g) - b’(g)g) div, @ (p} dz dt

= [ (o0 + ben) (0. o
Q
(2.13)
satisfied for any ¢ € C°([0,T) x ), and any b € C*([0,00)), ¥’ € C°(]0,0)),
where (2.13]) implicitly includes the initial condition o(0,-) = go.
e Similarly, the momentum equation (1.2) is replaced by

T
/ / ((ga) G+ (08 ® @) : Vo + pdive G+ 20 X @ - 45) d dt
0 Q

oV |T X T gﬁ) dedt  (2.14)

T
L 1
:/ /(S:VZQE’—QVE\I%@’—]'XB-QBff
0o Ja 2

- / (0)o - 30, dz
Q

for any @ € C([0,T) x ;R3). As usual, for to make sense, the field @
must belong to a certain Sobolev space with respect to the spatial variable and we
require that

@ € L*(0,T; W, 2 (4 R%)), (2.15)

where (2.15)) already includes the no-slip boundary condition (1.12]).
e The magnetic equation (1.5]) is replaced by

T
/ / (B-@t@—(gxﬁ+Acurlx B)-curl, go) dxdt+/ By-9(0,-)dz =0, (2.16)
0o Ja Q
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to be satisfied for any vector field ¢ € D([0,T) x Q;R3).
Here, according to the boundary conditions, one has to take

—

By € L*(Q), divy,Bo=0 inD'(Q), By-itloq =0. (2.17)

Following [39, Theorem 1.4], By belongs to the closure of all solenoidal functions
from D(Q) with respect to the L?-norm.
Anticipating (see (2.29)) below) we see that

B e L*®(0,T; L*(Q;R?), curl, B € L*(0,T; L*({:; R?))
and we deduce from that
div, B(t) = 0in D'(Q), B(t) - filoq = 0 for a.a. t € (0,T).
In particular, using [I4, Theorem 6.1], we conclude that

B e L0, T; WY (Q;R?), divy, B(t) =0, B-iilspo =0 fora.a. te (0,T).

(2.18)
e From (1.2)) and (|1.3) we find the energy conservation law
1 1,5 1 S
ou(501 + o + o= | B?) + div,, (50l + oe + p)i+ E x B~ 87+ q)
2 2 2 (2.19)

1
= oV, Wi+ S0V, |¥ < 3 i — Sp.

As the gravitational potential ¥ is determined by equation (|1.6|) considered on
the whole space R3, the density o being extended to be zero outside Q we observe

that
/ U-ud :—71/ d
V -udr T

1 d1
3 /Q oV|X x &) - ddx = ag/ggbz x Z|* da.
Denoting now by E the radiative energy given by
1 o0
ER(t,z) = f/ / I(t,z,d,v)dd dv, (2.20)
€ Js2Jo

and integrating the radiative transfer equation (|1.4)), we obtain

at/ERder// / I(t,z,&,v)& - fdrdd dS, :/sde.
Q NxS2?, 3-7>0J0 Q

so, by using boundary conditions, we can integrate (2.19)), as follows,
d
dt Jq

1
:/(QVI\I/~'EZ+ igvmex #)? i — Sg) dx
Q

in the same stroke

1 1 = 1 . | R -
(5ol + e+ 5= 1BI2) + | ((Gelil* + oe + p)ii + B x B —Si+q) - it dS
2 2¢ 20 2

d 1, 1,5, 1 1 o n
S (z ZB? - Sow - = E)d
G0 | (G0l + oe+ SoIBP = oW = Soltx a1+ BY) d

+// / I(t,z,d,v) @ - idvdddS, =0
ry Jo
by (C12) and (T13).

(2.21)
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e Finally, dividing (1.3) by ¢ and using Maxwell’s relation (1.7), we obtain the
entropy equation

—

By (0s) + divy (osid) + divgc(%) =, (2.22)

where ) 2 T8 A g
:5<S:V1ﬁfq'19z +E|Curl$§|2)f%, (2.23)
where the first term ¢, = (S : Vi — ‘f'zmﬂ + %|curlx§\2) is the (positive)

electromagnetic matter entropy production.
To identify the second term in ([2.23)), let us recall from [I] the formula for the
entropy of a photon gas

2k [
st = —73/ / V2 [nlogn — (n+ 1)log(n + 1)|d&dv, (2.24)
C S2

where n = n(I) = ;:—VI?, is the occupation number. Defining the radiative entropy
flux

2 o0
qt = —c—]; / / v2[nlogn — (n + 1) log(n + 1)]& dddy, (2.25)
0 S2

and using the radiative transfer equation, we obtain the equation

5”4 div, ¢ :—f/ / =k (2.26)
S22V

With the identity log ?(])3) ——19 with B = B(19, u) denoting Planck’s function,

and using the definition of S, the right—hand side of ([2.26) rewrites

n(I) n(B) -
R = 7_7/ /SzV ES logn(B)+l]aa(B—I)dde

) n(I) - .
7,/ /521/ +1 logn(f)ﬂ]os(f—f)dwdy,

where we used the hypothesm that the transport coefficients o, s do not depend on
@. So we obtain finally

—

By (05 + %) + divy (osi + @) +divr(%) =c+c". (2.27)

and equation (2.22) is replaced in the weak formulation by the inequality
T .
/ / ((@s +57)p + 051 - Vuip + (% +q") - Vmap) da dt
< - /(Qs+s) »(0,-) dx

/ / S Vi L Zmﬁ+%|curlz B'\Q)cpdxdt (2.28)

_f// / /Sflog 121 1ogn(’§)l?1}aa(3—1)d5du

() n(I) = -
/ /32 o log D+1 1gm]as(l—1)dwdy}gpdzdt

for any ¢ € C°([0,T) x Q) © > 0, where the sign of all the terms in the right hand
side may be controlled.
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e Since replacing equation (|1.3) by inequality (2.28) would result in a formally
under-determined problem, system ([2.13)), (2.14]), (2.28)) must be supplemented with
the total energy balance

1 1, 5 1 1 .
[ el + ocle.0) + 5| B = So¥ = Sol¥ x 3 + EV)(r. ) da
Q ¢ 2

2
+/ // / I(t,z,d,v) & - fidv dd dS,, dt (2.29)
0 r, Jo
—/(LK 0of? + (00)o + 5 1 Bof? — 5 000 — ool x 7 + ) da
—929090 90240 2000290X 0 ,
where

1 oo
Efi(z) = - 1(0,z, &, v) dd dv.
‘ ¢JszJo

The transport equation can be extended to the whole physical space R3 pro-
vided we set o, (z,v,9) = Igo,.(v,¥) and os(z,v,9) = lgos(v, ), where I4 is the
characteristic function of a set A and take the initial distribution Iy(x,d,v) to be
zero for z € R®\ Q. Accordingly, for any fixed @ € S2, equation can be
viewed as a linear transport equation defined in (0, T') x R?, with a right-hand side
S. With the above mentioned convention, extending # to be zero outside €2, we

may therefore assume that both ¢ and I are defined on the whole physical space
R3.

Definition 2.1. We say that o, 4,4, B, I is a weak solution of problem (L.1)~(L.6)
if
0>0,9>0foraa. (t,z)xQ, I>0a.a.in (0,T)x Q xS? x (0,00),
o€ L=(0,T; L°3(Q)), e L>®(0,T; L)),
@ e L*0,T; Wy 2 (S5 R%), 9 e L2(0,T; WhH2()),
B e L*(0,T; W3 R%), B -ii|,, =0,
I€L™((0,T) x Qx8?x(0,00)), I€L>®0,T;L"(QxS*x (0,00)),

and if o, u, ¥, é, I satisfy the integral identities (2.13]), (2.14)), (2.28), (2.16), (2.29),
together with the transport equation (1.4)).

The stability result of [I0] reads as follows

Theorem 2.2. Let Q C R? be a bounded C*% with o > 0 domain. Assume that

the thermodynamic functions p, e, s satisfy hypotheses (2.1)—(2.6), and that the
transport coefficients p, A, K, 04, and o5 comply with (2.7)—(2.12)).

Let {gs,ﬁs,ﬁs,és,le}sw be a family of weak solutions to problem (1.1)—(1.13)
in the sense of Definition such that

0:(0,") = 0.0 — 00 in L¥3(Q), (2.30)
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1 . 1, = 1
/Q <§Qe|ue|2 + Qee(gaﬂa) + 27<|BE‘2 - 5@5\115

1
— 5e:lX % 3 + BF)(0,) da

B 1 B , , 1 , (2.31)
= 9(290 ‘(QU)O,E| +(Q€)0,E+EOE |BOE| QEOXXI‘
€
1
- 595,0‘1’5,0) dz < Ey,
/ lo5(02,92) + $™(1))(0, ) d = / (05 + s7)o. do = So,
Q Q

0<I1.(0,)=Ioe(-) <Io, |loe(-,v)| < h(v) for a certain h € L'(0,00).
Then
0c = 0 in Cyear([0, T]; L3(92)),
e — @ weakly in L*(0,T; W) (Q; R?)),
Ve — 9 weakly in L*(0,T; W2(Q)),
B. - B weakly in L*(0,T; W2 (Q; R?)), B. ﬁ|(,m =0,
I. — I weakly-(*) in L>=((0,T) x 2 x 8% x (0, 00)),

at least for suitable subsequences, where {o,, ¥, g, I} is a weak solution of problem

(C1) (T13).

3. FORMAL SCALING ANALYSIS

To identify the appropriate limit regime we perform a general scaling, denoting
by Lrefa Tref7 Uref7 Pref 19ref7 Drefy €ref, Href, )\refa Rref, the reference hydrodynamical
quantities (length, time, velocity, density, temperature, pressure, energy, viscosity,
conductivity), by Iref, Vref; Oa ref, Os ref, the reference radiative quantities (radiative
intensity, frequency, absorption and scattering coefficients), by xyer the reference
rotation velocity, and by (rer, Byer the reference electrodynamic quantities (perme-
ability and magnetic induction).

We also assume the compatibility conditions pref = pref€refs Vref = W}:e‘, Lot =

2hv3 £ /\ £ Uset
et = et and we denote by Sr = =i Mg = el Re :=
LyetUret Y TretUret’ \/Dret/prot
Lfﬂref“ef, Pe = Ustbetbet gy et ¢ = < the Strouhal, Mach,
Href ref Kref A /Gpr‘“fLref Uset
Reynolds, Péclet, Froude and “infrarelativistic” dimensionless numbers correspond-
1/2 ,1/2
ing to hydrodynamics, by Ro := X frzf — the Rossby number, by Al := Lff‘“f
re: re
. sr 2k* 9% .
the Alfvén number and by £ := Lyef0q ref, Ls := Zu Z: P = Wr:fefm, various

dimensionless numbers corresponding to radiation.

Using these scalings and using carets to symbolize renormalized variables we
obtain
Iref a

5= chf S,

where

S = Loa(B(0,9) — )+cco—5(41ﬁ/ f(.@)da—f).
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Omitting the carets in the following, we obtain first the scaled equation for I, in
the region (0,T) x Q x (0,00) x S,

1
ﬂatf—kw Vel =s=Lo,(B-1)+ LL; O'S( / Ich—I), (3.1)
47T S2
where we used the same notation B for the dimensionless Planck function
3
v
B(l/, 19) = m

Denoting also by Ef = /. S2 fo I dv dd, the (renormalized) radiative energy, by

AL / / I3dv di,
S2.J0

the renormalized radiative momentum, by s E = f S2 fooo sdv dd, the renormalized
radiative energy source, by §% = — [[* [, v2[nlogn — (n+1)log(n+ 1)] dddv, the
renormalized radiative entropy with n = n(I) = %, by

—/ / v2[nlogn — (n+ 1) log(n + 1)]& dddv,
0 Jsz

the renormalized radiative entropy flux, and taking the first moment of (3.1)) with
respect to &, we obtain first an equation for ET

S .
?r HE"+V, FI=sp. (3.2)

The continuity equation is now
St 0o + div, (o) = 0, (3.3)

and the momentum equation reads

., . L 1 2 L.
! 1 R :
F lexS+—gV\I/+2ROQQVI|X><x| + ) X B

The balance of internal energy rewrites

Srat(ge+ CER) + div, (geu+FR) Pe div, ¢

Ma? Ma?- -
_Za S:Vu—pdivy 4+ Sr—— a 7 F,
Re A
and we obtain the balance of matter (fluid) entropy
1 .
Sroy(s) + divy(osi) + Pe divm(%) =g, (3.5)
with )
1/ Ma 1 §- Vg9 Ma? SE
= — : U — — 1 B ) e
=5 (e S Vel By G Flewl. B 9
and the balance of radiative entropy
S
?T st + div, ¢ = ¢F, (3.6)

with
o [T Yrpe D (B o
_m/o [92;[1°gm log — = —]oa(I — B) didv



EJDE-2016/245 LOW MACH AND PECLET NUMBER LIMIT 11

() n(I) o, Sk
+PLL / / —1lo = os(I —1I)dody + —.
Ss2 V —|—1 gn([)—i—l} ( ) )
The scaled equation for the electromagnetic field is
Srd, B + curly (B x @) + curly (A curl, B) = 0. (3.7
The scaled equation for total energy gives finally the total energy balance
d Ma? 1 Ma*1 5, 1Ma?
sr— | ( o ~ ER -
rdt/ o il +oet G B4 o elBl — 5 .
1M o '
_’Raz o|X x Z|? dm+/ / 1& - mdl'ydv = 0.
o Jry

In the sequel we analyze the asymptotic regime defined by
Ma=¢, Al=e, Fr=¢"? C=¢"' Pe=2¢>

where € > 0 is small and we put Sr =1, Re=1, Ro=1,P=1,L=L,=11in
the previous system. Plugging this scaling into the previous system gives

1
satl—&-@'-VzI:UQ(B—I)—i—os(—/ 1ds— 1), (3.9)
47 S2
O0 + div, (o) = 0, (3.10)
1
O (o) + divz(g{[® ﬁ) + = Vup(o,9) + 20X x ©
e’ ) (3.11)
=div, S+ ,QV\I'—I— QV X x &> + —ij,
1
9 (pe + e B + div, ez]'—kFR—i-—divw_’
¢ (0 ) (o )+ 3 q (3.12)
=S : Vil —pdivei+j - E,
1 S
(05 + es®) + diva (05 + @) + ;Qdivz(%) >, (3.13)
with
VYA .
S = — (28 Vi 29 +E|curlmB|2)
n(I) n(B) -
1 —1 I — B)dwd
/ /Szu &) + 1 Ogn(3)+1]"“( ) dasdv
I I -
/ / [log ) e D) Jou(I — I) disdy,
S22V I)+1 n([)+1
0, B + curly (B x @) + curly (A curl, B) =0, (3.14)
and finally
d Lo oo R, Ligz 1 L oo =02
R ER 4 —|B]2— 2eo¥ — -
7 9(25 oli]* + oe + ¢ +QC| * = 5e0¥ — See Ixxwl)dw o1

(o ]
+/ /@-ﬁldmdu:o.
o Jrg

To compute the limit system, we consider now the formal expansions

(Iv 0, 17,19,]), E) = (f07 QJOaiOa?gOvﬁOaB/O) + 6(Ila Qlaﬁlvﬁlapl,él) + 0(62)' (316)
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e We first observe from that gy = const := o and Jy = const := 0,
moreover
Vap1 =0V, ¥(0). (3.17)
Let us fix the constants in the Neumann problem for perturbations of the temper-
ature

¥;dr =0 for any i > 1. (3.18)
Q
From (3.10)) we derive the incompressibility condition
div, o = 0, (3.19)
and
0r01 + divx(@ﬁl + Qldo) =0. (3.20)

e From (3.9) we obtain now two stationary linear transport equations for the
two moments Iy and Iy

G-Vl = 0a,0(Bo — Ivo) + Js,o(fo - fo)y (3.21)
(Ij . Vxll = Ua’o(aﬁBoﬁl — Il) + 319(7,1,0(30 — fo)ﬁl
+ D90 s.0(Io — Io)0 + 0s0(lh — 1),

where [ := ﬁ f$2 I1dd, 040 = 04(v, 191)), 05,0 = 05V, 19vo) and By = B(v, 19VO).
e The limit momentum equation reads

(3.22)

1 — — —
E(@t’(jo—Flex(Uuo ®’(Z()) +va+2§)ZX 12/0 = lex S(’Uj()) + Z curlx Bl X Bl +F, (323)

where g9 = p(dJg) is used in S(iip), F = 01V, ¥(g) and IT is an effective pressure for
which it holds V,II = 20V, |X x &? + 0V,11(01) + Pe,0(2,7)01V101. Here we set
91 = 0 which is consistent with the O(¢~1)—order of the internal energy equation
(3-12)) and the additional zero mean of ¥ — g requirement.
e The limit magnetic field By solves
OBy + curl, (By x iig) + curly(X curl, By) =0, (3.24)
for X = A(J).
e At the lowest order (O(g°)) the energy equation (3.12)) gives
KAV = spg (3.25)
where —sgo = fooo s aa,o(Iuo — By) d& dv and & = k(0).
o At the order (O(¢)) we simplify the energy equation (3.12)). Observing that
from (3.17) we have

d,p(2,9)Do1 + vlig - V. ¥(2) = 0, (3.26)
where D := 9; + g - V4, and from (3.20))
?dlvz dl = _DQh

SEl = —/ / a'a,Oll Cl(ﬁdl/,
0 S2

and simplifying by (1.7) we end up with

00
001 + diVI(gl’ao) = —a(ﬁAﬁg + / / O’a’()Il d@d dll)
0 S2

and after (3.22)
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where @ := %3gp(§, ).
Putting [j = ﬁOa @ = 1937 g = Ela ? = éOa E = 1507 ﬁ = /~L(1§0)7 Oq = 0qa,0,

Os = 05,0, B = Bo, ]D)(U) = %(V’ao +VT75L0)7 and
fooo sz O'a,o(jo — Bo) dd dv
K
we observe that the solution of the equation (3.21)) is up to the boundary condition
(1.12)2 Iy = By which in turn entails that the equation for ¥5 turns in Q into the

Laplace homogeneous equation (G = 0) and therefore Y5 = 0 and we obtain the
limit system in (0,77 x

G:

div, U =0, (3.27)

. L L1 Lo
0(0:U +div, (U @ U)) + V,II = div,(2z D(U)) + Zcurl$ BxB+F, (3.28)

9B + curl, (B x U) + curl, (X curl, B) =0, (3.29)
div, B =0, (3.30)
fAG*—U Vrff/ aa/ I d3 dv + h(t), (3.31)
oK S2
& Velh Z—O'all-i-US(Il—Il), (332)
together with the Boussinesq relation (3.17)

U (3
v, = e¥@ (3.33)

9op(2.9)

where 7 := g1 — o and h is an undetermined function which allows satisfaction of

B30

We finally consider the boundary conditions

Ulpo =0, VO -iilogg =0, B-iilogo =0, curl, B xiisq =0 (3.34)
for — and
L(z,v,d)=0 forxed, &-7<0 (3.35)
for 7 and the initial conditions
Uli=o = Uy, Bli=o = Bo. (3.36)

Moreover, we endow system (3.27)—(3.33)) with the additional conditions
div, By = 0, / Odz = 0. (3.37)
Q

For this system we have the following existence result (see the Appendix for a short
proof)

Theorem 3.1. Let Q C R? be a bounded Lipschitz domain. For any th

initial-boundary value problem (3.27)-(3.37)) has at least a weak solution (
such that

(1)
U € L>(0, T; H(Q)) N LA(0, T;U(Q)), B e L®(0,T;V(2)) N L0, T; W(Q)),

T >0t
U,0,B,1

1)
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with H(Q) = {U € L2(:R3),div,U = 0 in €, U|8Q =0}, UQ) =
H(Q) N Wy (XR?), V(Q) = {b € L2UR?), divyb = 0,b-7,, = 0}
and W(Q) = V(Q) N W, *(Q; R?),

O € L=((0, T; W2(Q)) N L2((0, T; W%%(Q))  for any q < ;
I € L((0,T) x Q x S x R,),
with
G-Vl € LP((0,T) x 2 x 8 x Ry),
for any p > 1 and any & € S2.

The remaining part of the paper is devoted to the proof of the convergence of

the primitive system ([1.1] - ) to the target system (3.27] -

4. GLOBAL EXISTENCE FOR THE PRIMITIVE SYSTEM AND UNIFORM ESTIMATES
For system f we prepare the initial data as follows
0(0,-) = g0, = 7+ <05,
(0,°) = o,
9(0,) = o = 0 + >0, (4.1)
10, ) = Toe = T+ eI,
B(0,-) = By =B,

S

where g > 0, ¥ > 0, I > 0 are spacetime constants and [, 982 de=0= [, 19(():2 dx
for any ¢ > 0.

As in [I5], for any locally compact Hausdorff metric space X we denote by M(X)
the set of signed Borel measures on X and by M™(X) the cone of non-negative
elements of M(X).

From Theorem we obtain immediately (by combining the approximating
schemes introduced in [8] and [7]) the existence of a weak solution (o, @, V., I., B.)

to the radiative MHD system (|1.1)—(1.13).

Theorem 4.1. Let Q C R3 be a bounded C*% with o > 0 domain. Assume that
the thermodynamic functions p, e, s satisfy hypotheses 7, and that the
transport coefficients , N, Kk, 04, 05 and the equilibrium function B comply with
. - Let the initial data (90,5,11’056,190’57IO’E,B?O’g) be given by , where
( 813, ﬂggg,lélg,B(l)) are uniformly bounded measurable functions.

Then for any € > 0 small enough (to maintain positwvity of 0o and Vo),
there exists a weak solution (ge, Ue, Ve, Ic, BZ) to the radiative Navier-Stokes system
(LI (LI for (t,z,&,v) € (0,T) x 2 x S* x Ry, supplemented with the boundary
conditions (1.12)~(1.13) and the initial conditions (4.1)).
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More precisely we have

T
/ /Q 0:b(02) (01 + U - Vo) da dt
0

. (4.2)
— [ [ sedivsuc odvar - / 00,:b(20,)6(0. ) d,
0o Ja
for any B such that § € (L* N C)(]0,0)), b(o) )+
Ce([0,T) x Q),
g P
/ / et O+ 02l @ 1. 1 Vo + B dive §— 200 x . - @) da dt
/ | (85 Vep—20vave p- 3G x B - (43)

—55 20V |X x Z)* )dmdt /QQEUOE Z(0,-) d,

for any_fﬁ € C=([0,T) x O R?) with p. = p(o,Ye), Se = S(ite,V.), and jg =
%curlm B.,

2 1 1
/(E— 0c|tiz|? + ocec +eER + |B |> — 6Q5\I!5 - §QE€2|)Z x &%) da dt
/ / / I.(t,x,d,v)dly dv dt
Ty (4.4)
—/( +eBR 4+ LByl - tegoLw
= o\ 2 05 2 0,e 5 00,e ¥0,e

1 S
- §€2Q0’5|X X x\2> dx
for a.a. t € (0,T) with e = e(0e,9:), Ve = ¥(0e), Yo, = ¥(00,e) and
Ef(t,x) = [ [s: I(t, 2,8, v) did dv

/ / (BZ - P — (BZ X Ue + Ae curly BZ) - curly, cﬁ) dx dt
Q

(4.5)
+/ EO,E : 35(07 ) dx = 0,
Q
for any vector field g € D([0,T) x R3 R3), with . = A\(J.).
T
/ / (0es: + 635)8,5@ + (08t + cff) . ngo) dx dt
o {—j zSO dx dt + <§;n + CéR; S0>[M;C]([O,T)><§) (46)

- / ((08)o.s +e58)0(0, )) d,

where
(js . Vzﬁs A

1 . —
2 (€80 s Vil — T 7 lowrls B.J),
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and

) n(Be) .
“log B 1, (B 1.
2 / /52 v )41 BB+ p)7ac ) didy

€ ]% T
/ / (L) —log TE( ) |ose(Ie — I.) didv,
S22V +]. n(_[s)+1
for any ¢ € C([0,T) x Q) with ™ € M*T([0,T) x Q) and ¢ € M*([0,T) x Q),
and with 04, = o4(v, Y ), Ose = 05(1, 0 ) B, = B(v,9¢), ¢ = £(0)V40e, sc =
s(0e,9:), sF = sB(I.), ¢ = *(1.) and L. := 3 [ I.(t, 2,0, v) d@,

/// /S (€0t + & - Vo) I did dv do dt
/ // /S ac(Be — L) + 0. (I. — 1)]¢ d3 dv dz dt (47)
// [825Ios¢0wwy)dwdudm+/ / /Ooofsu_f-ﬁxwdnrdudt,

for any ¢ € C([0,T) x 2 x 82 x R,).

4.1. Uniform estimates. We recall from [I5] the necessary definitions in the for-
malism of essential and residual sets (see [I1]).

Given three numbers g € R, ¥ € Ry and E € R, we define O the set of
hydrodynamical essential values

— 3 _
O = {(0,9) eR? : §<g<2@§<19<219}, (4.8)
and OZ the set of radiative essential values

OR

ess

E _
={E"eR: 5 <E" <2E}, (4.9)
with Oess 1= O x OF

ess €ess?

Ogs = ( ) \09537 Ogs = R+\Oessa Ores = (R+)3\OGSS' (410)

and their residual counterparts

Let {o., U, Ve, BE, I.}eso be a family of solutions of the scaled radiative Navier-
Stokes system given in Theorem [4.1} We call M, C (0,T) x Q the set
M = { t,z) € (0,T) x Q: (ge(t,m),ﬂs(t,:E),Ef(t,x)) € Oess},

and M:, = (0,T) x Q\M:,, the corresponding residual set.
To any measurable function h we associate its decomposition into essential and
residual parts

h = [h]ess + [h}resa
where [h]ess = h - Tape, and [Alres = b - Tage,
Denoting by Hy the Helmholtz function for matter
Hy(0,9) = oe — Vos,

and for radiation
H5(I) = B — s,
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and using (4.6) we rewrite (4.4)) as

1 1 L
/ (— oc |t |? + Hy(o-,0- )—s—sHRg(I) |B |2 — €Q5‘1/5 — 55205|X X x|2) dx
/ / / t:cwu)dfdz/dt—f—i?(cs —l—gs)[[O,T]xm
Ty
1
:/ (5 «QOE|UOE| +«QO€606+5E05 |B0€| 6906\1106
Q

1 L
— 570X Ilz) dx

Observing that the total mass is a constant of motion M = fQ 0 dx = || and
using Hardy-Littlewood-Sobolev inequality, we obtain

€ Ge
5 [ eevede < LMo

By (2.1)) and (2.5) we have also g.e(0c,9:) > ad? + 3”‘” gi/?’ so we have the lower
bound

1
/Q (Hyloeto) = geovldo > ¢ | Hylon00)do.

for € small and a ¢(¢) < 1 and we deduce finally the dissipation energy-entropy
inequality

e _ = _ 1,5
(5 el + Hylee ) = (0. = D0, 5(0.7) ~ Hyl2. ) + gl P
e L e R
_ 5Q5|X x T +eH g(lg))da:

T o]
+// /Ia(t,x,ci,u)cD-ﬁwdfdudt+5(§g”+gf)[[0,T]xm (4.11)
o Jo Jr,

e | (5

_ 1 5
— Hy(o,9) + 2?|Bo,s\2 + EHRE(IO,E)) dzx.

5(@0,8; 190,8) - (QO,E - E)OQHE(@ 5)

Now, according to [II, Lemma 4.1] (see [15]) we have the following properties for
material and radiative Helmholtz functions.

Lemma 4.2. Let 9 > 0 and 9 > 0 two given constants and let
Hy(0,9) = oe —Vos, H5(I) = E® —Ts™.

Let Oess and Oyes be the sets of essential and residual values introduced in (4.8)—
(4.10). There exist positive constants C; = C;(p, ) for j = 1,...,4 and positive
constants Cj = C;(E, ) for j =5,...,8 such that

Cile=al* + 9 = 9*) < Hy(o,9) — (0 — 0)9,Hy(2, V) — Hy(o, )

g - (4.12)
< Co(lo—al* + [0 =),
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for all (p,9) € OE_;
Hy(0,9) — (0 — 2)9,Hy(2,7) — Hy(z,V)
>

inf {Hy(8,9) — (8- 0)0,Hy(o ﬁ)—Hg(@,E)} — O,

9,196(9

(4.13)

for all (0,9) € O ;
Hy(0,9) — (0 — 0)9,Hy(e,9) — Hy(o, V) > Ca(oe(o,9) + ols(o,9)]),  (4.14)
for all (0,9) € OH_;

res’

Cs|ER — E)? < HR5(I) < Cg|ER - E?, (4.15)
for all E € OF;
HES(I) z _inf HE5(I) = Cy, (4.16)
1€0f,
for all E € OF;
H5(I) > Cs(B™(I) + |s™ (1)) (4.17)
for all E € OF_.

Using (4.11)) and Lemma we obtain the following energy estimates
Lemma 4.3. Suppose that the initial data satisfy
l[[00,e — ]eSS||L2 < Ce?, [P0, _E]eSSH%(Q) < Ce?, ”E(I)%,e _E”%%Q) < Ce,

||BO7€||2L2(Q;]R3) < Ce?, [v00.ctio el 22 (ors) < C.
Then the following estimates hold

€ss SUPyse (0, 1) |IME(t)] < Ce?, (4.18)
ess sup;e o,7) lllos — ]ess(t)||L2(Q) < Ce?, (4.19)
€SS SUPc(0,T) I[P — ]eSS(t)HL?(Q) < 0527 (4.20)
€SS SUDPy¢ (0,T) H[Ef - E]eSS(t)”%%Q) < Cg, (4.21)
€SS SUP¢e(0,T) ||[Q€6(967 )}reS( )||L1(Q) < 052a (4~22)
€SS SUD¢e(0,1) ”[ ( 6)}reS( )”L1 @ < 052 (4'23)
€SS SUP¢c(0,T) ||[ER( )]reS( )”L1 (Q) < Ck, (4'24)
ess supye o,y [I[87 (1e)]res (8) [ 21 Q) < Ce, (4.25)
L+, T xQY <C (4.26)
B.(t
€ss SUPy¢ (o,7) I e )||L2(Q;R3) <C, (4.27)
esS SuPye 0,1y [[V0eUe ()| L2 (0r2) < C, (4.28)
5
esssupico) [ (e + D10 do < 22 (429
Q
Ul 2 0,mw12 (r3yy < C, (4.30)
(-}
|| 22 HLZ(O,T;WI’Q(Q)) < C7 (431)
log(¥.) — log(¥
”MHL%O,T;WL%Q)) <C, (4.32)

3
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—

B
”?EHLQ(O,T;WLQ(Q;H@)) <C. (4.33)

Proof. Estimate (4.18)) follows from (4.13)). Bounds (#.19)), (4.20) and (.21 follow
from (4.12) and (4.15). Estimates (4.22)) and (4.23]) follow from (4.14]). Bounds

(4.24]) and (4.25) follow from (4.17)). Estimates (4.26), (4.27) and (4.28) follow
‘% i
4.11))

from the dissipation energy-entropy inequality (4.11)). Bound (4.29)) follows from

an (cf. a lower bound for ge before (4.11
From ( we see that
2
||V$12’E + VTﬁE — g div, U€H||L2(O,T;L2(Q;R3><3)) <C. (434)

From (2.7), (4.28) and we obtain (£.30). Details can be found in [10} [15].

From (| 26 we obtam
D 10g19
|Va ( )||L2 (0,T;L2(4R3)) +||V (—— )||L2 o,7;02(:r3)) < C,
which, using Pomcare inequality, gives and . Finally by (2.9 ,
and ( - one gets

curl, B.
|| f ||L2 (0,T;L2(Q;R3)) < C”
and (4.33) follows by using [14] Theorem 6.1]. 0

Our goal in the next Section will be to prove that the incompressible system
(3-27)-(3.36) is the limit of the primitive system (4.2))-(4.7) in the following sense

Theorem 4.4. Let Q C R? be a bounded domain of class C*V. Assume that the
thermodynamic functions p, e, s satisfy hypotheses (2.1)—([2.6) with P € C*(]0, c0))N
C?(0,00), and that the tmnsport coeﬁcients W, 7, K, \, 04, 05 and the equilibrium

function B comply with
Let (ga,ua,ﬁg,Ba,I ) be a weak solutzon of the scaled system —(1.11 for
(t,z,d,v) € [0, T]xAxS? xR, supplemented with the boundary condztzons
(1.13) and initial conditions (goys,u075,190,5,B0,5,IO75)
0-(0,) =B +eahl, @(0,) =i, V-(0,-) =T +E%0G,
L(0,) =T +eli?, B.(0,) =B,

where 9 >0, ¥ >0, I >0 are constants in (0,T) x Q and

/ 983 dr =0, / 198:,2 dz =0, / Ié}s) dx =0, / éélg der =0 foralle > 0.
Q Q Q o
Assume that
o6l — o) weakly-(*) in L*(9),
o — Uy weakly-(*) in L=(QR?),
19&2 — 19(()3) weakly-(*) in L>(Q),
Ié}g) — 10(1) weakly-(*) in L°(Q x S? x Ry),
5818) — éél) weakly-(*) in L (Q;R?),
Then
ess supye (o,7) [l e (t) — @”Lg(m < C, (4.35)
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and up to subsequences

G. — U  weakly in L*(0,T; W“2(Q; R?)), (4.36)

Ve — 0 s 4
8673 = 9®) — O weakly in L5(0,T; W3 (Q)) (4.37)
I. - T= By weakly in L*(0,T; L*(Q x S x Ry)), (4.38)

E — —

f =BW = B weakly in L*(0,T; WH2(Q; R?)), (4.39)

L-T T2 2 2
= IV — I weakly in L=(0,T; L*(Q x 8 x R})), (4.40)

where (ﬁ,@,é, 1) solves the system (3.27))-(3.32)).

5. PROOF OF THEOREM [4.4]
Let us first quote the following result of [I1] (see [LIT]).

Proposition 5.1. Let {0c}e>0, {Uc te>0, {Ic }e>0 be three sequences of non-negative
measurable functions such that

[0W]ess — 0 weakly-(*) in L>=(0,T; L*(Q)),
[0V ]ess — 0 weakly-(*) in L=(0,T; L*(%2)),
[Ia(l)]ess i I(l) weakly-(*) in L™ (OvTa L2(Q))a a.e. in 82 x R+’

where

0 — 0 9. — 0 I. -1
le): EE 5 19‘&1): EE s Is(l):%

Suppose that
€88 SUP;¢ (0,7) [Mies ()] < Ce?. (5.1)

Let G,GT € CY(Oegs) be given functions. Then

[G(Qsaﬁs)]css — G(@a 19) N aG(E, 19) g(l) + aG(@v 19) 19(1)7
€ do o
weakly-(*) in L>=(0,T; L*()), and if we denote

[GR(I)]ess := [GRI(-, -, &, 1))]ess = GE(I2) A, for a.a. (G,v) € S? x R4,

we have

(G (I)]ess = G™(I)  OG(I) o,
€ ol
weakly-(*) in L>=(0,T; L*(R)), a.e. in S? x R,.
Moreover if G,GE € C?(Oess) then

H [G(Qaa 198)]6;3 B G(@, 19) _ 8Gé@g7 19) [Q(l)]ess_ 8Gé% 79) [19

1
( )]ESSHLOO(O,T;LI(Q)) < Ce,

and

(G (L)]ess — GR(I)  9G(I) )
It o

for a.a. (G,v) € S x Ry.

HLw(o,T;Ll(Q)) < Ce,
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Clearly, this result provides us with the convergence properties (4.35)—(4.36)),
4.39)—(4.40). The convergence of radiative intensity follows from (4.24)),
4.21)), and the linearity of , cf. the section Radiative transfer equation.
The equilibrium Planck function By does not satisfy the boundary condition 1
however since it is isotropic; therefore has to be modified at the boundary 0f2. The
last convergence is postponed to Section

To conclude the proof of Theorem [£4] let us prove that the limit quantities
((j, 0, B, 1) solve the target system -.

As number of terms in the equations of our model are similar to those of the
radiative Navier-Stokes-Fourier analyzed in [I1] we focus on the new contributions
only.

5.1. Continuity and momentum equations. For the continuity equation, one
expects that in the low Mach number limit, it reduces to the incompressibility

constraint. In fact, from Lemma |4.3[ we know that fOT || @e (t)‘|124/1,2(Q.R3) dt < C so
passing to the limit after possible extraction of a subsequence, we deduce that

i. — U, weakly in L(0,T; W"2(Q; R?)). (5.2)

In the same stroke g. — @, weakly in L>°(0, T; L>/3(€;R?)). So we can pass to

the limit in the weak (Bntinuity equation (4.2]) which gives fOT Jo - Vepdrdt =0
for all ¢ € D((0,T) x §2), which rewrites

div,U =0, ae in (0,7)xQ, Ul,,=0,

provided 012 is regular.
For the momentum equation one knows that due to possible strong time oscil-

lations of the gradient component of velocity, one has only g.t. ® U, — glj ®U
weakly in L2(0,T; L3 (Q; R3)). However one can show by the analysis in [I5] that
one can pass to the limit in the convective term and obtain

T T
/ /gﬁ®ﬁ;vz$dxdt—>/ /@ﬁ@ﬁzvmadxdt.
0 Q 0 Q

According to the hypotheses on the pressure law, the temperature 9. is bounded in

L*°((0,7); L*(Q)) N L2(0,T; L5(£2)), which together with the strong convergence of

Y. by imply that S. — pu(9)(V,U + VIU) weakly in L% (0, T; L% (Q; R3)).
So taking a divergence free test vector field gi_; in , we have

T
/ / (Qsﬁe 04 + 0ctlie @ U+ V) — 20X X Ue - (5) dx dt
0 Q

T — 0 — 7] 7] —

:/ /(SE;VZQE'_ Qe sz\pe.¢_l%x%.¢ (5.3)
0 Ja €
1

€ ¢ €

- 55295vz|5<' x Z|% - 03) dx dt — / 0010, - $(0,-) dz.
Q
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Moreover, using (2.16)) together with estimates (4.27), (4.33) and Aubin-Lions

lemma we obtain

—

B .
?E — B weakly in L?(0,T; W?(Q;R?)) and strongly in L*(0, T; L4(Q,R?)),
lewl,B. B. 1 = = :
Z% x = zowl, Bx B wealdy in L/4((0,T) x Q; RY),

(5.4)
for any 1 < g < 6.
Then passing to the limit and using (4.36)-(4.40), we obtain

T
/ / (0U - 816 +0U @ U : Vuép — 20¥ x U - ¢) da dt
0o Ja
T B = . . L1 oL
- / / (u(ﬁ)(va +VI0) : Vad — 01V 0() - 6 — ¢ ourls B x B ¢) dz dt
0o Ja
- [ el Gda.
Q
provided that @y . — Us weakly-* in L% (2;R?).
Moreover as in [I5], the formal relation between o and 7 is recovered by mul-

tiplying the momentum equation by €. One gets, using Proposition 5.1 and passing
to the limit € — 0,

T
/ / (Vapt) — 2V, 9(2)) - pdadt =0, (5.5)
o Ja
which is the weak formulation of
agp(@ 5>vm0(1) + 819;0(@ 5)vaﬂg(l) - EVZL’\II(E) =0. (56)
We rewrite this as _
agp(@, ﬂ)vrgl - @vT\I](@) =0, (57)

once we establish that 9(1) =¥, = 0¥y = 0 in the section That means we have
got an explicit formula for oy

0¥(2)
9op(0,9)

where h is an undetermined function.

+R(t), (5.8)

1=

5.2. Radiative transfer equation. Using the L* bound shown in ([I0]) for I,
based on the initial data bound (4.1)), it is clear that I. — Iy weakly in L?((0,T) x

Q x 8% x R,), and we have also by (#.31)) ¥. — ¥ weakly in L2(0,T; W12(Q)).
By using the cut-off hypotheses (2.10)), (2.12)) and the same notation for any
time-independent test function ¢ € C°(Q x S? x R, ), we can pass to the limit in

(4.7) and obtain

// /(.3~Vx1/)10d&d1/dx
QJo S2

- /sz/o /52 06 (v, 9)(B(v,9) — Ip) + 0(v,9)(Io — o)y dd dv da

:/ / Io@ - ity ¥ dl du,
ry Jo
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which is the weak formulation of the stationary problem
@ - Vlg =95, (5.9)

with the boundary condition
Iy=0 onI_| (5.10)

where Sy = 0, (v, 9)(B(v,9) — Iy) + o5(v,9)(Iy — Iy). The solution of (-9)-(G-10)
is the function equal to B(v,9) = By in Q and 0 on T'_. This solution is unique at
least for a particular type of domains thanks to the linearity of .

Subtracting from and dividing by ¢ gives

/ // /S (€0 + G- V)
L L

/// IOE*IO (0, 2,3, v) dd dv dx
L

for any 1 € C°([0,T) x Q x 8% x R,), with S. — Sy := S(I.) — S(Iy). From
Proposition we obtain

Se — So
£

dw dvdx dt

— 81 :=09(0,B) (v, )9V — 9y0,(v, )9V Iy — 04 (v, )],
+ 0905 (v, )9V o 4 0, (v, 9) 1) — Dgos(v,9)IV Iy — og(v,9) ]
= —0,(v, 1 + os(v,9)(I; — I)

weakly-* in L>(0,T; L*(Q x S? x Ry)) with I := (1),

Passing to the limit we find the limit equation based on the assumption Ié}s) —
10(1) weakly-* in L*>°(2 x §? x Ry)

// /vamz{}hdﬁdyd:EnL// /Sﬂ/)d(ﬁdudm
QJo S2 QJo S2
:/ / I &gy dl dy,

r, Jo

using the same notation for any time-independent test function ¢ € C°(Q x 8% x
R ) which is the weak formulation of the stationary problem

BVl =5, (5.12)

(5.11)

with the boundary condition
I1=0 onl_. (5.13)

5.3. Entropy balance. First of all we analyze the weak limit of , then we
subtract it (with weak limits denoted by bars) from and divide by ¢ as in the
last section. We follow the ideas of [16] and [24].

The most obvious convergence in is in the entropy production rate measures.
By virtue of ) it holds

<<gn + §5 ’SD>[/\/[ C]([O T)XQ) — 0 as € — O+, (514)
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1

We split the heat flux term into residual and essential parts as follows:

E res 19
/ /€219 Ve drdt = / / V -Vepdxdt

5.16
E eSS 19 ( )
-Vepdxdt.
E ess
The first term on the right hand 51de Vanlshes The argument is as follows:
Firstly, from (4.26] , and (2.8]) we obtain an exact estimate
/ / dz dt < c. (5.17)

From (4.31)) we know that Hﬁf HLz(O)T;WLz(Q)) < ¢, thus
9. — 9 in L?(0,T; WhH2(Q)) (5.18)
strongly. On the residual set we now apply the Sobolev embedding and inter-

polate (5.18) with the information in (4.29). (Similarly we obtain 199) — 0 in
L2(0,T;W12(Q)) as well.) This leads to the convergence

[Delves — [Tres =0 in L5 (0,T; L5 (), (5.19)

meaning that the first integral in (5.16)) converges. With the intention that its
limit is zero we apply (2.8)) and split the integral into two parts. The second part,
namely,

3 _3 _3 Ve
// Eb—ﬁz+02)MVz?-vx¢dxdt (5.20)

converges to zero as € — 0 with the rate 2 by the Poincaré inequality

3 3
102 =0 || L20.7:L2(0)) < Ve VabellL2(0.1:L2(0)) < Ce® (5.21)
by (5.17), (4.18) and (4.29). The first part, namely,
T
s
/ /[1]rcsz9;1V$—§ Ve drdt (5.22)
o Ja €

converges to zero as ¢ — 0 with the rate ¢ by Cauchy-Schwarz inequality, (4.32)

and (4.18). The second term on the right-hand side of (5.16]) converges by virtue
of (5.17)) and (5.18]), at least for a subsequence, to

/ / NI V ¥y - Ve dx dt. (5.23)

For the convergence of the initial entropies in (4.6) we use Proposition and we
obtain

B / {([(93)076]()55 — @S(@, 5) L [S(}EE]CSSE_ SR(I))CP(O, )} dx
(5.24)
R / (952, 0)0()6(0, ) da.

In particular

[(QS)O,E]QSS - ES(Ea 19) £ — 0+7 (525)
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[S(Ijz,e]ess —s(I) e—0F, (5.26)

weakly-(*) in L*°(0,T; L*(Q)).
Residual parts of the initial conditions disappear thanks to the L™ weak star
convergence of the initial data in Theorem [4.4] for ¢ sufficiently small.
For the convergence in advective part of the entropy balance we use
and the fact that
0- >0 e— 0" (5.27)
in L>(0,T; L/3(2)). This allows to make the limit of entropy to a constant for a
subsequence
5(0e,0:) — s(8,9) € — 0" a. e in (0,7) x Q. (5.28)

The convergence of entropy of a photon gas follows from Proposition as

c [58ess — sf
6 JR—
sB - sR (5.30)

weakly-(*) in L*°(0,T; L*(2)) as € — 0+ according to and again. The
convergence of the next term containing o.s. . is again split into two terms, first
one on the residual, second one on the essential set. For the second one we use
again Proposition the first one

/ /9636 Qsa € rcsus'vmgﬁd.’ﬂdt (531)

converges to 0 just in L'((0,7) x Q) as £ — 0+ because of the estimates (£.18),
(T.23), (4.29).

While the convergence of the equilibrial radiative entropy flux can be readily
improved, e. g. to the space L1t ((0,T) x ) because of the Gibbs’ relation between
specific entropy and energy, cf. and , the integral with the material en-
tropy flux part does not seem to have a right regularity to be meaningful. However,
we can use usual cut-off functions Tk (z) := min(K, z), choose K large enough,
e.g. K= £~% and split the integral to two parts

T
/ /Q |[Q€SE(Q5706)]res||ﬁa||v$@|d.’Edt
0

— 0, (5.29)

T
— [ [ llowselon 0ol (1 Vpl d
0 Q

T
+ /O A |[9585(Q€7 195)]res|“7ja| - Tgfé (|U5|)]|ng0\ d.’IJ dt

The first part converges to 0 by , the second one is of order O(e) by Sobolev
embedding, estimate and Markov-Chebyshev inequality. The limiting part of
this estimate is the first part, where the need to improve the regularity the material
part of the entropy flux faces the problem that we have not got generally a better
estimate than .

Previous works [31], 24} [T6] rely on the closedness of the equation of state to the
ideal gas law so that g.s. is estimated essentially by o.|log oc|, ¥2 and o.|log¥.],
the last one being the most restrictive, leading to the convergence in in
L2(O,T;L%(Q)). Without such an assumption we would estimate the entropy
by o%i. which is not tractable in view of . Nevertheless, in our case of low
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stratification we do not need to identify the limit of the entropy flux on the essential
set since it vanishes after an integration by parts.

From and -7
T T .

/ / [0c5c(0c, Ve)]essle + Voo dr dt — / / 0s(0,9)U - Vypdrdt =0. (5.32)
0 Q 0 Q

The last term contains the non-equlibirial radiative entropy flux ¢%. Let us recall

= (1) / / v*{n.logn. — (n. + 1)log(n. + 1)}3 da dv,
82

with n. = n(l.) = L. We claim

T T g
J. = / / Jf - Vepdrdt — / / q -Vgepdxdt=:Jy (5.33)
0 Q 0 Q

because of the convergence on the essential set MZ_, that follows from (5.40) and on
the residual set M¢  we use . Collecting now all the aforementioned conver-

gences in this section we readily get the weak formulation of (3.25). With (3.18 - we
see that 95 = 0 and search for V,0 = V93 == w — l1mL4/3((0 T)xQ),e—0+ Va 5319
Let us recall that r = 3 that is needed for the proof of existence and try to relax it

for the current proof of convergence ¢ — 0+ and realize that we can extract from

(4.26) the bound
T 2
/ / ﬁ;—Qw dzdt < c (5.34)
o Jo

with a constant ¢ independent of . Therefore for r > 2, |%§75)\ is bounded in
LA3((0,T) x Q) and © exists.
We subtract equation (4.6]) from its limit and divide by e,

PSR giogw
/ / {Qe at(p + us : vas‘P) + %E@W + % : va:(P} dx dt

e

B
77/9{(90,580768 5+5 0.2 0 )(p(o,)}dl’

3

1 m
-Vepdxdt + g<§€ + Cf; ®) [M;C([0,T]x Q)

(5.35)
We claim that all the terms in ([5.35) are uniformly bounded, especially
V Ve — 0 J
o) g ve =0 50) g 4, (5.36)

™
w
<l

weakly in L6715 ((0,T) x Q;R®) which gives for r = 3 the summability with the
exponent of 34 To show this we restrict ourselves to the residual set ./\/lres7 since
on the essentlal set Mg, the boundedness is easy For the set A; := {(t,z) :

V20 (t,z)| < 1} we use the estimates (4.18), ([£.29) with Holder’s 1nequahty and



EJDE-2016/245 LOW MACH AND PECLET NUMBER LIMIT 27

Ko ;:/ /|[ 7=, §|dxdt
MfesmAE
<g™3 97 dx dt
=€ / /M;s = (5.37)

ST@iS” [ﬂa]res||zz(19) esssup ||H/\/l§Lh (t) HLO ()

€ [3,5],

<Ce~ 3552 — 0T <e

with ¢ independent of . In the opposite case (the complement of this set in M
we estimate as follows

K _/ /| Jotv, §|da:dt
5 \A

res

:/ /‘WQQIV o, %o i [Velelt P g ar
M \Ac E (538)

€LA/3(Ms, \AL)

res

//| #e:2ﬁ4r_77|v€ﬁ|i\dxdt<c

provided [V ];r‘e:% is uniformly bounded in L*((0,T) x Q); that is, [0.]72 is uni-
formly bounded in the space L'((0,7) x ). However we know that [J]es is
bounded in L>(0,T; L*(2)) N L"(0,T; L3> (2)) as in [15]. By interpolation we ob-
tain [¥e]yes is uniformly bounded in L5 ((0,T) x €2) and that is why K, converges;
moreover when we reiterate the same argument with a s-power of its integrand, we
obtain the bound s < 67’116 for Holder’s inequality.

Similarly to [15], using Proposition and energy estimates, we see that

I‘CS)

Se — S

0e — 0(9,5(,0)0") + 9ys(2,9)9')) = 00109,5(2,9)

€

weakly-* in L*°(0,T; L?(Q;R?)), and remind (5.15), (5.29), (4.25), (4.18) and
(5.24]).
Moreover the advective part weakly converges according to Proposition again

Se — S

0- . — 9(8,5(2,0) 0" + ys(g, )9 NU = 20,5(3,0) 01U,

weakly in L2(0,T;L3/2(Q;R?)). This allows to pass to the limit in all terms of
(5.35)) except the nonequilibrial radiative entropy flux term

T
/ b —9 g, pdedt. (5.39)
0 Jo £
SR __ SR
Let us compute the limit of %. Applying once more Proposition with
GR(I) = n(I)logn(I) — (n(I) + 1) log(n(I) + 1) and integrating on S? x Ry, we

find
—R _ _'R
4 — 9 / / Liog M Lo ) gz a,
S2 14
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weakly-* in L>°(0,T; L?(€;R3)) on the essential set M, and as log[™ (I()J)rl] =L,
we have g
& - 1 FR(IW),
€ )

with the radiative momentum FF(I(D)) = I sz @ 1M ddv. So

- T [ div, FR(IO

/ /(QE 1) Vo dxdta/ /er()godzdt (5.40)
o Ja 3 o Ja o

by the Proposition (4.25) and (4.18)) on M:.. As we have from (5.12]),

(o)
div, FR — / / 10902 (1, D) (B(v, ) —I)0 V) 400 (v, 8) (39 B(w, 9) 0D —1,)] d v,
the limit contribution in ([5.35)) becomes

/// /_Uayﬂjltxwwgodwdl/dxdt
82

Gathering all these terms, we find the limit equation for entropy

T — T
@895(@,5)/ /gl(athJrTj'quﬁ) d:cdt+i/ /Vz@ovmcpdxdt
0o Jo Y Jo Ja

1 T oo o
—:/ // oo, ) | L(t,x,d,v)edddvdedt
?Jo Jalo 52

= —@893(@5)/ Qél)w(0,~)dx.
Q

Using (5.7) we easily verify that we finally obtained the thermal equation (3.31))
once we take the Maxwell relation dyp = 9,5 into account.

5.4. Maxwell equation. From (5.2)) and (5.4]) we obtain

i — BxU weakly in L(0,T; LY(Q,R?)) for q € [1, g),

m‘mbdi

—

B. - o (
A(9:) curl, == — Xeurl, B weakly in Lot (0,T, Lwr (Q,R3)).

Then it is easy to pass to the limit in , realizing that
This completes the proof of Theorem @

6p_|r17>1f01r1<p<

6. APPENDIX: PROOF OF THEOREM [B.1]

Consider now the linearly coupled problem for the remaining equations

div, U =0, (6.1)
- - s 1 B2 1, -
U + (U -V,)U + VI -aAU + va(T) - Z(B V.)B=F, (6.2)
até+(ﬁ-vx)§+(1§.v YU —XAB =0, (6.3)
div, B = 0, (6.4)
—AO = 6—7/ o*a/ Ldddv+h (6.5)
52

J)'~Vx11+0afl—as(]1—fl):0, (66)
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where 3 € (L>(€2))?, together with the boundary conditions
Ulpa =0, VO -ii|loga =0, B-filog =0, curl, B xii|pq=0 (6.7)
for (6.1)—(6.5) and

L(z,v,d)=0 forxed, d-1<0 (6.8)
for , and the initial conditions

ﬁlt:() == (707 élt:o == é(). (69)

We first consider the solution (U, B, I) of the “radiative-MHD problem”
div, U =0, (6.10)

L . L1 L.

U+ (U -V,)U+ VI —uAU = ZcurlmB x B+ F, (6.11)
OB+ (U-V,)B+B-V,U—-XAB=0, (6.12)
div, B =0, (6.13)
G-Vl + 0,0 —os(l, — 1) =0, (6.14)

with
ﬁ|aQ = 0, é . ﬁ|aQ = 0, curlw é X ﬁ|aQ = O7
Uly—o = Uy, Bly—o = By, Li(x,v,3)=0 forzedQ, & -i<0.

The MHD part has a weak solution U € L2(0,T;U(Q)), B € L2(0,T; W(R)) thanks
to an extension of the Leray-Hopf Theorem (see [30]). Moreover the stationary
radiative equation also has a weak solution I € L?((0,T) x Q x §% x R})
according to [2, Theorem 1 and Proposition 2].

Then we consider the solution © of the stationary diffusion equation

T T .
—A@:U-ﬂ—%/ Uu/s Iy diddv+h (6.15)
0 2

with
VO i, , =0
subject to fQ ©dz = 0 for all times. This problem admits a weak solution © €
L>((0,T; W22(Q)) N L2((0, T; W42(Q)) for all ¢ < 5/2, thanks to classical elliptic
regularity theory and due to regularity of the right-hand side due to [I8].
Since the “radiative-MHD problem” does not depend on the temperature per-
turbation © the proof is complete.
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