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SELF-SIMILAR SOLUTIONS FOR A SUPERDIFFUSIVE HEAT
EQUATION WITH GRADIENT NONLINEARITY

MARCELO FERNANDES DE ALMEIDA, ARLUCIO VIANA

ABSTRACT. This article studies the existence, stability, self-similarity and sym-
metries of solutions for a superdiffusive heat equation with superlinear and
gradient nonlinear terms with initial data in new homogeneous Besov-Morrey
type spaces. Unlike in previous works on such time-fractional partial differ-
ential equations of order o € (1,2), we take non null initial velocities into
consideration, where new difficulties arise from. We overcome them by de-
veloping an appropriate decomposition of the two-parametric Mittag-Leffler
function to obtain Mikhlin-type estimates and obtain our existence theorem.

1. INTRODUCTION
Let A, = Zf;l % be the Laplace operator, u : RN — R, and 9 be the
Caputo’s fractional derivative of order 1 < a < 2 (see subsection [2.2)). In this
article, we study the equation

0fu = Agu+ k1 |Vaul|? 4 rolulftu, k1 #0, ko € R, (1.1)
subject to the initial data

where ¢ > 1 and p > 1. Note that the rescaled function u, (¢, ) := 7% u(’ygt,'yac)
solves (1.1) with initial data

oy () = 77T (), () = 47T TR Y(ya), (1.3)

provided that ¢ = % and u(t, z) solves (L1.1)-(1.2). Hence, we obtain a scaling
map of solutions,

u(t,x) — uy(t,x), forally>0, (1.4)
and solutions invariant by (1.4) will be called self-similar solutions, that is,
u(t,x) = uy(t, ). (1.5)

In the study of self-similar solutions, the natural candidates to be initial data are
the homogeneous functions,

2

p(yz) =7 7T (@), Y(yz) =TT a().
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In this work we are interested in existence of self-similar solutions to ([1.1J)-(1.2).
For this purpose, we study (L.1))-(1.2) through its integral formulation

u(t’x) = Ga,l(t>‘p($) + Ga,2(ﬂ¢<x) —i—./\/a(u)(t,x), (1'6)

where

GasOF(©) =¥/ Boy(-4x )] (©), j=12.f S ®Y),  (L7)
t s

Ny (u) = / Gaa(t— s)/ Ta(s — ) (Kolul’™'u+ k1| Vul?) drds, (1.8)
0 0

ro(t) =t*72/T(a —1). (1.9)

Hereafter a solution u will be understood as a distribution u(t,-) satisfying (L.6)),
for each ¢ > 0.

The presence of the gradient requires suitable estimates in certain Sobolev-
Morrey spaces /\/l,lw and this motivated us to study the problem in the space
X of all bounded continuous functions u : (0,00) — M., endowed with the norm

ullx, = supt2 7 |Ju(t)]| aar, + supt®u(t)|ad,,., (1.10)
>0 ' >0
where 3, r and p will be chosen later (see ) Assuming v # 0 brings new difficul-
ties because we need to obtain suitable estimates for two-parametric Mittag-Leffler
function FE, 2(47%t*|£]?). More precisely, we develop an appropriate decomposi-
tion for Mittag-Leffler function to obtain a suitable estimate (see and ((4.14))
which enables us to introduce the space

T ={(p,¥) €S x&;(p,¥) € D(a, B) x D(v, B)}, (1.11)

where

D(a,8) :={p €8 :Gur(t)p € Xp}, ﬁ(a,ﬁ) ={Y eS:Gu2t)Y € Xg},
for all ¢ > 0. Hence, applying Lemma we obtain (see Remark (B)) that

Mo X M;f/a C D(a, B) x D(ev, B). Tt is remarkable that the investigation of self-
similarity and symmetries for — allows us to deal with following prototype
functions

pla) = arlal 7T, d(@) = eala] PR,
which belong to D(a, 3) x D(a, ) but can be arbitrarily large in the space L2(RY) x
Ha(RYN). See Remark (A)

Our symmetry result, roughly speaking, says that if the initial data ¢ and v are
invariant on the orthogonal group acting on R so the solution is. In particular,
we show the existence of radial self-similar solutions (see Remark [3.6}(A)).

We point out that our results hold for « = 1 and ¢ = 0 and, in this case, the
upper bound (y2 — 1) + % - N—;“ in Lemma |5.1{ can be removed. On the other
hand, for 1 < a < 2 the Mikhlin theorem yields more restrictive constraints to
Lemma than the usual estimates for the heat semigroup in such a way that
Theorem [B.1] cannot come near to a = 2.

Now, let us to review some works. Fujita [5] remarked that the linear counterpart
of equation has similarities with wave and heat equations and presents certain
qualitative properties which qualifies it as a reasonable interpolation between these
equations. When ko = 0, @« = 1 and ¢ = 0, — turns into the viscous

Hamilton-Jacobi equation. Using scaling technique, Ben-Artzi et al [3] found the
N(g—1)

number r. = G

and showed that it is a critical exponent for existence of
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solutions in L". In particular, the problem is well-posed when r > r. and 1 < ¢ < 2.
In Remark (C) we provide an existence result for this problem in Morrey spaces
M,, n_~, which are strictly larger than the Lebesgue spaces, namely,

L"(RY) ¢ M, .(RY) ¢ D(1, ), (1.12)

provided that % = % and p < r. Our existence result is then compatible with
[3, Theorem 2.1], in view of 1 < p < r. < r. In particular, the initial data taken in
Theorem [3.1] is larger than those considered in [3].

Recently several authors have addressed the study of global existence, self-
similarity, asymptotic self-similarity and radial symmetry of solutions for the semi-
linear heat equation with gradient nonlinear terms. See e.g. [4} [7, 7, 18, 19]. In
[T7] it is assumed that ¢ belongs to homogeneous Besov space B 51 and

Il =St 2l pln@m <o =~ - T

By employing the Gagliardo-Nirenberg inequality, the authors studied the existence
and asymptotic behavior of global mild solutions. On the other hand, our functional
approach enables us to control the gradient estimates without making use of the
Gagliardo-Nirenberg inequality and allows us to deal with a larger class of functions
space for initial data.

Let us now review some works concerning to - with ¢» = 0 and k1 = 0.
n [§] the authors established LP? — L9 estimates for {G 1(t)}i>0 and showed a
blowup alternative and local well-posedness in L4(RY)-framework for any ¢ €
Li(RYN), where q > w. Using Mikhlin-Hormander’s type theorem on Morrey
spaces, de Almeida and Ferreira [I] studied self-similarity, symmetry, antisymmetry
and positivity of global solutions with small data ¢ € M, ,, p = N — %. In
[2], the authors established existence, self-similarity, symmetries and asymptotic
behavior of solutions in Besov-Morrey spaces N.9 and provided a maximal class

Psf4,00
of existence in the sense that there is no known results in X 2 N7, . Indded, we
notice that

Mpr C NS oo and B CNT, . (1.13)
where =2 = 0+M* k+— O’—%*ﬁ, 7—fp—and1<p<r

P
All spaces in (1.12)) and are 1nvar1ant by scaling.
We still observe that problem can be studied with a Fourier multiplier

o(D) in place of Am, where [o(¢ )\ < C\f|k due to estimates and ({.14)
into Propositions [4.2 and [£.3] Example of such an operator is the Rlesz potential
(=A)F2f = F~ 1|§|k.5’:f7 where F denote the Fourier transform in S’.

This manuscript is organized as follows. Some basic properties of the Sobolev-
Morrey spaces and Mittag-Leffler functions are reviewed in Section[2] We state and
make some remarks on our results in Section [3] and their proofs are performed in
Section [0} Sections [4] and [5] are reserved to a careful study of the several estimates
which are crucial to yield our results.

2. PRELIMINARIES

In this section we review some well-known properties of the Morrey spaces and
Sobolev-Morrey spaces, more details can be found in [9, 10, 12} [13] [15]. Also, we
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obtain an integral equation which is formally equivalent to (L.1))-(1.2]) in the lines
of [I1].

2.1. Sobolev-Morrey spaces. Let Q,(zg) be the open ball in RY centered at
o and with radius 7 > 0. Given two parameters 1 < p < oo and 0 < p < N,
the Morrey space M, , = M, ,(RY) is defined to be the set of all functions f €
LP(Qr(z0)) such that
I£llmy, = sup 772 [ fllLr(@uan) < 00
roER™, r>0

which is a Banach space endowed with this norm. For s € Rand 1 < p < oo,
the homogeneous Sobolev-Morrey space Mj, = (—Az)_s/zj\/l,w is the Banach
space of all tempered distributions f € S’(RY)/P modulo polynomials P with N
variables. If s < % and p > 1, from [0, Theorem 1.1] or [13], it holds that

/
17ty ~ (1 w@F ) Ly,

VEZ

where ~ denotes norm equivalence and {t, },.cz is a homogeneous Littlewood-Paley
resolution of unity, that is,

wu(f) = d)V(E) - ¢u—1(£)’ (bu(g) = ¢0(§/2V)a

for ¢y € C5°(RY) such that ¢g = 1 on the ball Q(0) and supp ¢y C Q2(0). In
particular, using (2.1)) and that |£|* ~ 2% on the supp,(§) C {€ € RV : 2v~1 <
€| < 2v+1} we obtain

/
(S 2 rw @)

VEZL
1/2
~ F 1, F
Hg:z' O FIZ) lp, o
— (o)« (6P E) e,
vEZ

~ - B -

Given f € M; ,, the quantity (2.1)) define two equivalent norms on Sobolev-Morrey

space, namely,

1 ladg, = 1 )ty
1/2
1hwg, = (X 2 F 0@ F £12)

VEZ

(2.2)

It follows from Littlewood-Paley decomposition of the Lebesgue space LP(R”Y) and
homogeneous Sobolev space H3(RY) that M, o = LP(RY) and M3, = HS(RYN),
respectively. Also, Morrey and Sobolev-Morrey spaces present the following scaling
_N—p s— ©
1f My, =777 fllm,,. and  If O )llmg, =777
where the exponents s and s — % are called scaling indexr and regularity inder,
respectively.

Lemma 2.1. Suppose that s € R, 1 < py,pa,p3s<ocoand 0 < pu; < N,i=1,2,3.
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(i) (Inclusion) If % = % and p1 < p2,

MP27/42 C Mph/n' (2'3)
(ii) (Sobolev-type embedding) Let p1 < pa,

(N w N—,A,)

M3, C My ™ 7

DP1,p

(2.4)
(iii) (Héder inequality) Let X o = L Logndle =L B [ffie M, . with

: pz | p1 ps P2 | m
Jj=1,2, then fifo € Mp, 4y and
[ f1follps,ms < N F1llpya [l F2llps e (2.5)

Finally, notice that the following homogeneous functions, of degree —d and s —d,
belong to Morrey and Sobolev-Morrey spaces, respectively:

po(z) = Yi(z)|z| """ F € M, and ps(z) = YVi(a)|z|"~4F € M

P

(2.6)

where Yy, (z) € LP(S™V~1) is a harmonic homogeneous polynomial of degree k, p =
N —dp, 0 <d—s < N and 1 < p < N/d. Indeed, using [20, Theorem 4.1] we
obtain ps(&) = Vk.s Y5 (€)|€]7*7%= provided 0 < d—s < N, where 74 4 is a positive
constant. It follows from that

“+oo
losllagg, = 1( D0 12 F b (€ ms Va1 f“) lpe,

V=—00
—+oo

(X F I YOl )

= llpollm, >
which is finite. In fact, polar coordinates in R and homogeneity of Y (x) €
LP(SN=1) yield

.
lpoll70 0,y = /SN_l |Yk(x/)|p/0 Nt do(2') = Vil en oy 7
where p =N —dp, 1 <p < N/d.

2.2. Duhamel formula. We consider the partial fractional differential equation

ofu(t,z) = Agu(t,z) — f(t,x), xRN t>0,
9 (2.7)
x)‘t:O = (,D(CE)7 au(tax)’t:o = 1/J(1’)>

for a € (1,2) and 9§ stands for partial fractional derivative given by

1 Loomf(s,x)
et _ s ) _
of f(t,x) = Tlm — o) /0 = 5)a+17md87 m—1<a<m, meN.
Formally, applying the Fourier transform in (2.7]), we obtain the fractional ordinary

differential equation

OFat, €) + 4n”€[*a(t, €) = f(1,€),

o~

u(t,E)li—o = 2(€),  Beu(t,€)|,_o = ¥(&)
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which, by [I1, Example 4.10], is equivalent to

Uty €) = Ea1(—4mt°[€[2)B(E) + tEBaa(— 4t [€]2)0(€)
t s . (2.8)
Eoq (=472 (t — 8)Y|€]? ols — ,€)drds,
[ Bas (=720 = 9 i?) [ rals = (e s

where E, g(z) denotes the two-parametric Mittag-Leffler function

Sk

Eup5(z) = kz:% Tk 7 and Ey(z) := Ey1(2), for all o, 8 > 0. (2.9)

Hence, in original variables, we have
u(t,z) = Ga1(t)e(x) + Gap(t)¥(x) + Na(u)(t, z),

where Ga/d»(\t) f(&) is defined by and N, is defined by ([1.§).

Note that G 2(t) is the wave group (%)v7 Ga1(t) = (cos(47r2t|§|))v and

G11(t) = (e=47°tE*)V ig the heat semi roup.
, g

3. FUNCTIONAL SETTING AND THEOREMS

Before starting our theorems, let 8 > 0 and 0 < u < N be such that

a/N—u N-—pu 2p
= — — :N— ~1
B 2( ) . ) and PRy (3.1)

-1
which make || - [|x, invariant by scaling map (1.4).

3.1. Existence of solutions. Given a Banach space Y, we will denote By (¢) a
closed ball of radius e centered at the origin of the space Y. Our existence and
stability result is stated as follows.

Theorem 3.1. Let N >2, 1<a <2, g=-2L and0<pu=N — -2 forp>1.

p+17 p—1’
Suppose that%—¥<2,r>p>l+a,
P 1 1 « 2 p p—1,1 «
- < ===, —<g< -, 1--)< -——). 3.2
r a2 2 -« q « ( r) «Q (q 2) (3.2)

(i) (Global solution) There exist € > 0 such that if ||o||p(a,p) + ||7,/1||5(a g <&

then problem (1.1)-(1.2) has a unique global-in-time mild solution u € Bx,(2¢)
satisfying

lu(t, )la,.,, < CEF and  |[Vault,-)llu,,, < CEP72 (3-3)

T

(i) (Stability in Xg) The solution u in Theorem (z) is stable with respect
to the initial data ¢ and 1, that is, the data-map solution (p,v) — wu is locally
Lipschitz continuous from D(a, 8) x D(«, B) into Xga:

lu = iillx, < Cll = @llp@s) + 1Y = Pl 5as)s (34)

where u and @ are solutions of (1.1)) with initial values (p, ) and (4,5,1/;), respec-
tively.
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Remark 3.2. Let us compare our theorem with some previous results.
(A) If » = 0, we may take ¢ € M, , in Theorem (i) with smallness on

el My
(B) Theorem 3.1} (i) holds for o = 1 and ¢ = 0. Hence, the space D(1, 3) strictly

includes the space N (p) taken in [I7]. Indeed, let r < r; and ps = 0 in Lemma
(i) to get
lJr[-IHetA

Iellpa.e = supt?(le® ¢, +supt? ¢l
t>0 t>0 !

1
< supt?||le" || +supt2 e ol g = el
t>0 t>0 "1

On the one hand (see [I4] (2.56)]), homogeneous Besov-Morrey spaces can be de-
fined by

N ={feS |fly—2_ = = supt” e flim,., <oo}, s>0.

T, 00

Hence, the space D(1,0) is a kind of Besov-Morrey spaces. On the other hand,
when o # 1 the norms [|¢[|p(a,p) = [Ga,1(t)@llx, and [[¥] 5, 5 = 1Ga2(D)¥]x,
satisfy

[elpes) < Cllelag, and (6l 55 < Cliélygz/e

in view of Lemma So M, ,, C D(e, 3) and M_Q/a C D(oz B).
(C) (Viscous Hamilton-Jacobi) Let ko = 0, ¥ = 0 in . w=

and @[/ p(a,s) small enough. Using the proof of Theorem the problem
(1.2) has a unique solution u € C((O, 00); M, ) N C((0, oo);/\/l%yu) such that

supt a%—%)nu(mww <C
>0
o
supt #4256 | Vu(t) |, < €,
t>0
under the assumptions in Theorem with the change p = q In other words,

we obtain a version of Theorem 2.1 and Proposition 2.3 of |3 ] when 1 < o < 2. If

a =1, the assumption Y=£ — @ < 2 is not necessary because of the smoothing

effect of the heat semigroup in M, ,, (see e.g. [10]).
3.2. Self-similar solutions. As we commented before, a necessary condition for

initial data to produce self-similar solutions is homogeneity and simplest candidates
are the radial functions

o(z) = 51\x|7% and ¢(z) = 52|x|7%7%. (3.5)
Hence, we need D(a, 3) and l~)(a,ﬁ) to satisfy
Woslps = 16150 ad lealb@s = Ieloes,  (36)

and it comes from the scaling invariance of X3. Moreover, and Remark
(B) permit us to take the singular functions (3.5) as initial data, since ¢ € /\/lp uw C
D( ,0) and ¢ € Mp2/a C D(a, ) provided = N — 22 p > max{1 + 2,1+
band 1 <p<r.

aN72
Theorem 3.3 (Self-similarity). Under the assumptions of Theorem let  and
1 be homogeneous functions of degree —i and —% — %, respectively. Then the

solution u of Theorem[3.1}(i) is self- szmzlar
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Remark 3.4. Let us remark some consequences of this theorem.
(A) (Infinity energy data) In Theorem [3.3we can build singular initial data (1, ¢)

which can be arbitrarily large in L2(RN) x H?/*(RN), provided that 24 % <&

and 1 < p < w. Indeed, let ¢ € S'(RY) and v € S’'(RY)/P be given by (3.5).

Using @(&) = 70,01 \§|ﬁ7N, we see that o and ¢ are arbitrarily large in H2/® and
L? in view of

__4 _ 4
(O P / o]~ PR de
RN

w2
. _4 _a N_
:e% lim 1 arNTldodr
wz—00 [ SN—1
4 4
. -1 atN
=C lim w, "' = +o00

wWa—00

and

o0 2 gy = [ IE110OPdE = et [ fel¥ieratn-2ag
RN RN

E(]R
(o]
=C lim/ / pA/ ot 52 = N=1 gy
w1—0 w, JSN-1
44 4 _ N

. > to=
=C lim wy "' =+o0.

w1 —0

Then, even the initial data ¢ and v are in the Morrey spaces M, , and M;,i/a,

respectively, they may be arbitrarily large in H2/*(RN) and L*(R").

(B) Inspired by [16], we use a Littlewood-Paley decomposition of the Sobolev-
Morrey spaces (see subsection to build general singular functions for Theorem
In fact, let Y%, (z), Y%, (2) be homogeneous harmonic polynomials of degree
ki and ko, respectively. Consider S(p,1)) the set of functions (p,) € S'(RM) x
S'(RN)/P such that
Y, (l‘)

‘x|p2j+§+k2 ’

Ykl (]J)
+k1

p(z) = e P(r) = €

By (2.6)), the set S(¢p, 1)) gives us a class of data for existence of self-similar solutions

for (TI)-(T2)-

3.3. Symmetries. This subsection concerns with symmetries of solutions obtained
in Theorems and It is straightforward to check that E, 1(472t%|¢|?) and
tEq 2(472t*|€|?) are invariant by the set O(V) of all rotations in RY. It follows that
Ga1(t) and Gq 2(t) are O(N)— invariant. Hence, it is natural to ask whether or
not the solutions of the above theorems present symmetry properties under certain
qualitative conditions on the initial data.

Let A be a subset of O(N). A function h is said symmetric under action A
when h(z) = h(T(x)) for all T € A. If h(z) = —h(T(x)), the function h is said
antisymmetric under the action of A.

Theorem 3.5. Let the hypotheses of Theorem be satisfied. The solution u(-,t)
is symmetric for all t > 0, whenever ¢ and 1 are symmetric under action A.

Remark 3.6. A radially symmetric solution is a self-similar solution, if the profile
w depends only on r = |z|, that is, there is a function U such that u(t,z) =
t= o 1U(|2|/tZ), t > 0.
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(A) Let A = O(N) in Theorem 3.5} If ¢ and ) are radial and homogeneous func-

tions of degree 7% and ,p% — £ respectively (see Remark , then Theorems

1 a’

and [3.5] imply that (L.1)-(1.2) have a unique self-similar solution u € Xz
which is radially symmetric in RV,
(B) Unlike the case k1 = 0, antisymmetry does not hold in general, for k; # 0.

4. TECHNICAL ESTIMATES

In this section we prove some Mikhlin-type estimates for Mittag-Leffler functions.
In spite of the fact that these estimates are necessary in the proof of Lemma [5.1
they are of independent interest. We start the section with a suitable decomposition
of Ey 5(2).

4.1. Decompositions of E, s(z).
Proposition 4.1. Let z € C be such that Re(z) > 0 and define

1-8

2 e 1-8 . 1-8 .
o = o ba - :| )
Wa,3(2) o [exp (aa(z) + " i) + exp (ba(2) o i)
Lo p(2) = / Hapls)e= """ 220D ds,
0
where
1 sin[(a — B)7] — ssin(fw) 1-8
Hap(s) = — 5 CECE (4.1)
arm  $2+ 2scos(am) + 1
an(z) = ZMees bo(z) = e
Suppose that 1 < a <2 and 1 < 3 < 2, then
Eop(=2) = wa,p(2) +lap(2)- (4.2)
Proof. Recall that Mittag-Leffler function can be written as
1 o Pet
Eop(—2)= — dt, 4.3
=g [ Tt (43)
where Ha is the Hankel path, i.e. a path starts and ends at —oo and encircles the
disk [t| < |z|'/* positively. The integrand ®(t) = % of (4.3) has two poles

aq(z) and b, (z), because 1 < a < 2. Proceeding as in [5, Lemma 1.1], the residues
theorem yields

2m'Ea’g(—z)

R
/ d(te™™)d(te™™) + 2mi (Res(®, an(2)) + Res(®, by (2)))

(o9}

—LR©WBMM@6”)—/%ﬂme@Jﬂ

R

—/ﬂ¢@¥0ﬂw“y+/m¢uawawﬂ)

-7 R
: I1(R) + 27i (Res(®, an(2)) + Res(P, b, (2))) — I2(€, R)

— Ig(R, 6) - 14(6) + I5(R)

We first get
lim I;(R) = lim I4(e) = Rlim I5(R) = 0.

R—o0 e—0t
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An easy computation yields

1 .
lap(z) = 5 R—><}<1>21—>0+ I(e,R) + I3(R,€).
Indeed,

hm [IQ(E,R) +13(R, E)]

271 e—0+,R—o0

1 o e—tta—ﬁe(oz—ﬁ)ﬂ'id 0o e—tta—ﬂe—(oz—ﬁ)ﬂ'id
R e
2mi (/0 teeam™ 4 z /0 (AL S

e (T L BT e
2wt Jo t2a + 2tz cos(am) + 22
= —/ Ha,5(s) exp (—zl/o‘sl/o‘)zé(lfﬁ)ds, (4.5)
0
= _loéﬁ(z)7
where the change t — 2/*s'/% was used from (&.4)) to (£.5)). Also, we obtain
1-8
Z «
Res(®,a4,(2)) = " exp(aq(2) + mi(1 — 8)/a),
1-8
Res(®, ba (2)) = —— exp(ba(2) — mi(1 — B)/a).
These give us the desired decomposition. (I

In particular, for 8 = 1 and 8 = 2 in Proposition[4.1] we have the decompositions

Eml(fz) = wml(Z) + loéyl(Z) (46)

in [B, Lemma 1.1], and

Eo2(—2) = wa2(2) +la2(2), (4.7)

in [6l Lemma 1.2-(IV)]. Notice that wq 1(2) oscillates with frequency sin(w/a) and
amplitude decaying exponentially with rate | cos(n/a)|, in view of

Wa,1(2) = 2 exp(z/® cos(m/a)) cos(zY/ “ sin(w /).

On the other hand, the function I, 1(2) exhibits the relaxation phenomena of
Ee1(—2), namely,

loa(2) = [ Haals)expl-s122t/)ds = [ exp(=s1/:1) (),
0 0

where
sin(am) 1

Ha =
() am s+ 2scos(am) + 1

and dja(s) = Ha,1(s)ds is a finite measure in Ry such that po(Ry) = 2 — 2.
Furthermore, when 8 = «, the decomposition (4.2)) is useful to show that the map
Gap(+), B =1,2, is differentiable for ¢ > 0. Indeed, see (5.4) and (5.6)) below.
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4.2. Mikhlin estimates for E, 3g(—0o(&)). We provide estimates for E, 1(c(£)),
Ea2(0(€)) and E, o(0(£)), where o € C°(RV\{0}; (—00,0)) is the symbol of the
Fourier multiplier

a(D)f = Fla(OFf(€), feSERY).
Consider the change z — (&) into and write it as follows:

Eo1(0(8)) = wa1(=0(§)) + la,1 (=0 (8)). (4.8)

Proposition 4.2. Let o(¢) € C°(RN\{0}) be a function homogeneous of degree
k>0 and such that

|§—;[o(£>]| < AP g #0 (4.9)

for all multi-index v € (NU{0})N with |[y| < [N/2] +1. Let 1 < a < 2 and
0 <6 < k, there exists C > 0 such that

o 26! P Ean(o(€))] < CAlg M, € £0. (4.10)
Proof. Taking into account we obtain
57
857 O < CAlg"Mgk, for all 1 € R. (4.11)
Hence, the y*"-order derivative of the parcel |£|°w,.1(0(€)) can be estimated by
97
a@ns\ (=€)
= |55 [0 exple’® (=€) /) + I67 exple™ % (—o(6))"/)]| 1)
_ k Ik cos(Z) (=0 1/
< Clel ™M eol€]” + ealg]*F - 4 g g Tt
< CAJg[~M.

To estimate 1y 1(0(§)), recall that

Lo (0(€)) = / Ha (5) exp(—sV/ (= (£)Y/)ds.
Using the homogeneity o(A\¢) = Ao (€), we have
o llglPe" /"=

o7
< Cle] ™M [eol€]? + cal€lPHE M2 4 -4 oy €7+ 55 e/ " (o)
= Os gl [eolst ]’ + ealsFg TR 4. (4.13)
+opy s g|THRE e ot e
< CAs~ g1,
Then
I35 8@ (€11 (= ©))]]

sm(owr)/ 1 |87
 arJy s2+2scos(am) + 11067

_sl/e(_y 1/a
lgloem"" (o€ as
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< CA(sin(om) /OO st ds)|£|_|7|
0

am 52 4 2scos(am) + 1
< CAlgM,
because 0 < § < k. These estimates prove the proposition. ([

In general, we obtain the following proposition for the two-parametric Mittag-
Leffler function.

Proposition 4.3. Let o(¢) € C°(RN\{0}) be a homogeneous function of degree
k > 0 satisfying [4.9), for all multi-index v € (NU {0})N with |y| < [N/2] + 1.
Then, there exists a positive constant C' (independent of § and k) such that

’357 [1€1° Eas(o(€))]] < CAE[M, € #0 (4.14)

provided that 1 < o < 2 and k(g - <<k
Proof. The proof is similar the proof of Proposition [£.2] Indeed, proceeding as in
(4.12), it follows that
o
’@h(x,ﬁ (5)’

._ om S exp (a, (0 1_67Ti
._]3@1[@ P (aa(0()) + —mi) (4.15)

1-5 .
+ 161" exp (ba(0(€) = —i) |
— £ Itk cos(n/a)(—o /e
< CAETM eolgl” + erle]* +"-+Cm|lf\‘s+ a ]6 (r/e)(=ate)™®,
for all multi-index ;. Hence, Leibniz’s rule, ) and give us

e et~ (@]
1-8 oy
-Z( ) IO | g o)

< CA|§|—\W1|—|7—71\[CO|§|5+1€(§—§) +“_+C|§|é+k(§—§)+W}

o geos(m/a)(~a ()
< CAlg|™M,
in view of § + k(% — 8y > 0. Also, using ([#.11)) and (&.13)), the Leibniz’s rule yields

[0

B_1

5 [(—o(€)'F*) (€ exp(=s/(~0() /)] | < CAle] Pt 54,
Hence, we estimate
eIt = [ Haalo)l| 2 [(o€) ' 67 exp( s/ (~o () )]
el = o e ae

= CA(I + IT)|¢|~1!
<l
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where the integrals I and I are defined by (see (4.1))

_ sinf(a— B)m] [ §TE .
I= /O ds, (4.16)

E Y

am s2 4+ 2scos(am) + 1
. oo 1—-9
11— $n(6m) / R ds. (4.17)
ar Jy $?+2scos(arm)+1
Those integrals are finite in view of & < k. This completes the proof of the propo-
sition. 0

5. SOBOLEV-MORREY ESTIMATES

In this section we obtain fundamental estimates which will be important to prove
Theorem 3.1

5.1. Linear estimates. Here, we present some estimates of the Mittag-Leffler op-
erators {Gq, 5(t)}i>0 in Sobolev-Morrey spaces. Indeed, based on Propositions
and with the homogeneous symbol o (&) = —4m2|¢|? of degree 2, the following
lemma can be proved by proceeding as in [2, Lemma 3.1-(i)].

Lemma 5.1. Let 71 <% €R, 1 <p; <p2 <00, 0 u< N, 1 <a<2and

A=(yve—m)+ % — %. There is a constant C such that
1Gan ) fllagz, <O M llag,. FA<2, (5.1)
o 2
_ay .
[Gas(®OF Lz, < OO Ay 30 A+ 2 <2 5:)

e 4 2
1Gaa®fllaggz, <Ot 2N fln i (2 E) <A<2, (5.3)

for all f € S'(RY).

We finish this subsection by noticing that {0,Gq,1(t) }i>0 and {0;Gq 2(t) }i>0 are
bounded in Morrey spaces. Indeed, a straightforward computation gives us

a
e
for t > 0 and & # 0. It follows from Lemma [5.1}(iii) that

(=42 (€)= —Am?[€]? [t B o (42 (€[]

N—p

10:Ga 1 (D) fllryy., < CllGaa®) fllrez,, < o BCR ) g (.

Using
t
Eaa(~Am ) = | Eua(-4n%l¢s)ds, (55)
0
Lemma [5.1}(i) yields

10:Ga2(t) fllaty, » = 1Gan () fllnm,, , < Ot*f(ﬁ*ﬁ)uﬂwm,“. (5.6)
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5.2. Nonlinear estimates. This subsection is devoted to estimate the nonlinear
term N, (u) on the functional space Xpg. Firstly, let us denote B(v,n) by special

beta function B(v,n) fo — t)»~1"=1dt which is finite, for all n,v > 0. Let
ki,ko,ks <1, for t >0 and s > O the changes of variable 7 +— 7s and s — st give

h I(t) = /Ot(t — s)_k1 /Os(s — T)_k27'_k3d7'd8

t
=B(1 —ko,1— kg)/ (t — s)Frgh2—hatl g (5:7)
0

=B(1 — ko, 1 — k3)B(1 — k1,2 — kg — kg)t>F1—ka=ks
We freely use (5.7) in the next proof.

Lemma 5.2. Under assumptions of Theorem[3.1], there is a positive constant K =
K(k1, ka) such that

W (8) = Na(o)lly < Kl — ollxs [l + el + i + el (5.9)
Proof. Recall N, (u) and rewrite it as follows:

Na(u)(t):/o Gml(t—s)/osra(s—T) (o=t o [Vul?)drds

=: N (u) () + N3 (u)(1).
The proof is divided in three steps.
First step: Estimates for Nl(u). In (5.1)), let (y1,72,p1,p2) = (0,1,7/p,r) and
1 < p < r to obtain

IV ()(6) = N2 0) () e
<c / (t— s / rals — 1) f@) — F@)|n,,,  drds,

where f(u)() = k1|u(T)[P"tu(r) and Ay = § + & (A;/_p“ - A= “) Using that

lal*~Ya — 6P~ < Cla — b] (jal*~* + [b|~Y) , for all p > 1 (5.10)
and f = % + p;l’
INE)(®) - A2 O]y, < Cleal [ (s Meds,  (5.01)
where §(s) is given by
006 = [ (=12 u(r) = o),
<cf (5= 1) 28 u(r) — () L, X
x 72D (Jlu@fg), + v, ) dr

S
<0 [t o, (e + 1)
0

(D)%, + oI5, ) dr

(5.12)

Notice that a(p — 1) NQ_

£ =aq—(p—1)0 yields

“Mta-pf=—Z+(p-Vf-a+a—pi=—3 b
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It follows that (5.11) can be bounded by
NG (u)(8) = N2 () (D), < Cliz| Tt llu = ollx, (lull5,' + ol5,")
< Clralt™7 %l — ollx, (Jull%, + 10115,

because the integral I (t) (see (5.7])) satisfies
t s
L(t) = / (t—s)~M (/ (s — T)Q*QT*Pﬁdr) ds = Ct~Mte=rf = or=0=5,
0 0
Proceeding in a similar fashion, we obtain

NG (@) (t) = Na (0) (D)., < Cliz| J1(8) [[u = wllx, (lulls, + olls,)
< Clrialt ™ [lu —vllx, (%, + 0115,

(5.13)

(5.14)
where Ji () is given by
t s
Ji(t) = / (t—s)~h / (s — 1) 277 PBdrds,
0 0

and ¥ = (]\r,/_p“ - N;“). In view of

a N — N —
*191+Oé*pﬂ:§( r/p‘uiiﬂ

J+a—-pB=(p—-1)B—-a+a—pb=-p,

one has Jy(t) = Ct~5.
The convergence of I;(t) and Ji(t) follows from (3.2)) for Ay = § + 91 < 1 and
because £ < (1 — 1) is equivalent to ¥; = o < 1 — <. Further, (1-2) <

(0%
-1 (1 _ p=1 (p+1 -1
Second step: Estimates for N2(u). Using inequality (5.1) with (v1,72,p1,p2) =
(0,1,7/q,7), in view of 1 < ¢ < p < r, we obtain

IVZ () () = NZ (@)Dl ae,,
t s
<C [-97 [ rals = nlgw) - 90 las, drds
0 0
where g(f)(7) = k2|Vo f(7)|7 and Ay = § + § (qM — @) It follows that

1V au()|® = [Vov )| m,,,. < Cllult) = o®)llae, (lu@®llfn + @)% )

Hence,

IN2(0) () = N2@)Ollpe, < Clia| / (t — 5)-2ii(s)ds

where 9 ) is bounded as
-c / =7 2u(r) = v@)la, (la@lse + @l ) dr

(5.15)
<© [ = nm2r o Darfu—olx, (ol + 1o1).

Hence, we estimate

INZ@)(®) = N2 O]y < Clir at) lu = vl (Il + ol
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< Clralt ™% Ju = vllx, (Il + I0I%,)

where I5(t) is given by
t s
/ (t—s)~ / (s — 1) 27908 )drds = Ot retem1Bra/2) — op=F-%
0 0

Indeed, in view of ¢ = +1 and

@-18=al— —al- D75 = Fe-0-aa- )7L 610)
we obtain
o ta—q(fta)=—alg- D L% o g(5ta/)
—(@-18- 52— -5 +a—aB+a/2)

o
= -2 -8

It remains to obtain estimates for supg.,op t7|N2(u)(t) — N2(v)(t)|m,... Pro-
ceeding as before, one has

INZ(u)(t) = NZ(0)(0)]| m,
< C|/<1|J2(t)osup tﬂ—‘r%vau(t) = Vu(t)l|m,,

x sup 1P (17,u)|4) + IVae ()5,
0<t<T ’

-1 -1
< Clwal () llu = vllxa (Il + ol
< Clralt™ Ju = vllx, (Il + 11oll%)

where Jy(t) is given by
t s
/ (t —s)702 / (s — 1) 2771+ grds = Ot V2ro—aB+a/2) — 4=,
0 0

n fact, the inequality (5.1] With ’}/1,’)/2,])1,]?2) (0,0,7/q,r) implies that ¥ =
%(qg - @) =a(qg— 1) , which by (5.16) give us
a
Sata—g(f D)= (-1 T@ g ta-gB+ D= (517)
The convergence of the beta functions I5(t), J2(t) follows by our hypotheses in (3.2)),
because (1 - f) < % (l — %) is equivalent to ¢(8 + a/2) < 1 and 2 < (i — %)

q
and ¢ = % yields to ¥, = (1 — 7) which is equivalent Ay = § + 92 < 1.

p+1 r
Third step: The two steps above lead to
[Na () = Na(v)lx,

< Ve (W) = No (0)llx, + IVZ (w) = N2 (0)]lx,

< K m)llu = vllx, [(Iallf + 1015, + (Il + 111 ]

This completes the proof. (I
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6. PROOFS OF THEOREMS
Now, we put all estimates of Section [5| together to prove our theorems.
6.1. Proof of Theorem [3.1, Part (i): Notice that
1Gaa(®)ellx,; + IIGa,z( Wlxs = Il + 19l 5.5 <& (6.1)

where € > 0 will be chosen such that

(2”5”71 + 2‘16‘1*1) < L

2K
Consider the complete metric dp(-,-) defined by dp(u,v) = ||u — v||x, on the ball
Bx,(2¢) and let A : Bx,(2¢) — Bx,(2¢) be the operator

Au)(t) = Ga1 (1) + Ga2 ()Y + Na(u)(1).

We would like to show that A(Bx,(2¢)) C Bx,(2¢) and A is a contraction on metric
space (Bx,(2¢),dp). In fact, the continuity of Gy ;(-) : (0,00) — M, ,, j = 1,2,
was proved at the final of subsection and the regularization property of the
convolution imply that (Au) : (0,00) — M, , is continuous, whenever u € Xg.
Further, from Lemma [5.2] we obtain

1A (u) = A(v)llxy = [Na () = Na(v)llx,
< Kllu—ollx, [l + ol + lule + 00%,]  (63)
<K (2%9*1 + 2%(1*1) lu—v|x,
for all u,v € Bx,(2¢). Now, and ( give us
A (W)l x, < HGa,1( )<p + Ga,z( J¥llxs + INa(u) = Na(0)llx,
<e+ K (207! + 29971 2e < 2,

in view of ( and provided that u € Bx,(2¢). Hence, A(Bx,(2¢)) C Bx,(2¢)
and A is a contractlon in B X . From the Banach fixed theorem there is a mild
solution u € Xg for (1.1] wh1ch is unique in the ball Bx,(2¢).

Part (ii): Let v and @ be two mild solutions in Bx,(2¢), obtained in the Part (i),
subject to initial data (¢, ) and (@, 1)), respectively. Then
lu = llx, < |Ga,1(p = @)lxs + |Ga2(® =) x, + [INa(u) = Na(@)] x,
<l = @l + 10 =Pl 55 + K (2777 + 29771 lu — d|x, ,
which yields the Lipschitz continuity
5 (I = @lpes + 10 = Fl5az) . (©5)

1K

(6.2)

(6.4)

u— U <
” ||X[1‘ > (1 —
This completes the proof.

6.2. Proof of Theorem Let d)f(x) = f(Az) and notice that @(f) =
AN f(€/N). Recall that G, 2(t)Y and G, 1 (t)p are given by
Gayg(t)i/) = tka’Q(t, ) * 'll) and Ga,l(t)w = ka,l(t, ) * Q,

where koo(t,€) = tEqo(—472t%/€]2) and ko (t,€) = Eq1(—47%t2|¢[2). Notice
that

[0, Ga 2 (YEPIN(E) = 7 Ny Fthan(vat, £/7)D(E/7)
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= = [tEa 2 (— 42t €1y N (6 /)
= 77 [Ga 2 (Y] (6),
in view of 6,9 (x) = 7_%_%1/1(:6). Hence,
Gaa )]y = Gaa(t)hy and  [Goi(t)gly = Ga(t)py.

We can easily check that N, (uy) = [Ny(u)]y, for all 4 > 0. Here, we denoted
N (uw)]4(t, ) = 7T Ny (u)(y5 t, yz). Therefore,

u“/(t) = [Ga,l(t)‘P]“/ + [Ga,2(t)w}v + [Na<u)]7 = Ga,l(t)“pv + Ga,2<t)w7 +Na(“7)

is a mild solution u, € Xg of (L.1)-(1.2). From [ju, | x, = [lul|x, and the uniqueness
proved in Theorem |3.1}(i), we have

u(t,r) = uy(t,x), ae. x€RY and for all v,¢ > 0.
This completes the proof.

6.3. Proof of Theorem Let Go2(t)y == kqo(t,-) * ¥ and Ga1(t)p =
ka1(t,-) * ¢, be as above. For T € A, we have

ka,l(th(x)) = /N 627”' <T(x)7£>Ea,1(_47T2ta|€|2))d€
R

_ / ) 2™ T@.TO)V B | (=47t T(€)[?))| det T d¢
R

_ / 2 B (—Am 2t [€]2))dE = ka1 (1 2),
]RN

where we used the change of variable £ — T'(€) and the fact that |detT| =1. In a
similar fashion one has

kao(t,T(x)) = ka2(t, x).
It follows that

w(t.7@) = [ s T@ =)oy + [ Foat.T@) —n)o()dy

= kai(t,T(x — 2))p(Tz)dz + kao(t, T(x — 2))Y(Tz)dz

RN RN
[ aaltia = (s~ [ Kaaltin - 2zl
RN RN
= uq(t,x)

when ¢ and v are symmetric under action A. Let
0(s,x) = / T (s — t)ralu(t, 2)|P " u(t, x) — k1| Vaul(t, z)|?
0

and notice that
S

0(s,Tx) = [ rals —1t) (k2|u(t,Tz)|"  u(t, Tz) — k1 |Vyu(t,Tz)|?) dr

S~

= OS ro(s —1) (m2|u(t, x)\p_lu(t, x) — k1|T V ul(t, T(a:))|q) dr
8,T),

Il
>
—~
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that is, 0(t,-) is symmetric whenever u(t, -) is. Hence,

t
NaG)(te) = [ [ bt = s = y)0(s. )dyds
0 RN

is symmetric if u(t,-) is, for each ¢ > 0. From now on, employing an induction
argument in the Picard’s sequence

ui(t, ) = Ga2(t) + Ga1(t)p
Uk(ta SU) = Ul(tvx) +Na(ukfl)(ta (E), k=23,...

one can prove that (ug) is symmetric. It follows that u(¢,x) is symmetric, for all
t > 0. The proof is complete.
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